
Lecture 3 (Sections 1.3, 1.4)

Vector Equation

Vectors in Rn

Linear Combinations

Matrix Equation



Vector Equation

u and v are (column) vectors (in R2), and c is a scalar (in R)

u =

»
u1
u2

–
, v =

»
v1
v2

–
, cu =

»
cu1
cu2

–
, u + v =

»
u1 + v1
u2 + v2

–

Vector equation: Find numbers x1 and x2 such that

x1a1 + x2a2 = b
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Find scalars x1, x2, . . . , xn such that

x1a1 + x2a2 + . . . + xnan = b



Vectors in Rn

Properties of vector addition
• u + v = v + u
• (u + v) + w = u + (v + w)

• u + 0 = u
• u + (−u) = 0

Properties of scalar multiplication
• c(u + v) = cu + cv
• (c + d)u = cu + du
• c(du) = cdu
• 1u = u



Linear Combinations

• v1, v2, . . . , vn ∈ Rk vectors, c1, c2, . . . , cn ∈ R scalars
• Linear combination of the vectors v1, v2, . . . , vn:

u = c1v1 + c2v2 + . . . + cnvn

c1, c2, . . . , cn are the weights
• The subset of Rk spanned (or generated) by v1, v2, . . . , vn is the set of all

possible linear combinations of v1, v2, . . . , vn. It is denoted by
Span{v1, v2, . . . , vn}



Linear Combinations

The followings are equivalent
• Whether weights x1, x2, . . . , xn exist such that

x1a1 + x2a2 + . . . + xnan = b

• Whether b is in Span{a1, a2, . . . , an}
• Whether the linear system with the augmented matrix

[a1 a2 . . . an b]

is consistent

The followings are equivalent
• Find all possible weights x1, x2, . . . , xn such that

x1a1 + x2a2 + . . . + xnan = b

• Solve the linear system whose augmented matrix is

[a1 a2 . . . an b]



Matrix Equation

• Let A be the matrix with columns a1, a2, . . . , an

• Define the matrix-vector product as

Ax = x1a1 + x2a2 + . . . + xnan

where

x =
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• Then, x1a1 + x2a2 + . . . + xnan = b can be written as

Ax = b

• The unknown is x, which is a vector
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