Faculty of Science.
FINAL EXAMINATION

~ MATH 204B
Principles of Statistics 2

Examiner: Professor K.J. Worsley
Associate Examiner: Professor R. Steele

Date: Friday, April 28, 2005
Time: 14:00 - 17:00 hours

INSTRUCTIONS: Answer all questions. An 8.5 x 11 inch piece of paper, written on both
sides, may be brought into the exam. Calculators are permitted. Computer printout, figures

and tables are provided at the end of the exam. R Rk _ .
Use of o rc.jt—JQK a~d o Punsladicon di c;l—io-\cv-ul = pf,p-mrl-‘f'cd .

Each part of each question is worth approximately equal marks.

~This exam comprises this cover, 3 pages of questions, 8 pages of computer priht_out, and
3 pages of tables (15 pages in all).



MATH 204B FINAL EXAM, April 28, 2005 | 2

1. The article “Responsiveness of Food Sales to Shelf Space Changes in Supermarkets”
(J. Mktg. Res. (1964): 63-67) described an experiment to assess the effect of allotted
shelf space sales of “Tang”. Six stores were used in the experiment, and six different
shelf-space allotments of 6, 9, 12, 15, 18 and 21 feet were tried for 1 week. The author
speculated that changes in shelf space would affect sales. Data on the number of
containers of Tang sold is given in the table below.

Shelf space (feet)
Store| 6 9 12 15 18 21
1 130 35 25 27 38 31
147 59 43 62 65 48
47 55 48 54 36 54
29 19 41 27 33 39
17 11 25 23 24 26 .
22 9 19 18 25 22

O U W N

Choose appropriate pairs of models, or T-statistics, to answer the following.

(a) Is there any effect of shelf:space (as a factor) on sales, allowing for different sales -
in different stores? Test this: '

(b) The table on the printout labelled “Multiple Comparisons” tests for differences
between all pairs of shelf space, allowing for different sales in different stores. Are
there any differences?

- (c) Is there any effect of shelf space (as a linear covariate) on sales, allowing for
different sales in different stores? Test this.

(d). Explain carefully why there is a discrepancy in your answers to (a), (b) and (c).

(e) Does the effect of shelf space (as a linear covariate) differ from one store to an-
other? Test this.

(f) Store 1 is thinking of devoting 10 feet of shelf space to Tang. Use What you
think is the most appropriate model to predict the weekly sales of Tang. Give an
approximate standard deviation for your prediction.

(g) Tricky question: Why can ‘we not test that the effect shelf space (as a factor)
differs from one store to another?

2. The so-called fog index is intended to measure how difficult it is to read a piece of
writing. It is calculated as 0.4x (average number of words per sentence) + (percent-
age of words with three or more syllables). Shruptine and McVicker (1981) made a
study of the readability of magazine advertisements in which they obtained fog indices
from a random sample of six advertisements from Scientific American and Newsweek,
obtaining the results in the table below: '

Fog indices
Scientific American | 156.75 11.55 8.20 9.23 11.16 9.92
Newsweek 9.66 7.67 10.21 5.12 3.12 4.88
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Carry out a suitable non-parametric test to see if there is any difference in fog in-
dices between Scientific American and Newsweek. There is no printout for thls
question.

3. The table below gives the number of patients with malignant melanoma cross classified
by Type (the type of abnormal cells making up the melanoma) and Site (where on the
body the cancer appeared).

Site
Type . Extremities Head and Neck Trunk
Hutchinson’s melanomic freckle 10 . 22 2
Intermediate 28 11 17
.Nodular . T3 19 33
Superficial spreading melanoma 115 16 54

(a) Estimate the expected number of cases of superficial spreading melanoma in the
trunk, assuming that Type and Site are independent (this cell is empty on the
printout).

(b) Is there any evidence that the proportion of types of melanoma is different at
different sites? Test this.

4. The data for this question originated from a car’s journey log kept by a brother of
statistics professor Jack Robinson at Waterloo over a 12 month period. Each time the
car was filled with petrol, five variables were measured:

Dist, the distance run since the last fill-up, in kilometres.

KmPerL, the fuel efficiency, in kilometres per liter.
Days, the number of days siince the last fill-up.

Month, the month of the year (January=1, ..., December=12).

Temp, the average monthly temperature in Waterloo.

