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Motivation and overview

[Cohen, Dahmen, DeVore '01, '02]

» Using a wavalet basis W, transform Au=gto a
matrix-vector system Au = g

» Solve it by an iterative method

» They apply to A symmetric positive definite
» If Alis perturbed by a compact operator?

» Normal equation: ATAu = ATg

» Condition number squared, application of ATA
expensive

» We modified [Gantumur, Harbrecht, Stevenson '05]
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Sobolev spaces

Linear operator equations

Let Q2 be an n-dimensional domain

HS := (L2(2), H3(2))s2 foro0<s<1
HS := HS(Q)NH3(Q) fors>1

HS:= (H™3) fors<0
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Model problem

» A:H! — H1linear, self-adjoint, H!-elliptic:

Linear operator equations

(Auu) > culf  ueH! (= Hg(Q)
B:H? - H llinear (o >0)
L:=A+B:H!'—H!

v

v

FinducHlst. Lu=g (geH™)
Regularity: g€ H™ = [|ull1+0 < 19l-140
Example: Helmholtz equation

v
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(Lu,v) = / Vu- Vv — k2uv
Q
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Riesz bases

VW = {4, : A € V} is a Riesz basis for H!
—each v € H! has a unique expansion

V=) (Daven stocviE < Y [P < ClIvI

AeV AeV

» U = {¢} ¢ H Y is the dual basis: (¢, 1) = o,
» Forve HY, we have v = {v,} := {(¢y,V)} € £»(V)
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Wavelet basis

v

V¥ = {4} Riesz basis for H?
Nested indexsets Vo C Vi1 C...C V;C...CV,
S =spaf{yy : A € Vj} C HY

v

v

v

diam(suppyy) = O(271) if A € Vj\ Vj-1
All polynomials of degree d — 1, Py 1 C So

v

inf [lv—vlls<C-276 VM| veHS(1<s<d)
YES,

» If A e V\ Vo, we have (Py_;,¥x), =0
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Equivalent discrete problem

[CDDO01, CDDO02]
» Wavelet basis ¥ = {¢ : A € V}
» Stiffness L = (L, 9,) . and load g = (g, ¥a)x

Linear equation in (,(V)

Lu =g, L : 02(V) — £2(V) invertible and g € (2(V)

» U= ) , Uyt is the solution of Lu=g
> U=Vl = |Ju—V|lgwithv=">", vay
» A good approx. of u induces a good approx. of u
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Galerkin solutions

v

A = (A, Yu)au SPD, recallL=A+B

I || := (A-,-)Z is a norm on ¢

ANCV

La := PaL gy @ €2(A) — €2(N), and gp := Pag € £2(A)

v

v

v

Galerkin approximation

Lemma

Jjo: If A D Vj with j > jo, a unique solution up € £2(A) to
LAup = ga exists, and

_ <1+ 0279/M inf -
flu—uall <1+ O( )]ve'ezm)”'” V||

Ref: [Schatz '74] §LW2 Universiteit Utrecht
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Quasi-orthogonality

> j>Jo
> VjC/\oC/\l
» LAy :g,\i,i:O,l

[llu — uoll? — lu — ug|? — fluz — uoll?|
< 0(277/") (Jlu — uoll? + flu — uz|?)

Ref: [Mekchay, Nochetto '04]
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A sketch of a proof

2
llu—uoll? = llu— ugll® + fluz — uoll® +2(A(u — ), uz — o)

(L(u—u1),u1 —ug) =0 e

—(B(u —uy),u; — up)
= —(B(u—up),u; — Up)
[Bll1—o——1l/u— u1][1—c Uz — Uol[1

(A(u—u1),u; — ug)

IN

Ju—usfl1-0 < ORI/M|u—uy1 (Aubin-Nitsche)
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Error reduction

Ju— ug]? < [+ O077/M] (Jlu — uol|? - Juz — uo||?)

Lemma
Let 4 € (0,1), and Az be s.t.

