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delays. In this paper we will consider a nonlocal time-delayed
reaction-diffusion equation. When the initial perturbation around
the traveling wave decays exponentially as x — —oo (but the initial
perturbation can be arbitrarily large in other locations), we prove
the asymptotic stability of all traveling waves for the reaction-
diffusion equation, including even the slower waves whose speed
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(2008) 551-568] for the speed ¢ > 2,/D, (3ep — 2d;) with a small
initial perturbation. The approach we use here is the weighted
energy method, but the weight function is more tricky to construct
due to the property of the critical wavefront, and the difficulty
arising from the nonlocal nonlinearity is also overcome. Finally,
by using the Crank-Nicholson scheme, we present some numerical
results which confirm our theoretical study.
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1. Introduction

Subsequently to [16], as the second part of this series of study, we further investigate the nonlocal
time-delayed reaction-diffusion equation

o0

v 92y

g—Dmﬁ+dmv=e/b(v(t—nx—y))fa(y)dy, (t,%) € (0, 00) X R, (11)
—00

with the initial condition
v(s,X) =vo(s,x), (s,x)e[—r,0]xR. (1.2)

The model (1.1) describes a single-species population with age-structure and diffusion (cf. [24]). Here,
as explained in [16], v(t, x) denotes the total mature population of the species (after the maturation
age r > 0) at time t and position x. D;; > 0 is the diffusion rate of the mature species, d;;; > 0 is the
death rate of the matured, o > 0 is the total amount of diffusion for the immature species, and it is
assumed to satisfy

namely, the immatured is less mobile than the matured, and & > 0 represents the impact of the death
rate of the immature. The birth function b(v) is one of the following two important types (see [12,
16])

pv
1+ avd

av

bi(v)=pve ™' or by(v)=

(1.4)

with a > 0, p > 0 and g > 0. When b(v) = b1(v) with g =1, Eq. (1.1) is called the nonlocal Nicholson’s
blowflies equation. Lastly, the function f,(y) is the heat kernel

o
1 2
=—— e V/4 with / dy =1. 1.5
—00
By solving the equation
o0
dmv:epfb(V(t—r,X—y))fa(y)dy,
—00

we obtain immediately the two constant equilibria v4 of (1.1)

1/q
1
for bi(v): v_=0 and v+=<—ln%) , (1.6)
a dn
d 1/q
for bp(v): v_=0 and v+=<8p m) (1.7)
adm

When ¢p > d;,;, we have vy > v_ =0.
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A traveling wavefront of Eq. (1.1) connecting the constant states vy is an increasing solution of the
form of ¢ (x + ct), where ¢ > 0 is the wave speed. Thus, it satisfies

o0

—c¢'(€§) — Dm¢" (€) +dm¢ (§) = ¢€p f b(¢p(E —cr—y))fa(y)dy,

¢ (£00) =V,

where § =x+ct and ' = %. The existence of such traveling wavefronts was first proved by So, Wu
and Zou [23] for b(v) = by(v) with ¢ =1 by means of the method of the upper-lower solutions,
and later extended by Liang and Wu [12] to the general case b(v) = by(v), or b(v) = by(v). It was
proved that there exists a number c, > 0, called the critical wave speed (i.e., the minimum speed),
such that for ¢ > c, the wavefront ¢(x + ct) exists. The boundedness of the critical wave speed c,
and the asymptotic behavior of c, with respect to the delay time r and the diffusion rate D, were
further analyzed by Wu, Wei and Mei [31]. They proved that ¢, — 2\/Dp(ep —dp) as r — 0, and
c.=0@"12) > 0 as r — oo, while ¢, = 0(y/Dn) — 00 as Dy, — oco. Then, Mei and So [17] showed
that, when the wavefront is as fast as ¢ > 2\/ Dm(3ep — 2dy,) and the initial perturbation around
the wavefront in a weighted Sobolev space is small enough, then the wavefront is asymptotically
stable. However, for the gap ¢, <c < 2\/ Dm(3ep — 2dy,), the stability of these slower wavefronts
remains open. Obviously, as we know, such a stability result for the slower wavefronts is much more
significant and challenging from both the mathematical and physical points of view. The purpose of
the present paper is to resolve this case.