There were 86 measurements in total, and the first 20 appear on the printout. Our aim
is to predict the fuel efficiency, KmPerL, as a function of the other variables. Choose
appropriate pairs of models, or T-statistics, to test the following.

(a) Ignoring Temp for the moment, a model was fitted with Month as a factor and
Dist and Days as covariates. Is there any effect of evidence of an effect of

i. Dist?
ii. Days?
iii. Month? |
allowing for an effect of the other two.

(b) Month was replaced by Temp in the model. Is there an effect of Temp, allowing
' for Dist and Days?
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(c) Month was added back into the model, together with Dist, Days and Temp. -
-Does the mean monthly temperature explain all the effect of month, or putting
it another way, can the effect of Month be explained solely by a linear effect of
Temp?

(d) The graph is a plot of residuals from the model fitted in (b), against the fit-
ted values. Do you thmk the assumptions of normality and equal variance are
satisfied?

(e) What proportion of the variance of KmPerL is explained by the model in (b)?

(f) Use a suitable model to predict the fuel efficiency of a long trip of 300 km with 0
days between fill-ups in April (Month=4) when the average temperature is 5. 80
degrees. Give an approximate standard deviation for _your prediction.

(g) Tricky question: In the last model fitted, explain exactly why [Month=11. 00] has
a coeﬁ01ent of 0 and is redundant.
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Question 1. Tang

Case Summaries

NumTang Store ShelfSpace
1 30.00 1.00 6.00
2 47.00 2.00 6.00
3 47.00 3.00 6.00
14 29.00 4.00 6.00
5 17.00 5.00 6.00 |
6 22.00 6.00 6.00
7 35.00 1.00 9.00
8 59.00 2.00 9.00
9 55.00 3.00 9.00
10 19.00 4.00 9.00
1 11.00 5.00 9.00
12 9.00 6.00 9.00
13 25.00 1.00 12.00
14 43.00 2.00 12.00
15 48.00 3.00 12.00
16 41.00 4.00 12.00
17 25.00 5.00 12.00
18 19,00 6.00 12.00
19 25.00 1.00 15.00
20 62.00 2.00 15.00
21 54,00 3.00 15.00
22 27.00 4.00 15.00 -
23 23.00 5.00 15.00
24 18.00 6.00 15,00
25 38.00 1.00 18.00
26 65.00 2.00 18.00
27 36.00 3.00 18.00
28 33.00 4.00 18.00
29 24,00 5.00 18.00
30 25.00 6.00 18.00
31 31.00 1.00 .21.00.
32 48.00 2.00 21.00
33 54,00 3.00 21.00
34 39.00 4.00 21.00
35 26.00 5.00 21.00
36 22.00 6.00 21.00
Total N 36 36 36
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; . Error SS = 7661.639, df = 35
Dependent Variable: NumTang '

Parameter B Std. Error t _Sig.
Intercept 34.194 2.466 13.867 .000

Error SS = 1469.50, df = 30
Dependent Variable: NumTan

Parameter B Std. Error t Sig. .
Intercept 19.167 2.857 6.708 .000
[Store=1.00] 11.500 4.041 2.846 .008
{Store=2.00] 34.833 4.041 8.620 .000
[Store=3.00] 208331  4.041 7.383 .000
[Store=4.00] 12.167 4.041 3.011 .005
{Store=5.00] 1.833 | = 4.041 . 454 .653
[Store=6.00] 0(a) '
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a This parameter is set to zero because it is redundant.

Error SS = 1307.694, df = 25
Dependent Variable: NumTang :

Parameter . B Std. Error t Sig.
Intercept 21.639 3.998 5.413 .000
[Store=1.00) 11.500 4.176 2,754 .011
[Store=2.00] 34.833 4.176 8.342 | .000
[Store=3.00] 29.833 4176 7.145 | .000
[Store=4.00] 12.167 4,176 2.914 .007
[Store=5.00) , ©1.833 4.178 A39 664
[Store=6.00] oa) | . : .
[ShelfSpace=6.00] -4.667 4176 -1.118¢ - 274
[ShelfSpace=9.00] -5.333 4,176 | -1.277 213
[ShelfSpace=12.00] -3.167 4.176 -.758 455
[ShelfSpace=15.00] -1.833 4,176 -439 .664
[ShelfSpace=18.00] 167 4,176 .040 .968
[ShelfSpace=21.00] O(a) | .

