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Abstract

This thesis studies three distinct but interrelated topics revolving around the theme of ra-
tional points on curves defined over number fields. The guiding questions differ depending
on the genus of the curves under investigation: we distinguish between the case of elliptic
curves (genus one case) and the case of higher genus curves.

In the context of elliptic curves, the difficulty lies in constructing interesting rational
points in view of shedding light on the famous Birch and Swinnerton-Dyer conjecture. A
possible direction is the study of algebraic cycles and their resulting Chow—Heegner points.

Chapter 2, which is joint work with Henri Darmon, Massimo Bertolini and Kartik
Prasanna, explores questions related to generalised Heegner cycles on products of Kuga—
Sato varieties with powers of a CM elliptic curve. The first main result is a formula for the
image of these cycles under the complex Abel-Jacobi map in terms of explicit line integrals
of modular forms on the complex upper half-plane. Such a formula has implications for the
corresponding Chow—Heegner points on the CM elliptic curve. The second main theorem
uses this formula to show that the Chow group and the Griffiths group of the relevant product
varieties are not finitely generated. More precisely, it is shown that the subgroup generated
by the images of generalised Heegner cycles has infinite rank in the group of null-homologous
cycles modulo both rational and algebraic equivalence.

Chapter 4 focuses on the setting of diagonal type cycles on the triple product of the
modular curve Xy(p) of prime level p. The main motivation stems from the Beilinson—Bloch
conjecture in this particular setting. This conjecture predicts the equality between the central
order of vanishing of the triple product L-function associated to three normalised newforms
in 95(I'o(p)) on the one hand, and the rank of the (fi, fa, f3)-isotypic component of the null-
homologous Chow group of X(p)? of codimension two on the other hand. One of the main
results asserts that the global root number of the triple product L-function of (f1, fa, f3)
twisted by the Legendre symbol x at p is always —1. In parallel, we construct a canonical
null-homologous cycle on Xy(p)? of codimension 2 which lies in the (—1)-eigenspace of the
Chow group for the non-trivial element of Gal(Q(y/x(—1)p)/Q). This leads us to formulate
refinements of the Beilinson—Bloch conjecture in a setting which has not been considered
before. Specialising to the case where f35 has rational coefficients and f; = f5, we formulate
further refined conjectures concerning the associated Chow-Heegner points on the elliptic
curve associated with f3. When the global root number of the triple product (f1, fo, f3) is +1,
we prove that the image of the Gross—Kudla—Schoen cycle under the complex Abel-Jacobi
map is torsion in the (fi, fo, f3)-isotypic component of the second intermediate Jacobian
of Xy(p)?, and deduce torsion properties of the related Chow—Heegner points, which had
originally been studied by Darmon, Rotger and Sols in the case where the root number is



—1. Moreover, we prove that the Chow—Heegner points associated to the special cycle defined
over Q(/—p) are torsion whenever p = 3 (mod 4). Such torsion properties fit nicely with the
proposed conjectures, and are in line with the Beilinson—Bloch and Birch—Swinnerton-Dyer
conjectures.

In the context of higher genus curves, it is known by Faltings’ famous proof of Mordell’s
conjecture that any smooth, projective, geometrically irreducible curve of genus greater
than one over a number field has only finitely many rational points. However, this does
not allow for the explicit determination of this finite set, given that Faltings’ proof is not
effective. Chapter 3, which is joint work with Pavel Coupek, Luciena Xiao Xiao and Zijian
Yao, generalises the geometric quadratic Chabauty method, initiated over Q by Edixhoven
and Lido, to higher genus curves defined over arbitrary number fields. This results in a
conditional bound on the number of rational points on curves that satisfy an additional
Chabauty type condition on the rank of the Jacobian of the curve. The method gives a
more direct approach to the generalisation by Dogra of the quadratic Chabauty method
to arbitrary number fields. As such, this work can be viewed as part of the non-abelian
Chabauty program initiated by Kim.
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Résumé

Cette thése traite de trois sujets distincts quoique liés autour du théme des points rationnels
sur les courbes algébriques définies sur des corps de nombres. Les questions directrices varient
selon le genre des courbes considérées: nous distinguerons entre le cas des courbes elliptiques
(de genre égal & un) et celui des courbes de genre supérieur ou égal & deux.

La problématique principale dans le contexte des courbes elliptiques provient du fait
qu’il est difficile de construire des points rationnels interéssants sur de telles courbes. Ceci
est formulé plus précisément dans la fameuse conjecture de Birch et Swinnerton-Dyer. Une
approche possible de ce probléme est 'étude de cycles algébriques et des points dits de
Chow-Heegner qui en découlent.

Le Chapitre 2, qui est un travail en commun avec Henri Darmon, Massimo Bertolini
et Kartik Prasanna, traite des cycles de Heegner généralisés sur le produit d’une variété de
Kuga—Sato avec une puissance d’une courbe elliptique & multiplication complexe. Le premier
résultat principal est une formule pour 'image de ces cycles par 'application d’Abel-Jacobi
complexe en termes d’'intégrales explicites de formes modulaires sur le demi-plan supérieur
de Poincaré. Une telle formule peut étre utilisée pour déduire des propriétés des points de
Chow-Heegner associés. Le second résultat principal se sert de cette formule pour démontrer
que le groupe de Chow ainsi que le groupe de Griffiths des variétés produits ci-dessus ne sont
pas de type fini. Plus précisément, il est démontré que le sous-groupe engendré par les cycles
de Heegner généralisés est de rang infini dans le groupe des cycles homologues a zéro modulo
I’équivalence rationnelle ainsi qu’algébrique.

Le Chapitre 4 porte sur les cycles diagonaux sur le produit triple de la courbe modu-
laire X((p) ot p est un nombre premier. La motivation principale provient de la conjecture
de Beilinson-Bloch dans le contexte particulier du produit triple. Celle-ci prédit 1’égalité
entre, d’une part, 'ordre d’annulation de la fonction L associée a un triplet de formes mod-
ulaires paraboliques fi, fo, f3 € So(T'o(p)) en son centre s = 2 et, d’autre part, le rang de
la composante (f1, f2, f3)-isotypique du groupe de Chow des cycles homologues a zéro et de
codimension 2 sur Xy(p)3. Le premier résultat dit la chose suivante: si x désigne le symbole
de Legendre en p, alors le signe de I’équation fonctionnelle de L(f1 ® fo® f3®x, s) est négatif.
En paralléle, on construit sur Xo(p)® un cycle canonique, homologue a zéro, de codimension
2 et défini sur Q(y/x(—1)p) (i.e., extension quadratique de Q associée au caractére x). De
plus, I'automorphisme non trivial de cette extension agit sur le cycle avec valeur propre égale
a —1. Ceci nous ameéne a formuler un raffinement de la conjecture de Beilinson-Bloch dans
un contexte nouveau. En spécialisant au cas oul f3 est a coefficients de Fourier rationnels
et fi = fa, nous formulons des raffinements de la conjecture de Birch et Swinnerton-Dyer
concernant les points de Chow—Heegner sur la courbe elliptique correspondant & f3 associés

il



au cycle spécial. Lorsque le signe de I’équation fonctionnelle de L(f; ® fo ® f3, s) est positif,
nous démontrons que 'image du cycle de Gross—Kudla—Schoen par l'application d’Abel-
Jacobi complexe est de torsion dans la composante (fi, fa, f3)-isotypique de la Jacobienne
intermédiaire de Xy(p)?, et nous déduisons les propriétés de torsion des points de Chow—
Heegner associés a ce cycle. Ces derniers ont fait 'objet d’étude dans le travail de Darmon,
Rotger et Sols lorsque le signe de I’équation fonctionnelle est négatif. De plus, nous prouvons
que les points de Chow—Heegner associés au cycle spécial défini sur Q(y/—p) sont de tor-
sion lorsque p = 3 (mod 4). Ces propriétés de torsion s’accordent bien avec les conjectures
proposées, ainsi que les conjectures de Beilinson—Bloch et de Birch et Swinnerton-Dyer.

Dans le contexte des courbes de genre supérieur, il est bien connu depuis la fameuse preuve
de Faltings de la conjecture de Mordell que toute courbe lisse, projective et géométriquement
irréductible de genre supérieur ou égal a deux définie sur un corps de nombres n’admet qu'un
nombre fini de points rationnels. Du fait que la preuve de Faltings n’est pas effective, la
détermination explicite de cet ensemble fini pour une courbe donnée demeure aujourd’hui un
probléme difficile. Le Chapitre 3, qui est un travail en commun avec Pavel éoupek, Luciena
Xiao Xiao, et Zijian Yao, généralise la méthode de Chabauty quadratique géométrique,
due a Edixhoven et Lido sur Q, aux courbes de genre supérieur définies sur des corps de
nombres arbitraires. Ceci fournit une borne conditionnelle sur le nombre de points rationnels
sur de telles courbes satisfaisant de plus a une condition de type Chabauty sur le rang de
la Jacobienne de la courbe en question. Cette méthode peut étre interprétée comme une
approche plus directe a la généralisation de Dogra de la méthode de Chabauty quadratique
aux corps des nombres arbitraires. Ainsi, ce travail s’insére naturellement dans le cadre plus
général du programme de Chabauty non-abélien initié par Kim.
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Introduction

The unifying theme of the present thesis is the study of rational points on curves, using
methods and tools from algebraic geometry. The types of questions that arise depend on the
nature of the curves of interest: we will distinguish between two classes of curves, namely
elliptic curves and higher genus curves.

In the case of elliptic curves, the main motivation stems from the conjecture of Birch
and Swinnerton-Dyer and the inherent difficulty of constructing interesting rational points
on such curves. In particular, we will focus on the construction and properties of so-called
Chow-Heegner points, which arise as images of algebraic cycles under certain generalised
modular parametrisations. This construction generalises the one of the more classic Heegner
points, which account for the most significant progress towards the Birch and Swinnerton-
Dyer conjecture to date. Two different settings, along with their associated Chow—Heegner
points, will be considered in this thesis, namely the one of generalised Heegner cycles and
the one of diagonal type cycles on triple products of modular curves.

In the case of higher genus curves, it is known since Faltings’ proof of Mordell’s conjecture
that the set of rational points is finite. However, the available proofs of this result are
not effective, which prompts the question of the explicit determination of rational points
on such curves. To this end, many methods have been developed recently, originating in
the Chabauty—Coleman method. This method allows for the explicit determination of the
set of rational points of higher genus curves satisfying an additional so-called Chabauty

condition. The Chabauty-Kim method is a far-reaching non-abelian generalisation of the



ideas of Chabauty, which aims to relax the original Chabauty condition, and thus to allow for
the determination of rational points on more general curves. The first non-abelian instance
of this program is known as the quadratic Chabauty method. Recently, Edixhoven and Lido
have found an approach to quadratic Chabauty which replaces Kim’s language of non-abelian
p-adic Hodge theory with the more geometric one of Jacobians and line bundles on curves.
Part of this thesis is concerned with the generalisation of the work of Edixhoven and Lido

to the case of arbitrary number fields.

0.1 Diophantine geometry

The study of Diophantine equations, named after the 3rd century greek mathematician
Diophantus of Alexandria, consists in finding integer or rational solutions to systems of
polynomials in several variables with rational coefficients. Individual Diophantine problems
are akin to puzzles and have been the objects of mathematical interest throughout history.
For instance, consider the Diophantine problem which asks for all the integer solutions to

the three variable equation

Equivalently, this problem is asking for the points with rational coordinates on the unit
circle. There are infinitely many solutions, the so-called Pythagorean triples, which, as their
name indicates, were considered by Pythagoras and his school.

Perhaps one of the most famous Diophantine problems is a variant of the above, originally
formulated by Pierre de Fermat and known as Fermat’s Last Theorem. In 1637 he claimed,

in the form of a scribbled note in the margin of his copy of the Arithmetica, that the equation
"4yt = 2", with n > 3,

has no integer solutions satisfying zyz # 0. This was proved, possibly even more famously,



in 1995 by Sir Andrew Wiles. His proof is truly a 20th century proof, putting to use deep
tools from modern algebraic geometry, which were unavailable at the time of Fermat.

Modern day research in Diophantine problems has departed from individual equations
and seeks the formulation of more general theories of Diophantine equations. The systems
of equations of a Diophantine problem define algebraic varieties, and from this perspective
the problem becomes the one of finding rational or integral points on these varieties. It is
then natural to attempt to solve such problems by importing tools and techniques from the
world of algebraic geometry; this train of thought leads to a field of study known today as
Diophantine geometry.

The modern development of Diophantine geometry can provide answers to a variety
of geometric questions, ranging from Greek geometry to modern algebraic geometry. Vice-
versa, insights into the field of algebraic geometry can lead to solutions to previously unsolved
Diophantine problems, as in the case of Wiles” proof of Fermat’s Last Theorem.

As an example of a piece of Greek mathematics that was only fully answered by modern

techniques, consider Problem 17 of Book VI of Diophantus’ Arithmetica:

Find three squares which when added give a square, and such that the first one is the

square-root of the second, and the second is the square-root of the third.

Solutions here are implicitly assumed to be positive rational numbers. In modern language,

the problem is therefore to find positive rational solutions to the equation

y? =28 + 2% 4 22 (1)

Diophantus himself found that (z,y) = (1/2,9/16) is a solution, and from his perspective
that solved the problem (as was the custom at his time). This is unsatisfactory from a
modern point of view, in that we wish to know all the solutions. The answer to this came
in the form of Wetherell’s thesis [152] in 1997: using a modern technique, known as the

Chabauty—Coleman method, he established that the only positive rational solution to (1) is



the one discovered by Diophantus himself.

Another source of motivation for studying Diophantine geometry comes from the theory of
moduli spaces — algebraic varieties whose algebraic points represent certain geometric objects.
Via moduli spaces, questions that seemingly have nothing to do with finding solutions to
polynomial equations can be interpreted as Diophantine problems, and can thus be solved
using methods from Diophantine geometry. As an example, consider the following question

raised by Serre [132], known today as Serre’s Uniformity Question:

Question 0.1. Does there exist a constant N such that, for any prime £ > N and any non-

CM elliptic curve E over Q, the Galois representation pg, : Go— Aut(E[(](Q)) ~ GLy(F))

of £ at U is surjective ¢

This question is still open in general but has seen significant recent progress — it is ex-
pected to be true for N = 37. One can turn the question around and try to establish
which elliptic curves have the property that the image of pg, is contained in a maximal
subgroup of GLy(F,). These maximal subgroups are categorised as Borel subgroups, excep-
tional subgroups, normalisers of split Cartan subgroups and normalisers of non-split Cartan
subgroups. Serre [133| classified elliptic curves with residual Galois image in exceptional
subgroups. The set of elliptic curves whose residual Galois image modulo ¢ is contained
in a Borel subgroup (resp. normaliser of split/non-split Cartan subgroup) defines a mod-
uli problem which is representable by the modular curve Xy(¢) over Q of level I'g(¢) (resp.
the split/non-split Cartan modular curves X (¢) and X,s(¢) of level £). Serre’s Uniformity
Question can now be restated in terms of finding Q-rational points on these modular curves.
Mazur [113] classified the rational points on Xy (¢), thereby disposing of the Borel case. Bilu,
Parent and Rebolledo [21,22] classified the rational points of X(¢) for £ > 11 different from
13. This classification was completed recently, in a striking application of the quadratic
Chabauty method, when Balakrishnan, Dogra, Miiller, Tuitman and Vonk [8] determined
the rational points of X(13) in the elusive case ¢ = 13. The case of non-split Cartan sub-

groups remains open today. However, Dogra and Le Fourn [61] have recently developed a
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“quadratic Chabauty for quotients” method for modular curves, which notably enables them

to effectively bound the size of the set of rational points X,(¢)(Q).

0.1.1 Rational points on curves

Let K denote a number field and let C' be a “nice” curve (smooth, projective, geometrically
irreducible) defined over K. The main object of interest in this thesis is the set of rational

points C'(K). Among the natural questions one might ask are the following:
1. Is C(K) empty ?
2. If not, then what is the cardinality of C(K) 7
3. If finite, can we find all the rational points explicitly ?
4. If infinite, can we generate all solutions using only finitely many of them ?

Let us suppose from the onset that C'(K) # (), which effectively rules out the first question.
Associated to the curve C is a numerical invariant g called its genus. It is defined as the
dimension of the space of regular differential 1-forms on C, namely g := dimg H°(C, Q}).
The size of the set C'(K), i.e., the answer to the second question above, is dictated by the

genus of the curve:

e When g = 0, the curve C is either a conic or the projective line. In any case, the
set C(K) is infinite and well understood, as established by Hilbert and Hurwitz [84].
Moreover, one obtains all solutions using a single rational point via a geometric recipe,

in answer to question 4 above.

e When g = 1, the curve C is an elliptic curve and the Mordell-Weil theorem [118,
151] asserts that C'(K) has the structure of a finitely generated abelian group. As a
consequence, C'(K') can be either finite or infinite, depending on whether its algebraic

rank is zero or positive.



e When g > 2, it was conjectured by Mordell [118] and proved by Faltings [68] in 1983,
that C(K) is finite. Subsequent proofs include the one by Vojta [148] and the recent

proof by Lawrence and Venkatesh [106].

We summarise this discussion about the cardinality of C'(K) in the following table:

g #C(K)

0 infinite

1 | finite or infinite

> 9 finite

As is clear, the situation of genus zero curves is fully understood, and the focus from now

on will be on the remaining two cases, namely elliptic curves and higher genus curves.

0.1.2 Questions in genus one

Let E denote a smooth projective genus one curve defined over some number field K and
assume that E(K) # 0. After fixing a rational point Op € E(K), the pair (F,Og) is an
elliptic curve. In the special case of elliptic curves, the set E(K) can be endowed with the
structure of an abelian group with identity element Op, and E(K) is in fact finitely generated

by the Mordell-Weil theorem. In particular, we have an identification

E(K) = B(K )ior ® Z"=5/10,

where E(K )ios is the finite subgroup of torsion points, and r,.(£/K) is called the Mordell-
Weil rank of E. When K = Q, Mazur [112] established which abstract finite groups could
occur as F(Q)iors. The case of general number fields was settled by Merel [115].

Central to the theory of elliptic curves remains the unsolved problem of determining the
algebraic rank 7,,(E/K). This quantity appears to be quite intractable as, for instance, it

is still unknown if there exist elliptic curves with arbitrarily large rank.



During the 1960’s, Birch and Swinnerton-Dyer [23, 24| observed, after conducting exten-

sive computations, the following experimental relation for an elliptic curve E/Q:

E(F
H # ( p) rl CE log(X)Talg(E/Q)7 as X — +OO,
p<X p
where the product ranges over (all but finitely many) prime numbers, and Cg is some
constant depending on E. Associated to E is a complex function L(E/Q,s) called the

Hasse—Weil L-function of E. It is given, except for finitely many primes p, by the product

[[O—+1-#EE,))p+p">)"

p

which converges to a holomorphic function for all R(s) > 3/2. Thus, formally we have
L(E/Q,1) =1], (%) 71, although the convergence of this product was unknown at the
time. Hasse conjectured that L(E/Q, s) admits analytic continuation to the whole complex
plane via a functional equation centred at s = 1. Motivated by their observations and
this conjecture, Birch and Swinnerton-Dyer were led to define the analytic rank of E as
Tan(E/Q) := ord,—; L(E/Q, s), and to conjecture the equality 7,,(E/Q) = ruy(E/Q).

One can formulate a similar conjecture for elliptic curves over a general number field
K. The Hasse-Weil L-function L(F/K,s) can be defined by a similar convergent product
formula as above and one conjectures that it admits analytic continuation to the complex
plane along with a functional equation centred at s = 1, hence (conjecturally) the analytic
rank 7., (F/K) := ords—y L(E/K, s) is well-defined. The famous Birch and Swinnerton-Dyer

conjecture, now one of the seven Clay Millennium Prize Problems, predicts the following:

Conjecture 0.1 (weak BSD).
Tan(E/K) = rag(E/K).

When K = Q, the good analytic properties of L(E/Q,s), originally conjectured by
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Hasse, are known today as a consequence of the Modularity Theorem of Wiles [153], Taylor
and Wiles [145], and Breuil, Conrad, Diamond and Taylor [31|. Note that the Modularity
Theorem for semistable elliptic curves was the key ingredient in Wiles’ proof of Fermat’s
Last Theorem. As a consequence of these analytic properties, it makes sense to consider
the equality of ranks predicted by the BSD conjecture. The most significant progress to
date towards the Birch and Swinnerton-Dyer conjecture is due to the method of Gross and
Zagier [78|, and Kolyvagin [75,103], which rests on the construction of Heegner points, and

yields the implication

ran(E/Q) € {0,1} = rag(£/Q) = ran(E/Q). (2)

Their strategy has been generalised to the case of totally real number fields by S. Zhang [156].
The work of Skinner and Urban [141], and Skinner [140], uses p-adic methods, and more

specifically Iwasawa theory, to produce the first instances of the opposite implication of (2)

rag(E/Q) € {0,1} = rag(E/Q) = ran(E/Q), (3)

under certain technical assumptions.

The Birch and Swinnerton-Dyer conjecture remains open in higher rank situations, as
well as for elliptic curves over general number fields in any rank. The key obstacle to further
progress is the construction of non-torsion rational points on elliptic curves that go beyond

the setting of Heegner points. We will elaborate more on this point in Section 0.2.

0.1.3 Questions in higher genus

Let us go back to the original notation of this introduction and let C' denote a smooth,
projective, geometrically irreducible curve of genus g > 2 defined over a number field K.
Recall that Faltings’ theorem [68] implies that C'(K) is a finite set. However, none of the

currently available proofs of this theorem are effective: they do not give a way, for a given



curve, to determine the set C'(K') explicitly. The effective determination of the set of rational
points of higher genus curves is one of the key problems of modern Diophantine geometry.
Several recent methods attempt to address this question.

The first partial result towards Mordell’s conjecture [118| came in the form of the pio-
neering work of Chabauty [35] in 1941. He managed to prove finiteness of the set of rational
points under an additional constraint, known as the Chabauty condition — namely, the rank
r of the Mordell-Weil group of the Jacobian J of C is less than the genus ¢g. In 1985,
Coleman [36] succeeded in making Chabauty’s method effective, resulting in explicit upper
bounds for the number of rational points on curves satisfying the Chabauty condition. Using
this bound and further refinements of the method, it is possible in many cases to determine
C(K) completely. The resulting method is known as the Chabauty—Coleman method. This
is the method used by Wetherell [152] in order to complete the solution of Problem 17 of
Book VI in Diophantus’ Arithmetica. More precisely, by removing the singularity of equation
(1) at (0,0), Wetherell reduced the question to finding all the rational points on the genus 2

bielliptic curve given by the affine model

Yy =a2"+2%+ 1. (4)

The Jacobian of this curve has rank 2, so we are in the case r = ¢ = 2, and a priori the
Chabauty—Coleman method does not apply. However, the main innovation of Wetherell was
to consider a collection of covering curves of Y and apply Chabauty-Coleman succesfully to
these.

In the mid 2000’s, Kim [101,102] initiated a fascinating non-abelian Chabauty program,
known as the Chabauty—Kim method, which aims to relax the restrictive Chabauty condition
r < ¢g. The first non-abelian instance of the program is called the quadratic Chabauty
method. It has recently been made effective over Q in [8]; the method is successfully applied

to determine all rational points on the “cursed” split Cartan modular curve X,(13) of level



13 (which satisfies 7 = g = 3, so not in range for Chabauty—Coleman), thereby settling
the classification of non-CM elliptic curves over Q of split Cartan type, which relates to
Serre’s Uniformity Question 0.1. Let us mention here that Bianchi [20] has recently revisited
Problem 17 of Book VI in Diophantus’ Arithmetica, obtaining a new proof of Wetherell’s
theorem using the quadratic Chabauty method.

Recently, Edixhoven and Lido [62] have found a different approach to quadratic Chabauty
over O, which replaces Kim’s language of non-abelian p-adic Hodge theory with the more
geometric language of Jacobians and line bundles on curves. This method is therefore referred
to as the geometric quadratic Chabauty method. It is expected to work under the so-called
quadratic Chabauty condition r < g + p — 1, where p is the rank of the Néron—Severi group

of J. As we will see, it lies close in spirit to the original method of Chabauty.

0.2 Algebraic cycles and the arithmetic of elliptic curves

We review the construction of Heegner points and their role in the Gross—Zagier-Kolyvagin
strategy towards the Birch and Swinnerton-Dyer conjecture. This motivates a generalisation

of such points, known as Chow—Heegner points.

0.2.1 The three pillars of the BSD strategy over

The strategy of Gross, Zagier and Kolyvagin towards the BSD conjecture over Q relies, in an
essential way, on the construction of certain rational points on elliptic curves — the so-called
Heegner points. These arise, via a modular parametrisation, from special points on certain
modular curves, and are linked to the behaviour of the Hasse-Weil L-function via the famous

Gross—Zagier formula.
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Modular parametrisations

Let E be an elliptic curve defined over Q of conductor N — a positive integer which contains
the information about the places of bad reduction of E. The Modularity Theorem [31,145,
153| associates to E a weight 2 normalised Hecke newform f € Sy(To(IV))™" of level T'o(V)

such that we have an equality of L-functions

an(f)

nS

L(E/Q,s) = L(f.5) =) _

n>1

Y

where f is given by the Fourier expansion f(2) = >_ -, a.(f )e?™# around the cusp at infinity.
It follows that the Hasse-Weil L-function of E inherits the good analytic properties of the
L-function of f; namely, L(E/Q, s) admits analytic continuation to the whole complex plane
via a functional equation centred at s = 1. In other words, Hasse’s conjecture is true. Note
that these properties were not known before the proof of modularity for all rational elliptic
curves over Q, and modularity type statements are the only way to access such analytic
properties of L-functions of algebraic varieties.

The Eichler-Shimura construction [64, 135] associates to f an elliptic curve Ey over Q,
which is a quotient of the Jacobian Jy(N) of the modular curve Xo(N) over Q (which coarsely

represents pairs of elliptic curves related by a cyclic N-isogeny), in a way such that

L(f,5) = L(E;/Q; s).

In particular, we have the equality

L(E/Q,s) = L(E;/Q; s),

and it follows from Faltings’ proof [68] of the Tate conjecture for abelian varieties over

number fields, that the elliptic curves £ and E; are isogenous. As a consequence, there is a

11



non-constant morphism of algebraic varieties over Q

Such a morphism is called a modular parametrisation of E. Note that the statement that
all elliptic curves over Q admit a modular parametrisation is equivalent to the Modularity

Theorem.

Heegner points

The key observation is that the modular curve Xo(N) comes equipped, via the theory of
complex multiplication, with a special supply of rational points.
The set of complex points Xo(N)(C) is a Riemann surface, and admits a uniformisation

by the extended Poincaré upper half-plane given by

H'—Xo(N)(C), 7 (C/Z®TZ, (/N +Z & 1Z))

which identifies X((/V)(C) with the quotient I'g(N) \ H* where I'((N) C SLy(Z) is the
standard congruence subgroup. Let K be an imaginary quadratic field embedded in C, of
discriminant —dg, and let Ok denote its ring of integers. Let O, denote the unique order of

K of conductor c. One may consider on Xy(N)(C) the following set of complex multiplication

(CM) points

CMc(0,) = {[r] € To(N)\ H | at® + bT +d = 0,gcd(a,b,d) = 1,b* — 4ad = —c*d}.

These points are so named because they correspond, via the moduli description, to elliptic
curves F/C with complex multiplication by O, (i.e., End¢(F) ~ O.) together with a I'g(V)-
level structure. There is a subset CM¢ (O, )heeg € CMc(O,) consisting of special points that

correspond via moduli to cyclic N-isogenies of elliptic curves E—FE’ where E and E’ both

12



admit complex multiplication by the same order O..
Given € CMc(O;)heeg; We define the corresponding Heegner point by applying the
modular parametrisation 7g to the class of the degree zero divisor (z) — (00), where oo

denotes the cusp at infinity of Xo(NV):

P.,:=7p([z] — [oc]) € E(C).

By the theory of complex multiplication, this point is defined over an abelian extension of
K, and more precisely, over the ring class field H, of K of conductor c¢. It can be shown
that the collection of all Heegner points, with imaginary quadratic field K and conductor ¢

varying, generates a subgroup of E(Q) of infinite rank.

The Gross—Zagier formula

In 1986, Gross and Zagier proved a now famous formula relating the behaviour of Heegner
points to the derivative of a Hasse-Weil L-function. Let us assume that the conductor N of
the elliptic curve is square-free and fix an imaginary quadratic field K. We need to assume

the so-called Heegner hypothesis:
Assumption 0.1. All primes dividing N are split in K.

As a consequence of this assumption, the sign of the functional equation of the Hasse—Weil
L-function L(F/K,s) of E base-changed to K is —1, hence the analytic rank r,,(E/K) is
odd, and in particular greater or equal to 1. Let P, € E(H) be a Heegner point associated
with the maximal order of K, and thus defined over the Hilbert class field H of K, and
consider its trace

Py = TrH/K(Pl,ac) S E(K)

The Gross—Zagier formula 78] gives an equality (up to multiplication by some explicit non-
zero complex number)

L'(E/K,1) = h(Pg),

13



where h denotes the canonical Néron—Tate height on E.

By the properties of the canonical height, we get, as an immediate consequence, that the
Heegner point Pk has infinite order in £(K) if and only if L'(E/K, 1) # 0, and we have the
implication

ran(E/K) =1 = rae(E/K) > 1.

By combining this result with techniques exploiting the full Euler system of Heegner

points, Kolyvagin [75,103] was able to deduce the following implication:

ran(E/Q) € {0,1} = ran(E/Q) = rag(£/Q) & |[HI(E/Q)| < oo (6)

This remains to date the strongest implication towards the BSD conjecture.

Further progress and obstacles

The above described Gross—Zagier—Kolyvagin strategy towards the BSD conjecture has been
generalised by S. Zhang [156] to the case of elliptic curves defined over totally real number
fields; given a modular elliptic curve E/F, where F is a totally real field such that either

[F': Q)] is odd or E/F has at least one prime of multiplicative reduction, we have

ran(E/F) € {0,1} = ran(E/F) = rag(E/F).

The work of Skinner and Urban [140, 141| uses p-adic methods, and more specifically
Iwasawa theory, to produce the first instances of the opposite implication (3).
The three key ingredients of the Gross—Zagier—Kolyvagin approach to the BSD conjecture

over Q that we have seen are:

1. A modular parametrisation g : Jx—E, where Jx is the Jacobian of a modular curve

X (or more generally a Shimura curve).

2. A special supply of rational points on X — the so-called CM points — which gives rise

14



to Heegner points on E via the modular parametrisation.

3. The Gross—Zagier formula relating the height of Heegner points to the central derivative

of certain base-changes of the Hasse-Weil L-function of E.

Suppose that we wish to understand the higher rank situation when r,,(E/Q) > 1.
Suppose that K is an imaginary quadratic field satisfying the Heegner hypothesis (Assump-
tion 0.1), so that r,,(F/K) is odd. It is clear that we also have r,,(E/K) > 1, thus the
Gross—Zagier formula implies that the Heegner point Py € F(K) is torsion. Even though
we expect, by the BSD conjecture, to have r,,(E/K) > 3, we can currently not produce
a point of infinite order. This highlights the limitations of Heegner points: they can only
know about rank 1 situations. In the higher rank case, we need a construction of interesting
rational points that goes beyond the setting of Heegner points.

Given an elliptic curve E over QQ, even of small rank, we may wonder whether we can
say anything about the BSD conjecture for the base-change of E to some number field F'.
But again we are limited: the Heegner point construction only yields rational points defined
over abelian extensions of imaginary quadratic fields which are generalised dihedral over Q.
Therefore, the Heegner point construction is insufficient to deal with the BSD conjecture
over arbitrary number fields.

Given the shortcomings of the Heegner point construction, a central obstacle to further
progress on the BSD conjecture is the construction of rational points on elliptic curves which

may account for higher rank situations, and which can be defined over arbitrary number

fields.

0.2.2 The construction of Chow—Heegner points

A generalisation of the Heegner point construction exists. The idea is to consider points
on elliptic curves arising as images of algebraic cycles under certain generalised modular

parametrisation maps. The name of Chow—Heegner points was coined by Bertolini, Darmon
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and Prasanna when they first envisioned such constructions in [13].

Algebraic cycles

Let X denote a smooth projective variety of dimension d defined over some number field K.
An algebraic cycle on X is a formal Z-linear combination of subvarieties of X . Hence, an
algebraic cycle can be written as a finite sum Z = Zle n; - Vi, where the coefficients n; are
integers, and the V; are subvarieties. These form a group under addition, and if all the V;’s
have codimension j, then the algebraic cycle 7 is said to be of codimension j.

The Chow group of X is obtained by considering the group of algebraic cycles modulo
rational equivalence (i.e., by taking the quotient of the subgroup generated by cycles arising
as divisors of functions on subvarieties). The Chow group has the structure of a ring under
the intersection product, and the additive subgroup generated by cycles of codimension j is
denoted CH’(X). There is also a notion of an algebraic cycle being null-homologous (i.e.,
having image in cohomology equal to zero), and the subgroup generated by such cycles will
be denoted by CH’(X),.

As an example, let us consider the case when d = 1, i.e., the variety X is a curve. In this
case, algebraic cycles of codimension 1 are given by formal sums of points in X(K), so the
group of codimension 1 cycles is the familiar divisor group Div(X). Rational equivalence
in this case is the perhaps more familiar relation of linear equivalence on divisors, hence
CH'(X) = Pic(X) is the Picard group of X. Finally, null-homologous divisors correspond to
degree zero divisors, so that the null-homologous Chow group is CH'(X), = Pic®(X) = Jx,

i.e., the Jacobian of X.
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The three pillars of BSD revisited

Let E/Q be an elliptic curve of conductor N. The language of algebraic cycles allows us to

recast the modular parametrisation (5) as a natural transformation

7 CHY (Xo(N))g—E.

As explained in [13], it is tempting to define generalisations of modular parametrisations
by replacing the domain CH'(X,(N)), with CH’(X), for some algebraic variety of higher

dimension, as natural transformations

Iy CH (X)o—E.

Such a generalised modular parametrisation then gives rise to rational points on E — namely,
Chow—Heegner points — by evaluating at suitable rational null-homologous algebraic cycles of
codimension j. Note that the use of the word “parametrisation” is a slight abuse of language,
since the natural transformations I1g are in general not surjective.

From this perspective, one can devise a new strategy towards the BSD conjecture based

on three ingredients, generalising the Gross—Zagier-Kolyvagin picture:

1. A generalised modular parametrisation Iy : CH/(X)y—E, where X is an algebraic

variety.

2. A special supply of algebraic cycles on X (null-homologous of codimension j) which

gives rise to Chow—Heegner points on E via Ilg.

3. A Gross—Zagier type formula relating the height of Chow—Heegner points to the central

derivative of certain base-changes of the Hasse-Weil L-function of F.
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Chow—Heegner points

Let E denote an elliptic curve defined over a number field K, and let X denote a smooth
projective variety over K of dimension d. Any element IT of CHY 1 (X x E)(K) gives rise,

via push-forward of correspondences, to a natural transformation
IL, : CH/(X)o— CH'(E)o, A = pry  (IT-pri(A)),

where prp : X x F—F and pry : X x E—X denote the natural projections, and the
product is the intersection product in Chow groups. Note that CH'(E)y = Jg is the Jacobian
of E, which in the case of elliptic curves is simply E. Hence the push-forward of II gives rise

to a generalised modular parametrisation
My =11, : CH/(X)y—E.
For any field extension F' of K, it induces homomorphisms
g : CH(X)o(F)—E(F),

hence it can be used to produce rational points on FE.

Definition 0.1. Given an algebraic cycle A € CH?(X)o(F) defined over some extension F

of K, we define the associated Chow—Heegner point by
P(X,I,A) :=1g(A) =11.(A) € E(F).

As an example, let us consider the case where K = Q and X = X,(NV) is the modular
curve over Q of level I'y(N) with N the conductor of E. Consider the graph of the modular

parametrisation I := ', € CH'(Xo(N) x E)(Q) arising from the Modularity Theorem. If
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x € CMc(Ok )heeg 1s @ special CM point of X(V), then the Chow-Heegner point

P(Xo(N), T'xp, [2] = [00]) = g ([z] = [00]) = Prx € E(H)

is the corresponding Heegner point of conductor 1. In particular, the Chow—Heegner con-
struction can be seen as a vast generalisation of the original construction of Heegner points.
Because it involves modular parametrisations whose domains are Chow groups, the name of

Chow-Heegner point was suitably chosen.

0.2.3 Complex Abel-Jacobi maps

Recall the Abel-Jacobi map of the elliptic curve E,

Alg : E(C)-=JYE)(C) := ﬁln ;ﬁ((?(gﬂv).

Here J'(E/C) denotes the complex points of the Jacobian of F, viewed as a complex torus
by taking the quotient of the dual of the 1-dimensional C-vector space of global regular
differentials by the lattice coming from the singular homology of the Riemann surface E(C)
(viewed inside HY(F(C), Q%)Y by integration of differential forms on topological 1-chains).

The map is defined, using as base point the origin O € E(C), by the integration formula

AJp(P)(w) = /P w, for all w € HY(E(C), "),

Of

and it is an isomorphism by a classic result of Abel.

It admits a higher dimensional analogue for the variety X in form of a homomorphism

Fild—j+1 H§é72j+1 (X/(C)V
, 7
Im H2d72j+1(X(C>, Z) ( )

AJx : CH/(X)o(C)—J?(X/C) :=

where J7(X/C) is the j-th intermediate Jacobian of X first studied by Griffiths and Weil. Tt
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is a complex torus realised by taking the dual of the (d— j+1)-th step in the Hodge filtration
of the de Rham cohomology of X/C in degree 2d —2j+ 1 modulo the lattice coming from the
singular homology of the complex manifold X (C) (viewed inside Fil* /™' H, jgjzj H(Xx/C)
by integration of differential forms on topological (2d —2j + 1)-chains). This map is similarly

defined by an integration formula

AJx(Z)(a) = / a,  forall a € Fil“7H g3 (Xx/C),
o-1(2)

where 07!(Z) denotes any topological (2d — 2j + 1)-chain whose boundary is the homology
class of Z. Note that AJy is no longer an isomorphism in general, and J7(X) does not carry
an algebraic structure.

Functoriality properties of these complex Abel-Jacobi maps with respect to correspon-

dences [65] yield a commutative diagram

CHI(X)o(C) —2+ J9(X/C)
n*l l(n:m)v
B(C) —5— J'(B/C),

where II; denotes the pull-back of the correspondence II on de Rham cohomology groups.
Since AJg is an isomorphism, studying the Chow—Heegner point P(X,II, A) in F(C) amounts

to studying its image via AJp. We have the following formula, for all w € H°(E(C), Q'),

AJp(P(X I A))(w) = AJp(IL(A))(w) = AJx (A) (g (w)).

In conclusion, the computation of the image of algebraic cycles under complex Abel—-

Jacobi maps can be used as a tool in the study of the associated Chow—Heegner points.
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0.3 Rational points on higher genus curves

Let C' be a smooth, projective, geometrically irreducible curve of genus g > 2 defined over
a number field K. The theorem of Faltings states that the set of rational points on C'
is finite. Faltings’ spectacular proof, however, cannot be made effective and there is no
general algorithm for determining the set C'(K') at present. (This is not quite true: there
is an algorithm by Alpége and Lawrence that terminates assuming standard conjectures.
We refer to Chapters 7-9 of [2]). Let J denote the Jacobian of C, which is an abelian
variety over K of dimension g. By the Mordell-Weil theorem for abelian varieties [151], the
abelian group of rational points J(K) is finitely generated and thus has a well defined rank
r := rankz J(K). In recent years, starting with the groundbreaking work of Chabauty in
1941, methods have been invented which lead, in many cases, to the explicit determination
of rational points on curves satisfying certain rank inequality conditions on 7, commonly
referred to as Chabauty type conditions. In this introduction, we will restrict the attention

to the setting where K = Q.

0.3.1 Chabauty—Coleman

If the Mordell-Weil rank r of the Jacobian J of C' satisfies the inequality r := rankz J(Q) < ¢,
the pioneering work of Chabauty [35] and Coleman [36] can be used to give upper bounds
for the size of C(Q), and in many cases, to explicitly compute the set of rational points.

Upon choosing a prime p of good reduction, one obtains a homomorphism
log, : J(Q,)—H"(Cqg,, Q") ~ H(Jg,,Q2")"

induced from a linear pairing J(Q,) x H(Jg,, ') — Q, which sends (P, w) to the Coleman

integral fOP w. We refer to [37| for details about Coleman integration. This map is the p-adic
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syntomic Abel-Jacobi map
AJ, : CHY(X)(C,)— Fil' Hiz(X/C,)Y,

a p-adic avatar of the complex Abel-Jacobi map introduced earlier.
The Abel-Jacobi embedding j, : C' < J (relying on a fixed base point b € C(Q)) leads

to the following diagram, which is central to the method:

C(@) - C(@p)

| L ®)

JQ) —— J(Qy) v HO(Ca,, )Y,

The Chabauty condition r < g guarantees that the closure J(Q)" of J(Q) in J(Q,) with re-
spect to the p-adic topology has positive codimension. In particular, there exists a nontrivial

differential form w which is annihilated by log,(J(Q) ), and thus

C(Q) € i TY N A(C@) { cc@): [ w- o} .

The Coleman function fbx w of x is given by a converging p-adic power series on each residue
disk of the curve C, and in particular has only finitely many zeros. It follows that C(Q)
is finite. Coleman [36] was able, using Newton polygons, to count the number of zeros of

converging p-adic power series on residue disks, and prove the following bound
ICQ) < |CEF)| + (29 - 2)

when r < g and p > 2g is a prime of good reduction for C.
The question of the uniformity of the bound on the number of rational points on higher
genus curves has been explored in the work of Stoll [143|, Katz and Zureick-Brown [97],

and Katz, Rabinoff and Zureick-Brown [96]. They notably extend the ideas of Chabauty—
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Coleman to the setting of primes of bad reduction.

0.3.2 Quadratic Chabauty

The tantalising non-abelian Chabauty program, initiated by Kim [101,102], aims to relax the
Chabauty condition r < g by considering non-abelian variants of the objects in (8). To this
end, we first reinterpret the diagram above using the Bloch-Kato Selmer groups H}(Q, V)
(resp. H(Q,,V)) in place of J(Q) (resp. J(Qp)) via the Kummer maps, where V :=V},J is
the p-adic Tate module of J with its canonical Galois action. The logarithm map above is

essentially the inverse of the Bloch—Kato exponential
H°(Cq,, )" = Dar(V)/Dgr(V) = H}(Qy, V).

Next, we replace V' by certain pro-unipotent quotients U, of the étale fundamental group
W’ft(C’@)@p, one for each n > 1, which again carries a continuous Galois action. Kim defines

a certain Selmer subgroup Sel(U,,) C H} (Q, Uy,), and upgrades the previous diagram to

C(Qy)

gn ljn,p \

Sel(Uy) —oo H}(Qp, Up) oo 7™ (C, ) /Fil”.

locy,

Here the vertical maps j, and j,, are Kim’s unipotent Kummer maps. Define the sets
C(Qp)n = Jnp (locy(Sel(Un))),
which give rise to an infinite nested sequence of sets
CQ C...cC@Q)nt1 CC@Qy)n C...CC~Qy)2C C(Qy)1 C C(Qy).

For sufficiently large n, Kim conjectures that C'(Q,),, is finite, and even coincides with C'(Q).
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Here C'(Q,); is the set studied in the Chabauty-Coleman method. It is the pre-image in
C(Q,) of the p-saturation of the rational points of J inside the p-adic points. More precisely,
it consists of those z € C(Q,) such that n - j,(x) € J(Q)" for some rational integer n. In
particular, C(Q,); contains jb_l(@p N jp(C(Qy))), as well as 7, (J(Qp)tors N Jo(C(Qy))).

The first non-abelian instance of Kim’s program is known as the quadratic Chabauty
method — it consists of establishing the finiteness of C(Q,)2 under some quadratic Chabauty
condition on the rank . This particular method has been developed by Balakrishnan and
Dogra in a series of papers [5-7|. In particular, they show that if the Mordell-Weil rank r
satisfies 7 < g + p — 1 (where p is the rank of the Néron—Severi group of J), then C(Q,), is
finite. This method has been made effective by Balakrishnan, Dogra, Miiller, Tuitman and
Vonk [8], and applied to determine the rational points on the “cursed curve” X (13). This
work has been extended by the same authors in [9].

Dogra and Le Fourn [61] have recently developed a “quadratic Chabauty for quotients”
method that works well for modular curves; the quadratic Chabauty condition is replaced
by a condition on the rank of a quotient of the Jacobian plus an associated space of Chow—
Heegner points. This enables them to effectively bound the size of the rational points of
the modular curves X (¢) and X,,(¢) of prime level. We highlight the fact that their work
combines ideas from the two main themes of the present thesis: the quadratic Chabauty

method and the theory of Chow-Heegner points.

0.3.3 Geometric quadratic Chabauty

Recently, Edixhoven and Lido [62] have explored a different, less cohomological but ar-
guably more direct approach to quadratic Chabauty. Their method, known as the geometric
quadratic Chabauty method, proves finiteness of the set of rational points C'(Q) under the
same quadratic Chabauty condition » < g + p — 1 as in the previous section. It has the
advantage of avoiding the consideration of iterated Coleman integrals and the analysis of

certain complicated p-adic heights. In fact, this method is rather geometric and elementary,
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and even eliminates the language of non-abelian p-adic Hodge theory used by Kim.

The strategy of Edixhoven and Lido is close in spirit to the original idea of Chabauty
from 1941. However, in order to relax the condition r < g, they replace the Jacobian J in
(8) by something bigger — namely, a certain G?, '-torsor T over J, which they construct.
This torsor comes equipped, by construction, with a lift j, : C—T of the Abel-Jacobi
embedding of C' in J. Letting p denote a prime of good reduction for the curve C, one may

then consider the diagram

where T(Q)" denotes the closure of T(Q) in T (Qp) with respect to the p-adic topology. The

method now consists in bounding the size of the intersection

7 {T(Q) N 5(C(Qy))), (10)

which contains C(Q).

Note, however, that the torsor 7" has “too many rational points” as its fibre over J is
G~ and G,,(Q) = Q* is not finitely generated. In fact, this brief overview of the method
is too simplified and it becomes necessary to work with (residue disks of) a regular, proper,
integral model C of C' over Z and the corresponding diagram (9) over Z.

Their method allows Edixhoven and Lido to reprove Faltings’ theorem for curves satis-
fying the quadratic Chabauty condition » < g + p — 1. Furthermore, they have made their
method effective and have successfully used it to compute the rational points on the quotient

of the modular curve X(129) by the Atkin-Lehner group (ws,ws3) — a genus 2 curve with

Mordell-Weil rank 2, hence lying outside the Chabauty—Coleman range.
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0.4 Contributions of this thesis

This thesis explores several topics related to the themes described so far. We now introduce

each topic and outline the main contributions to be found in this thesis.

0.4.1 Generalised Heegner cycles

The first contribution of this thesis pertains to the study of certain algebraic cycles, known
as generalised Heegner cycles, with applications towards the study of their associated Chow—
Heegner points. This work is joint with Massimo Bertolini, Henri Darmon and Kartik

Prasanna, and has resulted in the published article [11].

Preliminaries

Let  and N be positive integers with N > 5. Let X;(/N) denote the modular curve over Q
of level I'1 (V) which classifies elliptic curves together with a point of order N. This moduli
problem admits a universal object m : E—X;(N) known as the universal (generalised)
elliptic curve over X;(N). Let W, denote the r-th Kuga—Sato variety of level I'; (IV), which is
the canonical proper desingularisation of the r-fold self-fibre product of € over X;(N). Let A
be an elliptic curve with complex multiplication by O, the ring of integers of some imaginary

quadratic field K. We can then consider the smooth projective (2r + 1)-dimensional variety

X, =W, x A"

defined over the Hilbert class field H of K. It comes equipped with a natural projection map
7+ X, — X 1(IV), whose fibre over a non-cuspidal point corresponding to an elliptic curve
Eism Y(E)=E"x A"

Let w4 be a Néron differential of A and let n4g € H*' (A/H) such that (wa,n4) = 1. In
particular, {w4,na} is then a basis of Hz(A/H). Let 64 be the theta series associated to

the Hecke character ¢ of K of infinity type (r + 1,0) satisfying 1 = ¢';"!, where 14 is the
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Hecke character of H of infinity type (1,0) corresponding to A. The Fourier coefficients of
this cusp form generate a finite extension Ejy, of Q and we let wy, denote the associated
class in Hyt'(W,/Eg,). Assuming the Tate conjecture for the variety X, x A, there exists a

correspondence 11" € CH™ (X, x A)(H) ® E,, such that

i (wa) = ca - (wo, A1),

where ¢4 € (H ® Ep,)* is some constant. This gives rise, as in Section 0.2.2, to a modular
parametrisation

! : CH™(X,)o ® By, —A® Ep,.

In order to construct Chow—Heegner points on A, we need a supply of special cycles in
the domain of this natural transformation. A distinguished collection of algebraic cycles in
CH""'(X,)o was first introduced by Bertolini, Darmon and Prasanna [12]. These so-called
generalised Heegner cycles are naturally indexed by isogenies of elliptic curves with I';(N)-
level structure. If ¢ : A—A’ is such an isogeny, the generalised Heegner cycle A, is a
codimension r + 1 cycle that lives in the CM fibre of 7, over A’ and is essentially given by
the r-fold self-product of the graph of ¢.

The main result in loc. cit. is a p-adic Gross—Zagier formula that relates the images of
such cycles under the p-adic syntomic Abel-Jacobi map to special values of certain p-adic
Rankin L-series outside the range of classic interpolation.

We now have in hand the three ingredients of the BSD strategy outlined in Section 0.2.2,

namely:
1. A generalised modular parametrisation IT° : CH" "' (X, )— A.