By using the weighted energy method, as in [16-18], the crucial step is to establish the basic L2-
energy estimate for v — ¢. However, different from the case of local nonlinearity in [16], the technique
with a piecewise weight function cannot be applied to get the stability for all ¢ > c, in the nonlocal
case. This is because the nonlocal integral term will produce a large upper bound which forces us to
look for a wave with a big enough wave-speed in order to eliminate it (see, for example, the stability
result given in [17] with ¢ > 2\/ Dm(3ep — 2d,,)). Here, we develop a new technique to overcome this
difficulty caused by the nonlocality. First of all, we introduce a non-piecewise weight function w(x) =
e~k for some carefully selected positive number k, which is related to the critical wave speed c,.
Next we prove that, for any given wave with wave speed c > c,, the solution v(t, x) converges to the
corresponding traveling wavefront ¢ (x + ct) in the weighted Sobolev space H },V(R). Hence, we have
the convergence result: sup,c;|v(t,x) — ¢ (x + ct)| = O(e~H!) for some positive constant p, where
I = (—o0, X) is any interval with X > 1, due to the shortage of w(x) — 0 as x — +o0. After that, we
further prove limy_, 1o |V(t,X) — ¢ (X + ct)| = O (e~#!). By combining these two convergence results,
we obtain the stability of the wavefront in the whole space (—oo, 00).

The rest of the paper is organized as follows. In Section 2, we state the existence result for traveling
wavefronts. Based on the property of the critical wavefront, we then introduce a weight function
which is ideal for our purpose. In Section 3, we combine the weighted energy method with the
comparison principle together and prove the stability for all traveling wavefronts (c > c,). There will
be no restriction on the delay time r, the wave speed c and the initial perturbation. This essentially
improves and develops the previous stability results in [17]. In Section 4, we present some numerical
results based on the Crank-Nicholson scheme. These numerical results confirm our theoretical results.
Finally, in Section 5, we give a remark on the first part of this series of study [16] that the b’(vy) <« 1
can be removed by our new technique showed in this paper, even so b’(v;) <« 1 is reasonable as
explained in [16].

For the notations adopted in the present paper, in particular the weighted Sobolev space H’W(R)
as well as the space C([0, T]; Hi,v(R)), we refer the reader to the first part of this series of study [16].

For other interesting research works related to this topic, please refer to [1-34] and the references
therein.
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2. Nonlinear stability
In this section, we first state the existence of traveling wavefronts and then introduce the nonlinear
stability result for traveling wavefronts.

By using the method of the upper-lower solutions, Liang and Wu [12] (see also the early work by
So, Wu and Zou [23]) proved the existence of the traveling wavefronts.

Proposition 2.1 (Existence of traveling wavefronts). (See [12,23].) Assume that

ep

forb(v) =by(v): 1< = <el/l, (2.1)
dm
forb(v) =by(v): eitherl<8—p<L ifg>1,
dn g-—1
or1<P oo ifo<g<i. (2.2)
dm

Then there exist a minimum speed c, = c.(r,a, &, Dy, dm, p) € (0,2/Dn(ep — dy)) and a corresponding
number A, = A(c,) > O satisfying

0
A()\'*» C*) =0, B_AA(A*’C*) :0» (2-3)
where
A, €)= epeo‘kz_kcr —[er - DmA? + dm], (2.4)

such that for all ¢ > c,, the traveling wavefront ¢ (x + ct) of Eq. (1.1) connecting v exists uniquely (up to
shift).
Furthermore, for ¢ = cy, it holds that A(A.,c) =0, i.e.,

epe® i rET — ¢ o — D2 + di, (2.5)
and for ¢ > cy, it holds that A(Ly,c) <0, i.e.,
gpetiTh oy DimA2 +dp. (2.6)
We now define a weight function as
w(x) = e 2MX, (2.7)

where A, = A.(c,) is the positive constant determined in Proposition 2.1. As showed in [31], we know
that 2(:.%m <Ay < 5—:1. Obviously, it satisfies w(x) — +oo as x — —oo and w(x) — 0 as x — +oo.
Next, we state our stability result.