. a This parameter is set to zero because it is redundant.
Multiple Comparisons

Dependent Variable: NumTang

LSD
Mean
_Difference ‘
(1) ShelfSpace | (J) ShelfSpace (1-J) Std. Error Sig.
6.00 9.00 .6667 4.17563 .874
12.00 -1.5000 4.17563 722
15.00 28333 | 417563| 504
18.00 -4.8333 4.17563 .258
21.00 46667 | 4.17563 274
9.00 6.00 -.6667 4.17563 - .874
12.00 .. 2.1667 4.17563 .608
15.00 ) -3.5000 417563 - .410
18.00 -5.5000 4.17563 .200
21.00 -5.3333 4.17563 213
12.00 6.00 _ 1.5000 4.17563 722
9.00 2.1667 4.17563 . .608
15.00 -1.3333 4.17563 752
18.00 -3.3333 4.17563 A32 |
21.00 -3.1667 4.17563 A55
15.00 : 6.00 " 2.8333 417563 .504
9.00 3.5000 4.17563 410
12.00 1.3333 4.17563 752
18.00 -2.0000 | 4.17563| . .636
. 21.00 -1.8333 417563 664
18.00 6.00 | 4.8333 417563 258
9.00 5.5000 417563 .200.
12.00 3.3333 4.17563 432




21.00

15.00

21.00
6.00
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Based on observed means.

Debendent Variable: NumTang

46667
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2.0000
.1667

5.3333.
3.1667
1.8333
-.1667

4.17563
4.17563
4.17563
4.17563

4.17563
4.17563
4.17563

Error S8 = 751 6.379, df = 34

Parameter B Std. Error t Sig.
Intercept 28.902 6.984 4.138 .000
ShelfSpace 392 484 811 423

Error SS = 1324.24, df = 29

Dependent Variable: NumTang _

Parameter B Std. Error t Sig.

Intercept 13.874 . 4,052 3.424 .002
[Store=1.00] 11.500 3.901 2.948 .006
[Store=2.00] 34.833 3.901 8.928 .000
[Store=3.00] _ 29.833 | 3.901 7.647 .000
[Store=4.00] _12.167 3.901 3.119 .004
[Store=5.00] 1.833 3.901 470 642
[Store=6.00] 0(a) . . .
ShelfSpace .392 .220 1.784 .085

a This parameter is set to zero because it is redundant.

\

Dependent Variable: NumTan:

636
968
274
213

455
.664
.968 |

Error SS =1223.314, df =24

Parameter - B Std. Error t Sig._
Intercept- 13.124 8.214 1.598 423
[Store=1.00] 15.743 11.617 1.355 .188
[Store=2.00) . 35,476 11.617 3.054 .005
[Store=3.00] 37.933 11.617 3.265 .003
[Store=4.00] 8.181 11.617 704 A88
[Store=5.00] -2.667 11.617 -.230 .820
[Store=6.00) 0@ | . : .
ShelfSpace .448 .569 787 439
[Store=1.00] * ShelfSpace -.314 .805 -.391 .700
[Store=2.00] * ShelfSpace -.048 .805 -.059 .953
[Store=3.00] * ShelfSpace -.600 .805 -746 463
[Store=4.00] * ShelfSpace .295 .805 .367 717
[Store=5.00] * ShelfSpace 333 .805 414 6821
[Store=6.00] * ShelfSpace 0(a) . ‘

a This parameter is set to zero because it is redundant.
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Question 2. Melanoma