2. A special supply of generalised Heegner cycles, which give rise to Chow—Heegner points

P(X, TI',A,) € A® Ey,.
3. The p-adic Gross—Zagier formula of [12].
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The difficulty in this situation stems from the fact that it is necessary to assume the Tate
conjecture in order to define the modular parametrisation I1°. In [13, Theorem 3.3, Bertolini,
Darmon and Prasanna manage to construct certain p-adic avatars of these Chow—Heegner
points unconditionally and relate them to global points with the expected field of rationality.
Moreover, the global point is of infinite order if certain related L-functions have the expected

orders of vanishing.

Contributions

In their series of papers [12-14], Bertolini, Darmon and Prasanna initiated a deeper study
of their generalised Heegner cycles — a study since then taken up by many authors including
Brooks [89], Burungale [33,34], Elias |66, 67|, Kriz [104], Longo and Pati [109], Longo and
Vigni [110], Ota [122] and Shnidman [137]. A possible direction, left unexplored, was to
consider their algebraic geometric, or even Hodge theoretic, incarnation: a study of the
complex Abel-Jacobi images of the cycles, and consequences for Chow and Griffiths groups.
The joint work [11], with Bertolini, Darmon and Prasanna, fills this gap.

The first main result is a formula for the image of A, under the complex Abel-Jacobi

map
Fil't! 3PN (X, /C)Y
Im Hg,,«_;,_l (XT<C)7 Z) ’

AJX,« : CHH_l(XT)O((C)—)JTJrl(XT/(C) =
which is defined in terms of complex integration of differential forms, as in (7).

Theorem A (Bertolini-Darmon-Lilienfeldt-Prasanna). Let ¢ : A—C/(1,T) be an isogeny
of degree d, = deg(y), satisfying ¢(ta) = ~ and ¢*(2midw) = wa. Let A, denote the lattice
in (Sy+2(T1(N)) @ Sym” Hiz(A/C))V defined in Section 2.2.4. For all f € S,12(T'1(N)) and

0<j<r, we have

AJx, (A (wp AWy ) = d,Pem) ™ /T (z=7) (2= 7)"7 f(2)dz (mod A,,).

(T - 7*—)7”—]' 100

This formula forms the basis of the numerical calculations of Chow-Heegner points carried
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out by Bertolini, Darmon and Prasanna [13], as we will now explain. Suppose, following loc.
cit. that K has class number one, odd discriminant and O = {£1}. Moreover, let 1y be
the canonical Hecke character of K of infinity type (1,0), which corresponds (up to isogeny)
to an elliptic curve A/Q with Endg(A) ~ Ok satisfying L(A/Q,s) = L(to,s). Now, 04
is the theta series associated to the Hecke character ¢{™', hence Ey, = Q. By clearing
denominators, we may then suppose that I’ € CH"*'(X, x A)(K) and thus it induces a
modular parametrisation

I : CH™™ (X, )o—A.

Note, moreover, that T} (wa) = ca-(wa, A1) with ¢4 € K*. Tt is possible to show [127, Ch.
5, Theorem 2.4] that there exists a non-zero scalar ¢, € O such that ¢, - (wg, A 772“) is an

integral Hodge class on X, x A. This implies that one can define a map
(Pir)” : J7HX,/C)— T (A/C)

of intermediate Jacobians, which satisfies @} (wa) = ¢,-(wg, An’y) and thus coincides with the
conjectural map (TI;)Y (if it exists) up to a constant in K*. Since AJ, is an isomorphism,

one can define complex avatars of Chow—Heegner points
P(X;, Ap) == AT ((24r)" (AJx, (A,))) € A(C).

This definition does not require the Tate (or Hodge) conjecture, but the price to pay is that
the rationality properties of these points are unknown and mysterious. Conjecturally, the
field of rationality is some abelian extension of K (a compositum of a ray class field and a

ring class field of K). One can access the point P(X,,A,) via the formula
AJa(P(Xy, Ap))(wa) = Adx, (Par(wa)) = ¢ - Adx, (wo, A1)

by functoriality of Abel-Jacobi maps. Thus, Theorem A (with j = 0) gives an explicit
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formula for the point P(X,,A,) viewed inside the complex torus C/A4 which uniformises
A(C), where A4 is the period lattice of A. This is used by Bertolini, Darmon and Prasanna
in [13, Section 4] to numerically compute the points P(X,,A,) and experimentally verify
their expected field of definition in many cases. Their calculations can be seen as providing
indirect evidence for the Tate and Hodge conjectures in this specific setup.

Another application of Theorem A is the second main theorem of the paper [11].

Theorem B (Bertolini-Darmon—Lilienfeldt—Prasanna). The subgroup generated by the col-
lection of generalised Heegner cycles in the group of null-homologous codimension r—+1 cycles

of X, modulo both rational and algebraic (assuming r > 2) equivalence has infinite rank.

The proof makes up the technical core of the article, and the result can be viewed as
a generalisation of [128, Thm 4.7], which treats classic Heegner cycles on a Kuga—Sato
threefold.

The method uses purely transcendental, or Hodge theoretic, arguments coupled with
specific properties of modular forms to prove Theorem A. Analytic estimates of the explicit
line integrals appearing in the Abel-Jacobi formula are then used in order to determine their
vanishing (or not), and consequences for the order of the cycles in the relevant groups. Class
field theory, étale f-adic variants of Abel-Jacobi maps and fundamental properties of étale
cohomology are employed to upgrade the previous order estimates and show that infinitely
many of the cycles have infinite order. Finally, complex multiplication theory as formulated
by Shimura is key to understanding the Galois action on these cycles, which allows us to
prove that they generate a subgroup of infinite rank.

It is natural to expect the collection of (conjectural) Chow-Heegner points P(X,, 17, A,)
to behave similarly to Heegner points — namely, to satisfy the properties of an Euler system
and to generate a subgroup of A(H) of infinite rank. While the latter would imply Theorem
B (at least the statement about rational equivalence), it is not implied by Theorem B, as the
injectivity properties of the modular parametrisation I’ are unknown. Theorem B can be

seen as lending support to the statement that the Chow—Heegner points generate a subgroup
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of infinite rank.

0.4.2 Geometric quadratic Chabauty over number fields

The second contribution of this thesis pertains to the question of the explicit determination
of rational points on higher genus curves. The work presented is joint with Pavel éoupek,

Luciena Xiao Xiao and Zijian Yao, and has resulted in the preprint article [41].

Preliminaries

Recall from Section 0.3 the effective methods of Chabauty—Coleman, quadratic Chabauty,
and geometric quadratic Chabauty that were introduced. These are tools for the explicit
determination of rational points on higher genus curves defined over QQ satisfying certain

rank conditions on their Jacobians:

r<g (Chabauty condition)

r<g+p-—1 (quadratic Chabauty condition),

where we recall that p denotes the rank of the Néron—Severi group of the Jacobian. A natural
question is the generalisation of these methods to the case of curves C' defined over arbitrary
number fields K. This has been the subject of recent developments in the field, which we
briefly review.

The Chabauty—Coleman method naturally generalises over K. In fact, Coleman in his
original paper [36] directly considers this setup. Given an unramified prime p of K of good

reduction for C', he considers the diagram

C(K) —— C(kKy)

ljb ljb \IA (11>

J<K) - ‘](Kp) o H0<0Kp’Ql)v7

log,
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and, using his theory of p-adic integration, proves the following upper bound on the number

of rational points

[C(K)| < N(p) +29(v/N(p) +1) = 1,

assuming that » < g and p > 2¢g where p lies above the prime p.

Siksek [138] extends the ideas of Chabauty—Coleman by studying all primes of K above
p simultaneously, instead of restricting to a single prime as above. This is achieved by
considered the Weil restrictions from K to Q of both the curve C' and its Jacobian J in the
above picture. In this way, Siksek reduces the geometric situation to working entirely over
Q, but the price to pay is that it becomes necessary to work with higher dimensional (hence
more complicated) varieties. He successfully generalises the theory of Coleman integration
to the setting of the Weil restriction of the Jacobian. Siksek’s method, known as Restriction
of Scalars (RoS) Chabauty, results in a bound on the number of rational points on curves

over K satisfying the RoS Chabauty condition

r<(g—1)d, (12)

where d is the degree of K. Note, however, that the method can fail to produce a bound on
the number of rational points even when (12) is satisfied; examples include the case where
the curve C' is the base change of a curve C’ defined over Q which does not satisfy the
Chabauty condition ranky Jac(C”) < g. Aware of this, Siksek in his article asked whether a
sufficient condition for his method to prove finiteness is that for all extensions Q C L C K

over which C' admits a good model C', we have

rankz Jac(Cr) < (¢ — 1)[L : Q).

Failures of the method of RoS Chabauty have been studied by Triantafillou [146] who in-

troduces Base-Change-Prym (BCP) obstructions, which account for all known failures to
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date.

Dogra [60] has recently combined ideas of the RoS Chabauty method with Kim’s non-
abelian Chabauty program, which has led to the generalisation of the Chabauty—Kim pro-
gram to arbitrary number fields. He obtains, as in Section 0.3.2, an infinite nested sequence

of Chabauty—Kim sets

C(K)C...CO(K®Qy)ps1 C C(K®Qy), C ... C C(K2Q,); C C(K®Q,); C C(K®Q),)

where C'(K ® @), is the RoS Chabauty set studied by Siksek. Dogra provides a negative
answer to Siksek’s question using a BCP-obstruction, but also gives a sufficient condition for

RoS Chabauty to prove finiteness of C(K ® Q,); when r < (g — 1)d, namely that

Hom(Jg 4,, Jg.s,) = 0 for any two distinct embeddings 07,05 : K — Q. (13)

Moreover, he proves [60, Proposition 1.1], under the same condition (13), that the second
Chabauty-Kim set C(K ® Q)2 is finite whenever the following quadratic RoS Chabauty
condition is satisfied:

r+0(p—1) < (g9+p—2)d, (14)

where 0 := ranky OF.

By the work of Dogra, the theoretical stage is set for the quadratic RoS Chabauty method.
It has been made effective recently by Balakrishnan, Besser, Bianchi and Miiller [4] in the
case of odd degree hyperelliptic curves and genus 2 bielliptic curves. This allows them
to determine for example the Q(i)-rational points on the bielliptic modular curve X,(91)*
defined over Q, and also the Q(v/34)-rational points on the bielliptic curve (4) defined over
Q studied by Diophantus, Wetherell [152] and Bianchi [20].
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Contributions

In the joint work [41] with Coupek, Xiao and Yao, we generalise the recent geometric
quadratic Chabauty method, originally due to Edixhoven and Lido [62] over Q, to the case of
higher genus curves defined over arbitrary number fields. Assume that p is a prime such that
C admits good reduction at all the primes of K lying above p. We also assume some mild
additional ramification conditions on p, the details of which are spelled out in Assumption

3.1. The main theoretical result is roughly the following.

Theorem C (Coupek-LilienfeldtXiao-Yao). Let K be a number field of degree d. Let C/K
be a smooth, proper, geometrically connected curve of genus g > 2 with Mordell-Weil rank
r = rankg J(K) satisfying condition (14). Let R := Zy(21, ..., Zr45(p—1)) be the p-adically
completed polynomial algebra over Z,. There exists an ideal I of R, which is explicitly
computable modulo p, such that if A := (R/I) ® F, is a finite dimensional IF,-vector space,

then the set of rational points C'(K) is finite, of size bounded above by dimg, A

The precise form of this theorem is slightly more involved than what is stated above. We
need to work integrally with a regular proper model C of C over O, and in order for the
method to work, we need to cover C*™ by certain open subschemes U; and work with one
U, at a time. Moreover, we work separately on each residue disk U, at p of U; and produce
a bound on the size of U, ,(Ok) by constructing an ideal I;,, C R for each 4, u. The bound
on the size of C'(K) is then obtained by summing the bounds for each ¢ and w. This is made
precise in Corollary 3.2.

If we were to work with a single fixed prime over p, the method would only have a chance

of working if the following condition is satisfied

r+dp—1)<g+p—1

When K is imaginary quadratic, this amounts to the same quadratic Chabauty condition as

over Q and could still be useful. However, if K is real quadratic, the condition becomes r < ¢
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and the Chabauty—-Coleman method can already be applied. When considering higher degree
number fields, the above condition is more restrictive than the classic Chabauty condition.

As a consequence, it is necessary to work with all primes above p simultaneously in order
to have a chance to bound the rational points on curves satisfying (14). This comes as no
surprise, as condition (14) stems from Dogra’s quadratic RoS Chabauty method, which by
definition involves all primes above p. However, the generalisation of the geometric quadratic
Chabauty method does not make use of restriction of scalars in the same way as the RoS
methods of Siksek, Dogra, and Balakrishnan, Besser, Bianchi and Miiller. Where they use
WEelil restriction to reduce the geometric situation to working over QQ, we work directly over
K (and even integrally over Ok ). Only at the end of the argument do we apply a restriction
of scalars and work with all primes above p simultaneously, a step which is crucial.

Note that the bound produced in Theorem C depends on the choice of a prime p and
is conditional on a certain [F,-vector space A being finite dimensional. Hence one may ask
when is the method expected to work ? Edixhoven and Lido in their paper have given a new
proof of Faltings’ theorem, using their method, in the case of higher genus curves defined
over Q and satisfying » < g+ p—1. Their argument is quite elegant: it uses complex analytic
methods to prove a Zariski density statement, which can then be bridged with their p-adic
geometric situation using formal geometry. This proves finiteness of the intersection (10)
and thus finiteness of C'(Q). However, in order to extract an explicit bound for |C(Q)|, they
similarly rely on some F,-vector space being finite dimensional. They conjecture [62, Section
4] that it is always possible in practice to choose p such that their condition is satisfied.

The setting over arbitrary number fields is more complicated. Reminiscent of the failures
of Siksek’s method, there are examples of curves satisfying (14) for which the analogous
intersection (10) over K is not finite. Examples include curves base changed from Q which
do not satisfy the quadratic Chabauty condition over Q. Based on Dogra’s results, we expect
the intersection to be finite whenever conditions (14) and (13) are both satisfied. However,

the proof of this still eludes us. Concerning the finite IF)-dimensionality criterion, we expect,
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following Edixhoven and Lido, that for curves satisfying (14) and (13), there always exists a

prime p such that the conditions of Theorem C are satisfied.

0.4.3 Triple product diagonal cycles on Xj(p)

The third contribution of this thesis is concerned with algebraic cycles of diagonal type
on the triple product of the modular curve Xg(p) of prime level, and associated Chow—
Heegner points. This project is the fruit of the author’s work alone. It is open-ended as it
explores certain algebraic cycle and Chow—Heegner point constructions, providing theoretical
evidence that suggests their non-triviality, but failing to prove so. Questions and conjectures

are formulated, which will be the subject of future work by the author.

Preliminaries

The study of the diagonal cycle on the triple product of modular curves originates in the
work of Gross and Kudla [76], and Gross and Schoen [77| — more precisely, they study a
null-homologous modification of the diagonal embedding of the curve in its triple product,
known today as the Gross—Kudla—Schoen cycle. Given three modular newforms of weight 2
and square-free level N such that the sign of the functional equation of the associated triple
product L-function is —1, Gross and Kudla [76] conjectured that the central value at s = 2
of the derivative of this L-function is given by the Beilinson-Bloch height of this cycle. A
proof of this conjecture due to Yuan, Zhang and Zhang is expected to appear in [154].
Around 2014, Darmon and Rotger [48-50] initiated a study of the Euler system properties
of diagonal cycles in products of Kuga—Sato varieties, which led to new instances of the
equivariant Birch and Swinnerton-Dyer conjecture. The study of diagonal cycles is today
an active area of research as evidenced by the work of many authors including Bertolini,
Seveso and Venerucci [15-17], Buhler, Schoen and Top [32], Blanco-Chacon and Fornea [26],
Darmon, Lauder and Rotger [46,47|, Darmon, Rotger and Sols [51|, Fornea [69, 70|, Fornea
and Jin [71], Gatti, Guitart, Masdeu and Rotger [73|, Liu [107,108|, and Wang [149, 150].
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Let f € S2(I'g(p)) be a normalised newform of prime level p, and denote by E the elliptic
curve over Q associated to f by the Eichler—Shimura construction described in Section 0.2.
Using an auxiliary normalised newform g € S5(I'o(p)) (not Gal(Q/Q) conjugate to f), it is
possible to construct a correspondence I1, ; € CH?(X(p)? x E;)(Q), which gives rise, as in

Section 0.2.2, to a generalised modular parametrisation of Fy

I, ;. : CH*(Xo(p)?)o—E.

Let A denote the image of Xy(p) under the diagonal embedding Xo(p)— Xo(p)?, i.e.,

A= {(z,z,z) | v € Xo(p)} C Xo(p)*.

The Gross—Kudla—Schoen cycle arises from A by applying a certain correspondence Pgks

due to Gross and Schoen [77]. The resulting cycle

Agks = (Pgks)«(A) € CH*(Xo(p)*)o(Q)

then lies in the domain of the modular parametrisation II, ;.. Note that the definition of

the projector Pgks depends on a choice of a rational point of X(p), which we take to be the

cusp at infinity. More generally, we denote by Agks(e) the cycle based at e € Xy(p)(Q).
Darmon, Rotger and Sols [51] have studied, in the broader context of Shimura curves

over totally real fields, the Chow-Heegner point

P(Xo(p)*, Tys, Acks) € E(Q), (15)

notably by computing the image of Agkg under the complex Abel-Jacobi map AJx, (s in
terms of iterated integrals. Methods have been developed by Darmon, Daub, Lichtenstein

and Rotger [44] to numerically calculate such points.
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In this setting, the three ingredients of the BSD strategy outlined in Section 0.2.2 are:
1. The generalised modular parametrisation I, ;.. : CH*(Xy(p)?)o— E.

2. The Gross—Kudla—Schoen cycle Agks which gives rise to the Chow—Heegner point

P(Xo(p)?, 1, ¢, Agks) € E¢(Q).

3. The conjectural Gross-Kudla formula relating the first central derivative of the triple

product L-functions L(¢7,¢°, f,s) at s = 2 for all ¢ : K; — C to the behaviour of

AGKS~

Armed with these ingredients, Darmon, Rotger and Sols [51, Theorem 3.7] have given a
criterion for P(Xo(p)?, 11, ¢, Agks) to have infinite order in E(Q) based on certain orders of
vanishing of L-functions. More precisely, observe that the triple product L-function decom-

poses as

L(gaga f,S) = L(f78 - 1)L(Sym2(g> ® f7 S)'

Now, assuming that the global root numbers are W(f) = —1 and W (Sym?(g) ® f) = +1,

they establish that P(Xo(p)? 11, s, Acks) has infinite order if and only if

ords—y L(f,s) =1 and ord,—s L(Sym*(¢°) ® f,s) =0, Vo : K, — C.

Contributions

We are mainly motivated by the important theme of detecting the position of algebraic cycles
in Chow groups via analytic or transcendental invariants such as L-functions. This problem
has been formulated more precisely in the Beilinson—Bloch conjecture (a generalisation of
the Birch and Swinnerton-Dyer conjecture 0.1 to higher dimensional varieties and algebraic
cycles). Let fi, fa, f3 be three newforms in Sy(I'y(p)) and let F' = f; ® fo ® f3 denote their
triple tensor product. Associated to F' is the Garrett—Rankin triple product L-function

L(F,s) (sometimes also denoted L(f1, f2, f3,5)). The Beilinson-Bloch conjecture in this
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setting predicts that the central order of vanishing ords—y L(F s) is equal to the rank of
the F-isotypic component of the Chow group CH?(X((p)?)o(Q) of null-homologous cycles of

codimension 2 on Xy(p)?. The first main result is a global root number calculation.

Theorem D (Lilienfeldt). Let fi, fao, f3 be three normalised newforms in So(L'o(p)) and let
F=f® f® f3. If x denotes the Legendre symbol at p, then the global root number of the

twisted triple product L-function L(F ® x,s) is equal to —1.

The Legendre symbol x is the character of the unique quadratic extension of Q which
ramifies only at p, namely K = Q(/x(—1)p). Let 7 denote the non-trivial element of
Gal(K/Q). Guided by the Beilinson—Bloch conjecture, we expect by Theorem D the ex-
istence of a non-torsion algebraic cycle in the F-isotypic component of CH?(X(p)?)o(K)

which lies in the (—1)-eigenspace for 7. In parallel, we construct a canonical cycle

Zi=A, - A€ CH*(X,(p)?), (16)

where the cycles A, and A_ arise as images of maps ¢, ¢ : X(p)—Xo(p)® respectively.

Here X (p) denotes the modular curve of full level p-structure over the cyclotomic field Q(¢,).
Theorem E (Lilienfeldt). The cycle = belongs to CH*(X(p)®)o(K)™= .

The maps ¢, and @_ are defined using the moduli interpretation of Xy(p) in an essential
way. Therefore, this construction is not available for the triple product of a generic curve, as
opposed to the Gross—Kudla—Schoen cycle described above. The cycle Z is canonical in the
sense that it does not depend on the choice of a base-point, and does not require a projector to
render it null-homologous (again, as opposed to Agks(e)). Moreover, there are no apparent
geometric phenomena that suggest that the construction yields a torsion element in the
Chow group. Guided by the Beilinson-Bloch conjecture, we are led to formulate refined
conjectures in a context that has never been explored before. In particular, we conjecture

the following (Conjecture 4.1).
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Conjecture (Lilienfeldt). Let fi, fa, f3 be three normalised newforms in Sa(To(p)) and let

F = fi® fo ® f3 denote the associated triple product. The cycle

(tr)+(2) € CH*(Xo(p)*)o(QVP*))™ ' ® Kp

is non-zero if and only if orde—o L(F ® x,s) = 1. Here tp € CH*(Xo(p)®) is the F-isotypic

projector which cuts out the motive of F.

We further refine this by distinguishing between the situations where W (F) = +1 and
W(F) = —1 (Conjectures 4.2 and 4.3), bringing into play the interaction with the Gross—
Kudla—Schoen cycle. Another main result concerns the latter cycle when the global root

number of F' is assumed to be +1, and is consistent with Conjecture 4.2.

Theorem F (Lilienfeldt). Let fi, fo and f3 € S3(Lo(p)) be three normalised cuspforms,
denote by F' = f1 ® fo® f3 their triple product and suppose that F' satisfies W(F)=+1. Then
AJx 3 ((tr)«(Acks(e))) is torsion in J*(Xo(p)?/C) for any base point e € Xo(p)(Q).

Here AJy, s denotes the complex Abel-Jacobi map of codimension 2 for Xy(p)* and

J?(Xo(p)?/C) is the second intermediate Jacobian. See Section 0.2.3.
Specialising now to the case where one of the three forms, say f, has rational Fourier
coefficients and the other two forms are equal to some g (not Gal(Q/Q) conjugate to f), we

may consider the generalised modular parametrisation described above, namely

I, ;. : CH*(Xo(p)®)o—>Ey,

where Ey is the elliptic curve over Q attached to f by the Eichler-Shimura construction.

Applying this map to the cycle (16) yields a Chow—Heegner point

P(XO(p)Saﬂg,fv‘E) € Ef(K)T:_l'

If we assume that p =3 (mod 4), then K = Q(y/—p) and the global root number of the
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quadratic twist EX of E by x is W(EX) = +1. In line with the Birch and Swinnerton-Dyer

conjecture 0.1, we prove the following.

Theorem G (Lilienfeldt). Let f and g be two normalised newforms in So(T'o(p)) as above.

If we assume p = 3 (mod 4), then the Chow-Heegner point P(X(p)? 11, 1, Z) is torsion in

Er(Q(v=p))-

If we assume that p = 1 (mod 4), then K = Q(,/p) and the global root number of the
quadratic twist EX of E by y is W(EX) = —1. Guided by the Birch and Swinnerton-Dyer
conjecture 0.1, the proposed conjectures about the cycle = lead us to make analogous conjec-

tures about P(X,(p)* 11, ¢, Z). In particular, we conjecture (Conjecture 4.4) the following.

Conjecture (Lilienfeldt). Let f and g be normalised newforms in Sy(I'o(p)) as above. If
p=1 (mod 4), then the point P(Xo(p)* 11, s,Z) € Ef(Q(/p))"="" has infinite order if and
only if ords—y L(E}/Q,s) =1 and L(Sym*(¢°) ® f ® x,2) # 0 for all o : K, — C.

We further refine this depending on whether W(E/Q) = +1 or W(E/Q) = —1 in
Conjectures 4.5 and 4.6, bringing into play the interaction with the Chow-Heegner point

(15). Using Theorem F, we prove the following.

Theorem H (Lilienfeldt). If Ey admits split multiplicative reduction at p, then the Chow-

Heegner point P(Xo(p)®, I, , Agks(e)) is torsion in E¢(Q) for all e € Xo(p)(Q).

This is a particular case of a more general result obtained by Daub [53], but the proof
differs as Daub relies on a comparison with Zhang points. Theorem H is consistent with
Conjecture 4.5.

Following Section 0.2.3, one strategy for addressing the conjecture above is to compute
the image of the Chow—Heegner point under the complex Abel-Jacobi isomorphism AJg,,

which is given by the formula

Alp, (P(Xo(p)*, Mgz, 2))(wr) = Ay (E)((Hg ) g (wy))-
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The computation of AJx :(Z) will be addressed in future work. We note that the tech-
niques developed in [51] to compute AJx, )2 (Agks) do not seem to carry over to the present
setting. See Section 5.1 for a more detailed discussion of possible strategies to tackle the

above conjectures.

0.5 Outline

We end the introduction with an outline of the contents of the thesis. We have attempted
to keep this document reasonably self-contained; where details are insufficient, we provide
references for the interested reader.

Chapter 1 reviews the background material necessary for the main body of the thesis.
The concepts of elliptic curves, modular forms and their L-functions are recalled, as well as
the theory of complex multiplication. The topic of algebraic cycles and associated Abel—
Jacobi maps is surveyed. This chapter is meant to be concise and precise, and as a result it
is non-exhaustive: only themes relevant for this thesis are covered.

Chapter 2 pertains to the author’s joint work on generalised Heegner cycles with Bertolini,
Darmon and Prasanna. As such, this chapter is a reformatted version of the article [11]. In
particular, all results presented are joint and taken from loc. cit.

Chapter 3 contains the author’s joint work with éoupek, Xiao and Yao on the geometric
quadratic Chabauty method over arbitrary number fields. The content is based on the
preprint article [41] and is reformatted to fit this thesis.

Chapter 4 presents the author’s work on triple diagonal cycles on Xy(p). As mentioned
previously, this is the result of the author’s sole work, and remains open-ended as questions
and conjectures are formulated, without full answers being given.

Chapter 5 concludes this thesis by briefly introducing open projects and questions that
the author plans to address in the future. Concerning the diagonal cycles introduced in

Chapter 4, we discuss the complex Abel-Jacobi map and the p-adic Abel-Jacobi map, as
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well as comparisons of Chow—Heegner points with Heegner points or Stark—Heegner points.
Concerning the method of Chapter 3, we would like to establish precise conditions that
guarantee that the method works, as well as apply the method to explicit examples in order
to test the sharpness of the bound. We also outline a project concerned with new examples

of curves whose Ceresa class is torsion.
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Chapter 1

Preliminaries

The goal of this first chapter is to lay the groundwork for the main body of the thesis. As
such, it is solely expository and contains almost no proofs. The exposition is kept brief and
references are provided to fill gaps where proofs are lacking, and also to supplement material
for the various themes covered.

We begin in Section 1.1 by reviewing how to attach L-functions to smooth algebraic vari-
eties, or more generally to pure motives, using Weil-Deligne representations. This approach
allows us to define e-factors and global root numbers in order to state the conjectural func-
tional equation of such L-functions. This material will become handy in Chapter 4 when
proving Theorem D.

Section 1.2 introduces elliptic curves and modular forms with focus on the key properties
relevant for us. These are central concepts throughout Chapters 2 and 4. After a brief
introduction to elliptic curves and modular curves, we review the Modularity Theorem and
recall that the motive associated to higher weight modular forms can be realised in certain
Kuga—Sato varieties.

Section 1.3 surveys the theory of elliptic curves with complex multiplication and how this
relates to the class field theory of quadratic imaginary fields. This plays an important role

in Chapter 2.
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Section 1.4 defines algebraic cycles along with three equivalence relations: rational, al-
gebraic and homological equivalence. This leads to the definition of the Chow group of a
smooth projective variety and we formulate the Beilinson—-Bloch conjecture, which generalises
the Birch and Swinnerton-Dyer conjecture to higher dimensions.

Section 1.5 introduces three types of so-called Abel-Jacobi maps: the complex Abel-
Jacobi map, the Bloch map, and the /-adic étale Abel-Jacobi map. The main properties are

reviewed and the existing comparison theorems between these maps are explained.

Notation 1.1. All number fields arising in this chapter are viewed as embedded in a fixed
algebraic closure Q of Q. Moreover, we fix a complex embedding ¢ : Q — C, as well as a
p-adic embeddings Q < C, for each rational prime p. In this way, all finite extensions of Q

are viewed simultaneously as subfields of C and C,.

1.1  Weil-Deligne representations and L-functions

This section introduces the background material on Weil-Deligne representations, selecting

only the results relevant for our setup. The reader is referred to [56,126] for more details.

1.1.1 The Weil-Deligne group

Let ¢ denote a prime number. The embedding Q — @q fixed in Notation 1.1 realises
Gal(Q,/Q,) as the decomposition subgroup at q of Gal(Q/Q). It sits in the short exact
sequence

1—1,—Gal(Q,/Q,)—Gal(F,/F,)—1

where I, denotes the inertia subgroup at ¢ and r denotes the natural reduction map. The
group Gal(F,/F,) is topologically generated by the Frobenius automorphism ¢ : z ~— z9
and is isomorphic to the profinite completion Z of Z. We denote by ¢ the inverse of the

Frobenius automorphism ¢.
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Definition 1.1. The Weil group at ¢, denoted W (Q,/Q,), is defined as the pre-image under
7 of the infinite cyclic subgroup of Gal(F,/F,) generated by ¢. We endow it with the coarsest
topology for which r : W(Q,/Q,)—{¢) and I, — W (Q,/Q,) are both continuous and for

which W (Q,/Q,) is a topological group.

By a representation of the Weil group we mean a continuous homomorphism of groups
Ogq - W(@q/@q)—x}l‘(v)

where V' is a finite dimensional complex vector space. The continuity condition is equivalent
to asking that the homomorphism o, is trivial on an open subgroup of I,.

Examples of Weil representations include all finite dimensional complex representations of
Galois groups of finite extensions of Q. Also, we identify all characters of Q, with characters

of W(Q,/Q,) via the Artin isomorphism

Qy = W(Qy/Qy)™ (1.1)

normalised so that it maps ¢ to the image in W(Q,/Q,)** of an inverse Frobenius element
of W(@q/ Q).

Definition 1.2. Another example of a Weil representation is given by the character

wg : W(Qy/Qy)—C*

defined by w,(7,) = 1 (i.e., it is unramified) and w,(®) = ¢~ where ® is an inverse Frobenius
element of Gal(Q,/Q,) (i.e., an element satisfying 7(®) = ¢). Under the isomorphism (1.1)
the character w, corresponds to the g-adic norm character || - ||, : Q' —C* normalised such

that lqlly = ¢~"-

We let W'(Q,/Q,) denote the Weil-Deligne group at ¢ and we refer to [126, §3] for its defi-

nition. We do not need the precise definition of this group as its continuous finite dimensional
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complex representations admit a very nice description in terms of Weil representations.

Definition 1.3. A Weil-Deligne representation is a pair o, = (0,4, IN,) where o, is a Weil
representation on a finite dimensional complex vector space V' and N, is a nilpotent endo-

morphism of V' satisfying

04(9) 0 Nyoog(9)™" =wy(g)N,  forall g € W(Q,/Qy). (1.2)

For ¢ a prime distinct from ¢, it is possible to associate to an f-adic Galois representation
pe : Gal(Q/Q)—GL4(Qy) a Weil-Deligne representation of W’(Q,/Q,). This procedure is
due to Grothendieck and Deligne. Let ¢ : Q; <— C denote a fixed embedding. One can restrict

pe to the Weil group W(@q /Q,) and compose with ¢ to obtain a complex representation

Oy, : W(@q/(@q) HGLd((C)

If py is trivial on an open subgroup of the inertia group I,, then o,, is a Weil representation
and the associated Weil-Deligne representation is aé’b = (04,,0). However, if p, is not trivial
on an open subgroup of I;, then 027L has non-trivial monodromy and the precise recipe is

given in [126, §4].

Example 1.1. Consider the ¢-adic cyclotomic character

Weye,e + Gal(Q/Q) — Gal(Q(Cex ) /Q)—Z

where (s~ denotes a compatible system ((sm), of primitive ¢"-th roots of unity. If o is
an element in Gal(Q/Q), then o((») = (i~ for some compatible m, € (Z/¢{"Z)* and
Weyee(0) = (My)n € Z;. This character is unramified at ¢ since the extension Q((~) of
Q is ramified only at ¢. Hence the Weil-Deligne representation at g of weyc, is the Weil
representation ¢ o Weye ¢lw(q,/0,)- If ® is a geometric Frobenius element of W (Q,/Q,), then

Weyet(P) = ¢~ € Z) and thus ¢ o Weyetlw(@,/0,) = Wq Of Definition 1.2. In particular, the
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Weil-Deligne representation of weye ¢ at ¢ is independent of ¢ and ¢.

There is also a theory of Weil-Deligne representations at archimedean places. In this case

the Weil-Deligne group and the Weil group are equal. We have the following two situations:

e Over the field C, the Weil group is W(C/C) = C*. We consider on C the Haar measure
dz = |dz A dz| = 2dadb where z = a + b such that d(Azx) = [A]*dz for all A € C
and | - | is the complex modulus. This is twice the Lebesgue measure. The irreducible
Weil representations of C are given by quasi-character x : C*——C*. These take on

N

the form 2 Nw,(2) or 27 Nw,(2) for n € N and s € C where w, = | - |*.

e Over the field R, the Weil group is W(C/R) = C*UJC* where J? = —land JzJ ' =z
for z € C*. We consider on R the Lebesgue measure dz such that d(Az) = |A|dz for
all A € R where | - | denotes the absolute value. The irreducible Weil representations
of R are given by quasi-character x : C* U JC*——=C* or ind¢/gr X := indmwfggg x for
quasi-characters x : C*—C* with y # x o ¢. The quasi-characters of W(C/R) take
on the form sign(z) Yw,(x) for n € {0,1} and s € C, where sign : W(C/R)—C* is
the quadratic character with kernel W(C/C), i.e., sign(z) = 1 and sign(Jz) = —1 for

all z € C*.

1.1.2 Local e-factors

Epsilon factors were first introduced by Deligne [56] and their properties are summarised in
section 5 of loc. cit.. We will follow the exposition of [126] to collect the essential properties
needed for the purposes of this thesis. We begin by defining the epsilon factor of a Weil-
Deligne representation in terms of the epsilon factor of the corresponding Weil representation.
We then give the definition of the epsilon factor of a Weil representation.

At the infinite place oo, let o/  denote a representation of the Weil-Deligne group

W(C/R), let v» : R—C* denote a non-trivial addiditive character and dz the choice of
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a Haar measure on R. The epsilon factor depends on these choices and is given by
€(ol,,,dz) = €(00, ¥, dx) € C*.

If ¢ is a finite place, let o, = (04, N;) be a Weil-Deligne representation with associated
finite dimensional complex vector space V. Let 9, : Q,—C* denote an additive character
and let dz, denote the choice of a Haar measure on Q,. The epsilon factor associated to oy

depends on v, and dz, and is given by
¢(0) g day) 1= elay, by, dr,)d(0)) € T, (1.3)

where

§(oh) := det(—® | Ve /(V Nker N,)). (1.4)

In the case where the Weil-Deligne representation at a place v is a character, the epsilon

factor above is defined via Tate’s local functional equation. It satisfies

e(x, ¥, adz) = ae(x, ¥, dx) and e(x, ¥(ar),dr) = x(a)w (a)e(x, ¥, dz).

Explicit formulas for the epsilon factor of a character are given as follows.

e Over C, take the additive character 1)¢c : C—C* to be 9c(z) = exp(2mite/r(2)) and
the Haar measure to be dz¢c = |[dz A dz|. Given a quasi-character x : C*—C* of the

form z — 27 Nw,(2) or z — z Nw,(2) with N € N and s € C,

e(x, Y, dxg) =i, (1.5)

e Over R, take the additive character g : R—C* to be Ygr(z) = exp(2miz) and the

Haar measure dzg to be the Lebesgue measure. If y : W(C/R)—C* is a quasi-
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character of the form z ~ sign(z) Nw,(z) with N € {0,1} and s € C, then
(X, Yr, drg) := . (1.6)

e Let x be a character of Q) identified with a one-dimensional representation of the Weil
group. Let n(t,) denote the largest integer n such that 1), is trivial on ¢~"Z,. Let
a(x) denote the conductor of x, i.e., a(x) = 0 is x is unramified and otherwise a(y) is

the smallest positive integer m such that yx is trivial on 1 + ¢™Z,. Then

fq_<n(wq)+a(x))Z; X ()Y (x)dx, if x is ramified

e(x, Vg, dzy) = (1.7)

XWq (gnWa)) qu dz, if y is unramified.

The epsilon factor of a Weil representation is completely determined by the following

result.

Theorem 1.1. Let K be either R, C or Q, for some finite place q. There is a unique function
€, which to any Weil representation o, any non-trivial additive character ¢ : K—C* and
any choice of a Haar measure dx on K, associates a complex number €(o,,dx) € C*

satisfying:
i) €(x,v,dx) is multiplicative in short exact sequences.

ii) If L/K is any finite extension of K in K and oy is a Weil representation of L, then

for any choice of Haar measure dxy on L, we have

. WK /K dimoy,
e(mdwgl—(jm) 17,4, dx)

e(1p, Yoty /k,dzyr)

E(IHdE//Eg;f)) or, w, dx) = G(O'L, 'QD @) tL/Ka d$L)

iti) If dimo = 1, then e(o,,dx) is given by the above formulas (1.5), (1.6), (1.7).
Proof. This is [56, Theorem 4.1]. O
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Definition 1.4. Let K be either R, C or QQ, for some finite place g. Given a Weil-Deligne
representation o’ = (o, N) of K, the choice of an additive character ¢ : K—C* and a Haar

measure dx on K, we define the root number

€ (o’ 1, dx)

M v @

Remark 1.1. As the notation suggests, the root number is independent of the choice of a
Haar measure dz, as can be seen from [126, §11 Proposition (ii)]. Moreover, if the Weil—
Deligne representation o at a finite prime ¢ is essentially symplectic, then the local root
number at ¢ is independent of the additive character ¢ and belongs to {£1} by [126, §12].

We shall simply write W (o) in this case.

We end this section with a few results concerning epsilon factors of Weil-Deligne repre-

sentations at finite places.

Proposition 1.1. If x is an unramified character of Qy, ¥ : Q;—C* is a non-trivial

additive character and dx is Haar measure on Qg, then

€(o, @ x, ¢, dz) = X(q”w)dim("‘l)“(”‘f))e(crq, ¥, dr).

Here a(oy) is the conductor of o, defined in [126, §10].
Proof. This is [126, §11 Proposition (iii)]. O

The following proposition gives an explicit formula for the epsilon factor of a ramified
character of conductor 1. Note that if ¢ : Q,—C* is an additive character with n(iy,) = 0,
then ¥[;x =1 but ¥[,_1;x # 1. Thus there exists ¢ € F; such that ¢(1/q) = exp((2mic)/q).
In this case, we write 9. for 1. The proof of the following proposition is part of the proof

of [123, Theorem 3.2 (2)], but we choose to include it here for the convenience of the reader.

Proposition 1.2. Let x be a ramified character of Q; identified with a one-dimensional

representation of the Weil group. Let 1 : Q,—C* denote an unramified additive character,
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i.e., n(¢) =0, and dz denote the Haar measure on Q, such that fzp dx = 1. Suppose that

a(x) = 1. Let ¢ € F) such that 1 = .. Then the following formula holds:

e(x, ¥, dz) = x(c)x(9)G(x ")

2mib

where G(x™1) = D berx X t(b)e @ is the Gauss sum of the character x~

1

Proof. Since a(y) = 1 we have X|qu # 1 but x|i44z, = 1 (ie., x is tamely ramified). So
when restricted to Z), the character x factors through the quotient Z /(1 + ¢Z,) ~ F) and
can be seen as a Dirichlet character modulo ¢q. Thus the expression defining the Gauss sum

makes sense. By Theorem 1.1 iii) we have the following formula for the epsilon factor:

e(x, ¥, dx) = /_1Zx X Ha)y(x)d.

The normalisation of the Haar measure implies that for all a € Z, we have the identity
d(ax) = |la|/,dz, where the g-adic norm is the one in Definition 1.2. Taking this into

account, a simple change of variables yields the following expression:

s ()l

Recall that Zy ~Fx x (1+ ¢Z,) and thus we have Z; = Ube]qu (b+ gZ,) where the union is

disjoint. We decompose the above integral accordingly to get

e(x, . dx) =q ) /Wq X G) Y (2) dz = qx(q) Y /quq X () (g) d.

beFy beF

Making the change of variables x = b + qy, we obtain

e(x, ¥, dz) = qx(q Z/ L0+ qy) v <g+y)d(b+qy)-

beFy
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Since x is trivial on 1 + ¢Z,, we have x~* (b+ qy) = x~'(b) whenever y € Z,. Since 1 is
an additive character, we have v (g + y) =1 (g) Y(y). But v is trivial on Z), whence

Y(y) =1 for y € Z,. We therefore arrive at the formula

c(x, v, dx) = qx(q) Y x (b (q) /qu(b—i—qy DI (_)

bEFS beEF

since fzq d(b+ qy) = f d(qy) = % fz dy = by the normalisation of the Haar measure.

Finally, we assumed that 1) = 1., and therefore

S o) (Z) = 3 e = (@G

beFy beFy
and the proof is complete. O]

Corollary 1.1. With the same notations and assumptions as in Proposition 1.2, we have

the formula

E(X; 1/)’ dx)E(X_la 77Z)7 de’) = QX<_1)

Proof. Applying the result of the proposition to x and y~! leads to

e(x, ¥, dx)e(x 1, dr) = G(x )G (x).

By standard properties of Gauss sums, we have G(y™!) = x(—1)G(x). Using the fact that

|G(x)|? = q we obtain the desired result. O

1.1.3 Local L-factors

Given a prime ¢, let V' denote the finite dimensional complex vector space associated with

the Weil-Deligne representation o. Let Vs denote the subspace of vectors invariant under
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the action of inertia and let V]\I,Z = V% Nker N,. Define the local L-factor at ¢ to be
L(0),s) = det(1 — q~*@ | V1o /v )",

We also define local L-factors (also known as gamma factors) at the archimedean places:

e Over C, define I'c(s) = 2(2m)~*I'(s). If x = 27 Vw; : C*—C* for N € Nand t € C,
then define

Le(x,s) =Te(s+1t).

For any finite dimensional complex representation V of C*, decompose it into a sum

of quasi-characters V = @, x; and define
L(V,s)= HLC(Xi> s).

e Over R, define I'r(s) = 7=%/?T'(5/2). If x = sign " w, : R*—C* for N € {0,1} and
t € C, then define

Lr(x,s) =Tr(s+1).

For any finite dimensional complex representation V' of W(C/R), decompose it into a
sum of quasi-characters and induced characters in the Grothendieck group of represen-

tations of W(C/R), [V] =3 ;[xi] + >_;lindc/r x;], and define

L(V,s) = H Lg(xi, s) H Le(x;)-

1.1.4 Motivic L-functions

Suppose now that M is a pure motive over Q. We refer to Section 1.4.2 below for the defini-
tion. Its /-adic realisations give rise to a compatible family of /-adic Galois representations

by considering the Galois action on f-adic étale cohomology. Given a prime ¢, choose a
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prime /¢ distinct from ¢ and an embedding ¢ : Q; < C. Then the ¢-adic representation gives
rise to a Weil-Deligne representation o}, . , = = (0nqu0s Nargue). A priori, this construction
depends on ¢ and the embedding ¢, but it can be shown that it is in fact independent of
these choices. Hence we write o, , = (01,4, Narq). One defines the L-function of the motive

M by
M/Qv HLO-Mqv

This function converges on some right half-plane R(s) > 0.
We can also consider the Betti realisation of M which is a pure rational Hodge structure
of weight n for some n € N. For the sake of simplicity and because this is the case we will

be interested in, let us assume that n is odd. Consider the Hodge decomposition
MyoC= @ H"(M
ptq=n

and let h?9(M) = dimc HP?(M) denote the corresponding Hodge numbers. For p,q € Z,
consider the quasi-character ¢,, : C*—C* given by ¢, ,(2) = 27PZ7%. Since n is odd,
we have ¢, , # ¢pq 0 ¢ and thus indc/g ©p¢ = inde/r ©g,p is an irreducible representation of

W(C/R). We define the Weil-Deligne representation of M at the infinite place by

a?V[,oo = @ (inde/r p,q) ® HP(M)

p+q=n
p<q

where HP9(M) is given the trivial action. If p < ¢, then
Ppq(2) = 2_(q_p)|z’_2p = 2_(q_p)w—p<2)'

It follows that the L-factor at infinity is given by

hpq h (M
UMoo> | | LC 90;0(17 | | F(C ( )'
ptg=n p+qg=n
pr<q p<q
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One can now form the completed L-function of M

M/Q’ HLUMw - (UM007 )L(M/Q’S)’

where the product runs over all places v of Q.

The conductor of M is defined to be

cond(M/Q) : Hq “Ma) € N (1.8)

where the product is over all finite places q.

Consider ¢ = [[, ¥ : Ag/Q—C an additive character of the adéles and let dz denote
the normalised Haar measure on the adéles such that f Ag/Q dr = 1. It decomposes as a
product of local Haar measures dx, which satisfy fZU dx, = 1 for almost all finite places v.

We can then define the global epsilon factor of M to be

e(M/Q) = [ [ €(0hr o0, dzy)

v

which is independent of the choice of ¢ and dz. Moreover, €(c},,, %, d,) = 1 for almost
all v.

The global root number is similarly defined as
W(M/Q) = [[ W (00 oo, da).

Conjecture 1.1. The completed L-function A*(M/Q, s) := cond(M/Q)2A(M/Q, s) can be

continued meromorphically to the whole complex plane and satisfies the functional equation

A(M/Q,s) = W(M/QA*(MY/Q,1 - s) (1.9)

where MY is the dual of the motive M.
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1.2 Elliptic curves and modular forms

We review the necessary background on elliptic curves and modular forms. In particular,
we cover the Modularity Theorem relating elliptic curves over Q with cusp forms of weight
2 for T'y(IV). Concerning modular forms on I';(N), we recall that the space of cusp forms of

weight > 2 can be realised inside the de Rham cohomology of suitable Kuga—Sato varieties.

1.2.1 Elliptic curves

An elliptic curve over a scheme S is a proper smooth morphism E—S, whose geometric
fibres are connected curves of genus 1, together with a section e : S—FE. In particular,
an elliptic curve over a field K, i.e., over Spec(K), is a smooth proper curve over K of
genus 1, together with a prescribed K-rational point O € E(K). Consequently, an elliptic
curve over a scheme S can be seen as a family of (classic) elliptic curves defined over fields
parametrised by the scheme S.

Any smooth proper curve is projective, and thus an elliptic curve E/K is a smooth
projective curve of genus 1 with a K-rational point. The Riemann—Roch theorem [139,
Theorem 5.4] implies that any such curve is isomorphic to a smooth plane projective curve

given by a Weierstrass equation
Y2Z 4+ XYZ 4+ a3Y 7%= X+ a0 X?Z + ay X7 + ag 2> (1.10)

with coefficients aq,...,a¢ € K satisfying the smoothness criterion that the discriminant
Alay, ..., aq) is non-zero. See [139, §III.1]. This isomorphism maps the point O € E(K)
to the point at infinity [0, 1,0] € P,.

Commutative group scheme structure

An elliptic curve p : F—S has a natural structure of commutative group scheme over S as

explained in [100]. Any point P € E(S), i.e., a section P : S— F, determines an effective
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Cartier divisor on E with sheaf of ideals denoted I(P). Let I~'(P) denote the inverse
of this ideal sheaf as an invertible Og-module. For any S-scheme T, there is a bijection
E(T)— PicOE/S(T) given by sending a point P € E(T) = Er(T) to the invertible Op._-
module I7'(P)® I(er), where er denotes the base change of the trivial section e to T. Here
Picl, ss(T') denotes the abelian group of isomorphism classes of degree 0 invertible sheaves
on Er modulo the subgroup of those of the form p3.(L£), where £ any invertible sheaf on 7.
By transfer of group structure, F/S represents a functor from S-schemes to the category of
abelian groups, hence acquires the structure of a commutative group scheme over S.

When S = Spec(K), the natural bijection E ~ PicOE/K is given by mapping a point P to
the divisor class of (P) — (Og) and identifies E with its Jacobian. If E is described in the
projective plane by a Weierstrass equation, the classic geometric chord-and-tangent recipe

endows E with the structure of an algebraic group, as illustrated in the following figure:

Y

e
o\

These two group structures, the one coming the Jacobian of E and the other coming from
the description of E as a plane projective curve, coincide.

In this thesis, we will mostly focus on elliptic curves defined over a number field K,
in which case the Mordell-Weil theorem asserts that the abelian group E(K) is finitely

generated. As a consequence, there is an isomorphism

E(K) ~ E(K)ors @ Z"E/K), (1.11)

where E(K)ios denotes the finite subgroup of torsion points and r,.(E/K) € Zs( is the
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algebraic rank of F, also referred to as the Mordell-Weil rank of E.

The Weil-Deligne representations of an elliptic curve

Let E be an elliptic curve defined over Q. Associated to E is a family of compatible 2-
dimensional ¢-adic Galois representations pg ¢ for each prime ¢ coming from the ¢-adic étale
cohomology groups HX(E, Q). This is the contragredient of the representation arising from

the action of the Galois group on the /-adic Tate module

Vi(E) = lim E[¢")(Q) ®z, Qv

Let ¢ be a prime, ¢ a prime distinct from ¢, and choose an embedding ¢, : Q; — C. Follow-
ing [126, §4], one may associate to pg ¢ a complex representation o, = (0E.0.9s NE£109)
of the Weil-Deligne group W'(Q,/Q,). It turns out that the isomorphism class of the Weil-
Deligne representation ahmé,q is independent of ¢ and ¢y, as follows from the two propositions
below, and we shall simply write 0, , = (0g,4, Ng,4). This is the Weil-Deligne representation

of £ at q.