Theorem 2.2 (Nonlinear stability). Let % satisfy (2.1) for b(v) = bq(v), or (2.2) for b(v) = by(v). For any
given wavefront ¢ (x + ct) with a speed ¢ > c,, if ¢ satisfies

et o Che = Dmhitdn (2.8)
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the initial data holds
v_ <vo(s,x) <vy, for(s,x)e[—-r,0] xR, (2.9)

and the initial perturbation is vo(s, x) — ¢ (x + cs) € C([—r, O]; H},V(R)), then the solution of (1.1) and (1.2)
satisfies v(t, x) — ¢ (x + ct) € C([0, 00); H} (R)), and

v <v(t,x)<vy, for(t,x) e Ry xR, (2.10)
and
H (V - ¢)(t) ” H‘l,V(R) < Ce_Mt’ t > O’ (211)

for some positive constant (4.
In particular, the solution v(t, X) also converges asymptotically to the wavefront ¢ (x + ct) in the L°°-norm:

sup|v(t,x) —p(x+ct)| < Ce ™, t>0. (2.12)

xeR
Remark 1.

1. The condition (2.8) is equivalent to

1 . Chy — DmA2 +dp
o< In 3 .
A2 Cihy — D2 +dp

*

(2.13)

Here « is independent of ¢, D, and d,;, but both A, and c, are related to «. For given «,

we need the wave speed c¢ to be large such as in (2.13). Conversely, when c is sufficiently
Chs—DmA2+dm
Cirx—DmAZ+dy
ciently large as well. When c is sufficiently close to the critical wave speed c,, then one can

recognize that %ln%
when « is small enough, we may obtain the stability for those slower waves with the speed
c € (Cy, 2\/Dm(38p — 2dm)], which is the unsolved gap in [17]. So, here we improve the previous
stability results in [17].

2. The smallness for the initial perturbation and the condition b’(v) =0 both required in [17] are
removed for our new stability result.

3. By a deep analysis on the wavefront ¢ (x + ct), it can be verified that

large, one can easily verify that ;—2 In is sufficiently large. This ensures « is suffi-

<« 1, which means o needed to be sufficiently small. Thus,

lp&) —v_|=0Me Bl as& - —co, (2.14)

where A1 = A1(c) > 0 is determined by A(A1,c) =0 and satisfies 0 < A1 < A,.. However, different
from the local case studied in [16], the weight function w(x) cannot be taken as w(x) = e**Xl for
A€ (M1, Ay) as X > —o0, namely, the decay rate of the initial perturbation around the wavefront
cannot be released to

[vo(s,x) —p(x+cs)| = 0(De ™™, for 1 € (A1, As), as x — —oo.

The reason is that the nonlocal term (integration) produces a big upper bound which cannot
be eliminated by the weight w(x) = e?*¥l with A € (A1, A4] (see (3.29) in the proof of the key
Lemma 3.3). That is why here we need to select a stronger weight function as w(x) = e**+X| for
X — —o0.
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3. Proof of nonlinear stability

As shown in [16] (see also [9,15,27]), one can similarly prove the following boundedness and the
comparison principle.

Lemma 3.1 (Boundedness). Let the initial data satisfy
v =0<vo(s,x) < vy, for(s,x)e[-r,0]xR. (3.1)
Then the solution v (t, x) of the Cauchy problem (1.1) and (1.2) satisfies
v <v(t,x)<vy, for (t,x)e[0,00) X R. (3.2)

Lemma 3.2 (Comparison principle). Let V(t, x) and v(t, x) be the solutions of (1.1) and (1.2) with the initial
data v (s, x) and vo(s, x), respectively. If

Vo < Vo(s,x) <Vo(s,x) < vy, for(s,x)e[—r,0] xR, (3.3)
then
v <v(t,x) <V(t,x) <vy, for(t,x) e Ry xR. (3.4)
Let the initial data vg(s, x) be such that v_ < vo(s, x) < vy for (s,x) € [—r,0] x R, and let