Type * Site Crosstabulation

Site Total
Head and
Extremities Neck Trunk
Type  Hutchinson’s Count 10 22 2 34
" Expected Count 19.2 5.8 9.0 34.0
Intermediate  Count 28 | 11 17 56
Expected Count 316 9.5 14.8 56.0
Nodular Count 73 19 33 125
Expected Count 70.6 213 33.1 125.0
Superficial Count 115 16 54 185
. Expected Count 104.5 31.5 185.0
Total Count 226 68 106 400
Expected Count 226.0 68.0 106.0 400.0
Chi-Square Tests
: Asymp. Sig.
Value  df (2-sided)
Pearson Chi-Square 65.813 |- )
Question 4. Fuel
Case Summaries(a)
Dist KmPerlL Days Month Temp
1 313.00 6.01 7.00 4.00 5.80
2 374.00 6.55 6.00 4.00 5.80
3 272.00 6.59 5.00 4.00 | 5.80
4 - 232.00 7.81 3.00 4.00 5.80
5 268.00 6.57 6.00 5.00 12.50
6 141.00 6.38 3.00 5.00 12.50
7 361.00 7.1 6.00 5.00 12.50
8 141.00 5.44 4.00 5.00 12.50
9 203.00 6.15 4.00 5.00 12.50
10 193.00 7.88 3.00 5.00 12.50
1" 214.00 6.79 3.00 5.00 12.50
12 156.00 7.78 5.00 6.00 17.30
13 229.00 6.54 3.00 6.00 17.30
14 187.00 6.58 3.00 6.00 17.30
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15
16
17
18
19
[ 20
Total N

193.00 8.98
286.00 8.61
167.00 |- 7.05
151.00 7.31
388.00 8.78
195.00 6.96°

20 20

3.00
5.00
3.00
5.00
7.00
3.00

20

6.00
6.00
6.00
6.00
7.00
7.00

20

17.30

17.30
17.30
17.30

_19'.80

19.80
20

a Limited to first 20 cases.

Dependent Variable: KmPerL

KmPerL

Dist

Days

Month

Temp

- Error 88 = 184.796, df = 85

Parameter

B

Std. Error

Sig.

Intercept

7.539

159

47.416

.000

10
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Error SS = 106.080, df = 83

Dependent Variable: KmPerl

Parameter | B Std. Error t - SiL
Intercept 6409 | 415 15.460 .000

Dist .008 .001 5.883 .000

Days -.253 044 -5.757 .000

Error SS = 65.417, df =72
Depéndent Variable: KmPerL

Parameter B - Std. Error t gg.
Intercept 5.678 544 10.432 .000
Dist .004 .001 3.234 .002
Days -111 051 | 2192 032
[Month=1.00] -878 623 -1.408 63|
[Month=2.00] 549 .608 902 | .370
[Month=3.00] 191 580 .329 743
[Month=4.00] 1.131 622 1.820 .073
[Month=5.00] 423 559 756 452
[Month=6.00] 1.421 .561 2.533 .013
[Month=7.00] 1.696 .529 3.209 .002
[Month=8.00] 2.201 535 4.118 .000
[Month=9.00] 1.371 662 | 2.071 042
[Month=10.00} 1.370 581 2.357 021
[Month=11.00], .575 .559 1.028 .308
[Month=12.00] 0(a) .

a This parameter is set to zero because it is redundant.
Error SS = 79.313, df = 82

Dependent Variable: KmPerL

Parameter . B Std. Error t Sig.
Intercept 5.849 . 376 15,556 | . .000|
Dist ) 006 001 4.655 .000
Days -.135 .044 -3.057 .003
Temp . 069|  .013 5.261 .000

Error SS = 65.417, df = 72
Dependent Variable: KmPerl

Parameter - B Std. Error t Sig.
Intercept 6.036 427 14,131 .000
Dist .004 .001 3.234 .002
Days -111 .051 2192 032 |
Temp 094 | 092 1.028 .308
[Month=1.00] -.567 .819 -.692 A9
[Month=2.00] .794 .761 1.043 .301
[Month=3.00] . -.054 489 | =111 912

11
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[Month=4.00] 227 7720 . 204 770
[Month=5.00] 1113 1,253 -.888 378
[Month=6.00] -.566 1.671 -339 . .736
[Month=7.00] 527 1.877 -.281 .780
[Month=8.00] . .082 1.781 046 .963
[Month=9.00] -334 1.463 -.228 820
[Month=10.00] | 240 916 262 794
[Month=11.00] 0(a)

[Month=12.00] O(a) |.

a This parameter is set to zero because it.is redundant.
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13
Quantiles of the x? distribution
Degrees of Upper tail probability
freedom | 0.995 0.990 0.975 0.950 0.900 | 0.100 0.050 0.025 0.010 0.005