Proposition 1.3. If I/ has potential good reduction at q, then N, = 0 and o 4 is semisim-

ple. Furthermore, E has good reduction if and only if og 4 is unramified, in which case
Opg =& @ gq_lwq_l

for some unramified character §. Here wy is the Weil-Deligne representation of the (-adic
cyclotomic character of Definition 1.2 and Example 1.1.

Proof. This is [126, §14 Proposition]|. O

Definition 1.5. Let (eg,e;) denote the standard basis of C2. The special representation

of the Weil-Deligne group at ¢ of dimension 2, denoted sp(2), is the representation (o , N)
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defined by the matrices

It is an admissible, indecomposable, reducible 2-dimensional representation of W’'(Q,/Q,).

Proposition 1.4. Suppose that E has potential multiplicative reduction at q and let \ be a
character of W(Q,/Q,) such that \> =1 and the twist E* of E by \ has split multiplicative
reduction at q. Then

Ol ™ Ay @ sp(2),

so that, in particular, Ngq # 0 and o%, is ramified. Moreover, A is trivial, unramified
but nontrivial, or ramified according as E has split multiplicative, non-split multiplicative

reduction, or additive reduction at q.
Proof. This is [126, §15 Proposition|. O

Finally, we describe the Weil-Deligne representation of E at the infinite place. The

rational Hodge structure H5(E(C), Q) is of weight 1 and admits the Hodge decomposition
Hy(E(C),C) = HY(E) & H"'(E)

with Hodge numbers h*(E) = h%!'(E) = 1. Therefore the Weil-Deligne representation at
infinity is given by
000 = indeyr 001 @ H(E). (1.12)

The root number of an elliptic curve

Let E be an elliptic curve defined over Q with conductor N. Having described the Weil—
Deligne representations of E, one can define the global root number W (E/Q) following

Section 1.1.4.
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Remark 1.2. Note that for finite primes ¢, the Weil-Deligne representation o , ® w;/ % is

symplectic due to the existence of the Weil pairing for elliptic curves. In other words, o7, , is
essentially symplectic of weight 1. By Remark 1.1, the local root number W (o7 ,) belongs
to {£1} and does not depend on the choice of additive characters or Haar measures. In

particular, the global root number of E belongs to {41}.

We proceed to compute W (E/Q) in the case where the conductor N is square-free; F ad-
mits good reduction at all primes not dividing /N, and either split or non-split multiplicative

reduction at the primes dividing N. For primes p | N, we define

+1 if E admits split multiplicative reduction at p
a,(E) = (1.13)

—1 if F admits non-split multiplicative reduction at p.

Proposition 1.5. Suppose that the conductor N of E is square-free. The local root numbers

of E are given by the following:

W(J}J’OO) = —1.

\
In particular, the global root number is given by

W(E/Q) = —(-=1)*M [ a,(E),

p|N

where w(N) denote the number of distinct prime divisors of N.

Remark 1.3. For the general case, we refer to [126, §19 Proposition|. We choose to include
a detailed proof here as the local epsilon factor computations will be useful when dealing
with more difficult situations as in Section 4.4. Moreover, this is a nice concrete application

of the theory outlined in Section 1.1. Note that W (E/Q) is the negative of the eigenvalue
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of the Atkin—Lehner [3] operator wy acting on the newform in Sy(T'o(N)) associated to E.

See Section 1.2.3.

Proof. Let g denote a prime not dividing N and choose an additive character 1, of Q, with
n(¢,) = 0 as well as the Haar measure dz, on Q, normalised such that fzq dz, = 1. By

Proposition 1.3, the Weil-Deligne representation of E at ¢ is given by
Opg=08g =& ® {'q_lwq_l
for some unramified character &,. In particular, since Ng, = 0, we have
EI(OJE',W,(?D(Z’ dzy) = €(0p,q, Vg, dzg)
and by Theorem 1.1 i) we find that
€(0E,q; ¥y, dag) = €(&q, Vg, dxq)e(ﬁq_lwq_l, Uq, dz,).

By Proposition 1.1 applied to the unramified characters &, and &, 'w, ", we find that

€(0pg, Vg, dg) = E&  wi (@)™ VT We(1, 1)y, day)®.

But n(1),) = 0 and the trivial character is unramified so a(1) = 0. Moreover, €(1,,,dz,) =1
by (1.7) and the normalisation of the Haar measure. It follows that W(op ) = 1.

We now deal with the local root number at a prime p | N. Choose an additive character
¢, of Q, with n(¢,) = 0 as well as the Haar measure dz, on Q, normalised such that
pr dz, = 1. Let A, be an unramified character of W(Q,/Q,) such that A2 = 1 and the twist

E* of E by A, has split multiplicative reduction at p. By Proposition 1.4 we have
0y ™ A, @sp(2).
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Let V = (C(/\pw; 1) @ C? denote the complex vector space associated to this representation.
Let (eg, e;) denote the standard basis of C? as in Definition 1.5. Since the characters A\, and
w, are unramified, we have VI =V and thus V]\If’; .= ker N, = Ce; and Viv/ V]\I,z = Ceyg.
We deduce that

0(0%,) = det(=® | Ceg) = =, (P)p

: / -1 -1 —
since o7, acts as A\yw, " on ey and w, ' (®) = p. So far, we see that

el(o-/E,zﬂ Vp, dr,) = =\ (P)p - €(0Ep, Uy, dyp).

However, op, = Apw, ' @ A, and thus, by Theorem 1.1 7) and (1.7), we have

€(0pp, Yp, dz,) = E(pr;1,¢p, dz,)e(Np, ¥y, dxy) = 1.

In conclusion, we have established that €'(o7; ,, ¥, dz,) = —A,(®)p. Note that the quadratic
character A, is trivial or non-trivial, i.e., \,(®) = +1 or —1, according as E has split or
non-split multiplicative reduction at p. In other words, we have A\,(®) = a,(£), and we have
proved that W (o ) = —a,(E).

Finally, we take care of the infinite place. Recall from (1.12) that
0'35700 = indc/R ®o,1 : W(C/R)—)GLQ(C)

By Theorem 1.1 ii) we have

e(inde/r 1c, YR, dog)
6(]-([:7 ¢C7 dxC)

6<OJE,OO7 wRa de) = 6(%00,17 WC, d.’]f([j)

A set of representatives for the left cosets W (C/R)/W (C/C) is given by {1, J}. The induced
representation indg/r 1c is the permutation representation associated to this set. If we let

(e1,es) denote a basis for the space of indg/r 1c, then o € W(C/R) maps e; to e, and ey
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to €q.y. If a belongs to J¥C* with N € {0,1}, then a acts on Ce; @ Ce; via the matrix

(1ij liVN). By conjugating with respect to the matrix (_11/2 1}2) we obtain the matrix

((1] Sign ) We conclude that indc/r 1c = 1g @ sign, and by Theorem 1.1 7), we have

e(inde/r 1c, Yr, dar) = €(1r, Yr, dog)e(sign, r, drg).

Finally, using the defining formulas (1.5) and (1.6), we obtain

1.4
E(OIE,oo7wR7d$R) = ZTZ = Z‘2 =—1.

Remark 1.4. In the course of the proof, we have seen that for primes p | N,
a(oy,) = a(opy) + dim VIP/V]\I;;W =1

since o, is unramified. At primes ¢ not dividing N, o7 , is unramified and thus a’(0% ,) = 0.

In particular, we recover the fact that cond(E/Q) = [, ¢* =+ = N.

The L-function of an elliptic curve

Recall from Section 1.1.3 that for each finite prime ¢, the local L-factor associated to the

Weil-Deligne representation of E is
—s I .
L(0lyyr ) = det(1— g~ | V/4, )7

where V; is the underlying complex vector space of o7 , and V;‘}VM = V;]Iq Nker Ng 4.

At the infinite prime, we have
L(0% 00r 8) = Le(o, )" = Te(s) = 2(2m) 7T (s).

64



Having described the Weil-Deligne representations of E at the finite places in Proposi-
tions 1.3 and 1.4, one can work out explicit formulas for the corresponding local L-factors,

as done in [126, §17 Proposition|. We content ourselves with stating the formulas. We have

AE/Q,s) HL O 8) = 2(2m)°T(s)L(E/Q, 5)

where v runs over all places and L(E/Q, s) denotes the Hasse-Weil L-function. If N denotes

the conductor of E, then we have the explicit formula

LE/Q,s) = [(1 = apy(E)p~* +p' ) [[(1 = ap(BE)p) " (1.14)
pIN pIN
where

(
p+1—|E(F,) if £/ has good reduction at p
1 if F has split multiplicative reduction at p

ap(E) =

—1 if E has non-split multiplicative reduction at p
0 if ' has additive reduction at p.

It can be shown to converge absolutely on the right half-plane R(s) > 3/2.
We have cond(F/Q) = N and

A(E/Q,s) := N22(2m)*T(s)L(E/Q, s).

For ¢ a prime, the dual of HY(E, Q) is HL(E,Q,)(1) = HL(E, Q) ® weyee. 1t follows
that A*(EV/Q,s) = A*(E/Q,s + 1), and thus the conjectural functional equation (1.9) for
A (E/Q, s) reads

A(E/Q,5) = W(E/QA(£/Q,2  5). (1.15)

This conjecture is a corollary of the Modularity Theorem as we will explain in Section 1.2.3.
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Remark 1.5. One can also define the Hasse—Weil L-function of an elliptic curve defined over
more general number fields and describe its local factors explicitly. We content ourselves with

the description given over Q for the purposes of this thesis.

The Birch and Swinnerton-Dyer conjecture

Let E be an elliptic curve defined over a number field K. The famous conjecture of Birch
and Swinnerton-Dyer, now one of the Clay Millennium Prize Problems, relates the algebraic

rank r,.(£/K) to the behaviour of the Hasse-Weil L-function of the curve.

Conjecture 1.2 (Birch-Swinnerton-Dyer). Let E be an elliptic curve over a number field
K. The Hasse—Weil L-function L(E /K, s) admits analytic continuation to the whole complex
plane via a functional equation centred at s = 1, and the rank ra.(E/K) := ranky(E(K)) is
gwen by ra.(E/K) = ords—y L(E/K, s).

By the pioneering work of Wiles [153|, Taylor and Wiles [145], and Breuil, Conrad, Dia-
mond and Taylor [31], it is known, for K = Q, that L(F/Q, s) admits analytic continuation
and a functional equation centred at s = 1. The most significant progress to date towards
the Birch and Swinnerton-Dyer conjecture is due to the method of Gross, Zagier and Kolyva-

gin [75,78,103], which rests on the construction of Heegner points, and yields the implication

ords_y L(E/Q, s) € {0,1} = ra.(E£/Q) = ords—y L(E/Q, s). (1.16)

Their strategy has been generalised to the case of totally real number fields by S. Zhang
[156]. The work of Skinner and Urban [140, 141|, uses p-adic methods, and more specifically
Iwasawa theory, to produce the first instances of the opposite implication (3). The Birch and
Swinnerton-Dyer conjecture remains open in higher rank situations, as well as for elliptic
curves over general number fields in any rank. More details about this can be found in

Section 0.2.1.
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1.2.2 Modular curves

We recall the definitions and introduce the notation for the various modular curves that we
will be working with. Throughout we fix an integer N > 3 and work with level N structures.

For more details we refer to [59,98].

['(N)-level structure

Let My denote the fine moduli scheme representing pairs (E, ay) consisting of a generalised
elliptic curve F over a Z[1/N]-scheme S together with a full level N structure, that is, an
isomorphism ay : E[N]—=(Z/NZ x Z/NZ)s of group schemes over S. The scheme My is a
smooth proper curve over Z[1/N] and we will mostly work with its base-change to Q which
we, by abuse of notation, denote again by My. Let (x denote a choice of a primitive N-th
root of unity. The base-change My ® Q((y) of this curve to the cyclotomic extension Q((y)
is the disjoint union of ¢(N) geometrically connected smooth proper curves X™(N) over
Q(¢n) indexed by n € (Z/NZ)*. The curve X™(N) is the fine moduli scheme classifying
pairs (E, (P,(Q)) consisting of a generalised elliptic curve over a Q((y)-scheme S together
with the choice of a basis {P, @} for the N-torsion group E[N] satisfying ex(P, Q) = (},
where ey denotes the Weil pairing on the N-torsion. We will often write X () for the curve
X(N). Taking Cy to be e ™ over C, there is a uniformisation of X (N) by the extended

complex upper half-plane H* given by
H*— X (N)(C), T (C/Z®7Z,(1/N+Z&TZ,T/IN +7Z S TZ))

which identifies X (N)(C) with the quotient I'(N) \ H* where I'(N) denotes the full level N

congruence subgroup of SLy(Z) acting on H* by Mobius transformations. More precisely,

[(N) := € SLy(Z)

(mod N)
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There is a natural projection map X (/N)—>SLy(Z) \ H* over C which has degree equal to

3

When N = p is prime, the curve X (p) has Z% cusps and its genus is given by

(r* =1 —6)
24

9(X(p) =1+ for p > 2 and g9(X(2))=0.

['y(N)-level structure

If N > 5, let X;(V) denote the fine moduli scheme representing pairs (F, P) consisting of a
generalised elliptic curve E over a (Q-scheme S together with the choice of a point P on F
of exact order N. Then X;(N) is a geometrically connected smooth proper curve over Q. It

admits a uniformisation by the extended complex upper half-plane given by

H*— X (N)(C), T— (C/Z®71Z,1/N+Z & TZ)

which identifies X;(/NV)(C) with the quotient I'y(N) \ H* where I'1(N) C SLy(Z) is the

congruence subgroup defined by

Fl(N) = € SLQ(Z) .

(mod N) » . (1.17)

There is a natural projection map X (N)—X; (V) over C of degree N.

When N = p is prime, the curve X;(p) has p — 1 cusps and its genus is given by

(p—1)(p—11)

9(Xi(p)) =1+ forp>3  and  g(Xi(2)) = g(X:1(3)) = 0.

[o(N)-level structure

If N > 5, let Xo(N) denote the coarse moduli scheme representing pairs (F, H) consisting

of a generalised elliptic curve E defined over a Q-scheme S together with a cyclic subgroup
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scheme H of order N. Then X,(V) is a geometrically connected smooth proper curve over

Q. It admits a uniformisation by the extended complex upper half-plane given by
H*— Xo(N)(C), T (C/Z®7Z,(1/N +Z & 1Z))

which identifies Xo(N)(C) with the quotient I'o(N) \ H* where I'o(N) C SLy(Z) is the

congruence subgroup

[o(N) = € SLy(Z) = (mod N)

The natural projection X;(N)—Xo(N) over C descends to a morphism of curves over
Q and has degree @ = [[o(N) : £I'1(N)]. In fact, Xo(V) classifies elliptic curves with
[ (NV)-structures up to isomorphism. Hence the two distinct elements (F, P) and (E, —P) of
X1(N) both map to (E, (P)) of Xo(N), as [—1] : (E,(P)) ~ (E, (—P)) is an automorphism
of elliptic curves with I'g(V)-structure.

When N = p is prime, the curve Xy(p) has two cusps &, and & corresponding via the
complex uniformisation to the points ico and 0 respectively. The genus of X(p) is given by
the formula

2] -1 ifp=1 (mod 12)

9(Xo(p)) = (1.18)

B otherwise.

1.2.3 Weight 2 modular forms of level I'y(N)

A modular form of weight 2 for the congruence subgroup I'o(/N) is a holomorphic function

on the complex upper half-plane f : H—C satisfying the transformation property

at +b
f(c7-+d) = (et +d)*f(1), V1 e H, Vy = o € I'h(N),
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and which is holomorphic at the cusps of X(/NV). The space of such modular forms is denoted
M(To(N)). Note that I'o(N) contains the matrix 7' = ({ 1), so that we have f(7+1) = f(7)

for all 7 € H. It follows that f admits a Fourier expansion around the cusp at infinity

fla) =) anlf)d",  q=e"".

n>0

In fact, f admits a Fourier expansion around each cusp, and if the constant term of all these
expansions is zero, we say that f is a cusp form. We denote by Sy(I'g(/V)) the subspace of
cusp forms of weight 2 and level I'y(N). One can identify So(I'g(N)) with the space of global

sections of the sheaf of regular differential 1-forms on the modular curve Xy(N)
Sa(Po(N))——=H(Xo(N), Qx,(n)5 [ wyp = 2mif(r)dr. (1.19)

In particular, the dimension of Sy(I'g(N)) is equal to the genus of X(N). Let K be the field
generated by the Fourier coefficients of the cuspform f. As Xy(/V) admits a rational structure
as an algebraic curve over QQ, the space of differential 1-forms admits a basis consisting of
differentials defined over Q. By (1.19), the space S3(I'o(/V)) similarly admits a basis of
cuspforms defined over Q, i.e., with Fourier coefficients in Q. It follows that the extension

K;/Q is finite. We will denote by dy the degree of this extension.

Hecke operators

The curve Xo(N) is equipped with a collection of Hecke correspondences, which act on
cohomology and give rise to operators on Sa(I'g(N)) via (1.19). These correspondences and
their induced operators are traditionally denoted by 7T,, for integers n > 1 coprime to the
level N, and by U, for primes ¢ that divide N. Defining formulas for these operators on the
Fourier expansions of cusp forms can be found in [3, (3.1)]. For integers d | N, there are
Atkin-Lehner operators w, acting on Sy(I'g(IN)). See [3, p. 138|] for their definition. The

operators T;,, with (m, N) = 1 commute with the operators 7,,, U, and w,, but the operators
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U, and wy do not commute with each other. See for instance |3, Lemma 17|.

Let T := T(N) denote the full commutative Hecke Q-algebra generated by the Hecke
operators T, with (n,N) = 1 and U, with ¢ | N acting on S3(I'g(N)). Let Ty := To(NV)
denote the subalgebra generated only by the operators T, with (n, N) = 1. The space of
cusp forms Sy(I'g(N)) admits a basis of eigenfunctions for Ty. Essentially, the operators T,
commute and are Hermitian with respect to the Petersson inner product [3, (1.3)], and they
can therefore be simultaneously diagonalised. For the full proof we refer to |3, Theorem 2|
which is attributed to Hecke and Petersson. We refer to eigenfunctions for T as eigenforms.

There is a theory of oldforms and newforms developed in [3, §4|. Briefly, oldforms are
elements of S3(I'o(/V)) that arise from modular forms in S3(I'g(d)) for d | N. The space
So(Fo(N))™™ is the orthogonal complement of the space of oldforms with respect to the
Petersson inner product. As in the previous paragraph, So(T'o(N))™" also admits a basis
consisting of eigenforms for Ty. Such a basis element will be called a newform. The first
Fourier coefficient of a newform f is necessarily nonzero by [3, Lemma 19| and such forms
can thus be rescaled so that a;(f) = 1. A newform f with the property that a;(f) = 1
is called a normalised newform. Normalised newforms satisfy the theorem of mulitplicity
one [3, Lemmas 20 and 21]: any two normalised newforms that have the same eigenvalues
for the operators T, with p { N must be equal, and any form in Sy(I'o(/N))"*" which is an
eigenform for Ty is a constant multiple of some normalised newform. Note that a normalised
newform is also an eigenvector for the Atkin—Lehner involutions wy with d||N: indeed,
wa(f) € Sa(To(N))"™ and by commutativity of w, with the operators T), for pf N, wq(f) and
f share the same eigenvalues for 7,. By multiplicity one, we necessarily have wq(f) = A(d) f.
Moreover, since w, is an involution, we have A(d) € {£1}. More is true, as U,(f) = a,(f)f
for any prime ¢ | N. Let d = ¢®||N with ¢ prime. If & > 2, then U,(f) = 0 and in particular
a,(f) = 0. If & = 1, it is possible to read off the Atkin-Lehner eigenvalue A(¢q) from the
Fourier coefficient a,(f): indeed, A(q) = —a,(f), and in particular a,(f) € {#£1}. This

follows from the fact that in this case U,(f) + w,(f) is an oldform |3, Lemma 17 (iii)]. The
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detailed proofs of these facts along with additional basic properties of newforms can be found

in |3, Theorem 3|.

Eichler—Shimura theory

The Eichler-Shimura construction [64, 135] associates to the Gal(Q/Q) conjugacy class [f]
of any normalised newform f € S5(I'y(/V)) a simple abelian variety Ay defined over Q as a
quotient of Jo(N) := Picg(O(N)/@, the Jacobian of X(/N). The quotient map Jo(N)—Ajp
is defined over Q and its kernel is stable under the action of To(N). Moreover, we have
Endg(Afs) ® Q = Ky and the dimension of Ay is df = [Ky : Q]. The association [f] — Afy
is unique up to isogeny.

In particular, if f is a normalised newform in Sy(I'g(N)) with Fourier coeffecients in Q,
then the Eichler-Shimura construction associates to f and elliptic curve Ef over Q (up to

isogeny), which is a quotient of Jy(NN). The association is such that we have an equality of

L-functions L(f,s) = L(E;/Q, s), where

L(f, 8) = Z a’n(f)

ns
n>1

is the L-function associated to f, and L(E/Q, s) is the Hasse-Weil L-function (1.14) of E}.

The Modularity Theorem

Let E be an elliptic curve over Q of conductor N. The Modularity Theorem 31,145, 153|
is a converse to the Eichler—-Shimura construction; it associates to F a normalised newform

f € S3(Ig(V)) such that
L(E/Q,s) = L(f,s).

As a consequence, L(E/Q, s) admits analytic continuation to the whole complex plane and
satisfies a functional equation centred at s = 1. These analytic properties of the Hasse—Weil

L-function were not known before the proof of the Modularity Theorem.
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By the Eichler-Shimura construction, there is an elliptic curve Ef, which is a quotient

of Jo(N) and satisfies L(f,s) = L(E;/Q, s), hence we obtain the equality of L-functions

L(E/Q,s) = L(E;/Q; s).

By Faltings’ proof of the Tate conjecture for abelian varieties defined over number fields,
this equality implies that the elliptic curves E and E are isogenous. Since F; arises as a
quotient of Jo(INV), we deduce that there exists a non-constant morphism of abelian varieties
over Q

By fixing an embedding of Xy(/N) into its Jacobian using the base point ., we obtain a

non-constant morphism of algebraic curves over Q

TE : X[)(N)—>E, (121)

which we still denote by 7, by slight abuse of notation. Any of the two morphisms (1.20)
and (1.21) will be called a modular parametrisation of E. Note that the existence of a
modular parametrisation of F is equivalent to the Modularity Theorem.

There is a unique invariant differential w of £ such that 7} (w) = w; := 2mif(z)dz. Write
w = cwg, where wg is a Néron differential of E. Then ¢ is an integer known as the Manin

constant of the modular parametrisation 7.

1.2.4 Higher weight modular forms for I';(N)

This section is derived from [11, §3]. Let N > 5 and consider the open modular curve Y;(N)
which is the fine moduli space representing pairs (F, P) consisting of an elliptic curve F
over a (Q-scheme S together with the choice of a point P of E of exact order N. It is a

geometrically connected smooth affine curve over Q and it is the complement of the set of
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cusps in the curve X;(/N) described in Section 1.2.2.

Let m : E—Y1(N) be the universal elliptic curve with I'; (N)-level structure over Y;(N),
and let w = m,Q} vi(n) be the coherent sheaf of relative differentials on £/Y1(N), extended
to a coherent sheaf on X;(N) in the standard way. See [12, §1.1]. Let w" be the r-th
tensor power of this line bundle. The sheaf w* is related to the sheaf Q} (v (log cusps) of
regular differentials on X;(N) with logarithmic poles at the cusps by the Kodaira—Spencer
isomorphism

0w’ = Qk, (v (log cusps), (1.22)
as described for instance in [12, §1.1].

Definition 1.6. Let r denote a non-negative integer. A (holomorphic) modular form of
weight k = r + 2 is a global section of the sheaf w*, or — equivalently, by (1.22) — of
W' ® Qﬁﬁ( vy (log cusps) over X; (V). The global sections of w" ® Qﬁﬁ( ) are called cusp forms.
Let M(I'1(N)) and Sk(I';(N)) denote the complex vector spaces of modular forms and cusp

forms on I';(N), respectively.

When working over the field of complex numbers, the set X;(N)(C) of complex points

of X;(N) is a compact Riemann surface, and the analytic map

pr: H—Y;(N)(C), pr(7) := ((C/(l,ﬂ, %)

identifies Y1(N)(C) with the quotient I';(N)\H. Let 7 denote a point of H and let w be
the standard complex coordinate on the elliptic curve C/(1,7). The Hodge filtration on

Hix(C/(1,7)) admits a canonical, functorial (but not holomorphic) splitting
Hiz(C/(1,7)) := Cdw @ Cdw. (1.23)

This is the Hodge decomposition of the elliptic curve. In terms of the coordinates 7, dw,
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and dw, one has |12, §1.2]
o((2midw)?) = 2midr, (1.24)

and a modular form wy € My (I'1(N)) gives rise to a holomorphic function on the upper half

plane ‘H by the rule
wi (1) = f(7)(2midw) ™ = f(7)(2ridw)" @ (2midT). (1.25)
This function obeys the familiar transformation rule

a b

f (Z:ifl) = (et +d)* f(7), for all o e I'1(N), (1.26)

and the modular form wy is completely determined by the associated function f(r7).

Modular forms and Kuga—Sato varieties

We retain the assumptions that N > 5 and r > 0. Let 7 : E—X 1(IN) denote the universal
generalised elliptic curve over X;(/N) that extends the universal elliptic curve £ over Y;(N)
introduced in Section 1.2.4. This is a smooth and proper variety over QQ, and the geometric

fibres over a closed point x € X;(/NV) are singular precisely when z is a cusp. Let

WT# 225_ XXl(N)g_ XX{(N) - - XXl(N)g (1.27)

denote the r-fold self-product of £ over X;(N).

Definition 1.7. The canonical desingularisation, described for instance in [12, Appendix]),

of W# is denoted W, and called the r-th Kuga—Sato variety with I'; (V)-level structure.

The variety W, is smooth and proper over Q of dimension » + 1 and it is fibred over

X;(N) via the natural projection 7, : W,— X (N). If x € X;(N) is a closed non-cuspidal
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point corresponding to an elliptic curve E with T'y(N)-structure, then the fibre 71 (x) is E",
the r-fold self-product of F.

Following [12], we now introduce an idempotent in the ring of automorphism of W,/ X1 (N)
which will enable us to identify the space of cusp forms S, o(I'1(IV)) with a piece of the de
Rham cohomology of W,..

The generalised elliptic curve 7 : £— X (N) is equipped with a I';(N)-level structure,
i.e., with a section s : X;(IN)—&€ of order N. Translation by this section gives rise to
an action of Z/NZ on &; if a € Z/NZ and x € & lies over (E,P) € X;(N), then we
let a-x = x+ a-s(E,P), where the addition is the group structure on E. The variety
W#—sX,(N) is the r-fold fibre product of £, and therefore there is a natural action of
(Z/NZ)" on W#. By the canonical nature of the desingularisation of W7, this action
extends to W,.. Let o, denote the automorphism of W, /X;(N) associated to a € (Z/NZ)"

and define

1
e(ml/l = Z Ta, (1.28)

a€(Z/NZ)"
which is an idempotent in the group ring Z[1/N][Aut(W, /X1 (N))].

Let S, denote the symmetric group on r letters. Multiplication by —1 on the generalised
elliptic curve £/ X, (N) together with the natural action of S, on W gives rise to an action of
the semidirect product (uz)” xS, on W#, which extends to an action on W, by the canonical
nature of the desingularisation. Let j : (u2)" X S,—> 9 be the homomorphism which is the

identity on uo and the sign character on S, and define

1
2 :
e(W1 = o E j(o)o, (1.29)

" o€ (u2)m XS,

which is an idempotent in the group ring Z[1/2r!][Aut(W, /X1 (N))].

Definition 1.8. The two idempotents eg/ll/)r and e%f,)r commute and hence define an idempotent

€w, = e%,)r o e%,%,z € Q[Aut(W,./ X1 (N))].
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Most useful for us is the following result.

Proposition 1.6. For any field F' of characteristic zero, we have an identification
Syia(Ty(N), F) ~ Fil'™ ey, HiFH (W, /F),

via the association f — w; := f(E,t,w)w" ®@0c(w?), for an elliptic curve with Ty (N)-structure

(E,t) and an invariant differential w of E.

Proof. This is [12, Lemma 2.2, Corollary 2.3|. O

1.3 Complex multiplication theory

We review the theory of elliptic curves with complex multiplication and its relation to the
explicit class field theory of imaginary quadratic fields. A complete reference is [136], but

we mainly follow [42,131].

1.3.1 Class field theory for imaginary quadratic fields

Let K be an imaginary quadratic field of discriminant —dx where dx > 0, and let O denote
its ring of integers. Recall from Notation 1.1 the fixed embedding K <+ C. For simplicity,

we assume that dx # 3,4, so that O = {*1}.

Orders in quadratic imaginary fields

Let 7 := (—dg + v/—dx)/2 be the standard generator of Ox = (1,7) := Z ® 7Z. Any
order O in K is uniquely determined by its conductor ¢ := [Of : O]. The unique order of
conductor ¢ will be denoted O, = (1, ¢7) and its discriminant is equal to —c?d.

Given an order O, its class group is defined as C1(O) := I(O)/P(0O), where I(O) denotes

the multiplicative group of proper fractional O-ideals and P(QO) is the subgroup of principal
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O-ideals. The size of this class group will be denoted h(O). We will write Ix = I(Ok),
Py = P(Ok), CI(K) = Cl(Ok) and hx = h(Of) in the case of the maximal order.

We denote by I(O,, ¢) the subgroup of fractional ideals relatively prime to the conductor ¢
and let P(O,,c) = P(O.)NI(O.,c). Similarly, we write I (c) for the group of fractional Og-
ideals relatively prime to ¢ and we define Py z(c) to be the subgroup generated by principal
Og-ideals Ok where o € O satisfies a« = a (mod cO) for some integer a relatively prime

to c. We then have [42, Proposition 7.22]

ClO,) ~ (O, c)/P(O.,c) ~ Ik(c)/Pxz(c). (1.30)

From this isomorphism and the exact sequence

1—>(Z/CZ)X—)(OK/COK)X—><IK(C) N PK)/PKz(C)—>1, (131)

one can deduce the formula [42, Theorem 7.24]

;((((99;)) = [(Ix(c) N Pi) [ Prea(o)] = ]| (1 _ (—_dK) 1) | 132)

p p
plc

Ray class fields and ring class fields

Given an ideal M of O, we define Ik (M) to be the group of fractional Og-ideals relatively
prime to M and Pg (M) = Px N Ix(91). We also define Pk ;(91) as the subgroup generated
by principal ideals Ok where o =1 (mod MN).

Given a finite abelian extension L/K, let 9 denote an ideal of Ok divisible by all primes

that ramify in L. The Artin reciprocity map
br/rm : Ix(N)—Gal(L/K)
is then defined by mapping a prime ideal p to the Frobenius element o, € Gal(L/K). This
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map is surjective by the Cebotarev Density Theorem [42, Theorem 8.17].

Definition 1.9. Let 91 be an ideal of Of. By the Existence Theorem of class field theory [42,
Theorem 8.6], there exists a unique abelian extension Ky of K, ramified only at primes

dividing 9, such that the Artin reciprocity map induces an isomorphism

P/ Lk (M) /P 1 (N)—Gal(Kn/K).

The field Ky is called the ray class field of K of conductor 1.

Any finite abelian extension L of K has a conductor § [42, Theorem 8.5|, which is an
ideal of Ok, such that a prime in K ramifies in L if and only if the prime divides § and such

that L is contained in the ray class field Kj [42, Theorem 8.2|.

Definition 1.10. In the special case when 91 = 1, the ray class field is denoted H and called

the Hilbert class field of K. In this case the Artin reciprocity map induces an isomorphism

¢u/k1 : Clk = Ix /Px—Gal(H/K)

and H is the maximal unramified abelian extension of K.

Definition 1.11. Let ¢ be a positive integer. By the Existence Theorem of class field
theory [42, Theorem 8.6], there exists a unique abelian extension Hp, = H. of K, ramified

only at primes dividing ¢cOk, such that the Artin reciprocity map induces an isomorphism
(bHC/K,cOK : CI(OC) = [K(C)/PK,Z(C)L)Gal(HC/K). (133)
The field H. is called the ring class field of K of conductor ¢ and is contained in the ray class

field KCOK .

The ring class field H. is fixed by complex conjugation and is therefore a Galois extension

over Q. In fact, it is a generalised dihedral extension of @Q, meaning that its Galois group
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can be written as a semi-direct product

Gal(H,/Q) ~ Gal(H./K) x Gal(K/Q),

where the non-trivial element 7 of Gal(K/Q) acts on Gal(H./K) by inversion [42, Lemma
9.3], i.e.,, Tor™! = ¢! for all 0 € Gal(H./K). Any abelian extension of K is generalised
dihedral over Q if and only it is contained in a ring class field of K [42, Theorem 9.18|.
The following properties concern the behaviour of primes in ring class fields and will be
particularly useful in Section 2.3.3 of Chapter 2. Let n be a square-free integer and let ¢ | n
denote a rational prime. Write n = gm with (¢, m) = 1. We begin with the following simple

observation.

Proposition 1.7. The intersection H, N Hy, is the Hilbert class field H of K, and the ring

class field H,, is the compositum of H, and H,,.

Proof. Let p denote a prime of K. If p ramifies in H, N H,,, then p ramifies both in H, and
in H,,. By Definition 1.11, this implies that p divides ¢ and m, respectively. But ¢ and m
are coprime, so this is not possible. As a consequence, H, N H,, is an unramified abelian
extension of K, hence contained in H by Definition 1.10.

For the second statement, observe that for any k | n, H,, contains the ring class field Hj.

This follows from [42, Corollary 8.7 after noting the inclusion

PK,l(n) - PKz(n) = kel'(ngn/Km) C PKz(/{Z) N ]K(N) = ker(ngHk/K,n).

In particular, H,, contains the compositum H, - H,, as a subfield. As H,N H,, = H, we have
an isomorphism

Gal(H,-H,,/H) ~ Gal(H,/H) x Gal(H,,/H). (1.34)

Using formula (1.32), we then see that [H, - H,, : H| = [H, : H], hence H,- H,, = H,. O
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Let us draw the following diagram of Galois extensions:

H,=H, H,

H / \ H
q \ / " (1.35)
H=H,NH,

K

Note that the natural restriction maps induce isomorphisms
Gal(H,/H,,) ~ Gal(H,/H) Gal(H,/H,) ~ Gal(H,,/H), (1.36)

as can be seen by comparing cardinalities.

Proposition 1.8. Let n be a square-free positive integer, and let g be a rational prime which

is inert in K. The ideal qOk has residual degree 1 in H, /K.

Proof. If q | n, we write n = gm with (¢,m) = 1. If ¢ 1 n, then we set m = n. In any case,
we have (¢,m) = 1. Since ¢ is coprime to m, the ideal ¢Og belongs to Pk z(m), hence its
class in Cl(O,,) = Ix(m)/Pxz(m) is trivial. Thus, its image under the Artin reciprocity
map ¢,,/K,m is trival in Gal(H,,/K). Since ¢ is inert, the ideal ¢O is prime and its image
under this map is the Frobenius element at ¢. In particular, this Frobenius element is trivial
and ¢Ok splits completely in the extension H,,/K. This completes the proof in the case
qfn.

From now on, suppose that ¢ | n and let m = n/q. Since ¢ is inert in K, the residual

degree of qOk is 2. Observe then, following Section 1.3.1, that

Gal(H,/H) ~ (Ix(q) N Px)/Pkz(q) ~ (Ox/qOk)* /(Z/qZ)* (1.37)
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is cyclic of order ¢ + 1. From the first part of the proof (with n = 1), ¢gO splits completely
in H. Let q denote a prime of H above ¢. Since H, # H, by Definitions 1.10 and 1.11 we see
that ¢Ox must ramify in H,. In particular, q must ramify in H,/H. This fact, combined
with the fact that Gal(H,/H) is cyclic, implies that there is a unique prime of H, above q.
The fact that H is the maximal abelian unramified extension of K can then be used to show
that the ramification degree of q is ¢ + 1. In other words, q is totally ramified in H,/H. In
particular, the ramification index of qOf in H,, /K is greater or equal to ¢ + 1. Recall that
qOx splits completely in H, and let q’ denote a prime of H,, above ¢Of. Since the degree
of H,/H,, is ¢ + 1, as seen from the isomorphism (1.36), the ramification index of ¢ in H,
is forced to be ¢ + 1. In conclusion, each factor of ¢Ok in H,, is totally ramified in H,, and

the proof is complete. O

Corollary 1.2. Let N denote a prime ideal of Ok and let N denote its norm. Let q be a
prime satisfying (2N, q) = 1 and such that q is inert in K. Fiz a prime ideal q in H above
q and denote by s its residual degree in the extension Ky/H. For any square-free positive

integer n coprime to N, the residual degree of q in the compositum Ky - H, 1s equal to s.

Proof. We begin by noting that Ky N H,, = H. Indeed, if a prime ideal in K ramifies in
the abelian extension Ky N H, over K, then it divides both 91 and nOgk. But these two
ideals are coprime by assumption since the norm of 91 is N. Thus Ky N H,, is everywhere
unramified above K and is therefore contained in H by Definition 1.10.

We have the following diagram of Galois extensions:

Ky - H,
K‘)’l Hn
\ / (1.38)
H=KynH,
K
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The natural restriction map induces an isomorphism of Galois groups

Gal(Ky - Hy,/Ky) ~ Gal(H,/H). (1.39)

Let qy denote a prime ideal of Ky above q. Let Dy and I; be respectively the decomposition

group and inertia group of q in Gal(H,/H). Similarly, denote by Dy, and I, respectively

qm
the decomposition and inertia groups of qy in Gal(Kn - H,/Kn). Restricting the map (1.39)
to the decomposition group and inertia group yields injective maps Dy, < Dq and Iy, < I,
and thus induces an injection Dy, /Iq, < Dg/l;. As a result, the residual degree of qy in

Ky - H, /Ky divides the residual degree of q in H, /H. The latter is equal to 1 by Proposition

1.8. By multiplicativity of residual degrees, the residual degree of ¢ in Ky - H,/H is s. [

1.3.2 Main theorems of complex multiplication

Let E be an elliptic curve defined over C and consider its ring of endomorphisms End¢(F).
The elliptic curve admits a complex uniformisation E(C) = C/Ag where Ag is the period

lattice of E. Given this uniformisation, we have

End¢(E) ={a € C|aAr C Ag},

hence End¢(F) is a discrete subring of C, as it preserves a lattice, and thus must be either
Z or an order in a quadratic imaginary field. In fact, this ring acts faithfully on both the
one dimensional complex vector space Q'(E) = H'Y(E(C)) and the 2-dimensional module

H,(E(C),Z), and therefore injects into both C and M(Z).

Definition 1.12. If End¢(F) is an order in a quadratic imaginary field, then E is said to

have complex multiplication (CM).

Definition 1.13. Let O be an order in a quadratic imaginary field K. For any field F', let

CMp(O) denote the set of F-isomorphism classes of elliptic curves E/F equipped with an
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isomorphism O— Endg(FE) satisfying, for a € O, [a]*w = aw. Here a € O is viewed as an

endomorphism [a] : E—F and [a]* : QY(E/F)—Q'(E/F) is the pull-back on differentials.

When F' = C, we have |CMc(O)| = h(O), as elliptic curves over C correspond to
lattices up to homothety and E has CM by O if and only if the corresponding lattice Ag
is a projective O-module. There are h(QO) distinct such homothety classes. This set can be

described as follows

CMc(0O) = {7 € SLy(Z) \ H | at® + bT + ¢ = 0, ged(a, b, ¢) = 1, Disc(O) = b* — 4ac}

={[nl,- - o)}

If £/C has CM by O, then the j-invariant j(E) of E is algebraic and generates a field
of degree less than or equal to h(O) over K. This results from the fact that Aut(C/K) acts
on CM¢(O) and thus permutes the j-invariants j(71),..., (7)) Let Lo denote the field
generated by j(71),...,7(Tho)) over K. This is a finite extension of K and every elliptic
curve with CM by O is defined over Lyp. Thus, using the fixed embedding Lo — C of
Notation 1.1, we may identify CM[,,(O) = CMc(O).

The first main theorem of complex multiplication asserts that Ly is the ring class field

Hp of K associated to the order O, see Definition 1.11.

Theorem 1.2. Let O be an order in an imaginary quadratic field K and let E € CM¢c(O) be
an elliptic curve with complex multiplication by O. Then the j-invariant j(E) is an algebraic

integer and K (j(E)) = He is the ring class field of K associated to the order O.
Proof. This is [42, Theorem 11.1]. O

The theorem gives an explicit description of the ring class fields of K, hence enables a
description of all abelian extension of K which are generalised dihedral over Q. See the
comment following Definition 1.11. The second main theorem of complex multiplication

completes the description of all abelian extensions of K by describing the ray class fields.
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Theorem 1.3. Let N be an ideal of Ok. The ray class field Ky of conductor N is obtained
from the Hilbert class field H by adjoining the coordinates of the torsion points E(H)[N|
of some E € CMy(Ok). As a consequence, for such a choice of elliptic curve E, we have

Ky = K(j(E), E(H)[).

Proof. This is |42, Theorem 11.39]. O

1.4 Algebraic cycles

We review the definition of algebraic cycles and various associated adequate equivalence
relations. This will enable us to state the Beilinson—Bloch conjecture, a generalisation of the
Birch and Swinnerton-Dyer conjecture to higher dimensional varieties. We introduce tools,
in the form of Abel-Jacobi maps, for the study of algebraic cycles and their properties.

By an algebraic variety we shall mean an integral separated scheme of finite type over a

field. A subvariety is an integral separated closed subscheme.

1.4.1 Algebraic cycles and Chow groups

Let X be a smooth projective algebraic variety of dimension d defined over a field K of

characteristic zero. Fix an algebraic closure K of K, as well as an embedding ¢ : K — C.

Definition 1.14. Let r be a non-negative integer. The group Z7(X) of codimension r
algebraic cycles in X is the free abelian group generated by the codimension r subvarieties
of Xg. A codimension r algebraic cycle Z is thus a Z-linear combination Z = >, ny -V,
where the sum is over all codimension r subvarieties of Xz and ny = 0 for all but finitely

many V.

If F is a field extension of K contained in K, we denote by Z"(X)(F) the subgroup of
algebraic cycles which are fixed by the natural action of the Galois group Gal(K/F) =: Gp.
Note that Z!'(X) = Div(X) is the group of Weil divisors. In particular, when X is a curve,

elements of Z*(X) are formal linear combinations of points in X (K).
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Let V' be a subvariety of Xz of codimension r — 1 and let W be a subvariety of V' of
codimension 1. The local ring Oy, i.e., the localisation of Oy at the generic point of W,
is a discrete valuation ring with quotient field R(V'), the function field of V. We denote the
associated discrete valuation by ordy,. For any f € R(V)*, we may form the codimension r
cycle

div(f) =) ordw(f) - W € Z"(X)

w

where the sum ranges over all subvarieties of V' of codimension 1.

Definition 1.15. Two codimension r cycles Z; and Z, are rationally equivalent if there
exists subvarieties Vi,...,V; of Xz of codimension r — 1 and functions f; € R(V;)* for

i =1,...,t such that

Zl - ZQ == Zle(fl)

In this case we write Z; ~,. Z>. This defines an equivalence relation on codimension r
cycles and the subgroup of cycles rationally equivalent to zero will be denoted Z"(X),at.
The codimension  Chow group is the quotient CH"(X) := Z7(X)/Z"(X );at. We shall often

write [Z] for the image of a cycle Z in the Chow group.

We regard the Chow group as a functor from the category of field extensions of K

contained in C to the category of abelian groups given by the rule
F/K +— CH'(X)(F):={[Z] € CH(X) : 0(Z) ~yat Z, Yo € Aut(C/F)}.
For any non-negative integers r and s, there is an intersection product
CH"(X) x CH*(X)— CH""*(X), ([2],1Z2']) — 2] - [Z"]

which endows CH*(X) := P, ., CH"(X) with the structure of a graded ring.
Let f: X—Y be a morphism of smooth projective varieties over K, with dim X = dx

and dimY = dy. If f is proper, then the push-forward map on cycles preserves rational
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equivalence and induces a push-forward map

fr: CH"(X)— CH" T —x (Y,

defined by mapping a codimension r subvariety V of X to [R(V) : R(f(V))] - f(V) if
dim f(V) = dimV and to 0 if dim f(V) < dimV, and extended by linearity to arbitrary
cycles.
If f is flat, then the pull-back map on cycles preserves rational equivalence and induces
a pull-back map
f*: CH"(Y)— CH"(X)

given by mapping a codimension r subvariety V to the cycle associated to the subscheme
X xy V, and extending by linearity to arbitrary cycles. See |72, Ch. 1 §1.5] for the cycle

associated to a subscheme.

1.4.2 Correspondences and pure motives

We briefly introduce the notion of a pure motive. We will not use any deep facts related to
the theory of motives, but the language and notations are convenient.

Correspondences

Let X and Y be two smooth projective varieties of respective dimensions dx and dy, defined

over some field K.

Definition 1.16. A correspondence between X and Y of degree r is an element of the Chow

group CH™ (X x Y). We denote the set of correspondences of degree r by Corr"(X,Y).

Let pry : X xY—X and pry : X xY —Y denote the two natural projection maps, and
note that these are smooth and proper. In particular, they induce push-forward and pull-

back maps on Chow groups and any correspondence I' € Corr” (X, Y') induces a push-forward
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and a pull-back map on Chow groups defined as follows:

I, : CH/(X)— CH"Y(Y) Z s (pry)«(Z - pri(I)) (1.40)

I : CH/(Y)— CH" I+ (X) Z s (pry)«(Z - pri(I)). (1.41)

Suppose we are given three smooth projective varieties X, X5 and X3, and denote by
pr;; : X1 X Xo X X3— X; X X the natural projection maps for 1 < < j < 3. For any two

correspondences 1" € Corr’(X;, X») and S € Corr®(Xs, X3), we define their composition

T oS = (prig)«(prio(T) - pras(S)) € Corr" (X1, X3), (1.42)

where - denotes the intersection product on Chow groups. Note that the composition of
degree zero correspondences is again a degree zero correspondence. In particular, the group

Corr’(X, X) for a smooth projective variety X is endowed with a ring structure.

Pure Chow motives

The category of pure Chow motives Chow(K) over a field K has objects defined as triples
(X, p,n) where X is a smooth projective variety over K, p is an idempotent in the ring of
correspondences Corr’(X, X) and n € Z is an integer. A morphism between two objects
f:(X,p,n)—(Y,q,m) is a correspondence f € Corr™ "(X,Y’) such that fop= f =qo f.
There is a functor h : SmProj(K)— Chow(K) from the category of smooth projective

varieties over K to the category of pure Chow motives given by

h(X):=(X,Ax,0) h(f: X—Y) =Ty

where Ax C X x X denotes the graph of the identity morphism idy and I'y C X XY denotes

the graph of the morphism f. The image h(X) of X under this functor is called the motive
of X.

88



For any commutative ring A, we will also talk about the category Chow(K),4 of pure
Chow motives over K with coefficients in A, which is defined by tensoring the morphisms of

Chow(K) by A.

Realisations of motives

There are functors from Chow(K) to various categories which associate to a motive its
various cohomology groups with their additional structures. The image of a motive under
these functors are called its realisations.

Let M = (X,p,n) denote an object in Chow(K). Let H*(X) denote a Weil coho-
mology associated to the smooth projective variety X. Any idempotent correspondence
p € Cor’(X, X) induces a projection map, also denoted by p, on H"(X), in any degree of

cohomology. We list some of the realisations of M:

e The Betti realisation Mp := pH*(X(C),Q)(n) where H*(X(C), Q) denotes the rational
singular cohomology of the complex manifold X (C), and we used the fixed embedding
o: K< C.

e The de Rham realisation Magr := pH}r(X/K)(n) where H};(X/K) denotes the alge-
braic de Rham cohomology of X over K. The finite dimensional K-vector space Mygr

comes equipped with a Hodge filtration.

e For a prime ¢, the (-adic realisation M, := pH* (Xz, Q,)(n) where H (X, Q) denotes

the geometric (-adic étale cohomology lim H} (X, Z/("Z) ®z, Q; of X. The finite
(_

dimensional Q-vector space M, comes equipped with an action of the absolute Galois

group G = Gal(K/K).

e The crystalline realisation M, is similarly defined when K is a discrete valuation
field over @, using the crystalline cohomology of X. It is naturally equipped with the

structure of a Frobenius monodromy module.
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There are various natural comparison isomorphisms relating the realisations of M:

MB®QC2MdR®KC

MB ®Q Qg ~ Mg.

Furthermore, there are theorems C..;s and Cy of p-adic Hodge theory which relate, for K a
finite extension of Q,, Muis and M, by tensoring with Fontaine’s period rings Bes or By,

and M. with Myg by tensoring with K.

1.4.3 Cycle class maps and homological equivalence

Cycle class maps are maps from Chow groups to various Weil cohomology groups which
double degrees. These maps are central in the formulation of the Hodge conjecture and the
Tate conjecture. They allow us to define homological equivalence on algebraic cycles, and
subsequently the null-homologous Chow group, which is the domain of various Abel-Jacobi

maps that we will describe in the next section.