Vg (s, x) = max{vo(s, x), p(x +cs)},

for (s,x) e [-r,0] x R. 35
VO_(S,X)=min{v0(s,x),¢(x+cs)}’ (s,x) €l ] ( )
This implies
v_ <V (5,0 <vols,x) < Vi (s, 0 <vy, for (s,x) €[—r,0] x R, (3.6)
Vo< Vo (s, %) <p(x+cs) < Vi(s,x) <vy, for (s,x) €[—r,0] x R. (3.7)

Define V*(t,x) and V~(t,x) as the corresponding solutions of (1.1) and (1.2) with respect to initial
data V (s,x) and V (s, x), respectively, i.e.,

o0
W _p azvi+d vi—s/b(vi(t r,x—y)fu(y)dy, (,x) eRyxR
5t m 2 m = ) Y))Jay)ay, ) + ) (3.8)
—0oQ
VES, %) = Vs, x), X€eR, se[-r,0].
By Lemma 3.2, it follows that
vV_ gV‘(t,x)gv(t,x)gV+(t,x)<v+, for (t,x) e Ry xR, (3.9)
VoSVt x) <px+ct) <VT(t,x) <vy, for (t,x)eRy xR. (3.10)

As in [16], we also need the following three steps to prove stability.

Step 1: The convergence of VT (t, x) to ¢ (x + ct).
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Let £ :=x+ct and
ugp(s, &) := Var(s, X) — d (X +cs), u(t, &) :=V7r(t,x) —o(x+ct). (3.11)
Then by (3.6) and (3.9), we have
u,€) >0 and ug(s,&) > 0. (3.12)

It can be verified that u(t, &) satisfies

du  du 9%u i ,
§+C£—Dma§—2+dmu—8/b(¢(§—y—CT))U(f—T,f—)’—Cr)fzx(J’)dy

7 (313)
=e/ Q1. —y—cfady. (E€.X)€Rs xR,

u(s, &) =uo(s,§), (s,x)e[-r,0] xR,
where
Q(t—r,§—y—cr)y=b(¢+u)—b(p)—b'(p)u (3.14)

withgp=¢p(E —y—cr)andu=u(t—r,& —y—cr).
Multiplying (3.13) by e?“tw(£)u(t, &), one obtains
1 2ut 2 2ut 1 2 2ut 2 2ut ..,
ie wu +e Ecwu — Dpmpwuug ¢ + Dpe WuS—I—Dme wugu
t

£

cw
+ {——— +dp —,u}ezl“wu2
2w

—ge®Mw(E)u(E, t) / b'(¢pE —y—cn)ut—r,§ —y—cr)fa(y)dy

= ce*Mw(E)u(g, t) / Qt—r,&—y—cr)fu(y)dy. (3.15)

Notice that, by the Cauchy-Schwarz inequality,

/

w
|Dme** w'uug| = Dme** wug - —v
w

then (3.15) is reduced to

1 1
{ —ezmwuz} + { —e’Mcwu? — Dpe*Mwuug }
2 2 ‘

+ CW/—l—d D (W) e2Hywy?
2w m—H 4 \w
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— se?Mw(Eu(E, 1) f b(¢@E —y —cnult —r.§ =y —cnfa(y)dy

< e wEu(E, 0 / QU —1.5 —y— ) fa(y)dy. (3.16)

Integrating the above inequality over R x [0, t] with respect to & and t, one further has

L 2
w'E) D (W (&)
e u)| 5, +/fe2’”{ +2dy — u——( ) }w(@uz(r,s)dstir
w 2
. W) w(E)

t
_ 25///e2mw(§)b/(¢>(é —y — )T, Ou(t —1,& — y — cr) fo (y) dy d dt
0 R R

t

<Juo@] 7> +2¢ / / / T W(EU(T,£)Q(T — y —1.& —cr) fa(y) dy dE dt. (3.17)

0 R R

We now turn to estimate the third term in (3.17). First of all, by using the change of variables y — y,
E—y—cr— &, T —r— T,0ne can get

t
[ [ [ermwew@e-y-apie-res-y-mfumdyds i
0 R

R

_ / / / T W (g + y + b (p(E))u (7, €) fu (y) dy d d

—-r R R
t—r
b/
/ ezm[%‘;)) w@+y+cr>fa<y>dy]w<5>u2<r,s)dédf
0 R

0
+e2ur/fe2ur|:% w(E —|—y+cr)fa(y)dy]w(§)u(2,(t,§)d§ dt

t
gezur//ezm[b @) w(é+y+cr)fa(y)dy]W(§)u2(f’§)d5df
0

w(§)
R
0 b/
_|_e2ur//32uf[ \E\(/b((;))/W(S+y+cr)fa(y)dy]W(g)uﬁ(f,5)d§d7- (3.18)
—r R R

