
Lecture 12 (Section 4.1)

1 Vector space

2 Subspace



Vector space

A nonempty set V is called a vector space if

u + v ∈ V, for any u, v ∈ V

u + v = v + u, for any u, v ∈ V

(u + v) + w = u + (v + w), for any u, v, w ∈ V

there is 0 ∈ V such that u + 0 = u, for any u ∈ V

for each u ∈ V, there is some z ∈ V such that u + z = 0 (define −u = z)

αu ∈ V, for any α ∈ R and u ∈ V

α(u + v) = αu + αv, for any α ∈ R and u, v ∈ V

(α + β)u = αu + βu, for any α, β ∈ R and u ∈ V

(αβ)u = αβu, for any α, β ∈ R and u ∈ V

1u = u, for any u ∈ V



Subspace

H is a subspace of a vector space V if

H is a subset of V, i.e., if u ∈ H then u ∈ V

the zero vector 0 ∈ V is in H, i.e., 0 ∈ H

if u, v ∈ H then u + v ∈ H

if α ∈ R and u ∈ H then αu ∈ H



Span

Theorem 4.1

If v1, . . . , vp ∈ V, then Span{v1, . . . , vp} is a subspace of V

Definition of Span

Span{v1, . . . , vp} := {u = c1v1 + . . . cpvp : c1, . . . , cp ∈ R}

if u ∈ Span{v1, . . . , vp} then u = c1v1 + . . . cpvp with some c1, . . . , cp ∈ R
if u = c1v1 + . . . cpvp with some c1, . . . , cp ∈ R, then u ∈ Span{v1, . . . , vp}
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