1 0.00 0.00 0.00 0.00 0.02 2.711 3.84 5.02 6.63 7.88
2 001 002 005 010 021 4.61 5.99 7.38 9.21 10.60
3 007 011 0.22 0.35 0.58 6.25 7.81 9.35 11.34 12.84
4 021 030 048 0.71 1.06 7.78 9.49 1114 13.28 14.86
5 041 055 0.83 1.15 1.61 9.24 11.07 12.83 15.09 16.75
6 068 087 124 164 220 10.64 1259 1445 16.81 18.55
7 099 124 169 217 283 12.02 1407 16.01 1848 20.28
8 1.3 165 218 273 349 13.36 1551 1753 20.09 21.95
9 1.73 2.09 ° 270 3.33 4.17 14.68 16.92 19.02 21.67 23.59
10 216 256 3.25 394 487 1599 1831 2048 23.21 25.19
11 260 305 382 457 558 17.28 19.68 21.92 24.72 26.76
12 3.07 357 440 523 6.30 18.55 21.03 23.34 26.22 28.30
13 3.57 411 5.01 5.89 7.04 19.81 2236 2474 27.69 29.82
14 407 466 563 657 779 | 21.06 2368 26.12 29.14 31.32
15 460 523 6.26 7.26 8.55 2231 25.00 2749 3058 32.80
16 514 581 691 796 931 | 23.54 26.30 2885 32.00 34.27
17 570 641 7.56 8.67 10.09 | 24.77 27.59 30.19 33.41 35.72

" 18 626 701 823 939 10.86 | 25.99 2887 31.53 34.81 37.16
19 6.84 7.63 891 1012 11.65 | 27.20 30.14 32.85 36.19 38.58
20 743 826 '9.59 10.85 1244 | 28.41 31.41 3417 37.57 40.00
21 803 890 10.28 11:59 13.24 | 29.62 3267 3548 38.93 41.40
22 864 954 1098 1234 14.04 | 30.81 33.92 36.78 40.29  42.80
23 9.26 10.20 11.69 13.09 14.85 | 32.01 35.17 38.08 41.64 44.18
24 9.89 10.86 1240 13.85 15.66 | 33.20 36.42 39.36 4298 45.56
25 1052 11.52 13.12 1461 16.47 | 34.38 3765 4065 44.31 46.93
26 11.16 12.20 13.84 1538 17.29 | 3556 38.89 41.92 45.64 4829
27 11.81 12.88 1457 16.15 18.11 | 36.74 40.11 43.19 46.96 49.64
28 12.46 13.56 15.31 1693 1894 | 3792 41.34 4446 48.28 50.99
29 1312 1426 16.05 17.71 19.77 | 39.09 42,56 45.72 49.59 52.34
30 13.79 1495 16.79 1849 20.60 | 40.26 43.77 46.98 50.89 53.67
35 17.19 1851 20.57 2247 24.80 | 46.06 49.80 53.20 57.34 60.27
40 20.71 22.16 2443 26.51 29.05 | 51.81 55.76 59.34 63.69 66.77
45 2431 2590 28.37 30.61 33.35 | 57.51 61.66 6541 69.96 73.17
50 2799 29.71 32.36 34.76 37.69 | 63.17 67.50 7142 76.15 79.49
95 31.73 33.57 36.40 3896 42.06 | 68.80 73.31 7738 8229 85.75
60 35.53 37.48 40.48 43.19 46.46 | 7440 79.08 83.30 88.38 91.95
80 51.17 53.54 57.15 60.39 64.28 | 96.58 101.88 106.63 112.33 116.32
100 67.33 70.06 74.22 7793 8236 [118.50 124.34 129.56 135.81 140.17
120 83.85 86.92 91.57° 95.70 100.62 | 140.23 146.57 158.95

152.21

163.65
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14
Quantiles of the F' distribution, P = 0.05
Denominator
degrees of _ Numerator degrees of freedom

freedom 1 -2 3 4 5 6 7 8 9 10
1 " 1161.4 199.5 2157 224.6 230.2 233.0 236.8 2389 240.5 241.9

2 1851 19.00 19.16 19.25 19.30 1-9.3‘3' 19.35 19.37 19.38 19.40

3 10.13 955 928 912 901 894 889 885 881 879

4 7771 694 659 639 626 616 609 604 6.00 -5.96
3 6.61 579 541 ~ 519 505 495 488 482 477 474
6. 509 514 476 453 439 428 421 415 410 4.06
7 559 4.74 435 412 397 387 379 373 368 364
8 532 446 4.07 384 369 358 3.50 344 339 3.35