The Betti — de Rham cycle class maps

The exposition follows [147]. Let X be a smooth projective variety of dimension d defined
over a subfield K of C. The set of complex points of X (C) is endowed with the structure of
a compact complex manifold and the Betti cohomology of X is the singular cohomology of

X(C),ie., H4(X,Z) := H*(X(C),Z). The (topological) cycle class map is a homomorphism

cl: CH" (X¢)—H*(X(C),Z). (1.43)

It is defined on codimension r subvarieties of X¢ and then extended to codimension 7 alge-
braic cycles by linearity. It can then be shown to factor through rational equivalence, and

hence gives a map defined on the Chow group.
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A subvariety Z C X¢ can be viewed as an analytic subset of the complex manifold X (C).
For the general definition of cl(Z) we refer to [147, §11.1.2] and we content ourselves with
a description of cl(Z) in the case where Z is a complex submanifold of X (C), i.e., when
Z is smooth. Let therefore Z C X(C) be a closed complex submanifold of codimension r.
Let H}(X(C),Z) denote the relative singular cohomology group H?(X(C), X(C)\ Z,7Z), or
cohomology with support in Z. Associated to the pair (X(C), X (C) \ Z) is a long exact

sequence
- HY(X(€), 2)—5 HY (X(C), 2)— HY (X(C) \ Z,2)— H} ™ (X(C), Z)— -~
and we have Thom isomorphisms 77 : H%(X(C),Z) ~ H7=*(Z,7Z). In particular, taking

7 = 2r, we obtain a homomorphism

L21"

iz H(2,2) "% HE (X (C), 2)-L H> (X(C), Z)

and we define cl(Z) := jz(1).
Since X (C) is a compact complex manifold, we have at our disposal Poincaré duality for

singular cohomology, as well as the de Rham comparison theorem:

PD : H*(X(C),Z) ~ Hyy_5(X(C),7Z) (1.44)

aqr 1 H(X(C),R) ~ Hir (X(C),R) (1.45)

induced respectively by the intersection pairing on homology and the integration pairing of
closed differential forms against homology classes. Tensoring with R and composing with

agr leads to the definition of the de Rham cycle class map

clgr = aqr © (cl®R) : CH"(X¢)— H3n (X (C), R). (1.46)
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Consider the de Rham pairing
(s ar « HiR(X(C),R) x Hig™ (X(C), R)— Hzz (X (C),R)—R

given by cup-product followed by integration. If Z C X(C) is a complex submanifold of

codimension 7, then clgg is characterised by

(clar (Z), [a])ar = / , ¥ [o] € HE-¥ (X(C),R).

In particular, PD(cl(Z)) € Haq2,(X(C),Z) is the canonical homology class of Z. More

generally, if Z C X(C) is an analytic subset of a smooth compact complex manifold, then

(clar (2), [ )ar, = / o V[a] € H2-2(X(C),R), (1.47)

Zsmooth

where Zgnootn denotes the smooth locus of Z. See [147, Theorem 11.21].
Finally, by precomposing these cycle class maps with the map CH"(X)— CH"(X¢)

arising from the embedding K C C, we obtain the Betti and de Rham cycle class maps

cp: CH(X)—Hy (X, 7)

clgr : CH"(X)— H3R(X/C).
Proposition 1.9. For Z € Z"(X), the image in H# (X, C) of the class clg(Z) € HY (X, Z)
lies in H™"(X/C), i.e., clg(Z) is a Hodge class.
Proof. This is [147, Proposition 11.20] and follows from (1.47). O

We will write Hdg® (X) := H¥(X,Z) N H""(X/C) for the set of Hodge classes of the

Hodge structure HZ (X, Z). Consider the cycle class map tensored with Q

clp ®Q : CH'(X) ® Q— HZ (X, Q).
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The famous Hodge conjecture, now one of the Clay Millennium Problems, is concerned with

the cycle class map and says the following:

Conjecture 1.3 (Hodge). The map clg ®Q surjects onto Hdg” (X), i.c., for any Hodge

class o € Hdg” (X)), there exist a positive integer N and an algebraic cycle Z € Z7(X) such
that clp(Z) = Na.

Definition 1.17. Define the subgroup of null-homologous codimension r algebraic cycles
to be Z"(X)o := ker(clg). Two cycles Z; and Z, are said to be homologically equivalent,
written 21 ~yom Zo, if Z3 — Zy € Z"(X)g. The r-th null-homologous Chow group is defined
as CH"(X)o := Z"(X)o/ 2" (X )sat-

If f: X—Y is a morphism of smooth projective varieties, dim X = dx and dimY = dy,
then proper push-forward and flat pull-back preserve null-homologous cycles, as do maps

induces by correspondences I' € Corr” (X, Y):

fe: CHI(X)g—s CHITH —dx (Y,
i CH/(Y)o— CH/ (X)),
I, : CH/(X)o— CH"M(Y),

I CHY(Y)g—s CH™ =y (X)),

The étale and /-adic cycle class maps

This expository section follows [117]. As per usual, X is a smooth projective variety over a
field K of characteristic zero and the dimension of X is d. Let ¢ denote a fixed prime. For

each n,r and v we use the convention

HE (Xg, Z)UL(r)) = Ho(Xg, p)
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where ppv is the étale sheaf of ¢”-roots of unity. There are natural multiplication-by-¢ maps
H (X g, 2/ L(r)) — Hey (X g, 2/ L(r)) (1.48)

induced by the natural quotient maps Z/¢**1Z — Z /{7, or the quotient maps figp+1 — fipw

given by ¢ — (%, By taking the inverse limit, we obtain the f-adic cohomology groups

HE (X, Zalr) += lim H (X5, 2/ 2(r)

HE (X, Qo(r)) i= Hi (X i, Zo(r)) @z, Qo
The étale cycle class map is a homomorphism
Y CH'(X)—H> (X g, Z)0VL(r)).

It is defined for codimension r subvarieties of Xz, and then extended by linearity to codi-
mension 7 algebraic cycles. It can then be shown that the map on cycles factors through
rational equivalence and hence induces a map on the Chow group. As in the previous section,
we will content ourselves with describing clﬁ;f’(Z ) in the case where Z C Xy is a smooth
subvariety of codimension r, referring to [117, Ch. VI §9| for the more general situation. For
any sheaf F on X, we shall denote by H jZ(X &, F) the étale cohomology of X with support

on Z. Associated to the pair (Xz, Xz \ Z) is a long exact cohomology sequence

o Hp (X, Z/KVZ(T>>i>Hgt(XI_<7 LICL(r)—Hy(Xi \ Z, 2/ L(r))

— HP (X, 2 L(r))— - -
and by purity (since Z is smooth) there are canonical isomorphisms
PiHIT(Z, 2/ L) ~ H) (X g, Z/("Z(r))
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for all j > 0. In particular, taking 7 = 2r, we obtain a homomorphism
T [/2'r
Lzt HY(Z, Z/f”Z)iH?(XK, ZIVT(r)) 2 HY (X g, Z) 0V Z(r))

known as the Gysin map. Then we define cl5/(Z) := t.(1).
The maps cl” are compatible with the maps (1.48) for v varying and therefore give rise,

by taking the inverse limit, to the ¢-adic cycle class map
cly: CH(X)—HZ (X, Zy(1)). (1.49)
We shall use the same name and notation for the map obtained when passing to Q, coefficients
cly : CH'(X)—Hi (Xg, Qu(r)) = Hyf (X, Zo(r)) @z, Q.

Since K has characteristic zero, we may fix an embedding o : K — C. Following [121],

the following diagram commutes

cly

CH'(X) —— HZ (Xg, Q(r)) —=— HZ (Xc, Q(r))

~

|- |

CH' (X¢) d H>(X(C),Q(r)) ®q Q

where o, is an isomorphism on étale cohomology by [117, Ch. VI Corollary 4.3] and the
vertical isomorphism is the comparison theorem [117, Ch. III Theorem 3.12] between étale
cohomology and singular cohomology. In particular, this implies that ker(cl,) is independent

of the prime ¢ since ker(cly) = ker(clg) = Z"(X)o.

1.4.4 Algebraic equivalence and Griffiths groups

We have seen in Section 1.4.1 the definition of rational equivalence on algebraic cycles in

terms of divisors of functions on subvarieties. There is an alternative formulation which
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involves correspondences. Given I' € Z" (P}, x X) such that the projection to P} restricted

to I' is flat, there is an induced push-forward map on algebraic cycles
I, : Z2YP)—2Z"(X)

defined by the same formula as (1.40). Note that Z!(PL) = Div(PL) consists of formal
finite sums of points in P}(K) with coefficients in Z. Two codimension r cycles Z; and Z,
are rationally equivalent if and only if there exists T'y,..., Iy € Z"(PL x X) flat over Pk

such that
t

Zy = Zy =Y _(T3).((0) — (00)).

i=1
If we replace Pk by any smooth projective connected curve C over K and 0,00 € P}
by any two points a,b € C, then we obtain the definition of algebraic equivalence. More

precisely, we have the following definition.

Definition 1.18. Let Z"(X),, denote the subgroup of Z"(X) generated by all subgroups
[.(Z1(C)p), where C' is any smooth projective connected curve over K and I' € Z"(C x X)

is flat over C. We write Z; ~,, Z2 and say that Z; and Z, are algebraically equivalent
whenever Z; — Zy € Z"(X) .

If C'is a smooth projective connected curve over K, then we have Z!(C) = Div(C), and
ZHC)y = Div’(C) is the subgroup of degree zero divisors. Therefore, if Z;, Z, € 2Z"(X),
then Z; ~u Z5 if and only if there exist smooth projective connected curves C4, ..., Cy over

K, cycles T; € Z7(C; x X) flat over C; for i = 1,...,t, and points a;, b; € C;(K), such that
t
7y = Zy =Y Ti.l(ai) — (by)).
i=1

Example 1.2. If C is smooth projective connected curve over K and a,b € C(K), then

(a) ~ag (b). Indeed, we can take Ac € Z*(C' x C') to be the graph of the identity id¢, and
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then

Acs((a) = (b)) = pry.(Ac - pri((a) — (b))
= pra. (A - ({a} x C = {b} x C)) = pry.((a,a) = (b,0)) = (a) — (b).
As a consequence, we have Z(C')a, = Z1(C)o.

By Definition 1.18 and the fact that correspondences preserve null-homologous cycles, we
immediately see that cycles that are algebraically equivalent to zero are also null-homologous.
We have defined three equivalence relations on algebraic cycles, which give rise to subgroups
nested as follows:

27 (X ) € Z7(X)uig € Z7(X)o € Z7(X).

Modulo rational equivalence, this gives rise to a filtration of the Chow group

0 C CH"(X)a C CH"(X)o C CH"(X).

The subgroup CH" (X )g is referred to as the ™ null-homologous Chow group as in Definition

1.17 and the 0-th graded piece satisfies, under Conjecture 1.3,

clp ®Q : CH' (X )g/ CH"(X)o g = Hdg™ (X),

where the subscript Q denotes the tensor product with Q.

Definition 1.19. The first graded piece of the above filtration is called the r-th Griffiths

group
Gr'(X) := CH"(X)o/ CH" (X)ag = Z"(X)o/Z" (X )ale- (1.50)

We regard the Griffiths group as a functor from the category of field extensions of K
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contained in C to the category of abelian groups given by the rule

FIK — Gi"(X)(F):={[Z] € Gt"(X) : 0(Z) ~ag Z, Yo e Aut(C/F)}.

1.4.5 The Beilinson—Bloch conjecture

Let X denote a smooth projective variety of dimension d defined over a number field K. For
any 0 < j < 2d, consider the motive h/(X) attached to X, whose realisations correspond to
the cohomology of X in degree j. The f-adic realisations H7, (Xz, Qy) of h/(X) give rise to a
compatible family of /-adic Galois representations. Following Section 1.1.4, one associates to
this motive an L-function L(h/(X)/K,s) which converges on some right half-plane. When
appropriately completed, this L-function should admit analytic continuation to the whole
complex plane and satisfy a functional equation as formulated in Conjecture 1.9.

Bloch [28] has formulated what he describes as a “recurring fantasy”. The same state-
ment was formulated independently by Beilinson and is referred to as the Beilinson—Bloch

conjecture.

Conjecture 1.4 (Beilinson—Bloch). The null-homologous Chow group CH"(X)o(K) is a

finitely generated abelian group whose rank is given by

rankz CH" (X )o(K) = ord,—, L(h**(X)/K, s).

Remark 1.6. When X = FE is an elliptic curve over a number field, Z'(E), = Div’(E)
and rational equivalence is linear equivalence on divisors. Hence CH'(E) = Pic(E) and
CH'(E)o = Pic’(E). Recall from Section 1.2 the identification Pic’(E)(K) = E(K) which
implies that CH(E)(K) is a finitely generated abelian group by the Mordell-Weil theorem.
Moreover, the L-function L(h'(E)/K,s) is the Hasse-Weil L-function L(E/K, s) of E over
K. It follows that the statement of the Beilinson—-Bloch conjecture in the case of elliptic

curves reduces to the Birch and Swinnerton-Dyer conjecture 1.2. As a consequence, the
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Beilinson—Bloch conjecture can be viewed as a higher dimensional generalisation of the Birch

and Swinnerton-Dyer conjecture.

Suppose that M = (X,p,0) is a pure motive defined over the number field K. The
idempotent correspondence p acts as a projector on cohomology groups and Chow groups.
We shall write CH’(M) := p CH’/(X) and let L(h/(M)/K, s) be the L-function associated to
the family of /-adic realisations M, g of M in degree 7, as defined in Section 1.1.4. One is led

naturally to formulate the Beilinson—-Bloch conjecture for the motive M.

Conjecture 1.5.
ranky CH"(M)o(K) = ord,—, L(R* "' (M) /K, s).
Consider the decomposition
Hy ™ (Xg, Qo) =T & My

Suppose that the Betti realisation M7 ' has Hodge structure of type (2r —1,0)+ (0,2r — 1)
and that h?"~1%(I) = 0. In this case, Bloch makes a further conjecture which he calls the

“son of recurring fantasy”.

Conjecture 1.6.

ranky, Gr" (X)(K) = ord,—, L(h*"'(M)/K, s).

The Beilinson—Bloch conjectures remain open today, but there has been gathering evi-

dence for their truth in special cases, see for example [14,28,32,130].

1.5 Abel-Jacobi maps

We define three types of Abel-Jacobi maps: the complex Abel-Jacobi map, the Bloch map,

and the f-adic étale Abel-Jacobi map. We review some of their key features and explain the
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relationships between them.

1.5.1 The complex Abel-Jacobi map

Let C be a smooth projective curve over a number field K. Recall the Abel-Jacobi isomor-
phism

Ao CHYOR(O)=4(C/C) i= g e

given by the familiar integration formula, for D a degree zero divisor,

AJo(D)(a) = / o for a € HY(C(C), L),
o=1(D)
where 97!(D) denotes any continuous 1-chain in C(C) whose image under the boundary
map 0 is D.

Remark 1.7. In the case when C'is an elliptic curve E, using the identification of E with

Pic’(E) (after fixing as base point the origin Of), the Abel-Jacobi isomorphism

Alg : E(C)=—=J"(E/C) := ifgg%

is given by

AJp(P)(a) == /o « fora € HY(E(C), Q).

Since F has genus 1 by definition, the complex vector space H°(E(C),Q};) is 1-dimensional
and the lattice Im H,(E(C),Z) is the period lattice Ap C C of E. Hence the complex Abel-
Jacobi map is the familiar complex uniformisation map of F which identifies E(C) with the

complex torus C/Ag.

The g-dimensional complex torus J'(C'/C) is called the Jacobian of C' and will often be
denoted Jac(C)(C). The Abel-Jacobi isomorphism identifies Jac(C)(C) with the complex

points of Picl, /i and endows it with the structure of an abelian variety defined over K which
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we shall denote Jac(C').

Abel-Jacobi maps for algebraic varieties

Let X denote a smooth projective variety of dimension d defined over a number field K.

The complex Abel-Jacobi map admits a higher dimensional analogue

Fild—r-ﬁ-l Hgg—%‘—f—l (X/(C)V
Im Hag9,41(X(C), Z)

ATy - CH'(X)o(C)—J"(X/C) := (1.51)

Originally considered by Griffiths, this map is defined by the formula
AT (2) () = / o fora € FilvT! 224 (x/C),
o-1(2)

where ~1(Z) denotes any continuous (2d — 2r + 1)-chain in X (C) whose image under the
boundary map 0 is Z.
The complex torus J"(X/C) is called the r-th intermediate Jacobian of X and Poincaré

duality induces an isomorphism
J'(X/C) ~ H*(X(C),C)/(Fil" Hi '(X/C) @ Im H* (X (C), Z)). (1.52)

Remark 1.8. In general, when r is not 1 or d these complex tori do not have the structure
of abelian varieties. When r = 1, CH'(X), is the connected component of the identity
in the Picard scheme of X, and Abel’s theorem implies that the Abel-Jacobi map is an
isomorphism, hence J!(X) admits the structure of an abelian variety. When r = d, J¢(X/C)

is an abelian variety by [147, Corollary 12.12], called the Albanese variety of X.
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Transcendental Abel-Jacobi maps

Consider C' a smooth projective connected curve over K and I' € CH"(C' x X). Recall the

map I, : CH'(C)g— CH"(X)o and compose it with AJ% in order to obtain a map

Yo+ Jac(C)(C)—J"(X/C), (@) = (b) = AJx(T.((a) — (b))

where we identified CH'(C)y = Jac(C') using the isomorphism AJo. This is equal to the

map of complex tori which is induced by the morphism

[T): Hy(C,Z)—HZ (X, Z), (1.53)

given by the Kiinneth component [[)"?"~ € HL(C,Z) ® Hy '(X,Z) C H¥(C x X,Z) of

clp(T"). See [147, Theorem 12.17|. Here, using Poincaré duality, we make the identification

HY(C.2) ® HY (X, Z) = H4(C,2)” ® Hy (X, Z) = Hom(H}(C, Z), HY (X, Z)).

Since clp(I") is a Hodge class by Proposition 1.9, the corresponding morphism (1.53) is a
morphism of Hodge structures of bidegree (r — 1,7 —1) by [147, Lemma 11.41], and therefore
does indeed induce a map between intermediate Jacobians as can be seen from the description

(1.52).

Proposition 1.10. The image of the map (1.53) is contained in H™"Y(X)® H'"(X). In
particular, the image of Yor is a complex subtorus of J"(X/C) whose tangent space at 0 is

contained in H™ =17 (X).

Proof. This is a special case of the more general [147, Corollary 12.19]. The Hodge structure
HE(C,Z) is of type (1,0)+(0,1) and [I'] is of bidegree (r —1,r — 1), hence the image of [I'] is
contained in H™" (X )@ H"~4"(X). Following the description (1.52), we identify the tangent

space at 0 of J"(X/C) with the complex vector space H*~}(X(C),C)/Fil" Hi '(X/C)
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which naturally contains H"~1"(X), and the result follows. ]

Definition 1.20. Let J"(X/C),, C J"(X/C) denote the largest complex subtorus of J"(X/C)

whose tangent space at 0 is contained in H™ 17 (X).

Proposition 1.11. The image of CH"(X)a, under the complex Abel-Jacobi map Al is

contained in J"(X)ag-

Proof. This is an immediate consequence of Definition 1.18 of algebraic equivalence and

Proposition 1.10. O

As a consequence of this proposition, we can define the transcendental Abel-Jacobi map

from the Griffiths group to the transcendental part of the intermediate Jacobian
Ay Gr'(X)—J"(X/C)y := J(X/C) /T (X/C)uagg (1.54)

as the factorisation of AJ.

Remark 1.9. When r = 1, we have J'(X/C)., = J'(X/C) by definition, so AJy, = 0.
Let D be a degree zero divisor on X, i.e., a null-homologous algebraic cycle of codimension
1, and write D = D; — D, as the difference of two effective divisors. The divisors D; and
Ds lie in the same connected component of Pic(X) and one can choose a curve connecting
these two points. This curve can be taken to be algebraic by algebraicity of the Picard
scheme. The universal divisor restricted to this curve gives an algebraic family through D,
and Ds, showing that their difference D is algebraically trivial. Hence for divisors on a
smooth projective variety, homological equivalence and algebraic equivalence coincide and

Gr'(X) = 0. As a consequence, AJY ,, is the trivial map.
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1.5.2 The Bloch map

Let X denote a smooth projective variety of dimension d defined over a number field K and

let ¢ denote a prime. For each n,r and v, there are natural maps
H (X, 2/ L(r)) —>Hey (X g, Z/ 0 L(r)) (1.55)

induced by the natural inclusion maps Z/(*Z < Z/{**'Z given by m ~ ¢m, or the natural
inclusion maps pir < pgv+1. By taking the direct limit, we obtain the cohomology groups of

X with /-torsion coefficients:
He (X, Qo/Zo(r)) = lim HE (X g, Z/CL(r)). (1.56)
Viewing Q/Z; as a torsion étale sheaf on X, there is a natural isomorphism

Hy (X, Qu/Ze) ®@qyyz, Qo Zo(r) = Hoy (X, Qo/Zo(r)) (1.57)

where the right hand side cohomology group is defined by (1.56).
Let CH"(X)(¢) := CH"(X)[¢>°] denote the f-power torsion subgroup of the Chow group.
Bloch [27] has defined a map

Ap s CHN(X)(O)—HE ™ (X, Qu/Ze(r))

which, when restricted to null-homologous cycles, can be regarded as an arithmetic avatar

of the complex Abel-Jacobi map on torsion.

Sketch of construction

Let HY(ug") denote the Zariski sheaf on X associated to the presheaf U — HZ (U, us)). If

7 (Xi)zar—> (X )er denotes the natural morphism from the Zariski site to the étale site
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of X, then HY(uj)") := R, ;. The Leray spectral sequence of the morphisms of sites

(XI_()ZarL(Xf{)etH Sp@C(K) 18
qu = Hp(XR’HQ(MZ@;T)) _— HQJrQ(XK,Z/guZ(T)). (158)

The main theorem of [30] gives an acyclic resolution |27, (1.3)] of H?(u}.") which computes
its Zariski cohomology groups E5?. From the particular shape of this resolution, one derives
two important consequences, the first one being that F¥? = 0 for p > ¢, which simplifies the

shape of the spectral sequence (1.58). As a corollary, we obtain the following.

Proposition 1.12. There is a map
H' N (Xg, H'(u2")—He ~ (X, Z/CL(r)) (1.59)

obtained as the boundary map coming from the spectral sequence (1.58).

Proof. This is |27, Corollary 1.4] and is standard given the shape of the spectral sequence.
Nevertheless, we review the construction briefly. Since EY? = 0 whenever p > ¢, we
have in particular that EY? = 0 = E?? whenever p+ ¢ = 2r — 1 and p > r. It fol-
lows that Fil” HY ' (Xg,Z/¢"Z(r)) = 0 for all p > r where Fil denotes the filtration of
H> Y X, Z/0"Z(r)) induced by the spectral sequence. Next, since FyT""~" = 0, the sec-

ond page around E, " is of the shape
E;‘_?)’T—H&)E;_LT—)O,

where dy denotes the second page differential. It follows that there is a natural quotient
map " — BTV = g VHY Y (X5, Z/0Z(r)) = Fil' Y HX Y X, Z/0"Z(r)), where gr

stands for the graded piece of the filtration. The boundary map (1.59) is now given by the
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composition
H ™ (X, H (1)) = Ey " — Fil' ™ HEY N (X g, Z/0L(r)) = Hy ™ (Xg, Z/CZ(r)).

O

Recall from Section 1.4.1 the definition of rational equivalence and the Chow group; we

have the defining exact sequence

P RV)*-H2(X)— CH'(X)—0, (1.60)

Vr-lcX g

where the direct sum is taken over all subvarieties of X% of codimension r — 1, and the map
0 sends a function f € R(V)* to its divisor div(f) € Z7(X). By Definition 1.15, the image

of 9 is Z"(X)at- One can consider the reduction of @ modulo ¢ and obtain the map

Ow: P RV)J(RV)) —Z"(X) @y Z/ 1L

VTfchR

The second consequence of the explicit acyclic resolution [27, (1.3)] is that there is a surjection
[27, Corollary 1.5]
ker Op — H™H(Xg, H (u3))). (1.61)

Consider the following commutative diagram of groups with exact rows [27, (2.1)]

0 — P R(V) /K S D RV) /K —— D RV)J(RV))" —— 0

yr—1 yr—1 yr—1

! ! o

Z7(X) & Z7(X) Z"(X) @z LIL

0.
(1.62)
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We obtain a commutative diagram of groups with exact rows [1, A.11]

0 Ry ker Op CH"(X)[¢"] 0
i(l.ﬁl)
H™ (X, H ()
pev
1(1.59)
0 Sov HY Y X, Z/VL(r)) —— HE Y Xg, Z/0VL(r)) /S — O
(1.63)

where the top row results from applying the Snake lemma to the previous diagram (1.62)
and recalling the exact sequence (1.60). This diagram (1.63) is an extended version of the
diagram [27, 2.2|. Following [1], d;» denotes the image of ker 0/¢” ker 0 under the map pp
defined by commutativity of the diagram. The lower row is then just the natural short exact
sequence obtained by quotienting by the subgroup d,.

Following Bloch, one can define the map

lim pyv

p : ker 0— lim(ker 0/¢” ker@):/; lim H2 Y Xz, Z/0"Z(r)) = HX (X g, Zo(r))

by compatibility of pp with the maps (1.48) when v varies.
Lemma 1.1. The image of p is torsion and so is the image of the map lim pyv .
H

Proof. The first assertion is Bloch’s key lemma [27, Lemma 2.4] and the second assertion
follows from the first as explained in [1, Lemma A.5|. In his proof, Bloch uses the Weil

conjectures as proved by Deligne [57] via specialisation to finite fields. O]

Since taking direct limits is an exact functor, from diagram (1.63) we obtain the following
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commutative diagram with exact rows

: ker 0 : T
0 lin (pezs) lin ker Opw CH"(X)(¢) 0
(1.61)
lim 7 (X, B ()
H
li_l’)l’lpgl/
(1.59)
0 ——— limop HE (X, Qu/Z(r)) Mo (X 00/ Zelr) 0.
(1.64)

Lemma 1.2. The map

. e ker 0 2r—1 _
lgl P - lin <£V ker@) —Hy ™ (X, Qu/Zo(r))

18 the zero map.

Proof. This is stated in [27, p. 112]| as a consequence of Lemma 1.1. The detailed proof can
be found in |1, Lemma A.8]. O

Definition 1.21. The Bloch map in codimension r
Ay CHY(X)(O—HE ™ (X g, Qu/Z(r))

is the negative of the map obtained from diagram (1.64) and Lemma 1.2.

As explained by Bloch, the minus sign is there for reasons of compatibility in the case

r = 1 with the natural map arising from the Kummer sequence. See Proposition 1.16 below.

Properties

Following [27] and [1, Appendix A], we now collect some of the properties of the Bloch map.

Another brief overview of some of these properties is provided in [129].
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Proposition 1.13. The Bloch map is functorial with respect to flat pull-back, proper push-

forward and actions of correspondences.

Proof. Functoriality for pull-back and push-forward is [27, Proposition 3.3]. The statement
for correspondences is [27, Proposition 3.5] and follows from the compatibility of the Bloch

map with products [27, Proposition 3.4]; if Z € CH?(X) and I' € CH"(X)(¢), then

XD Z) = X(T) Uel(2)

where U denotes the cup product on étale cohomology induced by the bilinear map

Qe/Z(r) x Zo(§)—Qe/Zy(r + 7).

Proposition 1.14. The Bloch map is Gal(K | K)-equivariant.

Proof. This follows from functoriality for pull-back and push-forward as explained in the

proof of [1, Proposition A.22]. O
Proposition 1.15. The Bloch map is compatible with specialisation.
Proof. This is |27, Proposition 3.8]. O

Proposition 1.16. The Bloch map A} in codimension 1 is the natural isomorphism arising

from the Kummer sequence.

Proof. This is |27, Proposition 3.6]. O
Proposition 1.17. The Bloch map )2 in codimension 2 is injective.

Proof. This is [1, Proposition A.27] and is originally due to [116]. O
Proposition 1.18. The Bloch map \¢ in codimension d = dim X is an isomorphism.
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Proof. The proof is presented in [27| and attributed to Roitman. [

From the long exact sequence in cohomology associated to the short exact sequence

0—)Zg—>@g—>@g/Zg—)0 (165)

we obtain a connecting homomorphism

52 HY (X, Qu/Zu(r)— HY (X, Z(r)).

The following proposition says that the Bloch map A} is compatible with the ¢-adic cycle

class map (1.49).
Proposition 1.19. Up to sign, the map 0 o A, is equal to the cycle class map cly.

Proof. This is [39, Corollary 4]. O

Corollary 1.3. When restricted to null-homologous cycles, the image of the Bloch map )
lies in D} (Xg) == HZ " (Xg, Qu(r))/HZ " (Xg,Z(r)), hence we obtain a map

Ap: CHY(X)o(0)—Dy(Xg) C Hy ™ (X i, Qe/Z(r). (1.66)

Proof. This is a direct consequence of the previous proposition using the long exact sequence

in cohomology coming from the short exact sequence (1.65). O

Remark 1.10. The notation Dj(X ) is borrowed from [129].

Comparison with the complex Abel-Jacobi map

We now make precise the claim that the Bloch map, when restricted to null-homologous
cycles, can be viewed as an arithmetic avatar of the complex Abel-Jacobi map introduced
in Section 1.5.1. This link between the complex Abel-Jacobi map and the Bloch will prove

to be crucial in Chapter 2.
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Observe that we have an isomorphism of R-vector spaces
H*X(C),R) ~ H* }(X(C),C)/Fil" H3 '(X/C), (1.67)
hence by (1.52) we have
J(X/C) =~ H" (X(C),R)/Im H* (X (C), Z),
and we may identify
J(X/C)iors = H* (X (C),Q)/ Im H* (X (C), Z). (1.68)
From the long exact sequence in singular cohomology associated to the short exact sequence
0—Z—Q—Q/Z—0 (1.69)
we deduce a short exact sequence
0—J"(X/C)iors—r H* H(X(C),Q/Z)—H? (X(C), Z) tors—0. (1.70)

Note that H?"(X(C),Z) is a group of finite type and thus its torsion subgroup is finite. We
have thus identified J"(X/C)iors up to a finite group with H*~1(X(C), Q/Z).

Composing the complex Abel-Jacobi map (1.51) restricted to torsion with u yields a map
uwo AJy : CH (X)(C)o(£)—H* (X (C),Qu/Zy). (1.71)
For each natural number v, we have a sequence of isomorphisms

HE ™ (X, pg)) 2 HEY ™ (X i) = H (X (C), ). (1.72)
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For the first isomorphism, apply [117, VI Corollary 4.3] with respect to the fixed complex
embedding o : K < C. The second isomorphism is an application of [117, III Theorem

3.12]. Taking direct limits, we obtain a sequence of isomorphisms
Hy ™M (X g, Qe/Ze(r)) = HE ™ (Xe, Qo/Zo(r)) = H (X (C), Qe/Z(r)). (1.73)

Proposition 1.20. If we identify Qu/Z¢ ~ Qu/Z¢(1) by taking e as the generator of the

0¥ -th roots of 1, then the diagram

CH'(X)o(f) —v HZH (X, Qu/Z(r))
la* 21(1.73) (174>

uoAJ%

CH"(Xc)o() —— H*1(X(C), Qu/Z)
commutes.

Proof. This is |27, Proposition 3.7|. O

1.5.3 The /-adic étale Abel-Jacobi map

We give an alternative description of the Bloch map restricted to null-homologous cycles
(1.66) in terms of the perhaps more classic ¢-adic étale Abel-Jacobi map first considered by
Bloch in [28]:

A% ot CHY(X)o(K)—H' (K, HY (X g, Z(r))). (1.75)

The cohomology appearing on the right hand side is continuous Galois cohomology of the
group Gy := Gal(K/K).

We briefly review Bloch’s construction. The variety X comes equipped with a cycle class
map

clye s CH™(X)(K)— H (X, Zo(r)) (1.76)

from the Chow group to the (continuous in the sense of [93]) arithmetic étale cohomology.
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This map is due to Grothendieck and coincides with the usual cycle class map cly (1.49) after

passage to K. The Hochschild-Serre spectral sequence
By = HP (K, HY(X g, Zo)(r)) = HE (X, Zo(r)) (1.77)

is obtained from the Leray spectral sequence of the structure morphism Xx— Spec(K)

using proper base change. It degenerates at Es, hence there are isomorphisms
B2 = ord 0 (Xpe, Zy(r)) > HI (K, Hiy 7 (X g, Zo)(r)) = B3™ 7. (1.78)
Using (1.78) in the case j = 0,m = 2r, one obtains the composite map
cly : CH(X) (1) " HZ (X, Z(r)) — ® HZ (X, Zu(r) "3 (HZ (X5, Z) (1) O (1.79)

which corresponds to the cycle class map (1.49).
Since CH"(X)o(K) = kercly, we see that the image of CH"(X)o(K) under (1.76) lands
in Fil' H?"(Xg, Z(r)). Using (1.78) in the case j = 1,m = 2r, we may form the composite

map

1.76) .. ., . 1.78 -
CH (X)o(K)“ Filt HZ (Xie, Za(r)) —» g B (X, Zalr) =5 H (K, B (X, Za)(1)
(1.80)
By definition this map is (1.75) and is called the ¢-adic étale Abel-Jacobi map of X over K

in codimension 7.

Remark 1.11. There is an alternative description of AJY ., in terms of extensions using the

identification

HY (I, B (X5 Z) (1) = Exthop, (a0 (@e HY (X5 Z) (1)) (181)
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where Repg, (Gk) denotes the category of finite-dimensional continuous Q-representations

of Gk. For details about this description we refer to [93, Lemma 9.4].

Recall the notation Dj(Xg) = HZ " (Xg, Qu(r)/HE " (Xg, Zu(r)) of Corollary 1.3.

The short exact sequence of Galois modules
0—H ™ (X, Zo(r))/ tors — HY ™ (X, Qu(r))— Dy (X g)—0

gives rise to a long exact sequence of continuous Galois cohomology. The first connecting

homomorphism yields a surjective map
Dj(Xg)°% - H'(K,HZ (X, Z(r))/ tors)ior (1.82)

which can be shown to be an isomorphism [38, Theorem 1.5]. Composing AJ  restricted

to torsion with the inverse of (1.82) yields a map
W s+ CHY (X)o(K)(0)— Df (X )%
Passing to the limit over finite extensions of K yields a map
o CH"(X)o({)—Dy(Xg) (1.83)

Proposition 1.21. The Bloch map in codimension r restricted to null-homologous cycles

(1.66) agrees up to a sign with the map (1.83).

Proof. This is [129, Theorem 1.2.7|, see references in the proof. ]
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Chapter 2

(Generalised Heegner cycles

This chapter is a reformatted version of the article [11| and all results presented herein are
joint with Massimo Bertolini, Henri Darmon and Kartik Prasanna.

Generalised Heegner cycles were introduced in [12] as a variant of Heegner cycles on
Kuga—Sato varieties. The first main result of this chapter is a formula for the image of
these cycles under the complex Abel-Jacobi map of Section 1.5.1 in terms of explicit line
integrals of modular forms on the complex upper half-plane. The second main theorem
uses this formula to show that the Chow group and the Griffiths group, defined in Sections
1.4.1 and 1.4.4, of the product of a Kuga—Sato variety with an elliptic curve with complex
multiplication are not finitely generated. See Sections 1.2.4 and 1.3.2 for details about Kuga—
Sato varieties and the theory of complex multiplication. More precisely, it is shown that the
subgroup generated by the image of generalised Heegner cycles has infinite rank in the group

of null-homologous cycles modulo both rational and algebraic equivalence.
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Introduction

In their article [12], Bertolini, Darmon and Prasanna introduced a distinguished collection

of null-homologous, codimension r + 1 cycles on the (2r + 1)-dimensional variety
X, =W, x A",

where W, is the Kuga—Sato variety of Definition 1.7 obtained from the r-fold fibre power
(1.27) of the universal elliptic curve over the modular curve X;(N), and A is a fixed elliptic
curve with complex multiplication, see Definition 1.12. Referred to as generalised Heegner
cycles in [12] because of their close affinity with the Heegner cycles on Kuga—Sato varieties
studied in [128], [120] and [155], they are indexed by isogenies ¢ : A—A’. The cycle A,
labeled by ¢ is supported on the fibre (A")" x A" above a point of X;(N) attached to A’
and is equal, roughly speaking, to the r-fold self-product of the graph of ¢.

One may consider the images of the A, under the p-adic syntomic Abel-Jacobi map
AJ, : CH™™(X,)o(C,)—J (X, /C,) := FiI'"! H¥F (X, /C,)Y (2.1)

whose domain is the Chow group of null-homologous codimension r + 1 cycles on X, over
C, = @p and whose target is the C,-linear dual of the middle step in the de Rham coho-
mology Hipt'(X,/C,) relative to the Hodge filtration. The main result of [12] is a formula
relating AJ,(A,) to special values of certain p-adic Rankin L-series. An analogous formula
for the p-adic heights of the same cycles was later obtained in [137]. A key ingredient in [12],
made explicit in Section 3 of loc.cit., is a description of the relevant p-adic Abel-Jacobi
images in terms of p-adic integration of higher weight modular forms, a la Coleman.

The goal of the present chapter is to give an analogous description of the image of the
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cycles A, under the complex Abel-Jacobi map (1.51)

Fﬂr+1 Hgﬁ-Fl(Xr/(c)\/

Ade = AT CH MY X, ) (C)—s J™ (X, /C) = :
e =AY Kool O ) = L (%), 2)

(2.2)

where J™ (X, /C) is the r + 1 Griffiths intermediate Jacobian. This map is defined in terms
of complex integration of differential forms attached to classes in Hig ' (X,/C). One of the
main results of this work is Theorem 2.1 of Section 2.2.4, which gives a formula for AJc(A,)
in terms of explicit line integrals of modular forms on the complex upper half-plane. An
application of this formula is given in Theorem 2.2 of Section 2.3, where it is shown that
the Chow group of homologically trivial cycles (resp. the Griffiths group when r > 2)
of X, over Q has infinite rank. More precisely, it is proved that the subgroup generated
by the images of generalised Heegner cycles in these groups has infinite rank. A second
motivation for publishing a detailed proof of Theorem 2.1 is that this result forms the basis
for the numerical calculations of Chow—Heegner points carried out in [13, §3|, as explained
in more details in Section 0.4.1. It may also be useful in further numerical explorations of
generalised Heegner cycles — for instance, in extending the calculations of [86] beyond the
more “traditional” setting of Heegner cycles on Kuga—Sato varieties.

The proof of Theorem 2.2 follows closely that of Theorem 4.7 of [128] which treats the
case of “usual” Heegner cycles on a Kuga—Sato threefold, and rests on an ingenious method
of Bloch. The most significant difference lies in the setting that is treated: whereas Schoen’s
cycles are indexed by arbitrary quadratic orders of varying discriminant, generalised Heegner
cycles are forced by necessity to be indexed by (not necessarily maximal) orders of a fixed
imaginary quadratic field.

The present work can be compared with [14], which studies the position of generalised
Heegner cycles relative to the coniveau filtration on the relevant Chow groups, construct-
ing non-torsion elements in the Griffiths group by methods that are purely p-adic, relying

crucially on p-adic Hodge theoretic invariants and their relation to p-adic L-functions. In
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contrast, the approach described herein rests on a blend of complex and p-adic techniques,
and the results obtained are more general if somewhat more qualitative.

The preliminary Section 2.1 provides an overview of the theory of generalised Heegner
cycles and modular forms over the complex numbers. Section 2.2 deals with the computa-
tion of the Abel-Jacobi map. In Sections 2.2.1 and 2.2.2, purely transcendental, or Hodge
theoretic, arguments are used for the computation. Specific properties of modular forms
on modular curves (period lattices, modular symbols) lead to simplifications of the previous
Abel-Jacobi computations, culminating in the proof of Theorem 2.1 in Section 2.2.4. Section
2.2.5 provides a summary of the proof, which is hopefully helpful for the reader. Section 2.3,
which forms the technical core of the chapter, is devoted to the study of the Chow group and
Griffiths group of X,. Section 2.3.1 singles out a distinguished subcollection of generalised
Heegner cycles. The aim is to study the subgroup generated by these in the various cycle
groups. Analytic estimates of the explicit line integrals appearing in the Abel-Jacobi formula
are used in Section 2.3.2 in order to determine their vanishing (or not), and consequences
for the order of the cycles in the relevant groups. Section 2.3.3 uses class field theory as
described in Section 1.3, the Bloch map from Section 1.5.2 and fundamental properties of
étale cohomology to upgrade the previous order estimates and show that infinitely many
of the cycles have infinite order. Class field theory and complex multiplication theory as
formulated by Shimura are key in Section 2.3.4 where it is proved that the cycles generate a
subgroup of infinite rank. Section 2.3.5 goes through the necessary modifications that allow

one to deduce, when r > 2, the analogous result for the Griffiths group.

2.1 Preliminaries

We give an overview of the theory of generalised Heegner cycles and modular forms over the
complex numbers. Along the way, we introduce conventions and notations necessary for the

later sections. We end this preliminary section with a detailed proof of the homological trivi-
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ality of generalised Heegner cycles, laying the groundwork for the Abel-Jacobi computations

to come.

2.1.1 Generalised Heegner cycles

We begin with the definition of generalised Heegner cycles, following the notations of [12, §2].
Fix an integer N > 5 and let " := I';(IV) be the standard congruence subgroup of level N

whose definition (1.17) we recall:

T)(N) = € SLy(Z) : = (mod N) . (2.3)

Let Y1(N) and X; (V) denote the usual (affine and projective, respectively) modular curves of
level I'1 (V) described in Section 1.2.2 and Section 1.2.4, and write W, for the r-th Kuga—Sato
variety over X; (V) as described for instance in Section 1.2.4 and the appendix of [12].

Let K be an imaginary quadratic field of dicriminant —dg, let Ok be its ring of integers,
and let H denote the Hilbert class field of K of Definition 1.10. Choose once and for all
a complex embedding K — C, and let A be a fixed elliptic curve over C with complex
multiplication by the maximal order Og. See Definition 1.12. By the theory of complex
multiplication, see Theorem 1.2, the curve A is defined over H and satisfies Endy(A) ~ Ok.

The generalised Heegner cycles of [12] are an infinite collection of codimension r+1 cycles

on the smooth projective (2r + 1)-dimensional variety

X, =W, x A",

To define them precisely, assume that K satisfies the Heegner hypothesis relative to N:

Assumption 2.1. The integer N is the norm of an ideal M for which Ok /N ~ Z/NZ.

FEquivalently, all primes dividing N are split in K/Q.
Let t4 € AN be a choice of M-torsion point on A. Following the moduli description in
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Section 1.2.2 of X (IV), the pair (A,t4) corresponds to a complex point on X;(/N)(C). This
point is defined, in fact, over the ray class field Ky of K of conductor 9 by Theorem 1.3.
For obvious reasons, the datum of the point ¢4 on A of order N is sometimes referred to as
a 'y (IV)-structure on A.

Consider the set of pairs (¢, A’), where ¢ : A— A’ is an isogeny of A defined over K. Two
pairs (1, A}) and (@3, Ay) are said to be isomorphic if there is a K-isomorphism ¢ : A} — A}

satisfying v = o. Let

Isog(A) := {Isomorphism classes of pairs (¢, A')}.

There is a natural bijection between this set and the set of finite subgroups of A(H). The
absolute Galois group Gy = Gal(H/H) acts naturally on Isog(A) by acting on the corre-
sponding subgroups and a pair (¢, A’) admits a representative defined over a field F' C H if
it is fixed by the subgroup Gp C Gy.

The generalised Heegner cycles are naturally indexed by the subset Isog™(A) of Isog(A)
consisting of pairs (p, A’), where ¢ is an isogeny whose kernel intersects A[] trivially. An
element (¢, A’) € Isog™(A) determines a point Py = (A',t4 = ¢(t4)) on X{(N), and an
embedding

La (AN —W,

of (A’)" as the fibre of W, above the point P4 with respect to the structural morphism
T« Wo—X1(N). Given (¢, A') € Isog™(A), let 7, be the codimension 7+1 cycle on X,

defined by letting Graph(¢) C A x A’ be the graph of ¢, and setting

T, := Graph(p)" C (A x A')" = (A)" x A" C W, x A", (2.4)

where the last inclusion is induced from the pair (t4/,1d’).

Definition 2.1 (r = 0). When r = 0, the cycle 1, is just the CM point on the modular
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curve X;(N) attached to the pair (A’,t4/). The generalised Heegner cycle A, attached to ¢

is then obtained by setting
A, =7, — 00 CH'(X;(N))o(C), (2.5)

where oo is the standard cusp on X; (V) (although any fixed choice will do). This modifica-

tion has the effect of making the cycle A, homologically trivial.

For general r > 1, we obtain a homologically trivial cycle by applying to 15, a suitable
correspondence ey, € Corr’(X,, X,)g, which we now define. Recall from Definition 1.8 the

idempotent

T

W, = 65/‘1/1 (6] Eg/)r S Q[AUt<Wr/X1(N))]’

where the idempotents e(wl,)T and 65/‘2/1 are defined by (1.28) and (1.29) respectively. By taking
the graphs of automorphisms, we will view ey, as an element of Corr”(W,, W, )q, and by
slight abuse keep the same notation for this element.

Replacing the generalised elliptic curve £/X(N) in the definition of eg,)r by the elliptic
curve A, we obtain similarly an idempotent of Q[Aut(A")]. More precisely, recall that S,
denotes the symmetric group on r letters. Multiplication by —1 on A together with the
natural permutation action of S, on A" gives rise to an action of the semi-direct product
(2)" xS, on A™. Let j : (u2)" % S,—> s be the homomorphism which is the identity on ps

and the sign character on S, and define

en zrlr! S j(0)r € QAut(AT)]. (2.6)

o€(p2)" XSy

By taking the graphs of automorphisms, we will view €4~ as an element of CorrO(AT, Ao,

and by slight abuse keep the same notation for this element.

Definition 2.2. Let my, : X,— W, and mar : X,—> A" denote the natural projections and
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define the idempotent
€x, = €y, ® ear = (mw, X T, ) (ew,) - (mar X war)*(€ar) € Corr(X,, X, )o.

We can now define generalised Heegner cycles by letting the projector ey, act on 1, (2.4).

Definition 2.3 (r > 1). For r > 1, we define the generalised Heegner cycle associated to an
isogeny ¢ € Isog™(A) by
A, = ex, 1, € CH(X,)(C), (2.7)

where the correspondence ey, acts on the Chow group via either of the fomulas (1.40) or

(1.41) (so this action is denoted ey, again by slight abuse of notation).

Since the correspondence €y, is compatible with the projection 7, : X,— X (N), the
generalised Heegner cycle A, is supported on the fibre 7, ' (Pa/) of 7, above Py. As in the
case where r = 0, it is also homologically trivial. This follows from the fact that the image of
A, under the cycle class map belongs to eXTHgl’;fz(Xr/C), which is zero by [12, Prop. 2.4].
Section 2.1.3 below gives a more explicit description of a chain of real dimension 2r 4+ 1 in

X, (C) having A, as boundary, which will be used in subsequent calculations.

2.1.2 Modular forms and de Rham cohomology of X,

We retain the notations and definitions introduced in Section 1.2.4. Recall in particular
the canonical line bundle of relative differentials w on X;(N), defined as the extension of
T80 Jvi(n to a coherent sheaf on X (IV), where 7 : £—Y1(IN) is the universal elliptic curve
with I'; (IV)-level structure over Y; (V).

The sheaf w is a subsheaf of the relative logarithmic de Rham cohomology sheaf on X; (V)

defined by taking the relative hypercohomology of the complex of sheaves
Ly = R'm (0—0s—Q¢ )y, (n)—0), (2.8)
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and extending to X;(N) following the prescription given in [12, §1.1]. The Hodge filtration

gives rise to an exact sequence of coherent sheaves over X;(N):
0—sw—sL—w ' —0. (2.9)
The vector bundle £ is also equipped with the canonical integrable Gauss—Manin connection
V:Li—L® Qﬁfl(N) (log cusps), (2.10)
and Poincaré duality on the fibres of £, gives rise to a canonical pairing
(s ) L1 X Li—Ox, (). (2.11)

Let L, := Sym" £; denote the r-th symmetric power of £;. Definition 1.6 and the natural

inclusion w"— L, give rise to inclusions
Srsa(T1(N)) i= HOXL(N),&” @ Q) = HY(X2(N), £, 8 D, ). (2.12)

The self-duality
(s )L x Li—Ox, ) (2.13)

induced by (2.11) is given by the rule

(1 ap, BreBr) = % > (01, Boq) - (s Boi)- (2.14)

’ UGST

We will also have use for further coherent sheaves of O, (v)-modules arising in the cohomol-

ogy of the fibres for the natural projection 7, : X,— X;(N),

L, =L, ®Sym" Hiz(A). (2.15)
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Note that L, , is also equipped with the self-duality
< , > : ‘CTJ“ X £r,r_>OX1(N) (216)

arising from (2.14), which is discussed in more details in [12, §2.2].

As explained in [12, §1.1|, all the notions introduced so far in this section are purely
algebraic and make sense over an arbitrary field over which the modular curve X;(N) can
be defined. We will be interested solely in their complex incarnations. The set X;(N)(C) of

complex points of X; (V) is a compact Riemann surface, and the analytic map

pr: H—Y1(N)(C), pr(7) := (C/<1’T>’ %)

identifies Y7 (NN)(C) with the quotient I'y(N)\#H. Let 7 denote a point on H, w the standard
complex coordinate on the elliptic curve C/(1, 7) and recall the Hodge decomposition (1.23)

Hz(C/{1,7)) := Cdw @ Cdw. In terms of the coordinates 7, dw, and dw, one has [12, §1.2]

T—T

Vdw = (M> dr. (2.17)

The coherent sheaf £, gives rise to an analytic sheaf £2" on the surface X;(N)(C). Let

ﬁin := pr* £2" denote its pullback to H. Recall the elliptic fibration 7 : E—Y;(N) and let
LY .= R'n,Z, LP:=Sym"LP, (2.18)

be the locally constant sheaves of Z-modules whose fibres at = € Y;(IV)(C) are identified

with the Betti cohomology H}(E,,Z) and Sym” H5(E,, Z) respectively. The local system
L, :=LE ®,C (2.19)

is identified with the sheaf of horizontal sections of (£2*, V) over Y;(NV)(C), see [55, thm. 2.17].
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Likewise, let

L,, :=L,®Sym" Hjz(A/C) (2.20)

denote the sheaf of locally constant sections (for the complex topology on Y;(N)(C)) of the
sheaf L, ,.
The relation between the sheaves L, ,, the cohomology of X, and the spaces of cusp forms

is described in the following result.