Using the Cauchy-Schwarz inequality again,

lu(r,&u(t —r,é —y —cr)| < —u 2(1,6) + 1nu (t—r,E—y—cr) (3.19)
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for a positive constant i which will be selected later (see Lemma 3.3 below), and using (3.18) and the
fact b’(¢) > 0 (which is proved in [16]), one can estimate the third term in (3.17) as follows:

t

/ / f 1T W@ (B — y — O)U(T. E(T — 1. — y — cr) fa(y) dy dé dT

0 R R

2¢

t

1
///ezf”w@)b’(qs(s—y—cr))[nu2<r,s>+Euzu—r,s—y—cr)]fa(wdydsm

0 R R

N

&

t
gn/f/ezﬂfw@)b’(«p(s Y — )T, 6) fu(y) dy dé dT
0 R R
&
n

" // e TwED (¢ —y —en)ut(T —r.& —y —cn) fu(y) dydé dr

R
t
<8n//ez’”W(€)[/ (P& — y—cr))fa(y)dy}u (r,§)dgdr
0

R R

t
2ur r T
/ / e b (9(5) / HELV LD 1 (yydy [wiewr. 6 de dr
n L w(§) i
0 R R
0
2ur B T
[ [err|poe) [E2ED fdy [wend. 6 de de. (3:20)
1 ) TwE _

Substituting (3.20) into (3.17) yields

t
e2“t||u(t)||i2w +//eZWB,,,M,W(s)w(g)uz(r,s)dgdr

< Juo@]2 +—// 2*”[ (6©) /wfuy)dy]w(s)ué(n@dsdr

G
t
+28//fe2“w<5)u<r,s><z(r Y- — N fu(y)dydedr, (321)
0 R R
where
By (&) = Ayw(®) — 200 — S (M7 — 1) (&) / WETYTD r hay  (322)
0 ) T wE
and

w/(€) D (W' (€)\?
A w L= de -
@)= e T 2 (w@))
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—Sn/b’(¢(5—y—cr))fa(y)dy
R
_ eb' (@ (&) [ wE+y+cr)
n J w()

fa(y)dy. (3.23)

As shown in [16], by the Taylor’s formula and the fact b”(v) <0 for v_ < v < v, one can similarly
obtain

Q(t—r,x—y)=b(#+u)—b(¢) —b'(#)u<0, (3.24)

which leads, with the fact u > 0 (see (3.12)), that

t

2 [ [ [erwene. 0@ -y -ré - enfuydydedr <o. (3:25)
0 R R
On the other hand, since 0 < b’(¢) < p (see (3.18) in [16]), and V"@Jf}gc” e~ 24+ it follows that
0

geZMr

n

W(S+y+ r)
w(§)

f 2Wb 13)) fa<y>dy]w<s)u%<r, £)dedr

o epet / 2T / [ / e 20t (y)dy]vv(s)uo(r £)ds dr
R

0
2ur 2
£pe / sz[ 4ax2—2) crf T (o +vaan) ] 2
= e et e i dy |w(&)ug(z, &) dédr
J4
noJ 2 ) T

0
_ %ezmﬂ‘“i_n*"/ezl”w(g)ug(r,g)dé dr
n —r
0
C/ Juo(@) |3 dr. (3.26)
—r

Applying (3.25) and (3.26) in (3.21), one then obtains

t
e2“t||u(t)||i§v +f/eZWBn,M,W(s)w(s)uz(r,s)dsdr
0 R

0
<Juo©@]7 +c/ Juo (o) 33 dr. (327)

—r

Next, we will carefully select the numbers 7, @ and the weight function w(§) to prove
By, ,w(§) > 0. This is the crucial step in the present paper. For that purpose, we need the follow-
ing key lemma.
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Lemma 3.3. Let 1) = e2*5@=*+C" Then Ay, w(&) defined in (3.23) satisfies
An,w(s) >C; >0, £€eR, (3.28)
for some positive constant Cy.