IPA,(9 — Luo)|| > pllg — Luol|
Then we have

Jlu—uaf| < [1—w(A)" 22 + 0172 Ju — ol

Ref: [CDDO1] .
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Exact algorithm

SOLVE][e] — uk

K:=0; Ao := V]
do
Solve La, Uk = 0a, comen
rg :=g— Lug
determine a set Mk+1 D Nk, with minimal
cardinality, such that IPAca kIl = peffrl]
ki=k+1

while ||ry|| > e
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Approximate Iterations

Approximate right-hand side

RHS[S] — g With Hg - gs”KZ <e

Approximate application of the matrix

APPLY [v, e] — w, with ||[Lv —w,][[s, < e

Approximate residual

RES|v, ¢] := RHS[e/2] — APPLY [v, /2]

Galerkin approximation

Convergence

Optimal complexity
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Best N-term approximation

Given u = (uy), € f2, approximate u using N nonzero
coeffs

o= L)
ACV:#NA=N

Nonlinear approximation

» Ny is a nonlinear manifold
» Let uy be a best approximation of u with #suppuy < N

» Uy can be constructed by picking N largest in modulus
coeffs from u
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Nonlinear vs. linear approximation

Nonlinear approximation
If ue BES(L,) with £ = 1 + sfor some s € (0, ¢2)

en = [lun —ul| < O(N™9)

Linear approximation
If u e HY"S for some s € (0, 2=1], uniform refinement

Nonlinear approximation

g = [y —ull < O(N™)

» HtMsis a proper subset of BLS(L,)

» [Dahlke, DeVore]: u € BX"S(L,)\H¥"S  "often"
N
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Approximation spaces

» Approximation space
AS:={vely:|v—vn|, < ON9)}

» Quasi-norm |V| 4s 1= SUpyen N°||V — Vn || ¢,

> ueBIFS(L,) with = 1 + sfor some s e (0, ¢-2)
=uec A

Assumption

u € ASfor some s € (0, 1)

Best approximation

|lu—v]|| < e satisfies #suppv < 6_1/S|U|}4(ss

Nonlinear approximation
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Requirements on the subroutines

Complexity of RHS
RHS[¢] — g. terminates with ||g—0.|l¢, < ¢
> #suppg. S e VSl

» flops, memory < 5‘1/S!u!i(f+ 1

Complexity of APPLY
For #suppv < oo Optnal compleiy
APPLY [v,e] — w, terminates with |[Lv — w. ||, < e
> #suppw: < e VoIS
> flops, memory < e~ /S|v|Y{ + #suppv + 1
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The subroutine APPLY

» {4, } are piecewise polynomial wavelets that are
sufficiently smooth and have sufficiently many vanishing
moments

» L is either differential or singular integral operator
Then we can construct APPLY satisfying the requirements.

Ref: [CDDO01], [Stevenson '04], [Gantumur, Stevenson
'05,06], [Dahmen, Harbrecht, Schneider '05]

Optimal complexity
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Optimal expansion

> e (0.5(A)72).
» Vj C Ao with a sufficiently large j
> LagUo = 0n,

Then the smallest set A1 D Ag with

[PA,(9 — Luo)|l > pllg — Luol|

Optimal complexity

satisfies .
H(A1\ No) S [lu — uol|¥oulYfe

Ref: [GHSO5]
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Adaptive Galerkin method

SOLVE[¢] — w

K:=0; Ao := V]

do
Compute an appr.solution Wy of L Uk = Oa,
Compute an appr.residual re for wy

Determine a set  Ayxs1 D Ak, with
modulo constant factor minimal
cardinality,
such that  [|Pa,rkll = pllrll
k:i=k+1
while [r¢]| > ¢

Optimal complexity
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Conclusion

SOLVE[e] — w terminates with [|g — Lw||,, < e

_ 1/s
~ #suppw S e 5[ufs
» flops, memory < the same expression

Ref: [CDDO1, GHSO05]

Open:
» Singularly perturbed problems

» Adaptive initial index set
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