Proposition 2.1. Assume that r > 1. Let F' be any field extension of the Hilbert class field

H. The image of the projector e€x, acting on the de Rham cohomology of X, is

) 0 if 7 #£2r+1
EXngIR(XT/F> =

H. (Xi(N)/F, L., V) ifj=2r+1

par

where HY, (X1(N)/F,L,,,V)=H! (X;(N)/F,L,,V)®Sym" H};(A/F) denotes parabolic

par par

cohomology [12, (2.1.8)] of X1(N) attached to (L,,, V). Moreover, there is an identification
Rl ex, B2 (X, F) = HOCX1(N) /Py’ @ Q) @ Sym” Hig(A/F). (2.21)

In particular, using (1.25), the assignment f @ o — wy A a induces an identification

Spi2(T1(N), F) ® Sym" Hig(A/F) ~ Fil'™ ex, HI (X, /F). (2.22)
Proof. This is [12, Proposition 2.4 & 2.5] and follows from Proposition 1.6. ]

2.1.3 Homological triviality

All Chow groups will henceforth be taken with rational coefficients, so that they consist of
Q-linear combinations of cycles modulo rational equivalence.

The goal of this section is to express the generalised Heegner cycles A, as the boundaries
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of explicit (2r+1)-dimensional topological chains in X?(C). Such a calculation will be useful
in calculating the images of these cycles under the complex Abel-Jacobi map, which is the
goal of the next section.

Let WP := W, xx,v) Yi(N) and X = X, xx, () Y1(V) denote the complements in W,
and X, respectively of the fibres above the cusps of X;(N). Let W, be the r-fold product
of the universal elliptic curve over the upper half-plane H (which we will denote € by slight
abuse of notation). It is isomorphic as an analytic variety to the quotient Z*"\(C" x H),

where Z?" acts on C" x H by the rule

(my,n,...,mp,n)(wy, ..., wp, T) := (W1 +my + 047, ..., W + My + 0,7, 7). (2.23)

Finally, let
X, =W, x A"(C).

It follows from these definitions that

WH(C) =Ty(N\W,,  X](C) =T(N)\X,,

where T';(N) acts on W, by the rule

a b

(Wi, ... w,T) = ( (2.24)

wq w, a7’+b)

¢ d ct+d " Ter+d et +d

and acts trivially on A"(C). Write pr for the natural T'y(N)-covering maps X,—X(C)
and H—Y;(N)(C), and let 7, be the natural fibreing X,—H. These maps fit into the

cartesian diagram

X, —~ X%C)
%Tl 0 | (2.25)
H —5— Yi(N)(C).
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The fundamental group I'y (N) of Y;(N) acts naturally on Hs,(X,,Q), and the kernel of the
pushforward map

pr,: H27“ (Xra Q)HHQT(XS(C% Q)

contains the module I n)H2, (X}, Q), where I, () is the augmentation ideal in the rational

group ring Q[T (V).

Following the recipe of Definition 2.2, one can define the idempotent correspondence
€z, = €y, Dear € Corr®(X,, X))o (2.26)

via the same formulas as for ex,, but replacing the universal elliptic curve £/Y1(N) with the
universal elliptic curve £/#. This projector acts on Hy,.(X,, Q) and we have the following

description of its image.

Lemma 2.1. Let 7 € H and denote by &, the fibre of E—H above 7. For allr > 1,
EXTH2T<XT7 Q) = Sym" Hl(g'ra Q) ® Sym” Hl(A(C% Q) - II‘l(N)H%"(XTa Q)-

Proof. Since H is contractible, the inclusion

induces an isomorphism
brw - Hop(771(7), Q) —= Hy (X, Q). (2.27)
The fibre 71(7) is (€,;)" x A(C)", hence we obtain an identification

HQT((‘%’)T X A((C)Ta Q)éH%(Xra Q) (228>
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Since multiplication by (—1) acts as —1 on Hiz(A/F) and as 1 on HJz(A/F) and
H2:(A/F), it follows that e annihilates all the terms except Hig(A/F)®" in the Kiin-

neth decomposition

Hi(A"/F) = € HE(A/F) - @ Hy(A/F), (2.29)
(i1y0ensiv)
where the direct sum is taken over all r-tuples (iy,...,7,) with 0 < 4; < 2. The natural

action of S, on Hiz(A/F)®" corresponds to the geometric permutation action of S, on A",
twisted by the sign character. It follows that the restriction of €4r to Hig (A/F)®" induces the
natural projection onto the space Sym" Hiy (A/F) of symmetric tensors. A similar argument
applies to the projector €y, and its action on the cohomology of (£;)". The first equality
follows.

Following (2.18), consider the locally constant sheaf of Z-modules
L = L. @Syn’ F,(A(C),Z),

such that Lfr ®C = L,, is the sheaf (2.20) of locally constant sections of (£2",V). Pulling

T

back to H using the Cartesian square (2.25), we obtain

L = pr*(]LfT) = Sym" R'%.Z ® Sym” H,(A(C), Z),

where 7 : E—H is the elliptic fibration. Since H is contractible, this is the constant sheaf
(Sym" Hi(&;,Z) ® Sym" H1(A(C), Z)).

The second containment of the lemma is a consequence of the fact that

(Sym" Hy(&-,Q) ® Sym” H,(A(C),Q)) ®q C = pr*(L,,) =: L,,,
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and that the representation of I'y(IV) associated to this local system is isomorphic to a
direct sum of r 4+ 1 copies of the r-th symmetric power of the standard two-dimensional
representation of I';(N). Each of these copies is irreducible and, since r > 0, is non-trivial

and hence has a trivial space of I';(IV)-coinvariants. O

Given (@, A') € Isog™(A), set t' := ¢(t4), so that ¢ : (A,t4)— (A", ') is an isogeny
of elliptic curves with I'y(/V)-level structure, in the obvious sense. Let Py be the point
of Y1(N)(C) associated to the pair (A’,t). The main result of this section, which directly
implies the homological triviality of A, is the following.

Proposition 2.2. Assume r > 0. Then there exists a topological cycle A@ on X, satisfying:

1. The pushforward pr*(ﬁw) satisfies pr*(ﬁw) = A,+0€, where £ is a topological (2r+1)-

chain supported on . (Pas).

2. The cycle ﬁw is homologically trivial on X,.

Proof. Choose a point 74: € ‘H such that pr(r4/) = P4. Since pr induces an isomorphism be-
tween 7, ! (74/) and m, ' (Pa), the choice of 74 determines cycles 7% and A% on X, supported

on 7 }(74) and satisfying
pr.(TP) =T,  pr.(Al) = A, (2.30)
These cycles need not be homologically trivial on X,. In fact, there is an isomorphism (2.27)
- H2r(7~T;1(7'A/),Q) = HQT(XT,Q)7 (2.31)

and the classes [1%] := PD(cl(7%)) and [A%] := PD(cl(A%)) of 7 and A% in Hy.(X,,Q) are
identified with those of 1, and A, in Hy.((A" x A)"(C),Q). (Recall the definitions (1.44)
and (1.43) of PD and cl).
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Note that the projector e; of (2.26) acts naturally on H,.(X,,Q) and [AL] = eg [TE]

belongs to EXTHQT(XT, Q). It now follows from Lemma 2.1 that

PD(cl(A,)) = pr,([AL]) € pr.(Iry (v Haor (X, Q) = 0,

and therefore A, is homologically trivial. To produce the cycle A, explicitly, let

t
_ 717"'a7t€F1(N)7
(AL =D (' - 1), ’ (2.32)
Jj=1 Zl;"'7Zt S H2T(X7'7@)

be an expression of [Al] as an element of Iry (3 Har (X, Q). Letting Z(7,Z) denote any
topological 2r-cycle supported on 7-!(7) and determined by the class of Z in Hy, (X}, Q) via
(2.27), define
" t
N, =Y (Zlyrw, Z;) — Z(1w, Z;)). (2.33)
j=1

It is then straightforward to check that ﬁw has the required properties. For example, the

homological triviality of ﬁw follows from the fact that

t
ﬁw = 8&1&, with KSO = Z Z(TA/ — ’ijA/, Zj), (234)
j=1
where
Z(TA/ — V5TA, Zj) = path(TA/ — ’ijA’) X Zj (235)

and path(74 — 7;74/) is any continuous path on H joining 74 to v;74. Note that in (2.35)

we have identified X, (C) with H x (C* /Z*"). O

Remark 2.1. Yet another approach to proving the homological triviality of A, by deform-
ing these cycles to the fibres supported above the cusps of the modular curve, is described
in [128]. The approach we have given adapts more readily to the setting of Shimura curves

attached to arithmetic subgroups of SLo(R) with compact quotient.
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Remark 2.2. A decomposition as in (2.32) with Zi,..., 7, € Hon(X,,Z) is said to be
integral. Such a decomposition may not always be possible, owing to the possible presence
of torsion in Hy,.(X?(C),Z). But it may be obtained after replacing [Ai)] by a suitable integer
multiple. In the rest of this note, when the image of A, under the complex Abel-Jacobi

map is computed, it will be tacitly assumed that the Z; do belong to this integral lattice.

2.2 The complex Abel-Jacobi formula

The complex Abel-Jacobi map (1.51) is a function from the Chow group CH" (X, ),(C)

into a complex torus:

Fil'™' H3LH(X,./C)Y
Im H2r+1 (Xr (C)a Z) ’

AJe = AT CHH (X, )o(C)—J (X, /C) =

where the superscript ¥ denotes the dual of complex vector spaces, and Im Hy,11(X,(C), Z)
is viewed as a sublattice of Fil"™" H3r" (X, C)" via integration of closed differential (2r + 1)-
forms against singular integral homology classes of dimension 2r + 1. Recall from Section
1.5.1 that the linear functional AJ¢(A) is defined by choosing a continuous integral (2r+1)-

chain A? on X,.(C) whose boundary 9(AF) is equal to A, and setting

AJe(A)(a) = /A o foralla e Rl HE(X,/0) (2.36)

We will be solely interested in the piece of the Abel-Jacobi map that survives after applying

the projector ex, of Definition 2.2. Proposition 2.1 allows us to view AJc as a map

(Sr2(I'1(N)) ® Sym” Hgg (A/C))Y

AJ(C DEX, CHT—H(XT)O(C)—) i ,

where the lattice II,.,. is defined by

I, := ey, (Im Hyys1 (X, (C), Z)). (2.37)
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The goal of the present section is to prove Theorem 2.1 of Section 2.2.4, which gives a
formula for AJc(A,) in terms of explicit line integrals of modular forms on the complex

upper half-plane.

2.2.1 Global primitives

We will follow the notations that were introduced in Section 2.1.2 and in the proof of Lemma
2.1. Let L, := pr*(L,),L,, := pr*(L,,), and £, := pr*(£>),L,, == pr* (L) denote the

pullbacks via the analytic projection pr of (2.25).

Remark 2.3. The local systems L, and ]I:T,r are trivial, i.e., they admit a basis of global
sections over H. In other words, if 6 is an element of the fibre Iﬁm(T) of Iﬂw at 7 € ‘H, then

there is a unique global horizontal section 8V € H(#, L,.,)V=" satisfying 8" () = 6.

More generally, if £ is any vector bundle over Y; (V) equipped with an integrable con-
nection and L denotes the corresponding local system, we will write L := pr*(L) and

L := pr*(£*), and define global primitives in the following way:

Definition 2.4. Let w be a global section of £ ® Qﬁ(l(N) over Y1(N). A primitive of w is an
clement F' € HO(H, L) satisfying
VF = pr*(w).

Such a primitive always exists, and is well-defined up to elements of the space of global
horizontal sections of £ over H.

Definition 2.5. An L-valued divisor on X;(N) is a finite formal linear combination of the
form 22‘21 ;- P; with P; € X;(N)(C) and 6; € L(P;). The module of all such divisors is
denoted Div(X;(V),L).

One defines the notion of a L-valued divisor on  in a similar way. The analytic projection

pr: H—Y;(N)(C) induces the natural push-forward map

pr, : Div(#,L)— Div(X;(N),L).
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Given G € H°(H,L,,) and D = Z;Zl 0, - 7; € Div(H,L,,), the “value” of G at D is
defined by the rule:

t

[Gv D] = Z<G(Tj)7 9j>>

j=1
where the pairing ( , ) on the right is the duality on the fibres at 7; of the local system Iﬂw
induced by the pairing of equation (2.16).

For D = Z;zl 0, - 7; as above, the coefficient 8, belongs to L, (r;) by definition, i.e., to
Sym” Hjg(&:,) ® Sym” Hip(A), where & denotes the fibre at 7; of the pull-back of £ to H

by pr. Calculations similar to those in the proof of Lemma 2.1 identify

e, Hip (7, (7)) = Ly (7). (2.38)

r

Moreover, since H is contractible, the inclusion of 7, *(7;) in X, induces a canonical isomor-

phism of H35(X,) onto H35 (77 1(7;)), and hence a canonical identification

e H(X,) =L, (1). (2.39)

In view of these remarks, the degree of an Iﬁr,r—valued divisor on H can be defined by the

equation

t t
deg (Z Qj : Tj) = Z@Q € GXTH(%TI{(XT)
j=1

J=1

Given 7 € H or P € Y1(N), let
cl, : CH"((&,)" x A")—L,.(7), clp: CH ((Ep)" x A")— L, ,.(P)

denote the (ex,-components of the) cycle class maps on the associated fibres. The first map
is defined by composing the usual cycle class map (1.46) with isomorphism (2.38). The
second map is defined in terms of the first by identifying £p with &, and L, ,(P) with IEJT,T(T)

it P = pr(7).
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The cycle A?p that was introduced in the proof of Proposition 2.2 gives rise to the Iﬂm,—
valued divisor (which shall be denoted by the same symbol, by abuse of notation):

Aﬂ = CITA,<AED) cTA.

P

Note that pr,(A%) = clp,,(A,) - Par, but that A% is not of degree 0. We will identify the
cycle Aw defined in equation (2.33) with the corresponding degree zero divisor on H with

values in Iﬂw given by

t

Ay = (PDyr, (%) (v7ar) = PDr (Z) - 7ar), (2.40)

j=1

where, for 7 € H, we define the map PD. as the composition

(2.27)

PD, : Hy(X,, Q)28 1y, (771 (r), QU B (7Y (7), @ " H2n (77 (1)

e HE (77 () E5L, (7). (241)

Remark 2.4. Let wy € S,12(I'1(N)) be a cusp form, viewed in H*(X1(N), £, ® Q% () via
(2.12). Given a class @ € Sym" Hig(A/C), a primitive of w; Aa € H(X1(N), L, @ Q)
is given by Fy A o, where FY is a primitive of wy. This is because « is a horizontal section of
the trivial bundle Sym” Hiz (A) = Sym” Hliz (A x X1(N))/X1(N)) over X;(N) that arises
in the identification £, , = £, ® Sym" Hiz (A/C).

The following proposition gives an explicit formula for AJc(A,) in terms of this divisor

and a primitive of wy.

Proposition 2.3. For all f € S,2(T'1(N)) and all « € Sym” Hiz(A/C),
Ale(A)(ws Aa) = [FrAa, A, (mod TI,.,.), (2.42)

where Fy is any primitive of wy.
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Remark 2.5. Both sides in (2.42) are to be viewed as belonging to the complex vector space
(Sr42(T1(N)) ® Sym”" Hz (A/C))Y, the equality being up to an element of the lattice IT,,.
(2.37) in this vector space. Note also that the right hand side of (2.42) depends on the choice

of a degree 0 divisor A@ satisfying pr*(zgo) = A,, but only up to an element of II, .

Proof. Recall the (2r + 1)-cycle ﬁfo arising in equation (2.34). The definition of AJ¢ and

Proposition 2.2, combined with Fubini’s theorem, imply the equalities

Alc(Ay)(wrANa) = / y cuf/\oz:/~ji priws Ao (mod II,,)
pr (Aap)

Ap

3 YiT Al
— Z/ (pr*ws A a, QZJ_) (mod II,.,.),
]:1 TA/

where 92 is the horizontal section of £~m whose value at 74 is equal to PD, A/(Zj) as in
Remark 2.3, and the integral is taken over any continuous path in H joining 74/ to v;7ar.
Note the independence on the choice of paths, which follows from the fact that the expressions
(pr*ws A 9%) are holomorphic 1-forms on H. Since HZ, is horizontal, it follows from the

definition of the Gauss-Manin connection that
(pr*wy A a, QZ_> = (VF; A a, 02) = d(Fs N a, 02).

Hence Stokes’ theorem yields the equalities modulo II,

t

Ade(B)(wr ha) = D ((Fy(yma) A e, 0F) — (Fylra) Ao, 65))

J=1
t

= Z <[Ff A Ck,PD’ijA/<Zj) . (’YjTA’)] — [Ff A OJ,PDTA/(Zj) . TA’])

j=1
= [Ffha,A
as was to be shown. O

Remark 2.6. The expression on the right of Proposition 2.3 is independent of the choice
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of primitive F for wy. This is because the primitive Fy A ar is well-defined up to addition of

global horizontal sections of the sheaf ENW over H. If 0 is such a horizontal section, we have
0,A,] = (0,deg A,) = 0.

Note that this independence ceases to hold if 3@ is replaced by Afo, because the latter divisor

is not of degree 0.

2.2.2 Calculation of the primitive

We now turn to the explicit calculation of the primitive F that appears in Proposition 2.3.
Let p; and p, denote the elements of Hy(E,, Q) corresponding to a closed path from 0 to 1
and from 0 to 7 respectively along the fibre & = C/(1, 7). Write n; and 7, for the associated

basis of H}y(&,), satisfying

(w,m) = / w, (w,ny) = / w, for all w € HéR(ST). (2.43)
P pr

After writing w for the natural holomorphic coordinate on &, the values of (dw,§) and

(dw, &) for various classes £ are summarised in the following table:

dw dw m N
dw 0 Slr-7) 1 7 (2.44)
dw | 5= (1 —7) 0 1 7

It follows directly from this table that

2midw = TNy — 1y, 2widw = Ty, — Ny, (2.45)

and that
(i) = 79, (2.46)
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It will be convenient to work with the basis for Hjg(€;) given by setting

(2.47)

w = 2midw, n= -
The class 7 is completely determined (relative to w) by the conditions
0,1
n € HdR(gT)v <CU,77> = 1.

A basis for H(H, L,) is given by the expressions win’7, as 0 < j < r.

Proposition 2.4. Choose a base point 1o € H, and let w,n be given by (2.47). The section

Fy of L, over M satisfying

(=1) (2mi)"*

(Fy(7),w'n™) = (r —7)r—i

/waww—ﬂ“wwua 0<j<r)

70
is a primitive of wy.

Proof. By definition of the Gauss-Manin connection, since the sections nﬁng_j are horizontal,
d(Fy,niy ') = (VEp,nliy ) = (pr* wy, ;). (2.48)

By formula (1.25) for pr* wy, this last expression is equal to
(pr* wp, min ™) = @mi) ™ (f(T)dw”, iy ydr = (2mi) T f(7) T dr (2.49)

Combining (2.48) and (2.49) and integrating the resulting identity with respect to 7, we find

(after fixing some 75 € H) that the global section of L, over H defined by the rule

w%¢%ﬁ>=@mrﬂjwﬂwaw, (0<j<r) (2.50)

is a global primitive of wy. The defining relation (2.50) implies that, for all homogenous
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polynomials P(x,y) of degree 7,

(Fy.Plon)) = @iy [ ()P, 1)
70
After noting from (2.44) that

(-1 ‘

W = Qe m),  with Q(z,y) = @it =)

we obtain
(—1)7(2mi)!
(2mi(T — 7))

<Ff= wjnr—j> -

JACEE U CEE O

70

as was to be shown.

Remark 2.7. Recall the Shimura—Maass differential operator ¢, defined by

080 = o (4 + = ) 70,

21 T—T

(x —1y)’ (x —Ty)",

(2.51)

which maps real analytic modular forms of weight r to real analytic modular forms of weight

r 4+ 2. The real analytic functions GG; on ‘H defined by the rule

(—1)7 (2mi)*!

Gj(1) = (Fy(r),w’n’ ™) = (r —7)

JACE U CET IO

70

satisfy
57“G0(T) = f<7—>7 5r—2jGj(7') = jGj_1(T), for all 1 Sj <.
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For example, the integrand in the expression defining G is antiholomorphic in 7, and thus

6,Go(7) L (dii+ L ) ( 2 T/T(z—f)rf(@dz

= o T—=7)(T=7)" Js
- i " f(2)dz ! T—7)f(r
:(T_T)M/TO(Z_T) e Gy = 0)
ey [ e e

A similar direct calculation proves (2.52) for all 1 < j <.
An analogous formula in the p-adic context, with ¢, replaced by the operator 6 = qd% on
p-adic modular forms, is proved in [12, Prop. 3.24]. The reader may find it instructive to

compare (2.52) with its p-adic analogue given in [12, (3.8.6)].

2.2.3 Integral primitives

Propositions 2.3 and 2.4 yield a formula for AJc(A,), but this formula is not as explicit
as one could desire, because it requires evaluating the primitives s A a on the divisor z@
instead of the simpler divisors AEO which are supported on a single point 74 (but are not
of degree 0). We will now study the relation between [Fy A a, KSD] and [Fy A o, AL]. Given
Z € L.(t) = H(H,L,)V=°, let P; € C[z,y] be the homogenous polynomial of degree r
satisfying

Z = PZ(Urﬂh)‘

Lemma 2.2. Let Fy be the primitive of f given in Proposition 2.4. Then for all v € T'1(N),

70

(F(y7), Z) — (vFy(7), Z) = (2mi)" ! /W Py(z,1)f(2)d=. (2.53)

70

Proof. By (2.50),
N

(Fr(yr), Z) = (27rz')r+1/ TPZ(Z, 1) f(2)dz. (2.54)

70
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The fact that f is a modular form of weight r + 2 on I'y(IV), coupled with the fact that Py

is homogenous of degree r, shows that

Pz(yw, 1) f(yw)d(yw) = Py-1z(w, 1) f(w)dw.

Therefore
(VFy(7),Z) = (Fy(r),y"'Z) = (27”')”1/ Py17(2,1) f(2)dz
oo (2.55)
= (27?2')”1/ Py(z,1)f(2)d=.
Y70
The lemma follows from (2.54) and (2.55). O

Note in particular that the global section 7 +— Fy(y7) — vF¢(7) does not depend on T,
and can be viewed as a horizontal section of £, over H. The function & r; defined on I'; ()
by

firy (7)== Fy(y7) = 7 F5(7)
is a one-cocycle on I'y () with values in

H'(H,L,)V=" = L,(7) ~ L,(C),

where L,.(C) is the space of homogenous polynomials of degree r in two variables with
complex coefficients, equipped with its natural action of I';(N). The class of kp, in the
cohomology group H'(I'y(N), L,(C)) depends only on the differential w; and not on the
choice of primitive Fy. This class will therefore be denoted by .

We briefly recall the definition of the period lattice in the space S,;2(I'1(N))Y. Let
L.(Q) and L,(Z) be the rational structure and lattice in L,(C) obtained by considering the
polynomials with rational and integer coefficients respectively, and let L,(Z)" inside L,(Q)

be the dual lattice relative to the inner product on L,(C) = L,(7) arising from equation
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(2.14). After choosing a basis fi,..., f, for S, o(I'1(N)), and a Z-module basis k1, ..., Kay

for H, .(T1(N), L,(Z)"), let (\;;) be the g x 2¢g matrix with complex entries satisfying

par

Kf = )\1,1%1 + -+ )\1,29:%29,
Rf, = )\2,1I€1 + -+ )\2,2952g, (256)
Iifg = )\911:‘11 + 4 )\gjggligg.

For each 1 < j < 2g, let ¢; € S, o(I'1(N))Y be the element defined by the rule
0;(fi) = Nij-
Definition 2.6. The period lattice attached to S, 2(I'1(N)), denoted A,, is the Z-submodule

of S;42(I'1 (V)Y generated by the vectors ¢y, ..., ¢ay.

Hodge theory asserts that A, is indeed a lattice (of rank 2¢) in the complex vector space
Sr12(T'1(N))Y, justifying this terminology. Note that the module A, does not depend on the
choices of complex basis for S, 5(I'1(N)) and of integral basis for H!, (T'1(N), L,(Z)") that

par
were made to define it.

Let F1,...,Fy be arbitrarily chosen primitives of wy,,...,wy,, and let &i,..., Koy be a
choice of one-cocycles on I' representing k1, . . ., kog. The linear equations (2.56) defining the

period lattice imply that there exist vectors &i,...,§, € L,(C) such that, for all v € I'y(N)

and all 7 € H:

KR (Y) = AaRi(y) + 0+ ArggRag(7) + (v — &),

ke (7) = AgikRi(y) 4 -+ AggRag(7) + (72 — &2), (2.57)

ke, (1) = AgaRi(y) 4o Agaghag(7) + (Vg — &)
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After replacing F; by F;+¢; (viewing the &; as elements of H°(H, ﬁr)vzo), we obtain a new

collection of primitives satisfying the following relation, for all v € I'y(N) and 7 € H:

Fy(y1) = Fi(7) = AaRi(y) + - 4 AragRag(7),

Fo(y) = yFo(1) = XoaRi(y) + - 4 AggRay(7), (2.58)

F,(v7) —vE,(1) = Aafi(y) + - 4+ Agaghag(7)-

Definition 2.7. A collection of integral primitives is a choice of a primitive F} of f; for each
Jj =1,..., g satisfying (2.58). Such a collection determines, by linearity, a primitive F; of
f for each f € S,42(I'1(N)). The primitive F} arising from such a choice will be called an

integral primitive of wy.

Lemma 2.3. Let f — Fy be a choice of integral primitives of f. For each v € I'1(N) and

v € L.(Z), the assignment

f= {Er(ym) =2 Fy(7),0)
belongs to A, C S,o(T'1(N))Y.

Proof. This follows directly from (2.58) in light of the fact that the scalars

<R1(’7>7U>v SRR <R29(’7)’U>

are integers. O

By definition, the Z-module

A=A ®Sym" H(A(C),Z)

is a lattice in S, 4o(I') ® Sym” Hiz (A/C)Y = Fil'" ex, HiRt'(X,)Y. Tt is commensurable

with the lattice II,, appearing in (2.37). After eventually replacing A, , by a larger lattice,
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we may therefore assume that A, , contains II,,. This assumption allows us to replace II, ,
by A,, in the arguments to follow.

Lemma 2.3 implies that
(Fr(yr) AN, Z) = (Fp(T) A,y ' Z)  (mod A,,.), (2.59)

for all Z € L,(Z) ® Sym” H'(A,Z). Here both f and « are treated as variables, and the
equality is viewed as taking place in Fil'"" ex, H2 (X, /C)V.
The Abel-Jacobi image of generalised Heegner cycles can be expressed more simply in

terms of integral primitives, as follows.

Proposition 2.5. Let f — Fy be a choice of integral primitives, and let A, be a generalised

Heegner cycle attached to ¢ : A—A’. Then
AJc(Ay)(wg A a) = (Fe(tar) A o, CITA,(AED» (mod A,.,),

where the pairing is the natural one on IE,M(TA/).

Proof. By Proposition 2.3 combined with the formula (2.33) for ﬁw,

Alc(A)(wrAa) = [FrAa,A,] (mod A,,)

t

= > (Fr(yma) A, Zj) = (Fy(ra) A, Z;) - (mod A,.,)

j=1

= > (Fy(ra) N, Z) — (Fy(ra) Ao, Zj)  (mod A,,)

J=1

— (F(ta) A, Z (' =1)Z;)  (mod A,,),

where we have used (2.59) in deriving the penultimate equality. Proposition 2.5 now follows

from equation (2.32) for the class of A%. O
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Proposition 2.6. With the same notations as in Proposition 2.5,
AJc(Ay)(wr ANa) = (" Fr(Tar), )4 (mod A,.,),

where the pairing (, )4 on the right is the Poincaré duality on Sym” Hjg(A/C).

Proof. Let
0:=(¢",id") : A"—T, C (A)" x A".

Note that

O"(Fy(tar) Na) = " (Fy(Tar)) N e, o([AT]) = el (T3),

where [A"] € HJz(A"/C) is the fundamental class associated to the variety A". Let
() )ag: Hop '(A7/C) x Hip(A"/C)—H> (A"/C) = C
denote the Poincaré pairing, so that the restriction of ( , )4, to the subspace
Sym" Hgr(A/C) C Hip(A/C)
agrees with ( , )4. Observe that
(Fp(ra) Naelr, (AL)) = (Fp(rar) Aa,cle, (T3)) = (Fi(rar) A, 0([AT])). (2.60)

The functoriality properties of the Poincaré pairing imply that

(Fy(rar) N, o([AT])) = (@ (Ff(Ta) A ), [A]) a0

= (" (Fp(ra)) A, [ATT) a0 = (" (F(Ta)), @) 4.

(2.61)

Proposition 2.6 follows by combining Proposition 2.5 with (2.60) and (2.61). O

144



2.2.4 Modular symbols

Propositions 2.5 and 2.6 gain in explicitness because they involve the divisor A?p supported
on a single point, rather that the more complicated divisor (2.32) which is given in terms of
a (non-canonical) expression for the class of A% as an element of I, () H,,(X,,Q). The price
one pays is that it becomes necessary to work with integral primitives rather than arbitrary
primitives.

In the case of a group like I';(IV) containing parabolic elements, an integral primitive
can be defined explicitly by invoking the theory of modular symbols. More precisely, let us
define primitives F; of wy by allowing the base point 7, appearing in Proposition 2.4 to tend
to a cusp. The integrals appearing in Proposition 2.4 still converge, by the cuspidality of f.

Furthermore, the right-hand term appearing in (2.53) is of the form

Jsr.p(f) = (27Ti)r+1/ P(2)f(2)dz, with s,t € PH(Q), P(z) € Z[z]%=".

S

Let A denote the Z-module generated by A, and the functionals J;; p in the complex vector
space Sy42(I'1(N))Y. The following theorem is the basis for the theory of “modular symbols”

attached to modular forms of higher weight.

Proposition 2.7. The group A is a sublattice of S, 1o(I'1(N))Y which contains A, with finite

ndex.

Proof. The proof of this theorem can be found, for instance, in Proposition 3.5 of [128].
The statement and proof are given there for r = 2, i.e., forms of weight 4, but no serious

modification is required to handle the case of general 7. O

After replacing the period lattice A, by the possibly slightly larger lattice A/, and re-
defining A, , accordingly, we obtain Theorem 2.1 below on the complex Abel-Jacobi images
of generalised Heegner cycles, which is one of the two main results of this chapter. Because
the formula is given modulo a larger lattice, it is slightly less precise, but has the virtue of

being more explicit and amenable to numerical calculation.
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Theorem 2.1. Let ¢ : A—C/(1,7) be an isogeny of degree d, = deg(yp), satisfying

1 .
o(ta) = N’ ©*(2midw) = wa,

and let A, be the associated generalised Heegner cycle on X,. Then

Alc(Ap) (wy Al ) = (Zdp ) @ri) ™ /T (z =7V (z—=7)"7 f(2)dz (mod A,,).

(7— - %)rij }00

Proof. Let Fy be the integral primitive of w; obtained by setting 7, = ¢0co. By Proposition
2.6,
Ale(Bp)(ws Awhny?) = (" Fy(r),whiy 7)a (mod A,). (2.62)

But letting o', 7' € HIz(C/(1,7)) be defined by

W' = 2midw, n € HS}%(C/@,T)), (Whn') =1,

we have
e (W) =wa, ¢ () = dona. (2.63)
Hence
(7w ha = & FY ) (WY ) )
= dL(Fy(7), (W)Y () ) a
The result now follows from Proposition 2.4 with 7y = i00. O

2.2.5 Summary

For the convenience of the reader, we summarise the Abel-Jacobi computation in one big

self-contained calculation. Hopefully, this will allow for a better overview of the underlying
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strategy, as well as for a broader appreciation of the bigger picture.

So let f € S;42(I'1(V)), and let Fy be the integral primitive of wy obtained from Propo-
sition 2.4 by taking 7y = ico. As previously, we work modulo A,., = A, ® Sym" H,(A(C),Z),
where A, C S,42(I'1(N))Y is taken large enough so that it contains the lattice A/ of Propo-
sition 2.7. Retain the notations and assumptions of Theorem 2.1. Then, working with

equalities modulo A, ,, we have:

Ao nedii) = [ e
T, (A
:/~ pr’ wf/\wAn
* j r—j VvV
—Z/ (pr*wy A wimy aezj>
V5T v
:Z/ Ff/\wAnAJH )
j=1"T

= > (Fs(y7) Awhny ! PDy(2))) — (Fy(7) Awhny? PD-(Z;))

Jj=1

= S () Al P, (07 25)) — (Fylr) A PD, (2,))

- <Ff<f> N, S P - 1>Zj>>

J=1

= (Fy(7) AWl el (AL))
= (Fy(7) AWl el (T2))
= (F (T)/\WAWA 70([ )
= (0" (Fy(r) AWy ),[ ao
<*(Ff(7))AWA77 [A)) a0
= (" (Fy(7)), WA77A >A
= di " {p(Fy(7)), 0" (W) (7)) a

J
<p
]
©

dL(Fy(r), (W) (n )T 7)a
( o) (2mi)) (z — 7Y (2 —7) f(2)dz.

(T - T)T_J 100

147



2.3 The Chow group of X,

Assume in this section that A is isomorphic over C to the complex torus C/Ok and let X,
be the (2r + 1)-dimensional variety over H defined previously. For simplicity, we assume
that dx # 3,4, so that O = {£1}. For any field F, recall from (1.50) the definition of the
Griffiths group

Gr" (X)) (F) == CH™ (X, )o(F)/ CH™ (X, aig (F),

where CH" ™ (X,.)ag(F) is the subgroup of null-homologous codimension r + 1 cycles on X,
that are defined over F' and are algebraically equivalent to zero.

The goal of this section is to prove the following:

Theorem 2.2. For all v > 0 the Chow group CH"™(X,)o(H) of null-homologous cycles
modulo rational equivalence has infinite rank. Furthermore, for all r > 2, the Griffiths group

Gr"*Y(X,)(H) also has infinite rank.

The proof follows closely that of Theorem 4.7 of Schoen’s paper [128] which treats the
case of “usual” Heegner cycles on a Kuga—Sato threefold, and rests on an ingenious method
of Bloch. The most significant difference lies in the setting that is treated: whereas Schoen’s
cycles are indexed by arbitrary quadratic orders of varying discriminant, generalised Heegner
cycles are forced by necessity to be indexed by (not necessarily maximal) orders of the fixed
imaginary quadratic field K. The reader is referred to Chapter 1 for background material on
the tools from class field theory, complex multiplication theory, and étale cohomology that
are used below, as well as to the introduction of [12] for further background on generalised

Heegner cycles beyond the material covered in the earlier sections.

Remark 2.8. When r = 0 the variety Xj is the modular curve X;(N) which is defined
over Q. Codimension 1 cycles are divisors and rational equivalence corresponds to linear
equivalence on divisors, whence CH'(X(N)) = Pic(X(N)). Moreover, a divisor is null-

homologuous if and only if it has degree zero and any degree zero divisor on a smooth
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connected curve is algebraically equivalent to zero, as explained in Example 1.2. It follows
that the Griffiths group Gr'(X;(N)) is trivial. The content of Theorem 2.2 is that the Chow
group CH*(X{(N))o(Q) has infinite rank, a well-known result. The generalised Heegner
cycles in this case are images of Heegner points on the Jacobian variety of X;(N), see
Definition 2.1, and the method consists in showing that the subgroup generated by these
Heegner points has infinite rank. In [90, Proposition 2.8], it is shown that E(Q) has infinite
rank where F is an elliptic curve defined over Q by proving that the subgroup generated by

Heegner points on Xy(/N) via a modular parametrisation Xo(N)— FE has infinite rank. In

particular, this implies Theorem 2.2 in the case r = 0.

Notation 2.1. Throughout this section we will adopt the following notational conventions.
If X is a variety defined over H and F' is any field containing H, then we let X denote its
base change to [, i.e., X Xgpecmr Spec F'. We fix an algebraic closure H of H and we will
use the shorthand notation X := Xgz. Recall that K has discriminant —dx and O denotes
its ring of integers. Let 7 := (—dx + v/—dg)/2 be the standard generator of O = (1,7),
as in the beginning of Section 1.3.1. Fix an analytic isomorphism £ : C/Ok ~ A(C) and let

wa € Q) be the regular differential satisfying £*(wa) = 2midw.

2.3.1 A subcollection of cycles

We introduce a distinguished subcollection of generalised Heegner cycles. The fields of
definition of these cycles will play a crucial role in Section 2.3.3 and the understanding of
the Galois action on these cycles is key in Section 2.3.4.

Let p and ¢ be distinct odd primes which are congruent to 1 modulo N, and consider the

following lattices associated to 8 € P'(F,),
1 T+ 5

1
Ny yoo i =2— D Zr, Apyp=2Z-DZL
D4, g D,q,8 P

for 0 < B <qg-—1,

which each contain O with index pg, and let A, 3 be the elliptic curve whose complex
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points are isomorphic to C/A,, 3. The natural isogeny
Ppq8 A= Ap g (2.64)

of degree pq gives rise to the generalised Heegner cycle

A A (2.65)

0,98 = $Pp,q,8"

The theory of complex multiplication, as reviewed in Section 1.3, allows us to pin down the
field of definition of the cycles A, , 3. Let F},, denote the field compositum of Ky and H,,,
where Ky denotes the ray class field of K of modulus 9 defined in Assumption 2.1, and H,,

is the ring class field of K conductor pq. See Definition 1.9 and 1.11.
Proposition 2.8. For all 3 € PY(F,), the cycle A, 5 is defined over F,.

Proof. The Kuga—Sato variety W, is defined over @, and the elliptic curve A along with
its complex multiplication can be defined over the Hilbert class field H of K by Theorem
1.2. Following the moduli description of X;(/V), the pair (A,t4) corresponds to a complex
point on X;(N) defined over the abelian extension of K corresponding to the subgroup

K*W C A}, where
W= {z € Aj : 20k = Ox, 2€ ' (ta) = €' (ta)} -

This field is the ray class field Ky of K of conductor 91 by Theorem 1.3. The elliptic curves
A, .5 have complex multiplication by the order O,, of conductor pg and can thus be defined
over the ring class field H,, by Theorem 1.2. The isogenies ¢, , s are also defined over H,,.
Note that since (pg, N) = 1, we have (0,45, Apq) € Isog” (4). The point (A, g5,ta, ) on
Xi1(N) can thus be defined over the field compositum F},,. Since the correspondence ey, of
Definition 2.2 that was used to define the generalised Heegner cycle is defined over Q, we

can conclude that the cycle A, , 5 is defined over F,, as well. O
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Remark 2.9. More generally, let (¢, A’) be an element of Isog(A). Since A has complex
multiplication by Oy, the endomorphism ring of A" is an order in Og. Such an order is
completely determined by its conductor, as explained in Section 1.3.1, and therefore there is
a unique integer ¢ > 1 such that Endz(A’) = O, := Z + cOk. The pair (¢, A’) is then said

to be of conductor ¢ and we set
Isog.(A) := {Isomorphism classes of pairs (¢, A") of conductor ¢}

and Isog™(A) := Isog,(A) N Isog™(A). Note that if (p, A’) € IsogX(A), then by a similar
reasoning as above the associated cycle A, is defined over the field compositum F, := Ky-H.,

where H. := K(j(O.)) denotes the ring class field of K of conductor c.

2.3.2 Cycles of large order

Using the explicit formula for the image of generalised Heegner cycles under the complex
Abel-Jacobi map obtained in Theorem 2.1, we will now prove, following the approach of [128,
§3], that many of the cycles A, , 3 are of large (possibly infinite) order in the Chow group
and even in the Griffiths group (if » > 1). This part of the argument uses only complex

analytic and Hodge theoretic methods, and rests on the following theorem.

Theorem 2.3. For all ¥ > 0 (resp. for all v > 1) the order of A, .5 in CH ™™ (X,)o(H)

(resp. in Gr"*H(X,)(H)) tends to 0o as p/q tends to co.

Remark 2.10. If f € S,,5(I';(N)) and 0 < j < r, then we will identify, by a slight abuse of
notation, AJc (A, ,.5)(wrAwln’y ) with the complex number appearing in the right hand side
of the displayed equation in Theorem 2.1. This amounts to choosing a fixed representative

of AJe(A,q5) in (Spio(T1(N)) @ Sym”™ Hiz(A))Y, and then evaluating it at wy A whn'y 7.

The proof of Theorem 2.3 relies on the following intermediate result.
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Lemma 2.4. For any non-zero cusp form f,

lim AJc(Apq8)(wr A Wimg_j) =0
p/q—00

and AJc(Apq5)(ws AWn’s™?) is non-zero for all large enough p/q.

Proof. Fix p, ¢, and 8 € P!(F,). The lattice A, , s is homothetic to (1,7, ,4), where

(r+ B). (2.66)

Tp,q,OO = pq7—7 Tp7q7ﬁ =

3

Set 7,4 := Xp + Y3, and note that

pq-Vdg/2  if f =00
Y =

p/q-Vdi /2 if B # 0.

By Theorem 2.1, AJc(A,,5)(ws Awln’y?) is equal to

(_1)j(2m‘)j+1 ‘Kg /Tp,q,s

(r —7)— (z — Tp,qﬂ)j (z — 7tp,qﬂ)T_jf(Z)dz

100

v [ Ty VeV (y 4 Ya) (X + i)y, (267)

Yg

where

220 if g —
Pq if 8 = oo, 4 .
oy (pq) g = (= 1) (2L "G—é

p2j72rqr if 6 7& 00, (T - T)T_]7

and the equality in (2.67) is obtained by performing the change of variables z = X3 + iy.

Assume, without loss of generality, that f is a normalised cuspidal eigenform. By exam-
ination of the Fourier expansion of f, there is an absolute real constant C'y > 0 (depending
only on f) for which

|f(2') o 627riz| < Cf . 6—47r1m(z)
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on the domain {Im(z) > 1}. Combining this with (2.67) gives

<5 C /Y (y— Ya)i(y + Yp) Je™dy, (2.68)
B

where

Ay = / (y— Y3 (y + Yp) e 2mdy (2.60)

Ys
is clearly non-zero and positive since the function appearing in the integral is strictly positive

on the domain of integration. The error term in (2.68) is majorised by

Y- Cy - / (y = Ys) (y + Ya) e ™dy
Yp

S Cf “B G_QWYBAg. (270)

If we let

Bﬁ =g 62mXﬁ : Aﬁ, (271)

then (2.70) implies that AJc (A, ,5)(ws /\wini{j ) is asymptotically equivalent, as a function
of p and ¢, to Bs as p/q tends to infinity, in the sense that the ratio of these two functions
tends to 1 as p/q tends to infinity. The result now follows after observing that the quantity

Bg is non-zero but tends to 0 as p/q tends to infinity. O

Proof of Theorem 2.53. As p/q tends to oo, Lemma 2.4 shows that AJc(A,,5) tends to the
origin in J"™(X,./C) without being equal to it. Consequently, the order of AJc(A,,5) tends
to oo in J™1(X,/C). It follows that the order of A, , 5 in the Chow group CH ™ (X,)o(H)
tends to oo as p/q tends to co.

To treat the image of A,, s in the Griffiths group, let J™™ (X, /C)a, denote, following

Definition 1.20, the complex subtorus of J™1(X,/C) which is the intermediate Jacobian of
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the largest sub-Hodge structure V of H"™*1"(X,) & H""*1(X,). More precisely,

J X,/ Clag = J7THV) = Ve /(FiIlT V@ V). (2.72)

The image of CH (X, )a,(C) under AJc is a complex subtorus of J"*(X,/C) which is
contained in J™(X,/C),, and has the structure of an abelian variety, as explained in

Proposition 1.11. One can thus define the transcendental part of the Abel-Jacobi map
(1.54)

Alcy : G TH(X,)(C)— T (X, /C)yy i= J X, /C) /T (X, /C)atg (2.73)

as the factorisation of AJc. Note that for r = 0, J"*(X,/C) = J(X,/C).e and
Gr" "' (X,)(C) = 0 by Remark 2.8, so the transcendental part of the Abel-Jacobi map is

trivial in this case. For » > 1, by (2.1), we observe that

(Hr-‘rl,r (Xr) @HT’T—H(XT)) meXTHgl’;‘l (XT/(C) = (ST+2(F1<N)) ®C77f4) S¥) (Sr+2<F1<N)) ®Cw;1)

The same reasoning as before shows that the order of A, , 5 in Gr" (X, )(H) tends to oo

with p/q. O

2.3.3 Cycles of infinite order

Theorem 2.3 implies that for sufficiently large p/q, the cycles A, , 3 have large (possibly
infinite) order in the Chow group. Following [128, §4|, we show that for large p/q, the cycles
A, 4,5 are non-torsion in the Chow group. This section constitutes the algebraic part of the

argument, where the fields of definition of the cycles play a crucial role.

Proposition 2.9. For all r > 0, there exists a non-negative integer M, with the property
that if A € ({Ape5}) C CH™Y(X,)o(H) is such that the order of AJc(A) in J71(X,/C)
does not divide M,, then A has infinite order in CH™™ (X, )o(H).
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Before proving this proposition, we deduce the following two corollaries.
Corollary 2.1. For p/q sufficiently large, A, , 5 has infinite order in the Chow group.
Proof. 1t suffices to combine Lemma 2.4 and Proposition 2.9. ]

Corollary 2.2. Fix a rational prime q congruent to 1 modulo N. There exist infinitely many
rational primes p congruent to 1 modulo N such that the cycle A, 45 — A, 4~ has infinite

order in the Chow group when 3 # 7.

Proof. Let f be a normalised cuspidal eigenform and consider Bg = 75 - €*™X5 - Ag of (2.71)
defined in the proof of Lemma 2.4 for all § € P}(F,). If 8 = oo, then 7 # oo and a

comparison of integrals reveals that
< e @ OVIK 205+ -

B
B,|~

from which we deduce that B /B, tends to zero as p/q tends to co. In particular, B,, and

B., are not asymptotically equivalent as p/q — oo and it follows that for infinitely many p/q,

AJe(Apgoo) (W Awhny?) # Ade(Dp o) (wr Awhny ) (2.74)
since asymptotic equivalence is an equivalence relation. Moreover, we have

lim AJc(Apgoo — Apgq) =0. (2.75)

p/q—00

Suppose now that 3, # oo and observe that Bz = 2mig _V)BW, so the complex argument
of the ratio Bg/B, is greater in absolute value than 27 /¢ for all p. In particular, Bz and
B, are not asymptotically equivalent as p tends to oo and thus for infinitely many rational

primes p congruent to 1 modulo N,

AJe(Bpgp)wr Ak ”) # Ade(Bpgq)wr Ak ). (2.76)
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Moreover, we have lim;, /g0 AJc(Apg8 — Dpgry) = 0.

Hence, by taking p sufficiently large, we can ensure that the order of AJc(A, 8 —Apgry)
in J""(X, /C) is greater than M, and thus, by Proposition 2.9, A, , 53— A, , ., is non-torsion
in CH""(X,)o(H). O

We now turn to the proof of Proposition 2.9. For any rational prime ¢, Bloch [27] has

defined a map of Galois modules
A= N CHPY (X)) (H) (O — HE (X, Qo) Zo(r + 1)) (2.77)

where CH™™ (X,.)(H)(¢) denotes the /-power torsion subgroup. The construction of this map
was reviewed in Section 1.5.2 along with its salient properties. Recall in particular the short

exact sequence (1.70)
0—J (X, /C)ors— H* 1 X,(C),Q/Z)—H* (X, (C), Z)tors—0, (2.78)

which identifies J" " (X,./C)ios up to a finite group with H*"1(X,(C),Q/Z).

Summing over all primes ¢ yields a map of Galois modules
A CH™N X)) (H )gors— HE (X, Q/Z(r + 1)) (2.79)

which, by Proposition 1.20, fits into a commutative diagram

CHrH(Xr)O(g)tors S HgtTH(Xr,Q/Z(T +1))
lcr* 21(1473) (2.80)
CHT+1(XT)O((C)torS LAJC' H2T+I(XT(C)7Q/Z)>

where o : H < C denotes the fixed embedding.
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Lemma 2.5. For allr > 0, there exists a non-negative integer M, that annihilates the group

HE (X, Q/Z(r + 1))

for any square-free positive integer n coprime to N, where F,, = Ky - H,,.

Proof. We refer to Section 1.3 for the various notations and tools from class field theory used
in this proof. Let us fix two distinct rational primes ¢; and ¢ which are inert in K and satisfy
(2N, ¢1q2) = 1 with the property that there exist two primes ¢; and gy in H which lie above
¢1 and ¢y respectively such that X, has good reduction at q; and ¢y. See [12, Appendix].
Let s; and sy denote the residual degrees of q; and qy in Ky /H respectively. By Corollary
1.2, the residual degrees of q; and ¢y in F,,/H are again equal to s; and sy respectively. In
particular, these residual degrees are independent of n. Let H,, denote the compositum of
all ring class fields of K of square-free conductor coprime to N and define F,, = Ky Hyo. It
follows from the above that the residual degrees of q; and g in F,/H are equal to s; and s,,
respectively. We fix q7° and q5° two primes of F,, above q; and g2 respectively, and let Dy
and D, denote the decomposition groups in G'p, of a prime above q7° and q5°, respectively.