Proof. Notice that n = e2*a =Ty (g) = g=2hé %(5)) =—2A, and % = e~ 2R+ 35 well

as 0 < b'(¢p(&)) < p (see (3.18) in [16]), and fR fa(y)dy = 1. One may obtain

Bunw(&) = 2Chy + 2dm — 2DpmA2 — &1 / b' (¢t —y —cr)fu(y)dy
R

S [ i iy
n
R

> 20y + 2dy — 2D A2 — 8npffa (y)dy
R

_ %e4kia—2k*cr

1 (L 4+ /4 2
/ (\/_+ oAy ) Iy
n JaAr o

&
= 2Chy +2dp — ZDm)Li —enp — Wpe“i“_z’\*"

2[chy +dim — DmA2 — 8pe2*£°‘_k*cr]

Z[C)‘-* +dm — Dm)\.i — 8p€}‘£a_)‘*cre)‘£a]

2[(Chs + dim — Dnr2) = (ks + dm — Dma2)e*] by (2.5)]

Chy + dm — DinA2

Cohy +dm — Dd2
=:C; >0 [by (2.8)]. (3.29)

The lemma is proved. O
Lemma 3.4. Let (11 > 0 be the unique solution of the equation
C1=2p1 +epn(e*1" —1). (3.30)
If0 < u < 1, then
Byuw(®)=>C>0, &€ (—00,00), (3.31)
for some positive constant C,.

Proof. Applying (3.28) to (3.22), and noting 0 < b'(¢) < p for v_ < ¢ < v, and 1 = e2*:@=»T it can
be verified that

_ _E 2ur / W(‘§+Y+Cr)
Bpuw(®) = C1—2un n(e 1)b (¢(‘§))R/ w(E) fa(y)dy
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&
> Cp =20 — —p(ezl“ - ])/E_ZA*(y+Cr)foz(Y) dy
n

= C1—2u— 8_p(ezm e ia— ZA*cr/ e—(ﬁh/ﬁx*)z dy
n

R

Vara

= C1 -2/ —epn(e* —1)

=:C>0, forO<pu<pui. (3.32)
This completes the proof of the lemma. O

Below we will derive the basic energy estimates which are crucial for our main stability result.
Applying (3.31) to (3.27), and dropping the positive term [; [, e2“T By , w (&)W (£)u?(t, £)dé dt,
one then immediately establishes the first energy estimate as follows.

Lemma 3.5. It holds that
0
2 Juo| < C<||uo<0>||fg, + [ ooy df>, t>0. (333)

Furthermore, differentiating Eq. (3.13) with respect to &, and multiplying it by
ezl‘tw(f)ug (t, &), and integrating the resultant equation over R x [0, t] with respect to & and t, then
by using (3.33) in Lemma 3.5, one can obtain the second energy estimate as follows.

Lemma 3.6. It holds that
0
e |ue (1)) 12 gC(HuO(O)Him + / Juo @)y dr), £>0. (334)

Thus, (3.33) and (3.34) imply the following lemma.

Lemma 3.7. It holds that
0
Ju) |7, < cem? (HuO(O) I, + / Juo [, dt), £>0. (3.35)
-

Notice that, w(¢) — 0 as § — oo, we cannot expect H1 (R) — C(R). However, for any interval
[ = (—o0, €] for some large £ > 1, we may have the Sobolevs embedding result H1 (I — C(),
which when combining with (3.35) gives the following L°°-estimate.

Lemma 3.8. It holds that

0 1/2
séup!u(t,$)| <Ce"”(”u0(0)Hil +/ |uo(@) |3 dr) , >0, (3.36)
EI w w

—r

for any interval I = (—oo, £] with some large & > 1.
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Next, we need to extend the L°°-convergence in (3.36) to the whole space (—o0, o0). The key step
is to prove the convergence at £ = oo.

Lemma 3.9. It holds that

s1im lue,&)| <Cce ™2t t>0, (3.37)
— 00

where u :=dpn — eb’(vy) > 0.

