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Boundary integral equations

Boundary integral equations are rooted in the works of Gauss, August
Beer, and Carl Neumann on reformulations of the Dirichlet problem as
integral equations involving the single- and double layer potentials.

There are many ways to convert (interior or exterior) boundary value
problems for Q into an integral equation

Au=f on I =0Q.

Typically, A has a singular kernel, A: H/(I') — H™!(T') is self-adjoint and
bounded, and satisfies
(Au, u = allul,

with ¢ >0 and € {O,i%}. In particular, A is invertible.



Adaptive boundary element methods

For a triangulation T of T, let S=S(T) be the space of piecewise constant
functions on T subordinate to T. Then the Galerkin approximation ure S
of u from the subspace Sc H' (1< }) is the solution of

(Aur, vy = (f,v), YveS.

Local a posteriori error indicators, n(7T, ), are supposed to measure how
much error the triangle T contains, e.g., lu—url;r. We need a
parameter 0 <6 < 1, and an initial triangulation Ty. Then we repeat the
following for k=0,1,....

o Compute uy = ur,, and the error indicators n(Tk,7), 7 € Tg.

@ Choose a minimal subset Rc T, such that

Y n(T,1)?20 Y. n(Te, )2

TER TeTy

@ Refine (at least) all triangles in R, to get Tji1-



Important questions that should be addressed:

@ Quality of the error indicators: Z 17(T,T)2 ~lur— ul|??
1eT

Efficient solution of the linear system, including the matrix assembly
Convergence to the true solution: u; — u?

°
°

@ Geometric error reduction: |lu— ull < cpk with some p <17
o Convergence rate: Largest s for which |lug— ull < c(#Ty) ™5
°

Optimality: Would s stay the same if T} was replaced by the best
possible triangulation with the same #T}.?
Along these lines, a very satisfactory theory has been developed for
adaptive finite element methods.

Analysis of boundary element methods is more involved because of
nonlocality.



Some prior work on a posteriori error indicators

Residual is equivalent to error: |rrll—; = |f — Aurll—¢ ~ llu— urll;. There is
a localization issue for t fractional. Recall the Slobodeckij norm

s lv(x) — v(y)I?
|V|s,a) _fwxw dedy.

@ Faermann '00-'02: for —1 < <0, global equivalence

2 2
Irrl2 e~ Y 1rrl? -
ZeENT

@ Carstensen, Maischak, Stephan '01: for —1 < <0, global upper

bound
Irrl?, < Y P21l

TeT

o Carstensen, Maischak, Praetorius, Stephan '04, Nochetto, von
Petersdorff, Zhang '10: for t> 0, global upper bound

2t
lrrl?, S Y R |TT|0T

1eT



Results on a posteriori error indicators

Gantumur '11: Lower bounds and local results. Similar results were
independently obtained for = —% by Feischl, Karkulik, Melenk, and
Praetorius. Example of a local result for t=0:

Lemma
Let T' be a refinement of T, and let y = U 7. Then we have

TeT\T'
allur—upl < lrrlly < Bllur — upll +21rr = vy

for any function ve Sy.

Proof of the first inequality.

Let v=up —ur, and let vy € St be the Lz—orthogonal projection of v onto
St. Then we have

Av,v) = (rp, v) = rr, v—v7) < lrrllyllv=vrlly < lrzllylivily

where we have used that v= v7 outside . O



Oscillation

The second inequality [Ir7lly < Bllur — up |l +2|rr = vlly.
Let ve Sy be supported in y. Then we have

I vlli = (v, V) = V=17, V) +{Alup — up), v) < (lv—rrlly + 1A — up)lly) vl

implying that lIrrlly < llrp = vlly + lvlly < 2llrr — vlly + A(up — u)ll. O
Suppose r7 is piecewise H". Then
inf lrr—vib<C Y Kirrl2,.
veSy TeT\T'
Define 1
2

osc(T,w) := Z h%rlf—AuTlir ,

1eT, TCWw

for w T and ve S, so that we have

alur—upl = lrrlly < Bllur — up |l +2Cyosc(T,y).



Some other works on convergence analysis

Symm'’s integral equation (= —%)
o Ferraz-Leite, Ortner, Praetorius '10: With T the uniform refinement
of T, use error estimators of the type

n(T,7) = K% |lur — uzll;.

Assume saturation (1985-):
lu—uzll < allu—url, (a<D).

Then lu— gl < CoF with p<1.
@ Aurada, Ferraz-Leite, Praetorius '11: Estimator convergence
Y (T, T) — 0 without saturation.

o Feischl, Karkulik, Melenk, Praetorius '11: Weighted residual
estimator from [CMS01], geometric error reduction and convergence
rate, without saturation.



Geometric error reduction

Assume
2 2 2
Z hTrIAUI,,T < Callvll7, VE S,

TeT

for all admissible T. Let T, T’ be admissible partitions with T’ being a
refinement of T, and let ¥ =U;em T. Suppose, for some 0 € (0,1] that

lrrll? +ose(T, ) = 0 (Ilrrll + osc(T,T)?).
Then there exist constants § =0 and p € (0,1) such that
lu—up? +8osc(T',1)? < p (Ilu— url? + 5 osc(T,T)?).

Proof sketch:
lw—url Slrle Slirlly S llur —upl.

2 2 2
lw—url® = llur — up I+ lu—up|”.



Convergence rates

We know |u— uyll < Cpk with p <1. How fast does #T} grow?
Define approximation classes

dy={uel?: 1nf inf ||u—v| < CN~%.

#T<NveSt

It is known that W2SP c o, with %}: s+3, and that W25 is much larger
than H2%, and friendlier to solutions of BVP and BIE.

Define o, s by replacing ||lu— vl with [lu— vl +osc. We expect o to be
close to «f.

Assume

Y RIAVT < Callvl®, ve S,

7eT
for all admissible T. Let 6 € (0,6*). Let f be piecewise H" in the initial
triangulation, and ue o, s for some s>0. Then

lu—ugll < Clula,,#T) ™"



Inverse-type inequalities

Y K \AVZ, < Callvll?, Ve Sr.
TeT
If A=1 or multiplication by a smooth function, then it is the standard

inverse inequality. Validity of this inequality depends on how A shifts low
frequencies to high frequencies locally, and how it moves frequencies
around in space. We decompose I? = St @& Hy and correspondingly,

Av = (Av)s+ (Av)g. The low frequency component poses no problem:

Y RAvsl?, S IAvsli? < lAvl® S vl

nT ~
TeT
For each triangle 7 € T, we decompose v as v=v; + (v—v;), where v; is
the part of v near 7. Then the high frequency component of Av locally
decomposes into near-field interactions and far-field interactions:

(A gl = (Avg) gl + (A= V) At

For boundary integral operators, the far-field part is harmless, and the
near-field part is ok if the underlying surface is regular (e.g., C"!).



Further developments

The inverse-type inequalities for polyhedral surfaces and for the 4
standard BIOs have been proved by Aurada, Feischl, Fiihrer, Karkulik,
Melenk, and Praetorius in 2012.

| speculate that wavelet techniques can be adapted to prove the same
result.

It should also be possible to characterize the approximation classes.



Open problems

@ to characterize the approximation classes associated to the proposed
adaptive BEMs

@ to extend the analysis to transmission problems, and adaptive
FEM-BEM coupling

@ complexity analysis, i.e., the problem of quadrature and linear
algebra solvers

@ convergence rate for adaptive BEMs based on non-residual type
error estimators