Let ¢ be a rational prime and pick i € {1,2} such that ¢ # ¢;. Because of the assumption
of good reduction, the inertia group I; C D; acts trivially on HZ ™ (X,, Q¢/Z¢(r + 1)) and
we have, by [117, VI Corollary 4.2],

— r ) r r Gy s
HEH (X i )P o HY P (X, ) (2.81)
for all v. Taking direct limits, we obtain an isomorphism
_ 4 . Gr s,
HE (X, Qu/Zo(r + 1) = HY (X, g, Qo/Ze(r + 1)) o (2.82)
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From the long exact sequence in ¢-adic cohomology associated to the short exact sequence

we obtain a short exact sequence

HIM (X, 5, Qu(r 4+ 1))
— 2r+1 -
Im(Hy ™ (X, 5, Ze(r + 1))

HHSJJA (Xr,qui ) QZ/Zf(T + 1))

— HY (X, 5, Zo(r +1))iors—0. (2.84)

.
7

Gy
)

Consequently, the order of H2" +1(erq_ ,Q¢/Zy(r+1)) =" is bounded by the product of

Gy o,
H62{+1 (Xr,]?qi ) @f (T + 1)) Fqiz
)

H2T+2 X, = ,Z +1 ors d
[HE (X Ze(r 4 D)ions|  an I (HY (X, 5, , Zo(r + 1)

We claim that both these quantities are finite, and equal to 1 for all but finitely many /.
On the one hand, we have a sequence of isomorphisms

Hol (X, g, Ze(r + 1)) = H (X, gy, Zo(r + 1))

rFq,»

~ H¥ (X, Zy(r +1)) ~ H(X,.(C), Z)(r + 1) ® Zy

where H,, denotes the completion of H at g;. The first isomorphism is obtained from [117, VI
Corollary 4.2| by taking inverse limits. For the second one, we fix an embedding H < H_qi,
apply [117, VI Corollary 4.3| and take inverse limits. The last one is a consequence of [117, IIT
Theorem 3.12| and taking inverse limits. Since H*7%(X,(C),Z) is finitely generated, its
torsion subgroup is finite and thus the torsion subgroup of H*"2(X,(C),Z)(r + 1) ® Z, is

trivial for all but finitely many /.
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On the other hand, we have

Gp .
HY P (X, Qulr + 1)) ) S
Im(H2 (X, 5, , Ze(r + 1))

HI (X, 5, ,Qu(r+1
ker (1—Frobq;_>o |5 L (Xogy Qe+ 1) (2.85)

m(Hg (X, g, Ze(r + 1))

which is equal to the /-part of

| det(1 — Frobge | Im(HY (X, 5, , Ze(r + 1)) (2.86)

Ty

By the Weil conjectures as proved by Deligne [57], the quantity (2.86) does not depend on
(. In particular, (2.85) is equal to 1 for all but finitely many ¢.
We conclude that the order of H* (X, Qy/Z¢(r + 1))%F~ is finite and equal to 1 for

almost all £. Hence HZY 1 (X,,Q/Z(r + 1))~ is finite and we may define
M, = |HI (X, Q/Z(r +1))%=]. (2.87)

Then M, annihilates H2 (X, Qy/Z¢(r 4 1))%# for all square-free n coprime to N. O

We are now in a good position to prove Proposition 2.9. We will do so by proving the

contrapositive of the statement.

Proof of Proposition 2.9. Let M, be the non-negative integer of Lemma 2.5 defined in (2.87).
The cycle A is defined over the field F,, = Ky - H, for some square-free integer n coprime
to N by Proposition 2.8. Suppose that A is a torsion element of the group CH" " (X,.)o(H).
Using the Galois equivariance of the Bloch map of Proposition 1.14, Lemma 2.5 implies that
the order, say m, of A\(A) must divide M,. By compatibility of the Bloch map with the
complex Abel-Jacobi map (2.80), we have A(A) = u o AJc(A), where u is the map defined

in (2.78). Thus u(m AJc(A)) = 0 and by injectivity of u, we deduce that m AJc(A) = 0.
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Hence the order of AJ¢(A) divides m and in particular divides M,.. ]

2.3.4 Infinite rank

In this section we prove the following result, which directly implies the part of Theorem 2.2

concerned with the Chow group of X,.

Theorem 2.4. The subgroup of CH" ™ (X,)o(H) generated by the generalised Heegner cycles
A, qp (for p,q distinct odd primes congruent to 1 modulo N and B € PY(F,)) has infinite

rank.

Let g be a rational odd prime ¢ congruent to 1 modulo N which remains inert in K.
There are ¢ + 1 distinct isogenies p, 5 : A—> A, 5 of degree ¢ with § € P(F,) attached to

the following lattices A, s containing O with index ¢:

1
Njoo = 2Z— @ Zr, Ny p ::Z@Zﬂ, for0 < g <qg—-1.
q q

The theory of complex multiplication, see Theorem 1.2, implies that the elliptic curves A, g,
as well as the isogenies ¢, g, can be taken to be rational over H,, the ring class field of K of
conductor ¢. As ¢ is assumed to be inert in K, the extension H,/H is cyclic of degree g+1, as
remarked in (1.37). We let o, denote a fixed generator of its Galois group G, = Gal(H,/H).

As we will see, the proof of Theorem 2.4 exploits the action of the Galois group Gy on
generalised Heegner cycles. The understanding of this Galois action rests on the following

intermediate result.

Lemma 2.6. The Galois group G, = Gal(H,/H) acts simply transitively on the set of

isogenies {Pq,3}sep(v,)-

Proof. Recall the analytic isomorphism £ : C/Og ~ A(C) fixed in Notation 2.1. Define, for
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all g € P1(F,), the point

§(r+B)/a), i B#o0

lgp =

of A(C) and note that ker(p,3) = (t,4)-

For any o0 € Aut(C/H), observe that A = A and o|g. = (s|K) is the Artin symbol
for an idele s of K, which is a unit at all finite places by the idelic description of the ideal
class group and the idelic formulation of class field theory. In particular, for any o € G, and
any idele s of K with o = (s|K)|n, and s, € O, for all v { oo, there is a unique analytic

isomorphism &, : C/Ok ~ A(C) such that the diagram

| lg (2.88)

commutes, according to Shimura’s formulation of the main theorem of complex multiplication
[136, Theorem 5.4]. Observe that ¢, = £ o o, for some o, € O = {£1} (recall the
assumption dy # 3,4), as 0 € Auty(A) = Of. Note that ker(p, ) is a subgroup of the
g-torsion group of A, and we may thus restrict the focus to the g-torsion subgroup of K/Ok,
namely ¢ 'Ok ./ Ok 4

Since (s|K)|pg, is an element of G, the fractional ideal (s~') associated to s~' belongs
to the group (Ix(q) N Pk)/Pkz(q) described in Section 1.3.1. This group is isomorphic to
the quotient (Ok/qOk)*/(Z/qZ)* and acts on F-lines in ¢ 'Ok /O 4 ~ Ok /90K, by
multiplication. In particular, we see that s~! permutes the F -lines in ¢ 'O ,/Of , without
preserving any of them. We conclude from (2.88) that o permutes the kernels (¢, 3) without
preserving any of them. In other words, the action of G, on the set of g + 1 isogenies ¢, g is

simply transitive. O
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Proof of Theorem 2./. Let ¢ be an arbitrary odd rational prime which does not divide dx N.
Fix a rational odd prime ¢ congruent to 1 modulo N, which remains inert in K and such
that ¢ divides the degree of H,/H, ie., ¢+ 1 =0 mod /.

Let p be a rational prime congruent to 1 modulo N and distinct from ¢. The isogeny
©p.q.p Of (2.64) corresponds to the subgroup (£(1/p),t, ) of A(H), which is defined over H,,.
Because p and ¢ are distinct, we have H,, = H, - H, and H, N H, = H by Proposition 1.7,

and the natural restriction map induces an isomorphism

Gal(H,,/H,) ~ Gal(H,/H). (2.89)

Recall from Proposition 2.8 that A, , 5 is defined over F,, = Ky - H,, and since the inter-
section K N Hy, is H, as explained in the proof of Corollary 1.2, we have an isomorphism

induced by restriction

Gal(F,,/Kyn) ~ Gal(H,,/H). (2.90)

Consider the cyclic subgroup of Gal(H,/H) of order ¢ which exists because of the as-
sumption ¢ +1 = 0 mod ¢. Let G, denote the image of this group in Gal(F,,/Kn) under
the above isomorphisms (2.89) and (2.90), and let o, be a generator of G,. Consider the

homomorphism of Q-vector spaces

Y Q[Gy]— CH™ M (X,)o(H) ® Q, (2.91)

which to o € G, associates 0(A,, 3). Note that the kernel of ¢ is stable under multiplication
by Q[G/], hence ker(¢) is an ideal of Q[G,|. But Q[|G,] has a very simple structure; it is
isomorphic to the product of two fields, namely Q and Q((;), where (; is a primitive ¢-th

root of unity. Indeed, the map

=

-1 -1 1
QGI—QxQ(¢), D> Noj ( Ao Y Aﬂ)
i=0 E

=0 =0
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is an isomorphism of rings. There are exactly two proper ideals of @ x Q((;), namely
{0} x Q(¢r) and Q x {0}, which correspond respectively to the augmentation ideal and the
ideal Q - N of Q[G/], where N = S/~ o
By Corollary 2.1, we may assume, by taking p large enough, that A, , 3 is non-torsion in
the Chow group. In other words (1) # 0 and therefore ker(¢) is not equal to all of Q[G/].
Because the action of Gal(H,/H) on the set of g-isogenies of A is simply transitive by
Lemma 2.6, we see that (¢4, Ag5)7 = (P, Agr) in Isog(A) for some v # (3 in PY(F,).

Since oy fixes H,, it must fix the subgroup (£(1/p)) of A(H), and consequently

(®pa.8) Apas)’ = (@p,qm Apan) (2.92)

in Isog(A). It follows that o,(A,5) = Apgn in CH™™(X,)o(H), i.e., (o)) = Apgry
By Corollary 2.2, we may choose p such that A, , 3 — A, , - is non-torsion in the Chow
group. In other words, ¥(o,— 1) # 0 and thus ker(¢)) is not equal to the augmentation ideal.

We conclude that the kernel of ¢ is either trivial or equal to Q- N. In any case, we have
dimg Q[Gy]/ ker(v) > £ — 1 (2.93)

and we have thus constructed a subgroup of the Chow group of rank greater or equal to

¢ — 1. Since ¢ was chosen arbitrarily, this proves the theorem. O

2.3.5 The Griffiths group of X,

By Theorem 2.3, we know that many of the generalised Heegner cycles have large (possibly
infinite) order in the Griffiths group, at least when r > 1. In the proof of this theorem, we
were able to extract information concerning the Griffiths group by studying the transcen-
dental Abel-Jacobi map (2.73), a modified version of the complex Abel-Jacobi map which
enjoys the property that it factors through Gr"™'(X,)(C). If we wish to apply the algebraic

arguments of Section 2.3.3 in order to show that many of the cycles have infinite order in the
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Griffiths group, we need a modified version of Bloch’s map A of Galois modules (2.79) which

factors through Gr"t*(X,)(H). To this end, we introduce an algebraic projector which we

compose with .

We use the same conventions and notations for motives as in [58, §0], see also Section

1.4.2. Given two nonsingular varieties X and Y, we define the rings of correspondences
Corr®(X,Y) := CH"™®)(X xY) and Cort®(X,Y)p:= Cort’(X,Y)® E,

if £ is a number field, as in Section 1.4.2.

Proposition 2.10. For all r > 2, there exists an idempotent element Px, in Cort®(X,, X,)g

with the following properties:
1. The map

CH™ (X, )o(C) 225 7+ (X, /C) 2L 1 (V)

factors through Gr"*'(X,)(C), where J(N) denotes the intermediate Jacobian associ-

ated to the Betti realisation of the Chow motive N := (X, Px,.,r + 1) over H with
coefficients in Q.

2. The map of Galois modules
r+1 i A2+l v (Pi;* 241/ v
CH™ (X, )o(H)tors—He T (X, Q/Z(r + 1)) Hy (X0, Q/Z(r + 1))
factors through Gr" ™ (X,)(H )iors, and thus induces a map of Galois modules

(Px,)« 0 A : G ™ (X,) (H )iors— HETH(X,, Q/Z(r + 1)).

We begin with the construction of the projector Py, and assume from now on that » > 2.
Write [z] for € K viewed as an element of Endy(A) ® Q. The identification of K with

Endg(A) ® Q is normalised such that [z|*ws = 2w, for all x € K. We shall consider the
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following idempotents of Endy(A) ® K:

o — V—di + [V —dk] and 5= V—dg — [V —dx]
o 2/dk o 2V/dk

and view them as elements of Corr’(A, A)x by taking their graphs. For all 0 < j < r, we

define the idempotent

el) = Z e17®... Qe € Cort’ (A" Ak,

where e; ; := e or € depending on whether ¢ € [ or i ¢ I.

Consider the Chow motive M := (A", ¢,,0) over H with coefficients in Q where

e 1= ( 3 e(j)> 0 <1_TH]>® € Corr®(A”, A")q.

0<g<r
The Betti realisation Mp of this motive is a Hodge structure of weight . We have Mp(C) =

e, Hjz (A") and its Hodge decomposition is given by

o HI™(A") for0<j<r
H?" 7 (Mp(C)) = (2.94)

0 for j=0o0rj=r.
We will use the same notation for e, and its pull-back to Cort’(X,, X,)g and define
Py, = ¢, 0¢x, € Corr’(X,, X,)q, (2.95)
which is an idempotent in the ring of correspondences of X, with coefficients in Q since e,

and ex,. commute.

Remark 2.11. As in Remark 2.2, we will assume throughout that the projector Py, has

been multiplied by a suitable integer so that it lies in Corr®(X,, X,).
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The correspondence Py, induces morphisms (Px, ). = (pry)« o (-Px,) o (pry)* between
Chow groups, cohomology groups and intermediate Jacobians and acts as a projector on
these various objects.

The map of intermediate Jacobians
(Px, ).+ J7HX, /C)— T (X, /C) (2.96)
is induced from the map on singular cohomology
(Px, ). : H"H(X,(C), Z)—H"*(X,(C),Z) (2.97)

which makes sense since the latter is a morphism of Hodge structures of bidegree (0,0)
by [147, Lemma 11.41], and thus maps Fil"*! H3 (X, /C) into itself.

We will henceforth work with the Chow motive N := (X,, Px,,r + 1) over H with
coefficients in Q. Its Betti realisation Ng = (Px,).(H*(X,(C),Z))(r + 1) is a Hodge

structure of weight —1 and the 0-th step of its Hodge filtration is given by

Fil’ N5(C) = (Py,), FiI' "' HIH (X, /C)

r—1 ' ' r—1 ‘ ) (298)
= Sra(T1(N)) ® <69 @wimzf) c@PHTHTI(X,).
j=1 =1

We note that H% ' (Np(C)) = H"~+)(Ng(C)) = 0 and in particular we have the crucial

property
(Px,)(H™H7(X,) @ (X)) = 0. (2.99)

Associated to the Hodge structure Npg is a complex torus
J(N) := Ng(C)/(Fil’(Ng(C)) ® Np)

which is the image of the projection (2.96). By (2.98) and Poincaré duality, we have an
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isomorphism of complex tori

J(N) ~ <ST+2(F1(N)) ®§,€Bﬁ Cw;n;‘j» ) (2.100)

where the lattice II;., is defined by

H,r,r = (PXT)*Gm H2r+1(Xr(C)7Z))' (2101>

Proof of Proposition 2.10. Recall from (2.72) that J™(X,/C)ag = J™T1 (V) where V is the
largest sub-Hodge structure of H'*17(X,) @ H™*+!(X,) and the image of CH" "' (X,.)4(C)
under AJc is a complex subtorus of J"*(X,./C) which is contained in J" (X, /C)a,. The
morphism of tori (Px,). : J™7(X,/C)—J(N) is induced from the morphism of Hodge
structures (2.97). The latter restricts to a morphism of Hodge structures (Px, ). : Vz— Np
which is the zero map when tensored up to C by (2.99) since Ve € H™ V" (X,) @ H" 1 X,.).
Hence the induced map (P, ), : J"71(V)—J(N) is the zero map and the first statement of
the proposition follows.

The group CH" ! (X,.).e(H) is divisible since it is generated by images under correspon-
dences of H-valued points on Jacobians of curves, by Definition 1.18 of algebraic equivalence.

Therefore we have an exact sequence

0— CH™ (X, ) atg (H )sors— CH™(X,)0 (H )tors— G171 (X,) (H ) tors—0 (2.102)

and in order to prove the second statement of the proposition it suffices to show that the

subgroup CH"™ (X, )aig(H )tors lies in the kernel of (Py, ). o A. Observe from (2.80) that

(Px,)s 0 A= (Py,), ouoAlg (2.103)

where we use the compatibility of the comparison isomorphism (1.73) with correspondences,
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which follows from the compatibility of the cycle class maps with respect to the comparison
isomorphism. See [94, §5.3]. Note that the maps (2.97) and (2.96) commute with u since

the latter is induced from the former and we therefore have

(Px.)s oA =wuo (Px,).0Alc. (2.104)

It follows from statement (1.) that (P, ). o \(CH " (X,) g (H )iors) = 0. O

When r > 2, applying the map (Py, ). on Chow groups yields the cycles

Epas = (Px,):Bpgs, (2.105)

whose classes in the Griffiths group will be denoted [Z,, 5]. Since the projector Py, is defined

over Q, these cycles and their classes are defined over F),, by Proposition 2.8.

Proposition 2.11. For all v > 2, the order of [Z,,5] in Gr" T (X,)(H) tends to oo as p/q

tends to infinity.

Proof. By functoriality of the complex Abel-Jacobi map [65], we may view AlJc(Z,,4) as

an element of J(N). If f € S,42(I'1(N)) is non-zero and 0 < j < r, then

AJc(Zpap)(wr Awiny ) = AJe(Dyg8) (wr Awlny ). (2.106)

As p/q tends to oo, by Lemma 2.4, AJc(Z,,3) becomes arbitrarily close but not equal to
the origin in J(N). It follows, by Proposition 2.10 (1.), that the order of [Z,, 5] tends to co

with p/q. O

Proposition 2.12. For allr > 2, if 2 € ({Z,,5}) C CHY(X,)o(H) is such that the order

of AJc(Z) in J*H(X,/C) does not divide M,, then = has infinite order in Gr" 1 (X,)(H).

Proof. Suppose that [Z] is a torsion element. The cycle = and its class in the Griffiths group

are both defined over the field F,, = Ky - H,, for some square-free integer n coprime to N by
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Proposition 2.8 and we have the identity (Px,).= = Z. By Proposition 2.10 (2.),

(Px,): o M[Z]) € HZ (X, Q/Z(r + 1))

and thus by Lemma 2.5, the order, say m, of (Px, ). o A([Z]) must divide M,. By (2.104), we
have

(Px.)« 0 M[E]) = wo (Px, )« 0 AJc([E]) = wo (Px, ). 0 Ade(Z).

By functoriality of the complex Abel-Jacobi map with respect to correspondences, see [65],

we obtain

(Px, )« 0 M[Z]) = w(AJc((Px,):E)) = u(Alc(2)).
By injectivity of u, the order of AJc(Z) must divide m and thus divides M,.. O

Proof of Theorem 2.2. Proceeding as in Section 2.3.3, one uses Propositions 2.11 and 2.12
to deduce the analogue statements of Corollaries 2.1 and 2.2 for the Griffiths group and the
classes [Z,,3]. Using these two statements, the same arguments as in Section 2.3.4 apply,

proving that Gr"*!(X,)(H) has infinite rank. O

Remark 2.12. Applying the construction of the projector Py, in the case r = 1 yields
nothing interesting. In fact, there is no algebraic splitting of the motive X; into its algebraic
and transcendental components and for this reason we cannot apply the arguments to show
that the Griffiths group is infinitely generated in this case. More precisely, we cannot obtain
Proposition 2.10 (2.) and therefore we fail to obtain Proposition 2.12. As a consequence,
even though we can show that many of the cycles have large order in the Griffiths group, we

are unable to prove that they generate a group of infinite rank.

Remark 2.13. Section 2.4 in [12] exhibits a correspondence from Xs, to W, under which
generalised Heegner cycles are mapped to (rational multiples of) “traditional” Heegner cycles

on Kuga—-Sato varieties. While this does not imply directly the analogue of Theorem 2.2 in

169



the setting of Kuga—Sato varieties, the methods of this paper can be expected to carry over

to proving the analogues of Theorem 2.1 and Theorem 2.2 in this setting.

Remark 2.14. In [90], Bo-Hae Im exploits Heegner points in an ingenious way to prove that
Mordell-Weil groups over large fields are of infinite rank, where a field is said to be large if
it is of the form Q7, with o an element of Gal(Q/Q). We believe that the techniques used

in the proof [90, Prop. 2.9| can be combined with Theorem 2.2 to show that

dim CH" " (X,)(Q7) ® Q = o0,

as well as similar statements for the Griffiths group when r > 2.
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Chapter 3

Geometric quadratic Chabauty over

number fields

This chapter is a reformatted version of the preprint article [41] and all results presented
herein are joint with Pavel éoupek, Luciena Xiao Xiao and Zijian Yao.

It is known by Faltings’ famous proof of Mordell’s conjecture that any smooth, projective,
geometrically irreducible curve of genus greater than one over a number field has only finitely
many rational points. However, this does not allow for the explicit determination of this finite
set, given that Faltings’ proof is not effective. In this chapter we generalise the geometric
quadratic Chabauty method, initiated over Q by Edixhoven and Lido, to higher genus curves
defined over arbitrary number fields. This results in a conditional bound on the number of
rational points on curves that satisfy an additional Chabauty type condition on the rank of
the Jacobian of the curve. The method gives a more direct approach to the generalisation
by Dogra of the quadratic Chabauty method to arbitrary number fields using restriction of
scalars. As such, this work can naturally be viewed as part of the non-abelian Chabauty

program initiated by Kim.
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Introduction

It has been known since Faltings’ proof [68] in 1983 of Mordell’s conjecture [118] that there
are only finitely many rational points on (smooth, proper, geometrically connected) curves
Ck of genus g > 2 defined over a number field K. However, Faltings’ proof cannot be made
effective, hence the problem of explicitly determining this set remains open.

The first partial result towards Mordell’s conjecture came in the form of the pioneering
work of Chabauty [35] in 1941. He proved finiteness of the set of rational points under an
additional constraint, known as the Chabauty condition — namely, the rank r of the Mordell-
WEeil group of the Jacobian Jx of Ck is less than g. Let us, for the purpose of exposition,
restrict ourselves to the case K = Q. Upon choosing a prime p of good reduction, Chabauty

considered the following commutative diagram

Ce(Q) Co(Qy)
l l (3.1)

Jo(Q) Z Jo(Qp)

where the vertical maps are Abel-Jacobi embeddings based at a fixed point b € Cp(Q),
and Z = m C Jo(Q,) is the closure of the Mordell-Weil group in the p-adic Lie group
Jo(Qp). Chabauty proved that dim Z < r and thus, under the Chabauty condition r < g,
the dimensions suggest that the intersection Cp(Q,) N Z should be at most 0-dimensional,
thus should be finite. Chabauty proved finiteness of this intersection, and hence also of its
subset Cp(Q). In 1985, Coleman [36] succeeded in making Chabauty’s method effective,
resulting in explicit upper bounds on the number of rational points on curves satisfying the
Chabauty condition. This led to the explicit determination of the set of rational points on
many examples of such curves. The so-called Chabauty—Coleman method is described in
more detail in Sections 0.3.1 and 0.4.2.

In the mid 2000’s, Kim [101, 102] initiated a fascinating program, known as the non-

abelian Chabauty program (or Chabauty—Kim method), which aims to relax the restrictive
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Chabauty condition » < g. The first non-abelian instance of the program is called the
quadratic Chabauty method. It has recently been made effective over Q by Balakrishnan,
Dogra, Miiller, Tuitman and Vonk [8], and spectacularly applied to determine the rational
points of the “cursed” curve X (13). More details about these developments can be found in
Section 0.3.2.

Recently, Edixhoven and Lido [62] have found a different approach to quadratic Chabauty
over Q. Their method is expected to work under the condition r < g + p — 1, known as the
quadratic Chabauty condition, where p is the rank of the Néron-Severi group of Jg. It lies
close in spirit to the original method of Chabauty and presents the advantage that it avoids
the (complicated) language of non-abelian p-adic Hodge theory used by Kim. An overview
of their method is described in Section 0.3.3.

A natural question is the generalisation of these methods to arbitrary number fields. In
order to apply the ideas of Chabauty—Coleman, Siksek [138| considered the Weil restriction
Resg/q(Jx) and studied Coleman integration in this context; this gives rise to the Restriction
of Scalars (RoS) Chabauty method. The work of Balakrishnan, Besser, Bianchi and Miiller [4]
builds on this idea and studies rational points on hyperelliptic or bielliptic curves satistying
a more relaxed Chabauty condition compared to [138], see Section 3.3.3; this is the RoS
quadratic Chabauty method. The work of Dogra [60] combines restriction of scalars with
the ideas of Kim, leading to an RoS generalisation of the Chabauty-Kim program. For a
more detailed account of these methods, we refer to Section 0.4.2.

In this chapter, we generalise the Edixhoven—Lido method, also known as the geometric
quadratic Chabauty method, to general number fields. The main theorem is, in rough form,

the following.

Theorem 3.1. Let K be a number field of degree d. Let Cx be a smooth, proper, geometri-
cally connected curve of genus g > 2 defined over K with Mordell-Weil rank r = ranky J(K)
satisfying the condition

r+d(p—1)<(g9+p—2)d, (3.2)
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where 0 := ranky O and p = ranky NS(Jk). Let R 1= Zy(21, ..., Zrio(p—1)) be the p-adically
completed polynomial algebra over Z,. There exists an ideal I of R, which is explicitly
computable modulo p, such that if A = (R/I) ®F, is a finite dimensional F,-vector space,
then the set of rational points Ck (K) is finite and
|Cx(K)| < dimg, A.

Remark 3.1. The precise form of this theorem is slightly more involved than what is stated
above. We need to work integrally with a regular proper model C of C' over O, and in order
for the method to work, we need to cover the smooth locus C*" by certain open subschemes
U; and work with one U; at a time. Moreover, we work separately on each residue disk at p
of U; and produce a bound on the size of U;(Ok), by constructing an ideal I, C R for each
i and each u € U;(Ox ® F,). The bound on the size of C'(K) is then obtained by summing

the bounds for each ¢ and u. This is made precise in Corollary 3.2.

Remark 3.2. The condition (3.2), which we refer to as the geometric quadratic Chabauty
condition in Definition 3.8, is the “best bound” for explicit quadratic Chabauty methods over
number fields in the literature. See for instance Section 0.4.2 or Section 3.3.3 for comparisons

with other Chabauty bounds that arise in the aforementioned works [4, 60, 138].

The strategy, following [62], is to replace the Jacobian in Chabauty’s original approach
(3.1) by something higher dimensional in order to play the Chabauty game. More precisely,
we will construct a certain G?,'-torsor Tk over Ji (where p is defined in Theorem 3.1)
which will replace Jg. This, however, introduces “too many rational points” as the fibre of
Ty over Ji is GP7! and G,,(K) = K* is not finitely generated, thus it becomes necessary
to consider a regular proper model C of Cx over the ring of integers Ok and spread out the
geometry. Consequently, we construct a certain G?, !-torsor T over J, the latter being the

Néron model of Jg. The idea is then to carefully lift the Abel-Jacobi map j, : C — J to
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the torsor T

s
Jb

C ——J.

. T
!

(The exposition here is too crude, as this steps requires the introduction of the subschemes
U, of Remark 3.1). We then let Ok, := Ok ®z Z, and consider the following quadratic

Chabauty diagram (compare with (3.1))

C(Ok) C(Ok,)
|3 |7 (3.3)
T(Ok) Y T(Okp).

Here Y := mp is the closure of T(Ok) in T(Ok,) for the p-adic topology. The ra-
tional points Cx (K) = C(Ok) are contained in j,(C(Oxk,)) N'Y, which is often finite and
computable.

The key of the approach is thus to analyse the p-adic closure Y of the Og-points of
the torsor T. If K = Q, then this can be done by parametrising the p-adic closure of
J(Z) = J(Q), as G,,,(Z) = £1. This is a major simplification and essentially why [62] decides
to work over Q. In fact, it was suggested to us by the authors of [62] that a restriction of
scalars approach might reduce the case of general number fields K back to the case of Q. In
this work, however, we decide to take a more direct approach which departs from the RoS
arguments of [4,60, 138]. One of the main observations is that one can in fact fully utilise
the G,,-action on the fibres of the torsor T—J to parametrise Y, which is sufficient for the
purposes of this work. Roughly, we pick a “Z-coordinate” map Z" — T(Ok) essentially by
choosing a basis for the Mordell-Weil group J(K'). We then use the G,,-action to propagate
these coordinates to get a “Z-coordinate” map Z%*~V+" — T(Oy), where § is as defined in
Theorem 3.1. Finally, interpolating these coordinates p-adically allows us to parametrise Y
via a surjective map

K Z)PTTT Y
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which turns out to be given by convergent p-adic power series. In fact, the ideal I in Theorem
3.1 is built such that the cardinality of Spec(R/I)(Z,) is the size of K= (Y N j3(C(Ok,))).
In particular, in order for the method to be able to explicitly determine the rational points

on C'k, we need to choose a prime p such that

Y N jb(C(OK,p)) is finite

K is “finite-to-one” on £~ (Y N j,(C(Ok,p))).
This observation prompts the following question:

Question 3.1. Let p be a prime of good reduction for C'x.. What conditions are necessary to

guarantee that the intersection Y N C(Ok ) as in the commutative diagram (3.3) is finite ?

In Section 3.1 we recall some basic background on the Poincaré torsor, from which we
build the torsor Tk over Jx mentioned in the overview above. We then spread out the
entire picture from Spec K to Spec Ok to obtain a precise version of diagram (3.3). In
Section 3.2 we construct the torsor T. Section 3.3 makes the strategy of geometric quadratic
Chabauty precise and the main technical results of this work are stated. We also explain
how the geometric quadratic Chabauty condition arises and discuss how it specialises to
the condition that appear in the RoS quadratic Chabauty method that is part of Dogra’s
generalisation of Kim’s program. In Section 3.4, which is the technical core of this chapter,
we parametrise the p-adic closure Y of the rational points T(Ok) by performing a p-adic
interpolation. Finally, we complete the proof of the main theoretical results in Section 3.5

and discuss Question 3.1 raised above.

3.1 Preliminaries

In this section we recall some background on algebraic geometry necessary for the method

of geometric quadratic Chabauty. In particular, we review the key geometric object studied
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in this chapter, namely the Poincaré torsor along with its biextension structure. We also

explain how to extend this picture to obtain a biextension over Spec Of.

3.1.1 The Poincaré biextension

We recall the definition of the Poincaré bundle and the associated torsor. We then recall

that the Poincaré torsor can be endowed with the structure of a G,,-biextension.

The Poincaré bundle

For details about this section, we refer to [63, Chapter VI|. As in the introduction, we let
Ck be a smooth proper geometrically connected curve of genus g > 2 defined over K with
Ck(K) # 0. Let Jx be its Jacobian, i.e., Jx := Pic%K/K is the connected component of the
identity of the Picard scheme Pice, /k; this is an abelian variety of dimension g defined over
K. We denote its zero section by 0 € Jx(K) or e : Spec K— Jk.

Consider the Picard scheme Pic;, /x over K defined as the contravariant functor from

K-schemes to the category of abelian groups given by
T — Pic(Jg x T)/ pry Pic(T), (3.4)

where prp : Jg x T—T is the base-change of the structural morphism Jx— Spec K.
The scheme Picy, /k is a group scheme over K with projective connected components. The
connected component Pich /i of the identity is reduced, hence an abelian variety. This is
the dual abelian variety of Jg, and we shall denote it by J) := Pich /K- 1t comes equipped
with a canonical principal polarisation A : Jx—J) by translating the theta divisor.

The functor described by (3.4) is isomorphic to the functor given by
T — { isomorphism classes of rigidified line bundles (L, «) on Jx x T},

where a rigidification of the line bundle L is an isomorphism « : Op—se% L, where the
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section ey : T—Jg x T is the one induced by e. Since this moduli problem is repre-
sentable by Picy, /k, there is a universal rigidified line bundle (Px,v) on Jx x Picy,/x
which satisfies the following universal property: if (L, «) is a rigidified line bundle on Jx x T
along the zero section e, then there is a unique morphism g : T— Pic,,/x such that

(L, ) ~ (id . xg)*(Pk,v).

Definition 3.1. The restriction of the universal line bundle Py to Jx x Jj- along with its
canonical rigidification v along e is called the Poincaré bundle of Jk, and is denoted Pk by

slight abuse of notation.

The canonical rigidification of the Poincaré bundle yields an isomorphism
v OJIV{;)PK|{O}><J}Q~

Let 0 € JY.(K) denote the identity element of the abelian variety J);. There is a unique
rigidification

’ ~
v :OJK—>PK|JK><{O}7

such that v and v/ agree at the origin (0,0) € (Jx x J))(K). As a consequence, (Pg,v, 1)

is a birigidified line bundle on Jx x J). with respect to the identity elements.

The Poincaré torsor

First we recall that, given a line bundle L on an arbitrary scheme X its associated G,,-torsor
is L* = Isomy(Ox, L), which is equipped with a natural free and transitive action of G,,.
Note that L* is Zariski locally trivial. In particular, it is represented by a scheme over X
which we again denote by L* by slight abuse of notation. Concretely, L* is (locally) obtained
by deleting the zero section of L. As G,,-torsors on X are classified by the Cech cohomology
group H'(X,G,,), the operation L + L* describes a morphism Pic(X)—H'(X,G,,), which

is an isomorphism inverse to the canonical isomorphism H'(X,G,,)—H'(X,G,,) ~ Pic(X);
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in particular, every G,,-torsor on X arises in the way described above, and Pic(X) classifies

isomorphism classes of G,,-torsors on X.

Definition 3.2. The Poincaré torsor Py is the G,,-torsor on Jx x J). associated to the

Poincaré bundle Pk.

As above, we again denote by P;: the scheme represented by the Poincaré torsor and de-
note by ji : P —Jk X J). the structural morphism. The torsor P inherits the compatible

birigidification over Jx x {0} and {0} x J}} coming from Pk.

The Poincaré biextension

In this subsection we explain the biextension structure of the Poincaré torsor that plays a
central role in the rest of this chapter. The assertion is that Py admits a unique structure
of G,,-biextension of the couple (Jg, J}/), which is compatible with its canonical birigidified
G,n-torsor structure inherited from Py. For the proof of this, we refer to |79, VIL.Definition
2.1, Exemple 2.9.5]. Instead of repeating the definition from SGA 7, let us briefly explain

what this means.

e Partial composition +;: First, we may view P; as a scheme over J); via the structure
morphism pr, ojg. As such, P becomes a commutative J)/-group scheme which is an
extension of Jx v = Jx X Jy by Gy, jy = Gy, X Ji. In other words, Py fits into the

following short exact sequence of J).-group schemes

1—Gyp gy — P — I, 7. —0. (3.5)

To wit, let S be a K-scheme, y € J)5(S) be an S-point of J), and z1,29 € Jg(5)
be two S-points of Ji. Let z1,22 € PY(S) be two S-points lying above (z1,y) and
(x2,y) respectively via the structure map jx. This group structure can be described
as follows. The data of the point z; (resp. z) is equivalent to a nowhere vanishing

section oy € (21,y)* Pk (S) (resp. az) of the pullback of the Poincaré bundle. Now,
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as part of the requirement of being a G,,-biextension, we have an isomorphism of line
bundles over Og

(1,9)"Pr ® (22,y)" Px =~ (21 + 22,y)" Pk, (3.6)

(supplied in this case by the theorem of the cube). Under this (canonical) isomorphism,
the tensor product a; ® ay corresponds to a nowhere zero section ag of (z1 + x2,y)* Pk,
thus producing a point z3 € Py (.S) that lies above the point (z1+x2,y) of Jx x J).. The
commutativity of Py as a Jy-group is clear, as well as the exact sequence displayed
above. We denote by +; the resulting partial composition law on Py, which provides
the group structure of Py over J)% (but not over K), in other words, it is defined on

couples of points 21, 2o € P;(S) such that

pra(jx (21)) = pra(Jx (22))-

Let us also denote the group structure on the Jy/-group scheme Jg gy by +1 (again

slightly abusing notations), then the partial composition law +; on Py satisfies

214122 € P(S) = (21,y) +1 (22,9) = (21 + 22,9) € Tk, 1. (5).

Partial composition +5: On the other hand, we may view Py as a Jx-scheme via
the structure morphism pr; ojx. As above, this makes Py into an extension of J[VQ Tr

by Gy, s, which fits into a short exact sequence of commutative Jx-group schemes

1—Gp g — P — T 5. —0. (3.7)

We denote by +2 the resulting partial composition law on Py, this time defined on

couples of points 21, 2o € Py (S) that satisfy

pry(jx (21)) = pry(Jr(22)).
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e Compatibility:

The commutative group scheme extensions (3.5) and (3.7) are compatible in the fol-
lowing sense. Let S be any K-scheme. Let z,, 25, 2, 25 € P (S) be arbitrary S-points

such that

Ik (za) = (x1,01),  Jr(z8) = (v1,92),  Jr(2y) = (22, 11),  Jx(25) = (72, 92)

for some S-points z1, 22 € Jx(S) and y1,y2 € JZ(S). Then

(2o +2 28) +1 (24 +2 25) = (20 +1 29) +2 (25 +1 26)- (3.8)

We summarise this compatibility in the following picture for the convenience of the

reader.
Za _ _thl_zl _ Zry Yi
I I
| | .
Zat+2 23: :Z», +225 M Y1+ Y2
| I
I zZg+12§
zﬂ——f—'—{’——'za Y2
pri o jg v
l Ik

X1 xr1+a2 T

Action of G,,

Next, we briefly describe the action of G,, on the Poincaré torsor (or more general biex-
tensions). To this end, we let e;,, € Homy, (Jx, Py) (vesp. ey € Hom,y (Jy, Pg)) denote
the identity section of P as a Jx (resp. J))-group scheme. Restricting the short exact
sequence (3.5) of commutative J)-group schemes via the identity section Spec K — J)., we

get a short exact sequence of commutative K-group schemes

€Jg
1 —— G —— Plliexioy — Jx 0

181



which is split by the section e, . In particular, we have Pg |, x10y = Gm,sc = Gmx X Jk, and
by a similar reasoning using the identity section e TYs Pé\{o}x gy = G, Ty These canonical
splittings allow for a useful description of the G,,-action on Py in terms of the partial group
laws 492 and +;. For a (Jx x J))-scheme S, consider ¢t € P;(S) and u € G,,,(S) and let
(x,y) be the image of ¢t in (Jx x JY%)(S). Consider a point v = v,, € Px(S) lying over
(2,0), corresponding to (u,0) under the identification Py |, x{0}(S) >~ G (S) x Jx(S). The

action of u on the point t is given by

u-t=uv-+ot. (3.9)

The point v, , does not depend on ¢, only on x and u. The change of v, , in the parameter
x is described by the relative group law +1, namely vy, 14,4 = Vzyu +1 Vsy - Similarly, we
have vV uiuy = Vzuy 2 Vaus -

Clearly, instead of using the point (x,0), one could work with (0,y) and the operation
+1. These two points of view are equivalent by the compatibility between +; and +5. As
a consequence, the G,,-action commutes with the operations +; and +5: given two points

a,b € Py (S) lying over points of the form (z, %) in Jx x JZ(S) and u, v’ € G,,(S), we have

(U ’ a) +2 (ul ' b) - (vl‘,u +2 a) +2 (v:(:,u’ +2 b)
= (Ux,u +9 Uz,u’) +2 (a +2 b) (310)

= (uu') - (a 42 b),

and similarly for +.

3.1.2 Spreading out the geometry

As will become apparent, in the method of geometric quadratic Chabauty it is crucial to
spread out the geometry over Q. Roughly speaking, one wants to work with finitely gen-

erated Z-modules, and G,,(Ox) = O is such a module whereas G,,(K) = K* is not.
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Indeed, if r; and ro denote respectively the number of real embeddings and pairs of complex
embeddings of K, then

0 :=rank; O =r; +13— 1.

Models over O

Let C denote a regular proper model of C'x over Og. Let C°™ denote the smooth locus of

C. By properness and regularity, respectively, we have the identifications

Cx(K) = C(O) = C™(O).

Let J and JY denote respectively the Néron models of Jx and J} over Ok. Denote by J°
and JV° the fibrewise connected components of 0 in J and JY respectively. The quotient
JY/JV° is an étale group scheme over Ok with finite fibres.

Suppose that Ck(K) is non-empty and let b € Ck(K) be a fixed rational point. Such
a choice leads to the Abel-Jacobi map j, : Cx — Jx which sends a point = to the linear

equivalence class of the divisor () — (b). The map j, extends uniquely to a morphism

gy C—J

over Ok by the Néron Mapping Property, which we shall again denote by 7,. Next, we wish
to extend the Poincaré bundle to Spec Of. This is supplied by Grothendieck’s theory of

biextensions.

Proposition 3.1. The Poincaré torsor Py extends uniquely to a biextension P* of (J,JV°)
by G,,. In particular, given an Og-scheme S and two points (z,y), (z,y") € I x JV°(S), we
have an isomorphism

(2, )P @ (2, )P ~ (z,y + ¢ )P, (3.11)

where P is the line bundle over J x J¥-° corresponding to P*.
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Proof. This is |79, VIII. Theorem 7.1(b) and Remark 7.2|. Note that we have restricted to

the connected subscheme JV-° in order to apply the theorem cited above. O

We denote the structural morphism of this G,,-torsor by
j P —J x JV°.

The uniqueness of the extension follows from the connectedness of JY:°. Let us remark
that the commutative group scheme extension structures and their compatibilities from the

discussion in Section 3.1.1 extend to the integral version P*.

Integral points on the Poincaré torsor

The goal of this subsection is to lift certain integral points on J x J¥:° across the structure
map j : P*—J xJY°. Let (x,y) be an O-point of J x JV° and (z,y)*P* be the pull-back

of P* to Ok — which is a G, o, -torsor over Spec Ok — as shown in the diagram

(x’y)*PX PX
l O l (3.12)

Spec O W, 3 gve.

Lifting the point (z, y) to P* amounts to finding a section of the torsor (z,y)*P* — Spec Ok.

Note that, in the case K = Q, all G,,-torsors are trivial over Spec Z and admit a section
over Z, unique up to G,,(Z) = {£1}. Thus a lift of the integral point (z,y) to P* always
exists. In the case of a general number field K, it is not always possible to lift an Og-point
(x,y) of J x JV° to P* when the class number h of K is non-trivial. However, the previous

argument carries over to Og-points of the form (z, h - y).

Lemma 3.1. Any Ok -point of IxJV° of the form (x, h-y) with (x,y) € IxJV°(Ok) admits
a lift to an Og-point of the Poincaré torsor P*. This lift is unique up to multiplication by

an element of Oj.
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Proof. We repeatedly apply the isomorphisms (3.11) and obtain an isomorphism

((,9)P)*" = (2,h-y)'P

of line bundles over Spec Ok In particular, we know that (x, h-y)*P* is trivial as a G,,-torsor

over O, since Pic(Ok) has size h. O

3.2 Construction of the torsor T

The goal of this section is to construct a certain G?, '-torsor T over J along with a lift of the
Abel-Jacobi map j, : C*™——J to it. This is the torsor alluded to in the introduction, and we
recall that p denotes the rank of the Néron-Severi group of Jx. We begin by constructing the
corresponding torsor Ty over Jg at the level of generic fibres, and then proceed to spread out
the geometry. Once the torsor T has been defined, we construct the lift of the Abel-Jacobi

map.

3.2.1 Trivialisation of the Poincaré torsor

Let \ : Jx—J)- be the canonical principal polarisation of Section 3.1.1. By functoriality

of Pic we have the following commutative diagram of commutative K-group schemes with

exact rows:
0 J}é PiCJK/K — NSJK/K — 0
zl,xl lj; lj;,NS (3.13)
0 T Pice, jx —2— Ty 0.

Here NS, /k denotes the Néron—Severi group scheme of Jg, i.e., the étale K-group scheme
of components of the Picard scheme associated to Jx. Moreover, we have used the fact that
the map induced by j, on Pic® agrees with —\~', which is in particular an isomorphism.

Next, let Hom(Jg, J)2)* € Hom(Jg, J}/) denote the closed subgroup scheme of self-dual
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homomorphisms. See |63, Proposition 7.14 & §7.18| for representability. There is a map
¢ : Picy,  x — Hom(Jk, Jj.)*

defined by sending the class of a line bundle L to the map ¢, which maps a closed point
r € Ji to [t: L ® L' where t, : Jx—>Jg denotes the translation by z. The kernel of ¢
is equal to Pic?,K JK = Jy. and the map ¢ induces an isomorphism of K-group schemes [63,
Corollary 11.3]

¢ : NSy, /xk — Hom(Jg, Jyr) ™. (3.14)

Definition 3.3. At the level of K-points, we define the group Hom(Jg, J)*)¢ to be the
kernel

Hom(Jx, Jy)§ = ker (jing 0 @ : Hom(Jg, J))T — Z)

Proposition 3.2. For all f € Hom(Jk, J),)§, there exists a unique element ¢; € JY(K)

with the property that the following G,,-torsor

Je (id, te, o f )" Py

(id,te, of)
over Ck is trivial. Here (id,t., of) denotes the map Jg — 5 Tk % JY.. In particular,

for all n € Zy, its n'™ power j;(id,n - ote, of)* P is also trivial.

Proof. At the level of K-points, the diagram (3.13) can be written as follows:

Hom(Jg, J3-)¢

-

[ //// [ (315)
0 — JY(K) — Pic(Jz) — NS,,./x(K) —— 0

- . deg




The map 7 in the first short exact sequence in this diagram admits two splittings when

restricted to Hom(Jx, Ji)g , which is viewed as a subgroup of ker(j = (o) via ¢~". The first

section

s1 : Hom(J, Jy2)t— Pic(Jx)

is defined by mapping a self-dual homomorphism f defined over K to the isomorphism class
of the G,,-torsor L7 := (id, f)*Pg on Jg, which is an element of Pic(Jx) C Pic(Jz). We

observe, by |63, Proposition 11.1], that

@oﬂosl(f):gpo:f+fv:2f.

The second splitting is given by inverting 7 on ker( j;‘?), in other words, by

sy : Hom(Jg, J3-)d — ker( )W—_1> ker(j, ) C Pic(Jg).

j;,F,NS
Again the image of s, lies in Pic(Jx). Now, given f € Hom(Jg, J)-)g we define
cy = 2s9(f) — s1(f) € Pic(Jk).

As ¢; € ker(m) we thus have ¢y € J)2(K). Now we observe that, for a line bundle L on Jg

corresponding to a closed point x € J}/, we have
(id, )" ((id x ) Prc) = (id, f)* (P @ priL) = (id, )" Px @ L,

where pry is the projection Jx x J)i—Jx. Therefore, by construction, ¢; is the unique

element in J}/(K) such that

s1(f) +cp = [(id, tc, of )" Pg] € ker jj.
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This proves the proposition. O

The group NS,/ (K) is a finitely generated free Z-module whose rank is denoted by p;

this is the Picard number of Jg. The kernel
ker(jyns © NSy x(K) = Z)

is a free Z-module of rank p — 1, and so is the group Hom(Jg, J)/)q .
Notation 3.1. We fix the following notations from now on.

e Let f1,..., f,—1 be a basis of Hom(Jk, J)){-

e Foreachi=1,...,p—1, let ¢; := ¢, € JL(K) be the element corresponding to f; in

Proposition 3.2.

e For each integer n € Z>,, denote by o, ; x the map

(id,n-o te; of;)
o JK X J[\g

Qn i K - JK
Definition 3.4. By Proposition 3.2, the pull-back j; (a;,LKP;(() is a trivial G,,-torsor over
Ck. In particular, it admits a section over C'x. This gives rise to a lift of j,, unique up to

K>, which we shall fix and denote by }é”’) as in the diagram below:

O‘;,i,KPl? P
o l 0 l (3.16)
O —2 e Jye =228 e T

3.2.2 Definition of T

Let us introduce and recall some notations and refer the rest to Section 3.1.2. Let n be
the product of prime ideals in Ok such that C is smooth away from Spec(Og/n). Let

®Y = JV/JV° be the group scheme of connected components of JV. Tt is trivial outside
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Ok /n with finite étale fibres over O /n. Let m denote the least common multiple of the
exponents of @V(Fq) over all prime ideals q of Og. Finally, recall that h denotes the class
number of K.

By the Néron Mapping Property, for each i € {1,...,p — 1}, the maps

( (

fit Jxk—J) J A N, Y
te, © Jpr—>J) extend uniquely to t, c IV JV
hm- : J—J} hm-: JV—JV.

\

Therefore, the morphism appm ik © Jxk—>Jk X J)% extends uniquely to a morphism of Og-
schemes

pmi = (id, hm - ot,, of;) : J—J x JV.
The integer m is chosen so that the image of this map lies in J x JV-°.

Definition 3.5. Taking the product over i € {1,...,p — 1}, we obtain the Og-morphism
a = (id, (hm- o teof)) := (id, (hm- o te, o f;)071) : J—J x (JV°)P~!

Consider the map P*—J x J¥°—J defined as the composition of the structure map

j with the first projection. Using this morphism, we form the (p — 1)-fold self-product
PP =P* x5... x5 P~

We naturally have a morphism P**~1—J x (JV°)?~! which endows P**~! with the struc-
ture of a G, !-torsor over J x (JV°)?~L. This leads to the following key construction in the

article.

Definition 3.6. Retain notations from Definition 3.5. We define the G**-torsor T over J
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to be the pull-back of the G2, '-torsor P**~! over J x (JV°)*~! by the map «:

T:=P" ' x,J=a"P*" "' = (id,hm - ote, of1) P x5... x5 (id,hm ot _, of,_1)*P*.