Proof. As shown in (3.24), i.e., Q(t —r,x — y) <0, (3.13) is reduced to

du  du 8%u r ,
E—i—c@—Dmas—z +dmu—8/b(¢(§—y—cr))u(t—r,f;‘—y—cr)fa(y)dygo. (3.38)

Taking limits as & — oo, and noting that ug(t,00) =0, ugs(t,00) =0 due to the boundedness of
u(t, &) for all & € (—o0, 00), one immediately obtains

%u(t, 00) +dpu(t,c0) — eb (v )u(t —r, 00) / fo(y)dy <0.

Since [, fo(y)dy =1, therefore

d
au(f, 00) + dpu(t, 00) — eb’' (v )u(t —r, 00) < 0. (3.39)

Integrating (3.39) over [0, t], one then has

t t
u(t, o0) +dm / u(t,00)dt —eb’'(vy) | u(t —r,00)dt < ug(0, 00). (3.40)
0 0

By the change of variable T —r — 7 to the third term of (3.40), it follows that
t t—r
eb'(vy) / u(t —r,o0)dt =¢eb’'(vy) / u(t,oo0)dt
0 —-r

t 0
geb’(v+)fu(1,w)dt +8b’(v+)/uo(r,oo)dr. (3.41)
0 —r

Substituting (3.41) into (3.40), we have

t
u(t, 00) + [dm — &b’ (v4)] / u(t,00)dt < Cs, (3.42)
0
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where
0
C3 :=ug(0, 00) +8b/(v+)/uo(r,oo)dr.
—r

By a straightforward but tedious computation, one can check
ebj(vy) <dm and eby(vy) <dm.
Thus, when b(v) =b1(v) or b(v) =by(v), one always has
eb'(vy) <dp.
Then, by the Gronwall’s inequality, (3.42) yields
u(t, oo) < Ce M2t (3.43)
with uy =dpy — eb’(vy) > 0. The proof is complete. O

Combining (3.37) and (3.38), and letting 0 < u < min{u1, w2}, one finally proves the L°°-
convergence for all £ € R.

Lemma 3.10. It holds that

sup|V*H(t, &) — p(x+ct)| = sup|u(t, &) < Ce™™, >0, (3.44)
EeR

XER

where 0 < pu < min{u1, U2}

Step 2: The convergence of V ~(t, X) to ¢ (x + ct).
Let £ =x+ ct and

ut, &) =¢gx+ct) -V (t,x), uo(s,§) =p(x+cs) — V, (s, x). (3.45)
As shown in the above, we can similarly prove that V~(t, x) converges to ¢ (x + ct).
Lemma 3.11. It holds that

sup|V = (t,x) — ¢p(x +ct)| = ggg\u(t, £l <ce ™™, t>0, (3.46)

XER

where 0 < . < min{u1, U2}

Step 3: The convergence of v(t, X) to ¢ (x + ct).
Since the initial data satisfy

Vg (x,5) <vo(x,5) < Vg (x,9),
by Lemma 3.2, it can be verified that the corresponding solutions of (1.1) and (1.2) satisfy
V7(t,x) <v(t,x) <VT(t,x), (t,Xx)eRy xR.

Combining (3.44) in Lemma 3.10 and (3.46) in Lemma 3.11, we have the following stability result.
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Table 1
Case studies: parameters and initial data.

Case r o a p dm £ D vy = % In % Initial data vq(s, x) for s € [-r, 0]
0, x <0,
1 0.5 0.5 0.1 2.17 1 1 1 7.7472717
uy, x>0
0, x<-20,
2 0.5 0.25 0.1 2.17 1 1 1 7.7472717 40, —-20<x< 20,
uy, x>20
0, x<0,
3 10 10 0.1 2.17 1 1 1 7.7472717
uy, x>0
0, x<-20,
4 10 5 0.1 2.17 1 1 1 7.7472717 40, —-20<x< 20,
Uy, X> 20
Lemma 3.12. It holds that
sup|v(t,x) —p(x+ct)| < Ce ™, t>0, (3.47)

xeR
for 0 < pu < min{uq, U2}
4. Numerical computations

In this section, we are going to carry out some numerical simulations, which will confirm our
theoretical results. Although a number of numerical results were also presented by Liang and Wu in
[12], the case of a large initial perturbation around the wavefront was not included.