9 5.12 4260 3.8 363 348 337 329 323 318 314
10 496 4.10 371 348 333 322 314 307 3.02 298
11 484 398 359 336 320 309 301 295 290 285
12 475 - 389 349 326 311 300 291 28 280 275
13 467 381 341 318 303 292 283 277 271 267
14 460 374 334 311 296 285 276 270 265 260
15 454 3.68 329 306 290 279 271 264 259 254
16 449 363 324 301 28 274 266 259 254 249
17 445 359 320 296 281 270 261 255 249 245
18 441 355 316 293 277 266 258 251 246 241
19 438 352 313 290 274 263 254 248 242 238
20 435 349 310 287 271 260 251 245 239 2.35
21 432 347 3.07 2.84 268 257 249 242 237 232
22 430 344 3.05 282 266 255 246 240 234 230
23 428 342 3.03 280 264 253 244 237 232 227
24 426 340 3.01 278 262 251 242 236 230 225
25 424 339 299 276 260 249 240 234 228 224
26 423 . 337 298 274 259 247 239 232 227 222
27 421 335 296 273 257 246 237 231 225 220
28 420 334 295 271 256 245 236 229 224 219
29 418 333 293 270 255 243 235 228 222 218
30 417 332 292 269 253 242 233 227 221 216
35 412 327 287 264 249 237 229 222 216 211
40 408 323 28 261 245 234 225 218 212 2.08
.45 406 320 281 258 242 231 222 215 210 2.05
50 403 318 279 256 240 2290 220 213 207 2.03
55 402 316 277 254 238 227 218 211 206 2.01
60 400 315 276 2,53 237 225 217 210 204 199
80 396 311 272 249 233 221 213 206 200 1.95
100 394 3.09 270 246 231 219 210 203 197 1.93
120 392 307 268 245 229 218 209 202 196 1.91
00 384 300 260 237 221 210 201 194 188 '1.83.
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Critical vélues of TL and Ty for the Wilcoxon rank sum test: Independent
samples. Test statistic is the rank sum associated with the smaller sample. -

P = 0.025, one tailed, P = 0.05 two tailed.
™

3 4 5 .| 6 7 8 9 10
Ty |Ty, Ty |Ty Ty |Tp Ty Ty Ty |Ty Ty (T, Ty | Ty Ty
6|6 186 217 23{7 26(8 28/8 3|9 33
18111 25112 28|12 32113 35|14 38}15 41 |16 44
21 1_2 28 118 37|19 4120 45|21 49122 53 |24. 56
23112 32119 41126 52|28 56|29 61|31 65|32 70
26113 35[20 45128 56 (37 68139 73|41 78 |43 83
28114 38|21 49120 61{39 73}49 87 |51L 93 |54 98
31 (15 41122 53131 65141 78 |51 93 (63 108| 66 114
33|16 4424 5632 70|43 83|54 98|66 114 |79 131 |

S
%)

© 00~ D U
©® w11 o uld

—
o

M.
{l

0.05, one tailed, P = 0.10 two tailed.
‘ ny

3 . 4 5 6 7 8 9 10
TU TL . TU TL TU TL TU TL TU TL TU TL TU TL TU
1517 17| 7 2018 2219 24{9 27{10 29 {11 31
17112 24|13 27|14 30|15 -33 |16 36|17 39 |18 42
20113 2719 36 (20 40|22 43|24 46|25 50 |26 54
22114 30|20 40|28 50{30 5432 58|33 63|35 67
24 115 33 (22 43 (30 54139 66 {41 71143 76 )46 80
27 116 36 |24 46 (32 58|41 71152 8 154 90 |57 95

10 29|17 39|25 50|33 63|43 76|54 90|66 10569 111

11 31|18 42126 54|35 67|46 80|57 95|69 11183 127

3
N)

© © 00~ 1 |

© 00~ O U W

—t
o

Critical values of T for the Wilcoxon paired difference signed rank test.

n

One-tailed Two-tailed 10 11 12 13 14 15 16 17 18 19 20

56 7 89
1 2 4 6 8 11 14 17 21 26 30 36 41 47 54 60
1 246

P=005 P=010
8§ 11 14 17 21 25 30 35 40 .46 52

P=0.025 P=0.05

End of exam