3.2.3 Lifting the Abel-Jacobi map

Now we return to the lifts %hm’i) obtained in Definition 3.4. By taking the product over @
of these lifts jéhm’i), we obtain a lift jb of 7, to T := T x; Jg as pictured in the following

commutative diagram:

Ty P;é’pil
jb//// l ] l (3.17)

s
s
s

Ck —'jb Jx LN Jr X (Jl\é’o)p_l
where ag denotes the base change of the map a to K.
The goal is to extend this diagram over Og. However, lifting the map j, : C™—J
to the torsor T is not generally possible: the problem is that, for primes q|n, the fibre

Fy = C*™ X gpec 05 OPeC Fy may contain too many components. To remedy this, we consider

one geometrically irreducible component in each such fibre at a time.

Definition 3.7. Let U C C™ be an open subscheme obtained by removing, for every q|n,
all but one irreducible component of Cg that is further geometrically irreducible. We will

later lift the map 7, to a map ij : U—T for each such open subscheme U.

Remark 3.3. We first remark that such a subscheme U exists under the assumption that
Ck admits a K-rational point. Moreover, for the purposes of determining the set of rational
points Cx(K) = C™(Ok), it suffices to consider subschemes of the form U as there are
finitely many of them and each point in C™(QOf) lies in exactly one such U. Both remarks

follow from the following simple lemma.
Lemma 3.2. Let X be an irreducible variety over a field k that admits a smooth k-rational
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point. Then X s geometrically irreducible.

Proof. Let A =T'(U,Ox) be the ring of functions on a normal affine open neighborhood U
of the smooth rational point. Then A admits a map A——k of k-algebras. Letting &’ be
the separable algebraic closure of & in the function field k£(X) = Frac(A), as U is normal we
have k' C A which forces k' = k. This is equivalent to X being geometrically irreducible

by [80, Corollaire 4.5.10]. O

We are finally able to construct the desired lift of j,. The construction is analogous to

that in [62, §2| except that we pull back P* via morphisms of the form

(id, hm- o teof) : J—J x IV,

where in the second factor we incorporate an additional multiplication by A, the class number

of Ok, to ensure the existence of such a lift.

Proposition 3.3. Let U be an open subscheme of C™ as in Definition 3.7. There exists a

lift }g of Jolu to T, unique up to O[X(’p_l, which makes the following diagram commute:
T pxr-t
W l O l (3.18)

U -~ Csm Jb J a J x (J\/,o)p—l_

Proof. The restriction of the torsor (id,m - ot., of;)*P* to U gives an element of Pic(U),
whose pull-back to C equals jya;, ;  Pg and is trivial by Proposition 3.2. In other words,

the torsor (id,m - ot, of;)*P*, when restricted to U, gives rise to an element in the kernel

ker(Pic(U)— Pic(Ck)).

Now note that we have an isomorphism of line bundles (corresponding to G, j-torsors)

(id, hm - ote, of:)*P ~ ((id, m - ot,, of;)*P)®" (3.19)
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using the isomorphism (3.11). By Lemma 3.3 below, we conclude that (id, hm - ot,, of;)*P*
becomes a trivial G, y-torsor when restricted to U. Therefore, T pulls back to the trivial

Gﬁ;é-torsor over U. In particular, the map j,|y admits a lift to T, which is unique up to
Gy ' (U) = (Ou(U)*)™! = (0F)

again by Lemma 3.3. O
The following lemma is used in the proof above.

Lemma 3.3. Let U be an open subscheme of C™ as in Definition 3.7. Then Oy(U) = Ok
and the kernel of the restriction ker(Pic(U)— Pic(Ck)) is entirely h-torsion. In other
words, for a line bundle L over U that becomes trivial over the generic fibre Cx, L®" is

trivial over U.

Proof. By construction, U is regular and thus locally factorial, so we do not distinguish
between the class of line bundles and Weil divisors. First let D be a vertical divisor on U;
namely, it does not intersect the generic fibre Cx. We claim that hD = 0 in Pic(U). As
every irreducible vertical divisor on U is of the form U, for some prime p of Ok, we may
write hD as Zp hn,Ug,, where n, = 0 for almost all p. Clearly D is the image of the divisor
> hmyp along the natural map Pic(Ox) — Pic(U), which is 0 since Pic(Ok) has size h.
Now let D be a general element of Pic(U) (which we view as a Weil divisor on U) that
lies in the kernel ker(Pic(U)— Pic(Ck)). In other words, the restriction of D to Ck is a
principal divisor Dy = div(f) for some f in the function field of Cx. Then div(f) extends
to a principal divisor on U, which differs from D only by a vertical divisor. The lemma thus

follows. u

Remark 3.4. When h = 1, the lemma simply says that the restriction Pic(U)— Pic(Ck)
is injective. This map is of course not in general injective when h # 1. Indeed, in this case

it suffices to take D = U, € Div(U) where p is a non-principal prime ideal of Ok-.
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3.3 The main theorem

In this section we state a precise version of the main theoretical results of the chapter. We

also describe the strategy of the geometric method in slightly more detail.
Assumption 3.1. Throughout, we make the following assumption on the prime p.
e The curve Ck has good reduction at each prime py,...,ps of K that lies above p.
e Fach p; satisfies e(p;/p) <p— 1.

X
K tors | .

e Finally, p does not divide |O

Note that the first condition is equivalent to requiring that p; { n for each i € {1,...,s} and

that Assumption 3.1 excludes only finitely many primes.
Notation 3.2. We further adopt the following notation:

o Let Ok := Og®Z, be the p-adic completion of Of. This is isomorphic to the product

of the p;-adic completions Ok, X ... X Ok,

o Let Ok, denote (Ox ® F))yedq, which is isomorphic to the product of the residue fields

Fo, x ... x Iy,

e For any Og-scheme X, we have natural identifications

X(OK’p) = XOKapl (OK,m) X ... X XOK,pS (OK,ps)a

X(OKJ,) = XFPl (Fpl) X ... X X]FPS (Fps).

We denote the natural reduction map by

red : X(OK@)—)X(OKw)
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e Given a point * € X(Of,), we denote by X(Ok,), the set red”'(z), namely the
residue disk in X (O ,) that reduces to the point x. Likewise, we denote by X (Ok),

the pre-image of X (O ,), under the natural inclusion

X(Ok) — X(Okp),

which consists of rational points in the residue disk X (O ).

Remark 3.5. The reason for working with all primes above p simultaneously (instead of

fixing a single prime) is explained in Section 0.4.2 (after the statement of Theorem C).

3.3.1 Reyvisiting the strategy

Let U be an open subscheme of C*" as in Definition 3.7. Let u be an element in the finite
set U(Ok,), and let
t:= 3/ (u) € T(Og,)

be its image in T under the lift ;¥ : U—T of Proposition 3.3. Note that C*™(Of) is the
disjoint union of U(Ok) for the finitely many choices of U’s (Remark 3.3), and each U(Ok)
is the disjoint union of finitely many residue disks U(Ok),. Thus, it suffices to bound the
size of U(Ok), for each U and each point u € U(O,,).

The key idea of the approach can be represented using the following commutative dia-

gram:
U(OK)U € U(OK,P)U
[3;{ [35 (3.20)
T(OK)t ¢ Yt ¢ T(OK,p>t

where the top horizontal arrow is induced by the inclusion Og — Og,,, while
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denotes the p-adic completion of T(Ok): in T(Ok ). We view U(Ok), (resp. U(Okp)u)
as a subset of T(Og), (resp. T(Ok,);) via the map j¥ in the diagram above. In particular,
we have inclusions U(Ok), < U(Ok ;). N Y. As explained in the introduction, the goal is
to bound the intersection

U(Ok,)u N Y, (3.21)

which takes place in the p-adic manifold T(Okp):.

Remark 3.6. For this intersection to have a chance to be finite, some conditions must be
imposed in the style of the original Chabauty condition r < g. We will come back to this

point in Section 3.3.3 after stating the main technical result of the paper.

3.3.2 The key technical result

In this subsection we give a description of Y, which is a crucial step in bounding the

intersection (3.21).
Notation 3.3. We fix the following notations.

e Recall that r := ranky Jx (K) be the Mordell-Weil rank of Jx over K.

e We let J(Ok)o denote the subgroup of Jx(K) = J(Ok) given by the kernel

J(Ok)o == ker (red : J(Ok)—JI(Okp)).

e Let ¢* denote the exponent of G,,(Ok,), that is, the least common multiple of

forie {1,...,s}.

e For each i € {1,...,s}, let k; = ky, = ey, f,, be the Z, rank of Ok,,. Note that the

rank of Ok, as a Z,-module is Zp_“p k; = d, where d is the degree of K over Q.
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By Assumption 3.1 on p, we know that for each ¢ € {1,...,s}, the reduction map
J(Ox)—>J(Fy,) is injective on the torsion points of J(Ok) by [99, Appendix]. Hence J(O)o
is a free Z-module of rank r. The scheme T X, Spec Ok, is smooth over Ok, of relative
dimension g 4+ p — 1. By choosing a regular system of parameters for the residue disk above
the point ¢t € T(F,), as well as an isomorphism of Z,-modules Ok, =~ Z];”, we obtain a

homeomorphism

T(Opcy)r ~ Z~ s,

In particular, the dimension of T(Ok,) as a locally analytic p-adic manifold is

G+p—1 ky=1(g+p—1)d

plp

The idea is to parametrise the p-adic closure Y; = T((’)K)tp using the free Z,-module
(G (Ok )it x IOk )o) ® Zy.

Here the subscript “tf” stands for the torsion free quotient, i.e., the quotient by the torsion
subgroup. In Section 3.4.1, we will prove the following proposition (for the precise form, see

Proposition 3.7).

Proposition 3.4. Upon fizing a basis for the free Z-module G2 (O )it X J(Ok)o, there
exists a map

E 220~ (O, (3.22)

which can be described using the partial composition laws of Section 5.1.1, and satisfies the

property
E/(¢*Z°0=DF7) € T(Og), C E/(Z2P=D+7), (3.23)

Here ¢* is the integer defined in Notation 3.3.

We then p-adically interpolate the map E’ to get the following result in Section 3.4.2.
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Theorem 3.2. There is a unique map

K (GO Ok x J(Ok)o) ® Zyy — T(Okp):

which makes the diagram

’

2P DFr = GO Ok ) x J(Ok)o T(Ok,): = ZET11

| I | |

Zp" "t 2 (GO O % J(Ok)o) ® Zyy ~—- 50 T(Okp)e = L1

commute, such that the composed map in the bottom row is given by a (g + p — 1)d-tuple of

convergent power series (Ki,. .., Kgtp—1)d) With k; € Zp(z1, ..., Z5(p—1)+4r) -
Corollary 3.1. The image of the map k is the p-adic closure Y; = T(OK)tp

Proof. Since Z;i(” BRARET compact and x is continuous, the image of « is closed in T(Ok ).
Since k extends E’, the second containment of (3.23) implies that Im x contains T(Ok);,
thus also contains Y;. On the other hand ¢*Z%?=1+" is dense in Z5” """ since ¢* is coprime

to p. By continuity of x, we have

Imk = E' ( 7D+ ) C B(q D+ C Y, = T(Og),

where the last containment uses the first inclusion of (3.23). This concludes the proof. [

Finally, to finish the theoretical component of the geometric quadratic Chabauty method,
we prove the following result in Section 3.5.1. To state this result, we first remark that the

course of the proof of Theorem 3.2 provides us with a certain ideal
Iy, C Zp('Zl? ~-~726(p—1)+r> =: R,

which depends on U and the point u € U(Of,). See Section 3.5.1 for its construction. The
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more precise form of Theorem 3.1, modulo the construction of the ideal I, is the following:
Theorem 3.3. If ZU,U = (R/]UM) ® [F), is finite dimensional over Fy,, then the number of
rational points in U(Ok), is finite and bounded by

‘U(OK)u’ S diIIle ZU,u‘

As discussed in the introduction, we expect this to provide an explicit algorithm to

compute rational points on Ck.

3.3.3 Chabauty conditions

We finish this section with the promised discussion on the Chabauty condition.

We retain all notations and assumptions from the previous sections, in particular As-
sumption 3.1 on the prime p. From Section 3.3.2, we know that, for each prime p above p,
the set T(Of ) is equipped with the structure of a p-adic manifold of dimension (g+p—1)k;.

Therefore, T(Ok,) is a (locally analytic) p-adic manifold of dimension

(G+p=1)D ky=(9+p—1)d
plp

Now, by Theorem 3.2 and Corollary 3.1, the p-adic manifold Y, = T(OK)tp is parametrised

by Z3¥* V7" via the map
Zg(p—l)HL)Yt SN rI*((f)Km)tL>ZI()g+p—1)0l7

which is is given by a (g + p — 1)d-tuple of elements in R = Z,(z1, ..., Z5(p-1)+r). Therefore,

the dimension of the p-adic manifold Y, is at most

dimY, <d(p—1)+r.
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Finally, we observe that U(Ok,) has dimension d as a p-adic manifold.
Now back to the original goal. A necessary condition for the intersection U(Ok ), NY;

in (3.21) to be finite is the following inequality on dimensions of p-adic manifolds:

codim U(Ok) + codimY; > dim T(Ok )

where the codimensions are taken with respect to the ambient manifold T(Ok ). By the

discussion above, this is equivalent to requiring

o(p—=1)+r<(9+p—2)d

which in turn is equivalent to the condition

r<(g—1d+ (p—1)(rs +1). (3.24)

Definition 3.8. We say that a smooth, projective and geometrically connected curve Ck of
genus g > 2 over a number field K satisfies the geometric quadratic Chabauty condition if

the inequality (3.24) holds.

Remark 3.7. The term “geometric” distinguishes condition (3.24) from the other Chabauty
type conditions associated to the various methods discussed in Sections 0.3 and 0.4.2. We

briefly compare these conditions:

e When K = Q, the condition (3.24) becomes

r<g+p-—2

which is the same condition as in the geometric quadratic Chabauty method over QQ of

Edixhoven and Lido [62].

e In [138], Siksek extended the classic Chabauty—Coleman method to arbitrary number
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fields using Weil restrictions; this is the Restriction of Scalars (RoS) Chabauty method.

The method is expected to be successful when
r<(g—1)d. (3.25)

Hence the geometric quadratic Chabauty method is expected to go beyond the RoS

Chabauty method.

e In their recent work [4], Balakrishnan, Besser, Bianchi and Miiller extended the method
of quadratic Chabauty to number fields in the case of hyperelliptic or bielliptic curves.
In Section 0.4.2, we referred to this method as the RoS quadratic Chabauty method.

It performs under the relaxed condition (compared to (3.25))
r<(g—1)d+ry+ 1.

The geometric Chabauty condition (3.24) agrees with this when p is equal to 2, and in

fact generalises this bound for p > 2.

e In his recent work [60], Dogra proved that, under an extra condition on Jx and K,
a certain “arithmetic quadratic Chabauty condition” implies that the quadratic set
Ck(K ® Q)2 appearing in the method of Chabauty-Kim of Section 0.4.2 is finite.
If one assumes the finiteness of the p-primary part of the Shafarevich-Tate group for
Jk, then the aforementioned Chabauty condition of Dogra agrees with the geometric

condition (3.24). See |60, Proposition 1.1 & Remark 1.3] for more details.

3.4 The parametrisation of Y,

We maintain the notations of Section 3.3. The goal of this section is to prove Theorem 3.2,

in other words, to describe the p-adic closure Y; of T(Ok); inside T(Okp):.
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3.4.1 Construction of the map E’

In this subsection we construct the map E’ of Proposition 3.4.
Notation 3.4. We begin by introducing some notation.

e Fix a basis z1,...,2, of J(Ok)y = ker (J(Ox)—J(Ok,)). Recall that u is a fixed

Ok p-point of U and t = j7 (u).

e Denote by ¢ any lift of ¢ to an Og-point of the torsor T (assumed to exist, otherwise

U(Ok), = 0 and we are done) and by z; its image in J(O).
o Let T(Ok);,u) be the set of points of T(Og) whose image in J(Ok ) is jy(u).

For the reader’s convenience, we remark that the points defined above and the set T(Ok);, ()

fit in the following diagrams

L

U —— jp(u) =~

T(Ok): C T(Ok)jy )

|

U(Ok)y —2— J(OK) )

CNAAAANANNA

Construction of the map D

The first step is the construction of a map

J(Ok)o ~ Z"—T(Ok) jy(u)

in terms of the biextension laws. This is similar to the construction in |62, §4]. We carry
out this step in detail and point out differences compared to [62] along the way. As a

starting point, let us choose points P, ;, R;, S; € P**~1(Of) lifting the following points of
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I x (JV°)—Y(Og) :

P — <xi, i(hm@)) = <xi, hmi(@)),
R; — <xl~, (hm- otgoi)(xg)>,

S (e, f(hmay)) = (w5, hmf(z;)).

Here f is given by the functions f; from Notation 3.1. Note that the points to be lifted are
of the form (x, h - ), thus the existence of such lifts is guaranteed by Lemma 3.1. Also note
that unlike the situation of [62], these lifts are no longer defined up to a finite choice as they
are now parametrised by G*~1(Ox).

Given n € Z", set

A(n) = sznj 285, B(n) = Z“nz 1R, Cn) = Z“nz 1 (Zm”j 2 Pm‘)

(here -1 and -5 denote the iteration of the operation +; and +, respectively, and similarly

for >, and ) ,), so that
A(n) — (xg, ani(hmxz)) = <xt~, hmi(anxz)),
B(n) — (anxz, (hm- otgoi)(x,g)>,

C(n) — (anxz, ani(hmxz)) = (anxz, hmi(anJ)

Next, set

D(n) = (C(n) +2 B(n)) +1 (A(n) +2 7).

Thus D(n) is a point lying over the point

(20, () = (x; + Z n;x;, (hm- o teof) <x5 + Z nl@))
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in J x (JV°)P~1(Of). To see this, note that the point € T(Of), when viewed as an point
in P*»~1 lies over the point

(7, (hm- o te o f) (7).

Construction of the map F

The next step is inspired by a similar construction in [62, §4|, though we have to use the
G, action on the Poincaré torsor in a more crucial way. This is one of the main technical

innovations of this work (compared to [62]). The aim is to extend the map

D : J(Ok)o = Z'—T(Ok) jy ()

to a map

E:Gn(Ok)i " x J(Of)o =~ 72~V T (Ok)

by including the G !-action on fibres, that is, by the formula

E(¢,n)=¢ D(n), Y¢E€Gu(Ox)i!

Here the subscript tf stands for “torsion-free quotient” as before. It will be, however,
important later on that this expression admits a description in terms of +;, +5 and their

iterates -1, -5. To make this explicit, we describe this construction as follows.
Notation 3.5. We define the following notation.

o We fix a free basis uy, ..., us of O ; = G,,(Ok )i, viewed as a subgroup of Oj; via an

(arbitrary) splitting.

e For each (p — 1)-tuple ug; = (1,...,1,u,1,...,1) € G2 (Ok) where uy, sits at the
[-th spot, we denote the corresponding elements in P|XJX0((9K) above the point (zz,0)

by Vi, (in the sense of Formula (3.9) but with P> in place of P}), and likewise denote

the corresponding element above (x;,0) by Wy ;.
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Definition 3.9. Forn e Z", k€ {1,..., 0} and l € {1,...,p — 1}, we define

Uri(n) :== Viy +1 Z n; 1 W4,

1

so that Uy, (n) is the element representing multiplication by wy; and lying above the point
(7 + Z n;z;, 0).

Finally, for a (p — 1)-tuple of d-tuples of integers m = (my;) 1<k<s € 75— the map F is
1<i<p—1

defined by the formula

E(m,n) = (Zmek,z 9 Uk,l(ﬂ)) +2 D(n).

In particular, E(m,n) defines a point in T(Ok).

One easily checks that F(m,n) lies over the same point
(20, (z)) € T x TV°(Ok)

as D(n) does. After all, the parameters m just encode part of the G*.!-action on the fibres
as was previously indicated. Passing from Ok to Ok, the contribution of the z;’s vanishes

and the point becomes

(o (w), (hm- ot o f)(Gs(u)))-

In other words, we have

E(m,n) € T(Ox);y,(u)-
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Proposition 3.5. The map

Ot X A 3 (O

(e,m,n) — e - E(m,n)

(where the subscript tors stands for “torsion part”) is bijective.

Proof. This is immediate after tracking the definitions. As n € Z" varies, x, = x7 + ), n;%;
runs over all the points of J(Ok) that reduce to j,(u), and D(n) provides a single point
in T(Ok);, ) lying above x,, (in particular, n — D(n) is injective). To get all the points
of T(Ok);,(u), one needs to move these around by the (simply transitive) G4, '(Ok)-action.
Since E(m,n) = ((m)- D(n) accounts for the torsion-free part of the action by the discussion

above, what is left is the torsion part, hence the factor O;(f;; O

Construction of the map FE’

For the purpose of computing rational points, we wish to parametrise T(Of); instead of all
of T(Ok)j,(w- In this subsection, we modify the map £ to obtain a map E’ that additionally
lands in the correct residue disk, i.e., so that E’(m, n) reduces to t in T(Ok,,) for all (m,n) €
7=+ The starting point is the following observation, which asserts that this is already

satisfied by E on a certain finite-index subgroup of Z%¢=D+7,

Proposition 3.6. Let ¢* be the exponent of G,,(Ok,p), that is, the least common multiple
of ¢ —1=#F,, —1 fori=1,2,...,s. Then

E(¢'m,q¢'n) € T(Ok),,  V(m,n) € Z0¢ D+,

Proof. We need to show that E(¢*m,¢*n) reduces to the point ¢ in T(Ok,). To that end,

we consider the elements

A(q™n), B(q™n), C(q"n), Ura(q'n)
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lying in the fibres of the Ox, *'-torsor P**~1(Op,) above the points

(jb(u)70)7 (07 (hm' Otgoi)(jb(u)))a <070)7 (jb(u)vo)a

respectively. The (’)—prm_l—torsors obtained from P**~! by taking the fibres over each of
these points in J x JV°(Ok,,) are all trivial since at least one coordinate is zero in each case.
See Section 3.1.1. That is, they are groups isomorphic to (’)—K,px’m1 whose group operation
is given by +; in the cases of A and the Uy;’s, by +; in the case of B, and by either of the
two operations in the case of C' (since +1 and +5 agree above the point (0,0)). By linearity

of their definitions, we obtain
Alg'n) =q¢" 2 Aln) =1, B(q'n) = ¢" -1 B(n) =1, Uei(g'n) = ¢" 2 Upy(n) =1

as elements of (’)K,px’pfl. Finally, for C' we have

=1 (S (1) =1

Putting these together, we obtain
D(g'n) = (1421)+1 (L 42t) =t

(note the clash of additive and multiplicative notations). Therefore, we have

E(¢'m,q'n) = ¢" - (Z

oy TR 2 Uk,z(q*ﬂ)> +o D(¢'n) =142t =1.

This verifies the claim. O

In fact, to get the desired map ZP~Y+"—T(Ok),, which agrees with E on the subgroup
¢ Z9P=1+7 s strictly speaking not possible. However, we can still obtain a map E’ on the

entire group Z2»~D*" that agrees with £ on the subgroup ¢*Z2®~1)+" at the cost of allowing
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p-adic coefficient. We prove the following more precise version of Proposition 3.4.

Proposition 3.7. There exists a map
E'=E'(m,n) : 2’0" — T(Ok,):

with the following properties:

1. E'(m,n) can be described using the partial group laws +1, +2 of P**~1(Ok,), and
its iterates -1, -9, after a choice of finitely many points; more precisely, it is built from

analogous terms A'(n), B'(n), C'(n) and Uy, (n) as in the description of E(m,n).

2. For each (m,n) € Z5P=Y+" there is a unique (p—1)-tuple of roots of unity of prime-to-
p orders {(m,n) € O[X{:Z_l such that §(m,n) - E(m,n) € T(Okyp):, and we additionally
have

E'(m,n) = {(m,n) - E(m, n).
Proof. Note that there is a unique multiplicative lift of units

110k, =FS x oo x FY — O, X xO0g, =05
right inverse to the reduction map, mapping precisely onto the prime-to-p part of the roots
of unity in O ,. Denote also by ¢ the induced map G2, (O ,,)—G-H(Ok,).

Since the action of G2, (Ok,,) on T(Ok ) j,w) (= fibre of T(Ok ) containing t) is simply
transitive, it follows that each ¢(G% (Ok,))-orbit of T(O ), contains a unique point
from T(Ok ). This shows the existence and uniqueness of £(m, n) in (2) by considering the
point E(m,n) viewed inside T(Okp);, ) via the canonical map T(Og) — T(Okp).

The strategy for defining E’ is to modify the choices of the initial points in the con-
struction of E. Note that the images P, R;, S; in P**~1(Of,) lie over points of the form

(0,%), (0,%) and (*,0) respectively. The fibres over these points are canonically isomorphic
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to G2~ 1 (Or,p) = Oxp "' by the discussion in Section 3.1.1. Thus, the neutral element 1
in these fibres makes sense, and, for example, there is a unique &; ; € Gf{l((’)—m) such that
& Pi; = 1; then we set P/; = 1(&;)P;;. One obtains the points R}, S} € P**~1(Ok,) in a
similar fashion. Likewise, we modify the points Vj; and Wy ; in the same fashion. (Alter-
natively, one can multiply the chosen basis of the torsion-free part of Ox-units uy, ..., us by
suitable roots of unity (of prime-to-p order) in Ok, so that the resulting units are congruent
to 1 mod pOk ).

Using these points, one can define the terms A’(n), B'(n), C'(n), etc. as in the definition
of E(m,n). Denote by E’'(m,n) the result of this process. A formal computation similar to
the proof of Proposition 3.6 then shows that E'(m,n) € T(Ok,); for all (m,n) € Z°F~—D+r,
This proves (1).

Finally, since E’(m,n) was obtained by the same operations in terms of +1, +, 1, and -5
as E(m,n) apart from the ((G2,1(Ok,,))-action modification of the initial points, it follows
from (an analogue of) (3.10) that E'(m,n) also differs from E(m,n) only by «(G#1(Of,))-
action modification, that is, E'(m,n) = £(m,n)E(m,n) for some &(m,n) € (G Y (Ok,)).

Using the uniqueness part of (2), this proves the indicated equality in (2). ]
It remains to prove the following result.
Proposition 3.8. We have:

1. The following inclusions
T(Ok); C E'(Z°°~V4) C T(Ok,)s

where T(Ok) is viewed as a subset of T(Ok,) via the canonical map.
2. The equality £(q*Z°W=V+7) = 1; that is, E and E' agree on the subgroup ¢*Z°¢P=1+T.

Proof. Part (2) follows directly from Propositions 3.6 and 3.7 (2). Let us prove (1). Given

Q € T(Ok): € T(Oxk)j,(w), by Proposition 3.5, there is a unique € € (")IX({’(; and a unique
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(m,n) € Z°P~Y+" such that eE(m,n) = Q. Using the fact that O}, . embeds, into the

K tors
prime-to-p part of Oy . .., since by Assumption 3.1 the prime p does not divide |Ox .|,

7[7_1

b whose order is

it follows that e may be treated as a uniquely determined element of O
finite and coprime to p. By the uniqueness part of Proposition 3.7, we have ¢ = £(m,n), so
that

Q =cE(m,n) = {(m,n)E(m,n) = E'(m, n).

To summarise, we have constructed the promised map
E 22 T (O )i

It is described in terms of the operations +1,+5 and its iterates -1, on Px’p_l(OKp), and

agrees with E on ¢*Z°(°~)+7 with the property (anticipated in (3.23)):

E/(q*Zd(p—l)—f—r) g T(OK>t g E/(Z(S(p_l)—w).

3.4.2 The p-adic interpolation

The remaining part of this section aims to prove Theorem 3.2. This is done along the same
lines as [62, §3, §5.1], in a slightly more general context. We will use the following result

(whose proof will be given shortly) to deduce Theorem 3.2.
Proposition 3.9. The following statements hold:

1. Let X, Y be smooth schemes over Ok of relative dimensions m and n respectively. Let
[ X—Y be a morphism of Og-schemes and let x € X(O—Kp) be a point. Then there
are bigections X (O )z =~ ng,Y(OK,p)f(x) ~ Zgn (given by local parameters followed
by restriction of scalars) such that the induced map f : X(Okp)e——Y (Okp)f) 15

gwen by convergent power series with Z,-coefficients.
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2. Let G—Y be a smooth group scheme with identily section e, where Y is smooth over

Ok. Lety € Y(Ok,) be a point. Then the map
L% GOk p)ew)—G(Okplew),  (2:9) = 29,

extends to a map Zy X G(Okp)ey)——G(Okp)ery), describing the Z,-module action
on fibres over Y (Okp)y, and this map is given by convergent power series with Z,-

coefficients.

Remark 3.8. We postpone the proof of this result to the end of this section. The proof of
(1) relies on the description of local parameters at a point z using blow-ups. The proof of (2)
uses the formal logarithm and exponential maps to interpret the action z- g as exp(z-log(g)).
Since exp and log are given by convergent power series by Proposition 3.11, one can extend
z - g to allow Z,-coefficients. The proofs are technical and quite general. For the sake of

clarity and readability, we have chosen to defer them to after the proof of Theorem 3.2.

Proof of Theorem 3.2. By Proposition 3.7 and Definition 3.9, for all (m,n) € Z°¢~1) x 7",

El(m, Q) = (ZZ,k,lmk’l ‘9 U;;Kﬂ)) +2 ((Cl(ﬂ) +9 B/(ﬂ)) “+1 (A/(Q) —|-2 g)) 5 (326)

where

Al(n) = Zz,jnj 2 S;’ B'(n) = Zun’ 1R, Clo) = lenl B (Zz,jnj 2 Pi’d) ’

/ o ! !
U (n) == Vi, +1 E ni 1 Wiy
1,

The points S, Rj, P} ; € P**71(Ok,), as well as V};, W}, € P*(Ok,), are defined in the
course of the proof of Proposition 3.7.

The point is that the map E’ is built (after the choice of finitely many points) from the
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operations +; and 4+, and their iterates -1 and -5.

Proposition 3.9 (2) applied respectively to the group schemes P*—J"° and P*—J,
implies that the operations (n,g) — n-1 g and (n, g) — n-2 g for n € Z extend to n € Z,, and
the resulting operations are given by convergent power series with Z,-coeflicients. Hence,
formula (3.26) makes sense with (m,n) € Z;i(” % Zy; allowing for Z, coefficients using the

extended actions -; and -2 thus gives rise via formula (3.26) to the desired map
K Zg(”_l)+”—>T((’)K,p)t,

which by definition agrees with E’ when restricted to Z9(°=1+r Zf,(p Al

By Proposition 3.9 (1), both the operations

+1 P><,P—1 X(Jv,o)p—l P><,p—1 — ].:)X’p_l7

4+ P><,p—1 X j P><,p—1 P><,p—1

induce maps given by convergent power series over Z, on the appropriate residue disks (after
choosing a regular system of parameters inducing P**~1(Of,), =~ gdotale=DFe=1) ypon
restricting scalars from O, to Z,).

Since the composition of convergent power series with Z,-coefficients produces again con-

vergent power series with Z,-coefficients, the map & is indeed given by a tuple of convergent

p-adic power series. O

Local parameters and blow-ups

Notation 3.6. We fix a prime p € {p;,...,p,} above p. Denote by 7 a uniformizer of O ,.
Let X be a smooth scheme over Ok, of relative dimension m. Similarly as before, for a
point x € X (F,), denote by X (Ok,), the set of all Ok p-points reducing to z modulo p. By

smoothness, the maximal ideal m, admits a regular system of parameters (m, ¢y, %o, ..., tm).
The point x factors through the natural map Spec 6);—9( , and X (Ogyp), bijectively
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corresponds to Spec @(OKV,J)I. The isomorphism Ok|[t1, ..., tn]] ~ 6); then shows that

there is a bijection of sets

t=(t1,ta, ..., tm) : X(Okyp)e — (mg )™

and after dividing by 7, one gets
o[t t tm - .
{= (—1,—2,...,—) t X (Okp)e — (Ogp)™ . (3.27)
T s

Now let f : X—Y be a morphism of schemes that are smooth over O, of relative dimen-
sions m and n, respectively. Denote the analogous choice of a regular system of parameters

at Y by sq,89,...,5, and the corresponding bijection by
§:Y(Okp)p@)—(Ok,)"-

The immediate goal is the following.

Proposition 3.10. In the above setting, the composition
m t! / s n
f1(Op)™ — X(Okp)e = Y(Oryp) @) — (Okp)

is giwen by a n-tuple of convergent power series with coefficients in O .

(Here by convergent power series we mean elements of Ok (X1, Xo,..., X,,), the p-
adic, or equivalently 7-adic, completion of Ok [ X1, Xs, ..., X;]). To show this, we follow

closely [62, §3] and investigate the geometry of the situation.

Proof. By shrinking X to a sufficiently small affine open neighbourhood of x, we may assume
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that t1,ts,...,t,, are regular global functions, defining an étale map
t= (tl,tg, C ,tm) : X_>A7(79LK,;J = Spec OK,p[le c ,Xm],

mapping x to the origin (over F,, ie., the point corresponding to (m, Xi,...,Xy)). By
possibly shrinking X further we may assume that x is in fact the only preimage of the
origin.

Note that a point & : Spec O ,—X reduces to x if and only if the pullback of x along
Z is the (effective Cartier) divisor cut out by w. Consequently, the universal property of
the blowup BL, X of X at x implies that every 2 € X(Og,), factors uniquely through
Bl, X, more precisely through the open subscheme Blgf)X of Bl, X where 7 is the generator
of the exceptional divisor. Thus, we have a natural identification between X(Ok,), and
Bl X (Ok,).

Up to this identification, the map £ can be described as follows. We consider the analogous

construction for the Fy-origin o : SpeclF, —>A$Kp to get BLLAG , and
BISVAG, = Spec Oy X1, ..., Xnn),

where X; = X; /7 in the expression above. Since blowing up commutes with flat base change,

we obtain a cartesian diagram of schemes

BI™ x Bl, X X
lf O O Jt (3.28)

BlgﬂAgng —— BLAZ,  — AG, .

The map # from (3.27) is just the morphism ¢ in the above diagram evaluated at O ,-points
(thus, in particular, the notations are compatible).
The map pr, obtained from base-changing the diagram (3.28) to IF,, can be (non-

canonically) interpreted as the tangent map at x between the respective tangent spaces.
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In particular, it is an isomorphism. Since £ is étale, ¢ is an isomorphism when base-changed
to Ok,/(7?) for every j. Denoting the rings of global functions of the (affine) schemes in
question by O(BI™X) and O(Blgﬂ)Ang) respectively, we infer that their m-adic (equiva-

lently, p-adic) completions are the same, that is,

OBIVX) ~ OBIVAE, ) = O [ Xy, .., X = Oxcp(Xn, ., X, (3.29)

namely the algebra of integral formal power series converging on the unit disk.

Finally, we perform the same analysis for Y, f(z) and its fixed system of parameters s;.
Using again the universal property of the blowup of Y at f(z), we obtain that f also induces
a morphism

fBIDX—BIT) Y

which on the level of O ,-points may be identified with f : X(Okp).—Y (Ok ) f(z)- Taking
the p-adic completion of the associated ring map O(BI;T;)Y)—)O(BI;“)X ) and conjugating

by the isomorphisms (3.29) for X and Y then yields a map
OK7p<?Vl, .. ,Yn>—>(’)K’p<)~(1, R ,Xm>.

This is described by specifying n-tuple of elements of Ok, (Xl, e ,Xm> as images of the

variables Y;. Since the map f’ is obtained from the above map of rings by applying the

functor HomAlgoK (—,Okyp), it follows that f’ is described by these power series. This
P

proves the claim. O

—

Remark 3.9. It will be useful later to note that Ox, naturally embeds into O(BI{" X). The

maximal ideal of Ox (X) corresponding to & becomes () in O(BI{™ X), hence is mapped to

o —

the radical in O(BI{™ X). There is thus an induced map

—

Ox.—O(BIM X).
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For injectivity: after taking completions at the maximal ideal, the map becomes

Ol[Xy,..., Xnl] = O[X1,..., Xn]]
given by X; — pX;, which is injective.

Remark 3.10 (Restriction of scalars). It will be beneficial to replace the power series ex-
pressions with O ,-coefficients by convergent power series with Z,-coeflicients. To that end,

we let

k =ef = rankz, Ok,

following earlier conventions, and fix a free basis ey, es, ..., e, of Ok, as a Z,-module. Ex-
pressing everything with respect to this basis, the description of maps O ,— O , in terms
of power series gives rise to a power series description of maps Z’;m—>Z’;". More precisely,

upon the introduction of formal variables X, ; by the rule
Xi = Xi71€1 + XZ'7262 + e+ Xi,keka (330)
any convergent power series f € Ok (X1, X, ... X,,) can be written as

f = fier + faea + -+ + frex

for a unique k-tuple of power series fi, fo, ..., fk € Zy(X;; |1 <i<m,1<j<k).

Remark 3.11. Keeping the notation from the proof of Proposition 3.10, the map

fe, : (Blgﬂ>X)Fp—>(Bl§’;;)Y)Fp

can be, again, identified with the tangent map of fr, : Xp,—Yp, at . Assume that this

map is injective. By a lift of a suitable F,-affine change of coordinates on (Blgf(rl)Y)Fp, one can

make sure that the map (f/)# : OK7P<§~/1, e ,f/n>—>(’)K7P<X1, . ,Xm) is given by Y; — X; for
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1 < m and by Y; — 0 for i > m. In other words, the parameters s;, ¢; may be chosen so that
f#(s;) = t; for i < m and s,,41, .. .5, generate the kernel of the map f# : Oy #(z)—Ox -
In that case, X(Okp), is embedded in Y (Ok,) ) and in the chosen coordinates, equal to
the vanishing locus of f/mﬂ, ..., Y,. Asin Remark 3.10, we can identify the embedding with

the affine embedding Z';m—>Z';”, whose image is cut out by the k(n — m) variables Y],

m<i<n,1<7<k.

The exp-log argument

Let us now focus on a special case where Y — Spec Ok, is a smooth scheme of relative
dimension n and X = G is a smooth commutative group scheme over Y of relative dimension
m. (Thus, m from the previous discussion corresponds to m+n in the situation at hand. We
hope this does not cause too much confusion). Let e : Y—G denote the identity section.
We now consider a point y € Y'(F,) and the map G(Okp)e)—Y (Okp)y-

As in the beginning of this subsection, we may replace Y by Spec Oy, and G by Go,,, .
Let us fix a system of parameters 7, s1, Sa, . . ., Sy, inducing a bijection 5 : Y (O ), — Ok p-

By [142, 05D9], there is an affine open neighborhood Spec B = U C Go,,, of e(y)
such that e factors through U and such that, denoting by I the kernel of the associated map
e : B—Q0y,, 1 /1% is a free Oy,,-module of rank m. Upon fixing a sequence t1,ta, ..., t, € I
that becomes the free basis of I/I?, the sequence 7, s1, S, . . . , Sn, t1, ta, . . . , t,, forms a system
of parameters of Go,., at e(y), establishing a bijection (3,1) : G(Okp)eqy) — Oy

We further consider the formal Oy,,-group G/o;, the completion of Go, , with respect
to the ideal of the identity section. In terms of the chosen coordinates, it is the formal
spectrum of the [-adic completion of B, which in turn is the formal power series ring
Oyyllt1,ta, - .., tm]]. The group operation then induces a m-dimensional commutative for-
mal group law Fg(U,V) = (Fi,...,Fy)(Us, ..., Uy, Vi,...,V,,) over Oy, that is, formal
group in the sense of [85]. By [85, Theorem 1], over Oy, ® Q, there are mutually inverse

isomorphisms of formal group laws

216



log ~
Feo —= (Gu)g

exp

(here (G,)™ denotes the m-dimensional addition law, given by the polynomials U; + V;
treated as power series over Oy, and the subscript QQ denotes the “formal base change” to
Q). Explicitly, fixing a basis of invariant differentials of Fg (in the sense of 85, Proposition
L1 wi, ... wm € @B, Oyyllte, - - -, t]]dt;, log is given by an m-tuple of formal power series

Ly, Ly, ...,Ly € (Oyy ®Q)[[t1,. .., tn]] characterized by the property
Li(0,...,0)=0, dL; =w;, i=1,2,....m (3.31)

(and additionally, each L; equals ¢; in degree 1). The exponential is then given as a formal
inverse to log, i.e., by a m-tuple of power series Ey, Es, ..., E, € (Oy, ® Q)[[t1,...,tn]]

characterized by the identities
Ei(Ll,LQ,...,Lm):ti, ?::1,2,...7?71 (332)

(and it again follows that each E; equals ¢; in degrees < 1).

The fibres of the map G(Okp)e)—Y (Ok,p)y are naturally not only abelian groups
but, moreover, Z,-modules: given a point § € Y (Ok,),, the fibre over 7 is the kernel of the
reduction map Gy5(Ok,,)—G5(Fy) (where G denotes the O ,-group scheme obtained from
G by base change along ). This kernel is the set of Ok ,-points of the associated formal
group, C/J\g((’)Kﬁp) = l'glj C/J\g((’)K,p/ijK,p) (and the group law of é\y may be viewed as the
“formal base change” of the formal group law for G/@Y\y above). The fact that any formal
group law is of the form U + V + (higher order terms) shows that é\g(OKm /P Ok,) is an
abelian group annihilated by p/, verifying the claim.

The goal is to p-adically interpolate the function z — 2 - g for g € G(Okp)e(y), Or more
precisely, describe the action map Z, x G(Ok p)e) —G(Ok p)e(y) coming from the Z,-action

on fibres, in terms of convergent power series.
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Proposition 3.11. The formal logarithm and exponential induce the mutually inverse maps

log and exp
G O (57{{) O n—+m ﬂ» O n+m

gwen by convergent power series (elements of O, Vi, Y, X1,...,Xn)). Forze Ly, and
g € G(Okp)eqy) (viewed as an element of (O )" ™™ wvia (3,1)) we have z- g = exp(z-log(g)).
Consequently, the action map Z, x G(Okp)ey)——G(Okp)ery) 15 described by convergent

power series with coefficients in Z,.

Proof. Write L; = 37, a; gt and E; = %, 20 bi st7 for the formal power series that are
components of the formal logarithm and formal exponential, respectively. It can be deduced
from the identity (3.31) that

|J|a;; € Oy, for all J, (3.33)
and a formal computation of the exponential based on the identities (3.32) as in [83, A.4.6]

together with (3.33) shows that

(|J")b1’J € Oy@ for all J. (334)

n+m

The induced map log : O —>(9’}$m is then given by the identity on the first n com-

ponents (which correspond to the base Y (Oky),) and by the power series

7]"‘]‘_1

LX) =7 ai,(r X)) =Y |—ﬂ(\J]ai,J)(X)J, i=1,...,m (3.35)
J#0 J#0
on the remaining components. Here |J|a; s is considered as an element of O (Y1, ..., V)

in the sense of Remark 3.9.
Its formal inverse is then given by the analogous modification of the formal exponential,

namely, exp : (’)}“‘(J’;d—>(9?<;d is given by the identity on the first n components and on the
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remaining m components by the formal power series

|J]-1

vy 1 A o\ 0 Y2 VA
E(X)=7") biy(nX)) =" Wil (JTNb (X)), i=1,...,m (3.36)
J#0 J#0
where (|.J|!)b; s is again considered as an element of Ok (Y. ...,Y,,).

To conclude that the power series (3.35), (3.36) define elements of the ring O, (Y, X), it
is enough to observe that the coefficients 71717 /(] J|!) (hence also 7!/I=1/|.J|) are integral and
converge to zero p-adically as |J| — oco. This is satisfied by the imposed condition e < p —1

on the ramification index in Assumption 3.1, since then the p-adic valuations are

vp(ﬂk_l) k=l k-1 (k=Dp-1-¢

k! e p—1 e(p—1) ’

which is non-negative for all £ > 1 and tends to oo as kK — oc.
Finally, we may interpret log and exp as given by ef(n+m) power series with coefficients
in Z, as in Remark 3.10. The action map Z, x G(Okp)e)—G(Okp)ery) then becomes a

p-adically continuous map Z, x zs! (n+m)—>Z§f (ntm) extending the map

(2,9) = 2 - g = exp(z - log(g))

from 7Z x Zf,f (nm) ¢4 Ly X Zf,f ("Fm) " The same is true about the map on Zj, X sz (ntm) given
by (z,9) — exp(z - log(g)), so these two maps agree. In particular, the Z,-action map is

described by convergent power series with Z,-coefficients as claimed. O

Proof of Proposition 3.9

Proof. Asin (3.2), a point € X(Ok,) is given by an s-tuple 1 € X(F,,),...,z, € X(F,,),
and we have X (Ok,), = [[_; X(Okyp;)s;- Similarly, for any map f : X—Y of Ok-
schemes, the induced map f : X(Okp)s—Y (Okp)s@) decomposes into the product of

the maps f : X(Oxp)e,—Y (Okp)f@). Part (1) thus follows from Proposition 3.10 and

219



Remark 3.10.

Similarly, we have G(Ok p)e(y) = [ 1121 G(Ok p: )e(ws), and thus, G(Ok p)e(y) has Z,-module
structure on fibres over Y(Ok )y = [1;_; Y(Oky.)y- By Proposition 3.11, each of the ac-
tion maps Z, x G(Okp,)ew) ——G(Okp, ey is given by convergent power series with Z,-
coefficients. The action map for G(Okp)e(,) is then obtained by taking the product of the
above action maps and precomposing with Z, x G(Ok p)ey)— [ [;(Zp X G(Ok p, )e(y:)), Where

Z, is embedded into the s copies of Z, diagonally. It follows that the map has a description

in terms of convergent power series over Z, as well, proving (2). O

3.5 End of proof and questions

In this section we conclude the proof of Theorem 3.1 (or rather its more precise formulation

Theorem 3.3). We formulate a precise version of Questions 3.1, and discuss expected answers.

3.5.1 Bounding the number of rational points

In this section we prove Theorem 3.3 of Section 3.3, which gives a conditional upper bound

on the size of the intersection U(Ok )y N Y. Let p be a prime above p as usual. As in

Notation 3.6, we choose parameters ¥, ... ;2 for J at the point z, := jg(up) as well as
parameters t, ... ,t';_l € O, such that
ﬂp,x‘{,...,xg,t'i,...,t’;_l

is a system of local parameters at ¢, for the smooth scheme T over O, of relative dimension

g+ p— 1. We obtain the following identifications, as in (3.27):

T:J(Okp)z, = (Okp)?

(7,1) : T(Okp)s, = (O )P0
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Now, the tangent map of the lifted Abel-Jacobi map jJ' : U(Oky)u, = T(Ok,p)s, of Propo-
sition 3.3 is injective at p by smoothness. It follows, by Remark 3.11, that U(Okp)y, is a

complete intersection in T((’)Km)tp, i.e., it is cut out by g + p — 2 equations

—

o f € O(Blgjv>(T)):oK,pw;,...,g;g,iﬁ,...,9;_1>,

which generate the kernel of the surjection

—_— e~

G OB (T)—O(BL™ (U)).

As before let k, = e, f, be the Z,-rank of O ,. Following Remark 3.10, upon choosing a

Z,-basis of Ok, and introducing new variables z¥

jfori=1,...,gand j=1,...,k as well
as fik forl=1,...,p—1and k=1,...,k,, each fI corresponds uniquely to a k,-tuple of
power series

p

p ~p 7P
it S, € Ly (25,1 Ni<icg, 1<j<k, -
1<i<p—1

In conclusion, the analytic p-adic manifold U(Ok )., C T(Oxy)s, is cut out by (g+p—2)k,
convergent power series in (g + p — 1)k, variables with coefficients in Z,.
Finally, note that U(Ox,)., inside T(Oxp): is cut out by (g+p—2) 32, , ks = (9+p—2)d

convergent power series with coefficients in Z,. By Theorem 3.2, we have

Zg(p—l)—i-r

|+

U(Ok)uy <> Y, = T(Og),

R

Js

U(OK,p>u - T(OK,p)t

(ko) {214

ZI(Dngp*l)d'

The computation of the desired intersection is accomplished via pulling all equations back

via K.
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Definition 3.10. The elements x*f}; (with 1 <i < g+p—2,1 < j <k, and plp) all lie
in R =Zy(21, ..., 2%(p—-1)+r)- Let Iy, denote the ideal in R generated by these elements and

let Ay, := R/Iy. denote the resulting quotient ring.

The intersection is algebraically expressed as the tensor product of rings, i.e., by taking

the quotient by Iy ,. It follows that there is a bijection

Hom(Ay u, Zy) «— & H(U(Okp)u NY,). (3.37)
Let f. € Fp[ffyj,f‘;’j] denote the reduction modulo p and x*f}; € Fylz1,. .., z5(p-1)4r]. The
ideal Iy, = Ty Fpla1, .-, Z5(p—1)+r] is generated by the elements m*ﬁfj and we let

ZU,u = AU,u (29 Fp = Fp[zl, - 72(5(p—1)+r]/jU,u'

We are now ready to prove Theorem 3.3, which we conveniently restate for the reader.

Theorem 3.3. If Ay, is finite, then |U(Ok),| < dimg, ZU,u'

Proof. For the sake of notation, we drop the subscripts (U, ) in this proof. The ring A is
p-adically complete by the same proof of [62, Theorem 4.12]. Moreover, since A is finite, A

is finitely generated as a Z,-module. Hence it follows that

Hom(A,Z,) = HHom(Am,Zp) = H Hom(Aw, Zy),
m Am/m=F,

where the union is over the maximal ideals of A. This gives the bound

| Hom(A,Z,)| < Z ranky, Ay = Z dimg, Ap < dimg, A.

An /m=F, Am/m=F,

This establishes, by (3.37), that the number of points in £™!(U(Ok ), NY}) is bounded by
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dimg, A, thus we have

7oA N\ P

U(Ok)ul < 1671 (U(Okp)u NY) NT(Ok)y )| < dimy, A.

O

Remark 3.12. The geometric quadratic Chabauty condition is implicit in the assumption
of Theorem 3.3. Indeed, in order for the ring A = Fy[z1, ..., 25(0-1)4+) /(K" [T, )ip t0 have a
chance to be finite, the number of relations we quotient by must be at least the number of

variables. Thus, we need d(p — 1) + 7 < (g + p — 2)d which is equivalent to condition (3.24).