The mathematical formulation given in Eqs. (1.1) and (1.2) is a nonlinear time-delayed partial dif-
ferential equation with a nonlocal nonlinearity. The computational results reported in this section
are based on the Crank-Nicholson scheme together with an approximation to the nonlocal linearity
by Simpson’s rule. It is noted that the nonlinear term is time-delayed; hence, the resulting finite-
difference equations are linear. The advantage of this simple implicit scheme is that: (i) it is linear
and, hence, no nonlinear solver (for example, an iterative method) is required to solve the result-
ing linear difference equations in each time step; (ii) the Crank-Nicholson scheme is unconditionally
stable and, hence, a larger time-step can be allowed which makes our scheme more efficient when
implemented.

In computation, the sizes of the time step and space step are chosen as At =0.04 and Ax = 0.08.
Although the original model assumes the spatial domain is the whole domain, a finite computa-
tional domain (—L, L) is imposed. Here, we let L = 800, then the computational domain is sufficiently
large so that numerical boundary effect is ignorable. In this section, let the birth rate function be
b1(v) = pve™® with g = 1. We report the numerical simulations for four test cases (see Table 1). For
simplicity, we first choose D, =1, € =1 and d,, = 1; other parameters and the initial data for each
case study are listed in Table 1. The final computed time is 120 for Cases 1 and 2, and 300 for Cases 3
and 4.

By using the Crank-Nicholson scheme, we obtain the following numerical results, which also
demonstrate the stability of the traveling wavefronts. In Case 1, the delay time is chosen to be small
(r =0.5), and the initial data vq(s, x) is within [v_, v4]. The numerical results show that, after a
short time the solution v(t,x) of Egs. (1.1) and (1.2) behaves as a traveling wave which propagates
from right to left with a positive speed c (see Fig. 1). This numerically confirms the stability of the
traveling wavefronts.

In Case 2, we still take the delay time small as in Case 1, but choose the initial data to exceed
v, a lot in some points, namely, the initial perturbation around the traveling wavefront should be
really large. The numerical computations in Fig. 2 demonstrate that the solution v (t, x) asymptotically
behaves like a traveling wavefront propagating from right to left with a positive speed c.
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0 W Y
-50 0 50

Fig. 1. Case 1: for the small delay time r = 0.5 and the initial data within [v_, v, ], the presented graphs are for the solution
v(t, x) at different time t, which behave like a stable traveling wavefront.
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Fig. 2. Case 2: for the small delay time r = 0.5 and the initial data exceeding v, at some points, the presented graphs are for
the solution v(t, x) at different time t, which behave like a stable traveling wavefront.

Cases 3 and 4 are to show the stability of wavefronts with a large delay time. At this stage, we take
r =10, but the initial data vg(s, x) is selected as what we did in Cases 1 and 2 before, respectively.
The numerical simulations presented in Figs. 3 and 4 show also that, after a short time, the solution
v(t, x) always behaves like a traveling wavefront which propagates from left to right with a positive
speed c.



Fig. 3. Case 3: for the big delay time r = 10 and the initial data within [v_, v4],
v(t,x) at different time t, which behave like a stable traveling wavefront.
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the presented graphs are for the solution
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Fig. 4. Case 4: for the big delay time r = 10 and the initial data exceeding [v_, v], the presented graphs are for the solution

v(t, x) in different time t, which behave like a stable traveling wavefront.
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5. Remark
For the local time-delayed reaction-diffusion equation

v 92v

P ma?—i—dmv:gb(v(t—r,x)), (t,x) € (0,00) x R, (5.1)

the stability has been proved in the first part [16] with a restriction b’(v4) <« 1, even so it is reason-
able as explained in [16]. Such a condition is needed in the stability proof for x > 1. However, as we
know, when x > 1, v = v is the stable node of (5.1). This will be an advantage for the stability proof.
By setting the weight function w(x) as (2.7), we can prove a similar result as Lemma 3.9, which leads
us to remove the condition b(v) « 1.
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