Corollary 3.2. Suppose that Ay ,, is finite for all U as in Definition 5.7 and allu € U(O ).

Then the set of rational points Cx(K) is finite and satisfies
Cx(F)[ <Y Y dimg, Ay,
U ueU(Oxk,)

Proof. There are finitely many U C C*™ satisfying the conditions of Definition 3.7 and the
union of U(Ok) covers C*™(Of) which is equal to C(K) by properness and regularity of
the model C. Moreover, each U(Ok) is the disjoint union of its residue disks U(Ok),, and

the result follows. O

3.5.2 Refined questions

A more precise form of Questions 3.1 from the introduction is the following:

Question 3.2. Given a subscheme U as in Definition 5.7 and uw € U(Ok,p) mapping to
5{7](u) =t € T(Ok,), what conditions are necessary to guarantee the finiteness of the inter-

section Yy N U(Ok p)u ¢

In [62, §9], Edixhoven and Lido have given a new proof of Faltings’ theorem, using their

method, in the case of higher genus curves defined over QQ satisfying » < g + p — 1. Their
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argument is quite elegant: it uses complex analytic methods to prove a Zariski density
statement, which can then be bridged with their p-adic geometric situation using formal
geometry. This proves the finiteness of the intersection Y, N U(Z,), and in particular the
finiteness of Cp(Q).

The setting over arbitrary number fields is more complicated. Reminiscent of the failures
of Siksek’s method described in Section 0.4.2, there are examples of curves satisfying (3.24)
for which the intersection Y;NU(Of ), is not finite. Examples include curves base changed
from Q which do not satisfy the quadratic Chabauty condition over Q. Based on Dogra’s
results in [60], presented in Section 0.4.2, we expect the intersection to be finite whenever

the conditions (3.24) and

Hom(Jg,4,, Jg.,) = 0 for any two distinct embeddings 01,02 : K — Q (3.38)

are both satisfied. Unfortunately, the proof of this still eludes us.

The following question also demands attention:

Question 3.3. Assuming conditions (3.24) and (3.38), does there always exist a prime p
such that for each open subscheme U of Definition 3.7 and each point u € U(Ok,), the ring

Au . constructed in Definition 3.10 is finite-dimensional over F, ?

In order to extract an explicit bound for |Cu(Q)|, Edixhoven and Lido similarly rely on
an analogous IF,-vector space being of finite dimension. They conjecture [62, Section 4] that
it is always possible in practice to choose p such that their condition is satisfied. We expect,
following Edixhoven and Lido, that for curves satisfying conditions (3.24) and (3.38), there
always exists a prime p such that the conditions of Question 3.3 are satisfied. We plan to

address this in the near future by applying the method to explicit examples of curves.
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Chapter 4

Diagonal cycles on Xy(p)°

We explore the setting of diagonal type cycles on the triple product of the modular curve
Xo(p) of prime level p. See Section 1.2.2 for the definition of the latter. The main motivation
stems from the Beilinson-Bloch conjecture 1.4 in this particular setting. This conjecture
predicts the equality between the central order of vanishing of the triple product L-function
associated to three normalised newforms in Sy(I'g(p)) on the one hand, and the rank of the
(f1, fa, f3)-isotypic component of the null-homologous Chow group of Xy(p)? of codimension
two on the other hand. We refer to Sections 1.2.3 and 1.4 respectively for the definitions of
newforms and Chow groups. One of the main results asserts that the global root number of
the triple product L-function of (fi, fa, f3) twisted by the Legendre symbol x at p is always
—1. The theory of root numbers was recalled in Section 1.1. In parallel, we construct a
canonical null-homologous cycle on X(p)? of codimension 2 which lies in the (—1)-eigenspace
of the Chow group for the non-trivial element of Gal(Q(+/x(—1)p)/Q). This leads us to
formulate refinements of the Beilinson—Bloch conjecture in a setting which has not been
considered before. Specialising to the case where f3 has rational coefficients and f; = f5, we
formulate further refined conjectures concerned with the associated Chow-Heegner points
on the elliptic curve associated with f3;. See Section 0.2.2 for the theory of Chow-Heegner

points. When the global root number of the triple product (fi, fo, f3) is +1, we prove that
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the image of the Gross—Kudla—Schoen cycle under the complex Abel-Jacobi map is torsion in
the (f1, f2, f3)-isotypic component of the second intermediate Jacobian of Xy(p)?, and deduce
torsion properties of the related Chow—Heegner points, which had originally been studied by
Darmon, Rotger and Sols in the case where the root number is —1. Moreover, we prove that
the Chow—Heegner points associated to the special cycle defined over Q(y/—p) are torsion
whenever p = 3 (mod 4). Such torsion properties fit nicely with the proposed conjectures,

and are in line with the Beilinson-Bloch and Birch and Swinnerton-Dyer conjectures.

Introduction

We study the setting of the triple product of the modular curve Xg(p) of prime level p. Given
three normalised newforms fi, fa, f3 € S2(Io(p)), we denote by F' = f; ® fo ® f3 their triple

tensor product. Associated to F' is a motive

M(F) := (Xo(p)?,tr,0) € Chow(Q)x,

over Q with coefficients in the finite extension Kz of (Q obtained by adjoining the Fourier
coefficients of f1, fo and f3. We refer to Section 1.4.2 for the definition of motives. Here
tr € Cort®(Xo(p)?, Xo(p)®)k, is an idempotent correspondence — the F-isotypic projector
— built from the projectors that cut out the motives of the three forms fi, fo and f3. The
associated L-function L(F,s) := L(M(F)/Q,s), defined in Section 1.1.4, is the Garrett—
Rankin triple product L-function attached to F'. The analytic properties and functional
equation of this L-function have been established by Gross and Kudla [76]. The Beilinson—

Bloch conjecture 1.4 in this context predicts the equality

ord,_s L(F, s) = dimy, (t).(CH2(Xo(p)?)o(Q) @ Kr). (4.1)

In [76], Gross and Kudla introduced a particular cycle Agks € CH?*(Xo(p)*)o(Q), the
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study of which was taken up by Gross and Schoen in [77]. We will therefore refer to it as the
Gross-Kudla-Schoen cycle. It arises from the diagonal embedding of Xy(p) in Xo(p)?® after
applying a certain projector whose effect is to make the resulting cycle null-homologous.
Guided by the Beilinson—Bloch conjecture (4.1), Gross and Kudla conjectured, in the case
when the global root number is W (F') = —1, that L'(F, 2) is equal (up to a non-zero constant)
to the Beilinson—Bloch height of the cycle (tr).(Agks). A proof of this conjecture is expected
to appear in [154].

We are interested in a different and yet unexplored setting of the Beilinson—Bloch conjec-
ture. Namely, if x denotes the Legendre symbol at p, and M (F') ® x is the twisted motive,

then the Beilinson—Bloch conjecture also predicts the equality

ord,—y L(F ® X, 5) = dimg,. (tr).(CH*(Xo(p)*)o(K)™= "' ® Kp), (4.2)

where K = Q(y/x(—1)p) is the quadratic field corresponding to y, and 7 € Gal(K/Q)
is the non-trivial automorphism. One of the main results is Theorem 4.7 which asserts
that the global root number W (F ® x) is always equal to —1. In particular, we have
ords—o L(F ® x,s) > 1 and we thus expect by (4.2) the existence of a non-zero cycle in

(tr).(CH*(Xo(p)*)o(K)™="' ® Kp). In parallel, we construct a canonical cycle

2= (X(p) — - (X(p))

of codimension 2 on Xy(p)?, where ¢, p_ : X(p)—Xo(p)? are two algebraic maps whose
common domain is the modular curve X(p) of full level p. The definition of this lat-
ter curve can be found in Section 1.2.2. In Theorem 4.3, we prove that = belongs to
CH*(Xo(p)*)o(K)™=".

Putting the above results together, it is tempting to conjecture that the torsion properties
of (tr)«(Z) should be determined by the order of vanishing of L(F ® x, s) at its centre. This

is formulated precisely in Conjecture 4.1 as a refinement of the Beilinson-Bloch conjecture.
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Conjecture 4.1 would follow, assuming the non-degeneracy of the Beilinson-Bloch height,
from an analogue of the Gross—Zagier formula relating L'(F ® x,2) to the Beilinson—Bloch
height of (tg).(Z). Further refinements are proposed in Conjectures 4.2 and 4.3, which
take into account the root number of W(F) and the predicted behaviour of (tr).(Agks).
When W(F) = +1, we prove in Theorem 4.4 that the image of (tr).(Agks) under the
complex Abel-Jacobi map AJy,)s of Section 1.5.1 is torsion in the intermediate Jacobian
J?(Xo(p)?/C). When W(F) = —1, the conjectural formula of Gross and Kudla serves to
guide us.

In [51], Darmon, Rotger and Sols studied certain Chow—Heegner points associated to
Agks- These are intimately related to so-called Zhang points on abelian varieties due to S.
Zhang [157|. This connection is made explicit in Daub’s thesis [53]. At the level of modular
forms, the Chow—Heegner points arise from the triple product setting by specialising to the
case where f3 = f has rational coefficients and f; = f, = g is not Gal(Q/Q) conjugate to f,

and are denoted by

P(Xo(p)®, g1, Acks) € Ef(Q).

Here Ey is the elliptic curve over Q associated to f by the Eichler-Shimura construction
of Section 1.2.3, and Il ; € Corr™H(Xo(p)?, Ey) is some correspondence which depends on
the Gal(Q/Q) conjugacy class [g] of g, as well as on f. Note that we have the following

decomposition of the L-function

L(gagaf78) = L(Sym2g ® f7 S)L(f78 - 1)

When the root numbers satisfy W (f) = —1 and W(Sym®*g ® f) = +1 (and thus in par-
ticular W (g, g, f) = —1), Darmon, Rotger and Sols have proved, building on the work of
Yuan, Zhang and Zhang [154], that P(Xo(p)*, I}y s, Acks) has infinite order if and only if
orde—; L(f,s) = 1 and ords—y L(Sym?(¢°) ® f,s) = 0 for all o : K, < C. This provides

insight into the Birch and Swinnerton-Dyer conjecture for Ef/Q.
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Meanwhile, the Birch and Swinnerton-Dyer conjecture also predicts the equality
ords—1 L(E}/Q, s) = rankg Ey(K)™=1, (4.3)

where E}( denotes the quadratic twist of E; by the Legendre symbol x at p. Using the cycle

=, we may consider the Chow—Heegner point
P(XO(p)37 H[g],f7 E) € Ef<K)T:_1'

If p = 3 (mod 4), then W(E}) = +1, and we prove in Theorem 4.6 that the above point
is torsion by exploiting the action of the symmetric group S3 on Z. This is consistent with
(4.50). If p =1 (mod 4), then W(EY) = —1 and we thus expect there to exist a point in
E;(K)™="! of infinite order. Guided by (4.50), we formulate a refined conjecture (Conjecture
4.4) which predicts exactly when P(Xo(p)*, I}, =) has infinite order. We make further
refinements in Conjectures 4.5 and 4.6 by taking into account the root number of E; and
interactions with P(Xo(p)?, i, Acks) € Ef(Q). When W (f) = +1, we prove in Theorem
4.5 that the point P(Xo(p)?, IIjy, ¢, Agks) is torsion, obtaining a special case of a result of
Daub [53]. When W (f) = —1, the results of Darmon, Rotger and Sols are available to us.
This fits nicely with the proposed conjectures.

We refer to Section 5.1 for a discussion of future work involving possible strategies for
addressing the conjectures proposed in this chapter.

We finish with an outline of the chapter. Section 4.1 introduces the motives attached
to a normalised newform in Sy(I'o(p)) and to the triple product of such forms. We give a
brief overview of the work of Gross and Kudla [76] concerning the Garrett—Rankin triple
product L-function. We also recall the construction of Chow-Heegner points in the setting
of the triple product of modular curves. Section 4.2 contains a systematic construction

3

of diagonal type cycles on Xy(p)°. In particular, the cycle = is defined and Theorem 4.3

is proved. Section 4.3 addresses the torsion properties of both cycles and Chow—Heegner
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points in various cases; it contains the proofs of Theorem 4.4, Theorem 4.5 and Theorem
4.6. Section 4.4 uses the explicit description of the Weil-Deligne representations of modular
forms described in Secton 4.1 to compute global root numbers in various setting, culminating
in the proof of Theorem 4.7. Section 4.5 formulates conjectures concerning the special cycle
= (Conjectures 4.1, 4.2, 4.3) and its associated Chow—Heegner points (Conjectures 4.4, 4.5,

4.6, 4.7) based on the results of this chapter.

4.1 Preliminaries

We begin by recalling the definition of the motive of a normalised cuspform of weight 2 and
level T'g(p). We then review the definition and properties of L-functions associated to triples
of weight 2 normalised cuspforms of level I'y(p). In particular, we will recall the main results
of the work of Gross and Kudla [76] in this context. Finally, we give an overview of the

Chow—Heegner construction in the context of triple products.

4.1.1 Modular forms of weight 2

For an overview of the theory of modular forms of weight 2 and level T'g(p), we refer to

Section 1.2.3.

Decomposition of the Hecke algebra

Let f =35 a.(f)q" € S2(To(p)) be a normalised newform of level I'g(p). Because the
level is prime, there are no oldforms. The form f is a normalised eigenform for the Q-algebra
Ty := To(p) generated by the Hecke operators T,, for p f n acting on So(I'o(p)). Let T := T(p)
denote the full commutative Hecke algebra generated by the T,, for p 1 n and the operator
U,. Following the discussion of newforms in Section 1.2.3 and references therein, we have
Uy(f) = a,(f)f and w,(f) = —a,(f)f. Here w, denotes the Atkin-Lehner operator, which

in the case of prime level arises from the Fricke involution on Xy (p) via its pullback action on

230



cohomology and the identification (1.19) of Sy(T'g(p)) with the space of regular differential
1-forms H°(Xo(p), Q). In particular, we have a,(f) € {£1}. Note that because there
are no oldforms at prime level, we have U, = —w, in T.

The normalised eigenform f determines a surjective algebra homomorphism Ay : To— K
by sending 7T}, to a,(f). Here K is the finite extension of Q generated by the Fourier coef-
ficients a,(f) of f. Note that the coefficients a,(f) are the eigenvalues of the operators T,
acting on f. In particular, K is a totally real number field as the operators 7;, are Hermitian
with respect to the Petersson inner product on Sy (I'o(p)).

Let S2(Io(p))s denote the f-isotypic component of Sa(I'g(p)) consisting of cusp forms
g € S2(Tg(p)) such that T'(g) = A\;(T)g for all T € Ty. By the multiplicity one result |3,
Lemmas 20 and 21] of Atkin and Lehner for newforms, the space S2(I'y(p)) is 1-dimensional

over C. By the results described in Section 1.2.3, we have the decomposition

S2(To(p)) = €D S2(To(p))n,

where the sum is taken over all normalised eigenforms h € Sy(I'g(p)). Since the dual space
So(To(p))Y is a free Toc-module of rank one by multiplicity one, we similarly obtain a

decomposition
Toc = @TO,C,M
h

where Ty ¢, denotes the algebra of Hecke operators T, with (n,p) = 1 acting on Sz (I'o(p))n,
which is again a C-vector space of dimension one.

Let [f] denote the Gal(Q/Q) orbit of f. Form the C-vector space D (s S2(Lo(p))g of
dimension dy := [Ky : Q], and consider the Q-subspace Sy(I'o(p))s of forms with rational
coefficients. This Q-vector space is stable under the action of Tg g, and we let T g,(s denote

the Q-algebra generated by the Hecke operators acting on Sy(I'g(p))rs;. We then have the
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decomposition

@TOQ N@Kh,

[A]
where the sum is taken over all Gal(Q/Q) conjugacy classes of normalised eigenforms in

S2 (Fo (P)) :

Remark 4.1. The exposition in this section is simplified by the fact that there are no
oldforms for prime level. For the more general case where the level is composite we refer

to [45, §1.6].

Let Endg(Jo(p)) denote the ring of endomorphisms of the Jacobian Jy(p) which are
defined over Q and let End(Jo(p)) := Endg(Jo(p)) ® Q. Because p is prime, we have
End(%(JO(p)) = Ty by [125, Corollary 3.3]. In particular, we have Tq = T. In summary, we

have the decomposition

End(Jo(p) ~ P K. (4.4)
7]

Remark 4.2. Once again, the exposition is simplified by the assumption that the level is
prime. For composite level N, the algebra End%(Jo(N )) is a product of matrix algebras. It
contains Ty as its center and the full Hecke algebra T as a maximal commutative subalgebra.
Moreover, End(%)(JO(N )) is generated as a Q-algebra by Ty together with certain degeneracy

operators. See [95, Theorem 1].

We remark also that there is a natural isomorphism

Endgy(Jo(p)) = (CH'(Xo(p)*) ® Q)/(pr] CH' (Xo(p)) ® Q + pr; CH' (Xo(p)) ® Q). (4.5)
See for instance [105, Theorem 11.5.1].

Galois representations

Let f = 3,5 au(f)g" € Sa(l'o(p)) be a normalised eigenform. Recall that the Eichler—

Shimura construction of Section 1.2.3 associates to the Gal(Q/Q) conjugacy class of f a
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simple abelian variety Ay defined over Q as a quotient of Jy(p). For a given prime /, the
(-adic Tate module of Ay carries an action of the Galois group Gal(Q/Q), as well as an
action of Ky = Endg(Afy) ® Q, and these actions commute. Since the Tate module of Ay
is a free module of rank two over Ky ® Qy, it gives rise (after a choice of basis) to a Galois

representation

Cal(Q/Q)—GLy(K; ® Q). (4.6)

Throughout this chapter, we will use the same conventions as established in Notation 1.1. We
let [ denote the prime of K; above ¢ determined by the corresponding fixed field embeddings.

We obtain the ¢-adic Galois representation associated to f

Pre: Gal(@/Q)HGLQ(Kﬁ[), (47)

by composing the above representation (4.6) with the projection Ky ® Qpq—Kjy,.

Remark 4.3. The representation ps, depends on the embedding of Ky in C, as well as the
embedding of Ky in Qy, but we suppress these dependencies from the notation, as we have

fixed all embeddings from the beginning.
Proposition 4.1. Suppose that { # p. The representation (4.7) satisfies the following:

o Ifq1plis aprime, then ps, is unramified at ¢ and the Frobenius element of Gal(Q,/Q,)

has characteristic polynomial X? — a,(f)X + q.
o The determinant of psy is the £-adic cyclotomic character weyey of Example 1.1.

o Let \: Gal(Qp/Qp)—>K}f[ denote the unramified quadratic character determined by

M) = a,(f), where @ is an inverse Frobenius element at p. Then

/\wcng *

Pl ca@,/a,) =
0 A
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Proof. See for instance |45, Theorem 3.1] and references therein. ]

Definition 4.1. We denote by V;(f) the contragredient of the representation ps, of (4.7).
The collection {V4(f)}s is a compatible family of 2-dimensional ¢-adic (or rather l-adic)

representations of Gal(Q/Q).

Motives

We refer to Section 1.4.2 for conventions on motives. The language of motives is not strictly
speaking necessary in this section, but it will be useful starting with Section 4.1.2 below.
Let f =351 an(f)q" € S2(To(p)) be a normalised eigenform and retain the notations
introduced in the previous sections. Let V := S5(T'¢(p))Y be the C-vector space dual to
S5(To(p)). Recall from Section 1.2.3 the identification Sy(T'o(p)) =~ H®(Xo(p), Q%O(p)), and

from Section 1.5.1 the description of the complex points of Jy(p) as

HO(Xo(p), Q)"

Xo(p

~ Im Hy(X(p)(C), Z)’

Jo(p)(C)

where A := Im H,(X,(p)(C),Z) is viewed as a lattice via integration of differential forms.
We thus have an identification Jy(p)(C) = V/A as a g-dimensional complex torus, where ¢ is
the genus of Xy(p). Let V; be the subspace of V' on which T acts by Ay and let 7y : V—V}
be the orthogonal projection with respect to the Petersson scalar product. The projector
7y naturally belongs to Tx, = T ®q Ky, and by (4.4) and (4.5) we may view 7y as an

idempotent correspondence t; € Corr’(Xo(p), Xo(p))x,-

Definition 4.2. The motive M (f) := (Xo(p),ts,0) € Chow(Q)g, over Q with coefficients

f

in Ky is the motive of f.

Remark 4.4. The Hecke operators T, for £ # p act on H?(Xy(p),C) as multiplication by
¢+ 1, the degree of the correspondence T;. By duality, T} also acts as multiplication by £+ 1
on H(Xy(p),C). The eigenvalues of the action of the Hecke algebra on H'(X,(p),C) are

encoded by the algebra homomorphisms As : Toc— K indexed by the conjugacy classes
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of newforms in S3(I'g(p)), where Af(Ty) = ae(f). As a consequence of Deligne’s proof of
the Weil conjectures [57], we have the bound |a,(f)| < 2v/¢ generalising the Hasse bound
for elliptic curves. Since 2v/¢ < £ + 1, the eigenvalues of T acting on H'(Xy(p), C) do not
overlap between the cases i = 1 and i € {0,2}. Since ¢ is the f-isotypic Hecke projector, it

follows that ¢; annihilates the cohomology groups of Xy(p) in degree 0 and 2.

The (-adic representations of M (f) are equal to

M(f)e = (tg)Hi(Xo(p)g, Qe) = Hy(Xo(p)g: Qo) s = Vil f),

where V,(f) is the representation of Definition 4.1 (taking into account the fixed field em-

beddings of Notation 1.1). The de Rham realisation is

M(f)ar = () Hir(Xo(p)/C) = H'(Xo(p)(C),C) s = Sa(To(p))s & S2(To(p)) -

It follows that the Hodge structure M(f)p = (t;).H'(Xo(p)(C),Q) is of type (1,0) + (0,1).

By multiplicity one, we have H"*(M(f)) = Cw;, and the Hodge numbers are given by
RYO(M(f)) = R%H(M(f)) = 1. (4.8)

If we let Viy) := @,y Vo and mpy := 3° (s 7y, then 7y is the orthogonal projection

gelf
V— Vi with respect to the Petersson scalar product. By [45, Lemma 1.46], the abelian
variety Apg is isomorphic over C to the complex torus Vi /s (A), with the projection map
iy : V/A—Vip /75 (A) corresponding to the natural projection Jo(p) —Ajs. In particular,
m() naturally belongs to T = Endg(Jo(p)), and corresponds under (4.4) to the idempotent
element e(;) € Py, K which has 1 as [f]-coordinate and 0 as [h]-coordinate for [h] # [f].
By (4.5), we may view ;] as an idempotent correspondence ¢z € Cort?(Xo(p), Xo(p))g. It

follows that the motive M([f]) := (Xo(p), (51, 0) € Chow(Q)q is equal to Ap.

Remark 4.5. The motive M([f]) is very convenient to work with as it is realised by the
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abelian variety Ajs. On the other hand, the motive M (f) associated to f has coefficients
in Ky and is merely a piece of the cohomology of Ajs); it is not physically realised by some

abelian variety quotient of Ay, hence it is a little more delicate to work with.

Weil-Deligne representations

We drop the notation [ as this prime ideal is determined completely by the fixed choices of
field embeddings made in Notation 1.1. Let ¢ be a prime, let ¢ be a prime different from ¢
and fix an embedding ¢, : Ky; — C. Following [126, §4 Generalization|, one may associate to
Vi(f) a 2-dimensional complex representation 0}74% ¢ = (Ot 0000 Nitup.q) of the Weil-Deligne
group W'(Q,/Q,). See Section 1.1. It turns out, as we will see shortly, that the isomorphism
class of the Weil-Deligne representation 03%% , 1s independent of £ and ¢, and we shall simply

write o’ , = (04, Nyq). This is the Weil-Deligne representation of f at g.
Proposition 4.2. The Weil-Deligne representations of f satisfy the following:
o At the infinite place, we have o' . = inde/r o1 @ H'(M(f)).

o Ifq#p, then Nyg =0 and 054 ~ & @& wy for some unramified character &. Here
wq is the Weil-Deligne representation of the (-adic cyclotomic character of Definition

1.2 and Example 1.1.

o Let \ be the unramified quadratic character of W(Q,/Q,) defined by \(®) = a,(f),
where ® denotes an inverse Frobenius element. Then o’ , ~ )\wq_l ® sp(2), so that, in
particular, Ny, # 0 and 0}’(1 is ramified. Here sp(2) is the special representation of

Definition 1.5.

Proof. Using Proposition 4.1, the proofs in [126, §14, §15] adapt to this setting and give
the above descriptions of the Weil-Deligne representations of f. In particular, these are

independent of the choices of a prime ¢ and an embedding ¢, : K7 — C. O
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L-functions
Following Section 1.1.4, we can associate an L-function
AM(f)/Q;5) = L(0700r8) [ [ L(0F409)
q

to the motive M(f) € Chow(Q)g, of Definition 4.2, and use Proposition 4.2 to give an
explicit description of the local factors. Since h'°(M(f)) = 1, the above Weil-Deligne

representations have already been encountered in Section 1.2, and we see that

A(M(1)/Q, 5) = 2(27)T(s)(1 = ap(/)p) " [[(1 = ag(S)g™* + "),
q#p

which is the completed L-function of f, namely

/n/S

A(f,8) =2(2m)°T(s) Y |

n>1

The conductor of M (f) is p and the global root number is W(M(f)/Q) = a,(f), as follows
from the proof of Proposition 1.5 suitably adapted to the present situation. Conjecture
1.9 predicts that the L-function A*(M(f)/Q,s) = p2A(M(f)/Q, s) satisfies the functional

equation

A (M(f)/Q, s) = ap(HN(M(f)/Q,2 = s).

This is true and can be checked using the integral representation of A(f,s) and the weight
2 transformation property of the modular form f.
Following Section 1.1.4, we can associate an L-function A(M([f])/Q,s) to the motive

M([f]) € Chow(Q)g, and by previous observations, we have

AM(/Qs) = MAy/Qs) = [ AG7.5).

0:Ky—C
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4.1.2 Triple products of modular forms of weight 2

Let
fi= Zan(fl)qn> f2= Zan(fg)q", fs= Zan(fg)q”

n>1 n>1 n>1
be three normalised newforms of level ['y(p), and let F' := f; ® fo ® f3 be the newform of
weight (2,2,2) for I'g(p)? obtained from fi, fo and f3. Let Kp = Ky, - Ky, - Ky, denote the
compositum of the Fourier coefficient fields of the forms fi, fo and f5. Using the notations

of the previous section, define the idempotent correspondence
tpi=tg @ty @ty = prig(tn) - pras(ts,) - priglts,) € Cort’(Xo(p)®, Xo(p)*) ® Kp.  (4.9)
Definition 4.3. The motive of the triple product F' is defined to be the motive
M(F) := M(f1) ® M(f2) @ M(fs) = (Xo(p)’,tr,0) € Chow(Q)x,

over Q with coefficients in K.

Remark 4.6. By Remark 4.4, when acting on the cohomology H*(Xy(p)?) of Xo(p)?, the
correspondence tr annihilates all cohomology except in degree 3, in which all components

except the Kiinneth (1,1, 1)-component are annihilated. As a consequence, we have

(tr)H"(Xo(p)?) = (t5) H' (Xo(p) @ () H' (Xo(p)") ® (ts,) H' (Xo(p)").

The (-adic realisations of M (F') give rise to a compatible family of 8-dimensional (-adic

Galois representations

{Vi(F) := M(F)e = Vi(f1) @ Vi(f2) @ Vel f3) }e,

where the representations Vy(f;) for i € {1,2,3} are the ones of Definition 4.1. The Weil-
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Deligne representation of F' at a prime ¢ is the 8-dimensional representation given by
Opg =05 4@ 0%, @0 .
Concretely, we have
(0Fg: Npg) = (05,4 ® 00 @00 Np g ®1R14+1Q N, ,®14+101&® Np, ).
The de Rham realisation is given by
M(F)ar = H'(Xo(p)(C),C) 5, ® H'(Xo(p)(C), C)y, @ H'(Xo(p)(C), C) s,
hence, using (4.8), the Hodge numbers of M (F') are given by
RO (M(F)) = h**(M(F)) =1 and h*Y(M(F)) = h'"?(M(F)) = 3. (4.10)
In particular, the Weil-Deligne representation of F' at infinity is
oo = (inder(12)) ® HY(M(F)) & (inder(pos)) @ H(M(F)). (4.11)

Triple product L-functions
Following Section 1.1.4, one attaches to the motive of F' the L-function
A(M(F)/Q, ) i= L(070s8) | [ (070 5).
q
This is the Garrett—Rankin triple product L-function associated to fi, fo and fs.

Remark 4.7. We will alternatively write A(F, s) or A(f1, fa, f5,s) for this L-function. Sim-
ilarly, we write L(F, s) or L(f1, fa, fs, s) for the finite part ], L(0% , s) and also refer to this

as the triple product L-function.

239



We obtain the local L-factor at the finite prime ¢ by the formula

L(0py, 8) = det(1 — g °® | Vi

Q7NE,q

where V, is the underlying complex vector space of 0%, , and Vi = Véq Nker Ng,. Using

Q7NF,q

the description of the Weil-Deligne representations of F, one can work out the explicit
expressions for these local factors, as in [76, (1.7), (1.8)]: at primes g # p they are of degree
8 and at p it is of degree 3. Following Section 1.1.4 and using (4.10), the local L-factor at

infinity is given by
L(a};,oo, s) = Lc(pi0, S)SL@(gpw, s) =Tc(s — 1)°Te(s) = 24(277)3’4SF(5 —1)°I(s).

If we let

A*(F,s) := cond(M(F)/Q)>A(F, s), (4.12)

then Conjecture 1.9 predicts that this L-function admits analytic continuation to the entire

complex plane and satisfies the functional equation
AN(F,s)=W(F) -\ (F,4—s), (4.13)

where W (F) = W(fi, fa, f3) = W(M(F)/Q) is the global root number of the motive M (F').

Remark 4.8. Using the explicit description of the Weil-Deligne representations of M (F'),

it is possible to prove that

W(F) = ay(f1)ap(f2)ap(f3) and cond(M(F)/Q) = p’.

These results are stated for instance in |76, §1]. In Proposition 4.5 and Remark 4.26 later in

this chapter, we give a full proof of these facts.

The analytic continuation of A*(F, s) and the functional equation (4.13) have been proved
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by Gross and Kudla |76, Proposition 1.1]. The centre of symmetry of the functional equation
is the point s = 2 at which L(F)s) has no pole. Moreover, L(o, ., s) has neither zero nor

pole at s = 2, so the centre is a critical point and

W(F) — (_1)ords:2 L(F,s)‘

Note that the Bloch—Beilinson conjecture 1.4 predicts in this setting that

ord,_y L(F,2) = dimy, (tr).(CH2(Xo(p)*)(Q)o @ Kr). (4.14)

The case W(F) = +1

Define the complex period associated to F' by

2, 2, 2
N P P A s

4d1p
where wy, := 2mif;(2)dz is the normalised eigendifferential on Xy(p) associated to f; for
J € {1,2,3}, see Section 1.2.3, and where || - || denotes the Petersson norm. In this section

we work under the assumption W(F) = +1, which implies that L(F,s) vanishes to even
order at the central critical point s = 2. The Gross—Kudla formula is then an expression for

the central critical value of the form

L(F.2) = Qp - Ap

where Ap is a real algebraic number in the subfield of C generated by the coefficients of
the Dirichlet series of the triple product L-function. Gross and Kudla [76, Proposition 10.§]
give a description of the algebraic quantity Ar in terms of the height of a “cycle” on the
triple product of the definite Shimura curve Xj , in the notation of [10], which we will now

describe. The curve X, is not the one obtained from the canonical construction of Shimura
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curves. The construction we give below is originally due to Gross [74, p. 131].

Let B be the definite quaternion algebra over Q ramified at p and co. Let 7 = I soo L
denote the profinite completion of Z and let Q:=Z®Q. We set B:=B ®q Q and for each
place [ of Q we let B, := B ® Q. For any prime ¢ # p we identify B, with M5(Q,) and for

[ = p,o0 we let R; denote the unique maximal order of B;. Then

R:=BnN < 11 MQ(ZZ)XRPXROO>

£#p,00

is a maximal order of B. One associates to the datum (B, R) a Shimura curve X , which is

a complete algebraic curve over Q and may be described as the double coset space
Xip= R\ (B* xY) | B*
where Y is the genus zero curve defined over QQ with the property that
Y(K) ={r € B® K |norm(z) = trace(z) = 0}

for every Q-algebra K.
The cardinality of the double coset space R\ B* / B* is called the class number of B (it

is independent of the choice of R) and is given by
h(B):=|R\ B* /| B*|=g+1,

where g denotes the genus of the modular curve Xy(p) given by (1.18).

Let {0, ...,z,} be a set of representatives of this double coset space and define, for each
i€{0,1,...,g}, the maximal order R; := BN x;lei of B, along with the finite subgroup
I, := R /(£1) of B*/(£1) and the associated curve Y; := Y/I'; over Q of genus zero. Each

conjugacy class of maximal orders in B is represented once or twice in {Ry,..., R,}. The
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number of distinct conjugacy classes of maximal orders in B is called the type number of B.

We have the identification

g
Xl,p = |_| Y;Zv
1=0

and the group Pic(X;,) of divisor classes is a free abelian group of rank g + 1 isomorphic to
Pic(X1,) = Zeo @ ... & Zey, (4.16)

where ¢€; corresponds to the class generated by a single point supported on Y;.
Let S denote the set of isomorphism classes of supersingular elliptic curves over I_Fp. It
has cardinality g+ 1 and we may order it as S = {Ey, ..., E,} where End(E;) = R; for each

i€{0,1,...,g9}. We can then define, for i € {0,1,..., g}, the integer

(4.17)

Note that two maximal orders R; and R; are conjugate if and only if £; and F; are conjugate

by an automorphism of [F,,, which is the case if and only if i = j or EZ»(p ) o E;.

Remark 4.9. Let i € {0,1,...,9}. If j(E;) = 0, then w; = 3. This happens if and only
if p=5,11 (mod 12). If j(F;) = 1728, then w; = 2. This happens if and only if p = 7,11

(mod 12). Otherwise w; = 1. This is explained for instance in [54, §0.1].

By the Jacquet—Langlands correspondence [92], as formulated in [10, Theorem 1.2, the
newform f;, for j € {1,2,3}, gives rise to an algebra homomorphism ¢;, : T, ,— Oy,
satisfying

or; (w, ) = ap(f;) and ¢y, (Te) = ae(f;) for all £ # p.

Here T, , is the Hecke algebra generated by the Hecke operators T, (¢ # p) and the Atkin-

Lehner involution w,

acting on X ,. See [10, §1.5]. By multiplicity one, there corresponds
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to f; a unique line Ray, in Pic(X;,) ®z R such that

w, (ay;) = ap(fj)ay and Ty(ayg;) = ae(fj)ay, for all £ # p.

(This is the formulation of the Jacquet—Langlands correspondence employed in |76, Propo-

sition 10.2]). We express the eigenvector ay, in the basis (4.16)

g

ag, = > Xilf)e

1=0

with coefficients A;(f;) lying in the totally real field K, and uniquely determined up to a
scalar. As noted in [76, p. 202|, we have Y 7_; A\i(f;) = 0 since f; is a cusp form; indeed,
cusp forms are orthogonal to the Eisenstein class ag =) 7, %ei with respect to the paring

(€i,€j) = d;;w; on Pic(Xy,). The following result is proved in |76, Proposition 10.8] and will

be referred to as the Gross—Kudla formula.

Theorem 4.1 (Gross—Kudla).

L(F2) _ (Ciwih(f)N(F2)Nilfs)*

Qp [Tj—a (2 widi(£5)?)

The case W(F) = —1

Suppose in this section that W(F) = —1, i.e., that L(F,s) vanishes to odd order at its
centre s = 2. Recall the projector tp of (4.9) and the Beilinson—Bloch conjecture (4.14).
In particular, under the assumption W (F) = —1, we expect the F-isotypic component of
CH?*(Xo(p)*)o(Q) ® K to have dimension greater or equal to 1.

A natural element of CH?*(X((p)*)o(Q) to consider is the modified diagonal cycle, also
referred to as the Gross-Kudla-Schoen cycle. Let A denote the image of X(p) under the

diagonal embedding X(p)— Xo(p)?, i.e.,

A= {(z,r,2)| v € Xo(p)} C Xo(p)®. (4.18)

244



In order to get a null-homologous cycle, we apply a certain projector to A, originally defined
in [77].

Definition 4.4. Let X be a smooth projective geometrically connected curve over a number
field k& and let e be a k-rational point of X. For any non-empty subset 7" of {1, 2, 3}, let 7"
denote the complementary set. Write py : X®— X!7| for the natural projection map and let
gr(e) : X'Tl— X3 denote the inclusion obtained by filling in the missing coordinates using
the point e. Let Pr(e) denote the graph of the morphism gr(e) o pr : X3— X3 viewed as a

codimension 3 cycle on the product X3 x X?3. Define the Gross-Kudla-Schoen projector

Peks(e) = (—1)"1Pr(e) € CH*(X? x X?),

T

where the sum is taken over all subsets of {1,2,3}. This is an idempotent in the ring
of correspondences of X3 by [77, Proposition 2.3] with the property that it annihilates the
cohomology groups H'(X?3(C),Z) for i € {4,5,6} and maps H*(X3(C),Z) onto the Kiinneth
summand H'(X(C),Z)®* by |77, Corollary 2.6].

Definition 4.5. Let e € Xy(p)(Q) be a rational point. The Gross-Kudla—Schoen cycle with

base point e is defined as

Agks(e) == Poks(e)«(A) € CH*(Xo(p)*)o(Q).

Note that Agks(e) is null-homologous as Pgks(e) annihilates Hg(Xo(p)3,Z), i.e., the target

of the cycle class map cl of (1.43). When e is the cusp & of Xy(p) at infinity, we shall
simply write Agks := Agks(€xo)-

Gross and Kudla [76, Conjecture 13.2] conjectured the following formula:

— ((tr)-(Acxs), (tr)(Daxs)) PP, (4.19)

where (, Y28 1 CH*(X,(p)®)o(Q) ® R x CH?*(Xo(p)?)o(Q) ® R—R is the Beilinson-Bloch
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height pairing [76, (13.9)]. A proof due to Yuan, Zhang and Zhang has been announced

in [154] but has not yet appeared in print.

4.1.3 Triple product Chow—Heegner points

Let f be a normalised newform in S3(I'o(p)) with rational coefficients, and let E; be the
elliptic curve associated to f by the Eichler-Shimura construction. In particular, there is a
quotient map

7y Jo(p)—Ey,

induced by the idempotent correspondence t; in Corr®(X(p), Xo(p))g of Section 4.1.1. In

this special case of rational coefficients, note that Ey = M(f) = M([f]) = (Xo(p), ty,0).

Remark 4.10. To the best of the authors knowledge, it is unknown whether there are
finitely or infinitely many elliptic curves over Q with a prime conductor. It is a result of
Setzer [134, Theorem 2| that given a prime p distinct from 2,3 and 17, there is an elliptic
curve of conductor p over Q with a rational 2-torsion point if and only if p = u? + 64 for
some rational integer u. A conjecture of Hardy and Littlewood [81, Conjecture F| implies
that there are infinitely many values of u such that u? + 64 is prime. Thus, conditionally on
this conjecture of Hardy and Littlewood, there are infinitely many primes p which occur as

the conductor of an elliptic curve over Q. This is explained in detail in the preprint [87].

Let g be a choice of auxiliary normalised newform in S3(I'g(p)) such that g is not
Gal(Q/Q) conjugate to f. Recall the idempotent correspondence ¢ € Corr”(Xo(p), Xo(p))o

which cuts out the motive M([g]) = (Xo(p), t(y,0) = Ajy. Consider the correspondence

Iy = pris(tg) - priu(A) € CHA(Xo(p)")(Q) ® Q,

where A € CH'(X,(p)?)(Q) is the diagonal cycle. After clearing denominators, we may and

will consider I, as an element of Corr™"(Xo(p)%, Xo(p)), which thus induces, by (1.40), a
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map of Chow groups
Mg« : CH*(Xo(p)*)o(L)— CH'(Xo(p))o(L) = Jo(p)(L)
for any field extension L of Q. By composing correspondences, using (1.42), we can define
Iy s =y oty = priy(ty) - priults) € Corr™ (Xo(p)?, Ey). (4.20)
This induces, in the terminology of Section 0.2.2, a generalised modular parametrisation
Mg = 75 0 Mjg) + CH*(Xo(p)*)o(L)—Ef(L)

for any field extension L of Q.

Remark 4.11. Instead of defining the correspondence Il as pri,(tg) - pri.(A), one could

alternatively propose to use priy(tg) - Pris(ty). One checks that

pris(tig) - Prig(ty)) = (Prig(tg) - Prag(A)) o iy,

hence (priy(tg) - Pristyg)) © ty = (pPria(tyg) - Prag(A)) o (g o ty). But f and g are not
Gal(Q/Q) conjugates, hence 7; o 7y = 0 in End{(Jo(p)). In particular, the generalised
modular parametrisation ((priy(ty) - pris(t)) o ty)« : CH*(Xo(p))o—> E; is the zero map

in this case.

Using the three ingredients (or three pillars of the BSD strategy as they are referred to
in Section 0.2.2) — the modular parametrisation Il ;., the cycle Agks € CH*(Xo(p)?)o(Q),
and the conjectural formula (4.19) of Gross and Kudla (see [51, Theorem 3.5| for a precise

formulation in the present setup) — Darmon, Rotger and Sols [51, Theorem 3.7] have proved
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the following concerning the Chow—Heegner point

P(Xo(p)* i), Acks) = g1 (Agks) = 7[5 .(Acks)) € Ef(Q), (4.21)

by building on the work of Yuan, Zhang and Zhang:

Theorem 4.2 (Darmon-Rotger-Sols). Assume that W(f) = —1 and W(Sym? g® f) = +1.
Then P(Xo(p)®, Iy, ¢, Acks) has infinite order in E¢(Q) if and only if

orde—1 L(f,s) =1 and orde—s L(Sym?*(¢°) ® f,s) =0, Vo : K, — C.
Remark 4.12. Note that the triple product L-function attached to (g, g, f) decomposes as

L(Qvgv f,S) = L(f>8 - 1)L(Sym2g ® fﬂ S),

and therefore the assumptions of the theorem imply in particular that W (g, g, f) = —1.

4.2 Cycle constructions

Let A(p) be the curve that fits into the Cartesian diagram

A(p) — Xo(p)®

0

|
A X(1)?,

We will systematically study the cycles in CH?*(X,(p)®) arising as components of A(p). We
will describe all such cycles as images under maps X (p)— Xo(p)?, where X (p) denotes the
(component of) the modular curve M, described in Section 1.2.2. We then focus on making

null-homologous variants of these cycles.
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4.2.1 Diagonal type cycles on X;(p)?

Throughout this section we will assume that p > 3. Recall from Section 1.2.2 that M, denotes
the fine moduli scheme representing pairs (E, o) consisting of a generalised elliptic curve E
together with a full level p structure «, : E[p]—(Z/pZ)?. 1t is a smooth proper curve over
Q, whose base change to Q((,) is the disjoint union of p — 1 geometrically connected smooth
proper curves X7(p) with j € {1,...,p — 1}. The curve X’(p) classifies pairs (E, (P, Q)),
where (P, Q) is a basis of E[p| satisfying e,(P, Q) = ¢J.

Let @; = (a;,b;) € F2\ {(0,0)} for i € {1,2,3} and consider the map

95(3717&?2,333) : Mp—>X1<p)3> (E, (Pv Q)) = ((Ev a1P+b1Q)7 (Ea a2p+b2Q)7 (E> a3P+b3Q))a

defined over Q. After base changing to Q((,), one may restrict this map to each of the

X

»» of geometrically

p — 1 connected components of M,, yielding morphisms, for each j € F

connected smooth proper curves over @(Cp)
6%&’71,5627963) L XY (p)—X1 (p)g.

Denote by &Z (X7(p)) the image of X7(p) under this map. This is a

-]
T1,02,23) ('0(17171’27173)

cycle of codimension 2 on Xi(p)® defined over Q(¢,) and we shall consider its image in

1(p , which we will denote again by AJ v slight abuse of notation.
CH*(X Q¢ hich 11d bA% 3)b light ab f

x1,T2,T

So far we have produced a collection

Cim (A, 1yt (0,02,5) € (B2 {(0,0)1)%,j € F } € CHA(X,(0))(QUG))

which inherits from M, and X;(p)? various actions of groups, which we will now define and

study.
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Action of the group SLy(IF,)

There is a natural left action of the group SLy(F,) on Mp, as can be seen, using the moduli

interpretation, as follows: if (3 8 ) € SLy(F,), then

a f
(B, (P,Q)) = (E, (aP + pQ,vP +0Q)).

)
Because the determinant is one, the Weil pairing on the basis is preserved, and thus the
connected components of M,®Q((,) are stable under this action. The above action naturally
induces a right action of SLy(IF,) on the set C via

Ail,m2,f3 The= @‘ZCE17$27$3) © K(X](p))7

but since SLy(F,) acts by automorphisms this action is the trivial one. An easy calculation
reveals that

R =

(z1,22,23) (x1,22,23) K

where the right action of SLy(F,) on the set (F.\ {(0,0)})® is defined as follows. Let

K = (‘;‘?) € SLy(F,) and (21,22, 23) € (IFIQ? \ {(0,0)})? with z; = (a;,b;), i = 1,2,3, then

write the vector (z1,z9, x3) as a 3 X 2 matrix and multiply on the right by k:

aq bl
a B

('Tlax27x3> R = a9 bg
v 0

az bz

= ((ara+ b1y, a18 + b16), (s + bay, azf + b20), (asao + by, azfB + b3d)).

It follows that the indexing set of the cycles can be taken to be

I:= (F;\ {(0,0)})°/SLy(F,).
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We shall write [z, 29, 23] for the image of (x, 22, z3) in I. Thus we have

5:{&‘7 )Z[xl,l‘g,l'g}ET,jEF;}.

(z1,22,23

To understand the set I we introduce a determinant map
Det : [—»(F,)?

defined as follows. If (x1,z2,x3) is a representative of a class in I with x; = (a;,b;) for

i €{1,2,3}, then

as byl laz bs| |a1 by
Det([z1, o, x3]) :=

) )
az bs| |a1 bi| |az bo

This map is well-defined as follows from the definition of the action of SLy(F),).
Lemma 4.1. The map Det is surjective.

Proof. Start by observing that Det([(1,0), (1,0), (1,0)]) = (0,0, 0). Now, let (a,b,c) € (F,)?

be non-zero, and suppose that a # 0 so that a € F;'. Then
Det([(_bv _(C + b)a_1)7 (CL, 1)7 (07 1)]) - ((l, b7 C)'

The cases when b # 0 or ¢ # 0 are treated similarly. O

The map Det is however not injective as we will see shortly. Consider the following three

subsets of I
I ==Det™'((0,0,0)), I :=I\I, I*:=Det™ ((F)® C I

Remark 4.13. Let [1, 29, 23] € I and suppose that Det([z1, 22, 23]) has two coordinates

equal to zero, say the first two. Since the first entry is zero, the vectors x5 and x5 are linearly
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dependent and since the second entry is zero, x; and x3 are linearly dependent. Thus z; and
x4y are linearly dependent which implies that the last entry is also zero. The same reasoning
applies whenever two coordinates are zero and shows that in that case we necessarily have
(1, %, 23] € Iy. In other words, I \ I* consists of those classes [xy, 23, 23] for which one and

only one coordinate of Det([z1, 2, x3]) is zero.
Lemma 4.2. The set Iy has cardinality equal to (p — 1)?. In particular, the map Det is not
mjective.

Proof. Let [xq,x9, 23] € Iy and let z; = (a;, b;) for i = 1,2,3. Up to multiplying on the right

by the matrix (% {) we may assume without loss of generality that a; # 0. Multiplying on

the right by (“gl N ) we obtain the vector ((1,a1by), (a;'asz, a1by), (ay *as, a1bs)). Multiplying

1

on the right by the matrix ((1) —aibs ) we obtain the vector
((1,0), (a7 ag, —asby + arby), (ay tas, —asby + a1bs)) = ((1,0), (aj as, 0), (a;'as, 0))
where we used the fact that [z1, 22, z3] € Iy. We conclude that
[21, 22, 23] = [(1,0), (a] *as,0), (a; 'as, 0)].

This proves that any [zy, z3, 23] € Iy admits a representative of the form ((1,0), (n,0), (m,0))
where n,m € F)\. Moreover, if [(1,0), (n,0), (m,0)] = [(1,0), (n’,0), (m’,0)], then there exists

K= (: g) € SLy(IF,) such that

((17 0)7 (n7 0)7 (m7 0)) h= ((O‘7B)> (naanﬁ)a (mav mﬁ)) = ((17 0)7 (n/7 0)7 (ml7 0))

which implies that @« = 1,8 = 0 and thus n = n’ and m = m/. We conclude that any
(1, %, 23] € Iy admits a unique representative of the form ((1,0), (n,0), (m,0)) where n and

m belong to F*. Thus I, is in bijection with F x F' and the lemma is proved. n
Lemma 4.3. When restricted to fl, the map Det is injective. In particular, the set I has
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cardinality (p+ 2)(p — 1)%, and the set I* is in bijection with (FX)? of cardinality (p — 1)°.

Proof. Let [x1, 29, 23] € I, with z; = (a;,b;), for ¢ = 1,2,3. Then at least one entry of

a1 by

o b ‘ =n # 0 in F,. The other cases are

Det([x1, ¥2, 73]) is non-zero. Let us assume that |

treated similarly. Then x := (& b1 )_1 (79) € SLy(F,) and by multiplying on the right by

az bo
K, we obtain [z1, T3, 23] = [(n,0), (0,1), (a4, b5)] where af = — |2 72| and by = —n " | ® 3]
Hence [z, 22, 23] € I, is completely determined by Det([z1, 2, z3]). ]

It is natural to express the collection C of cycles as the disjoint union of the two sets Co
and C; consisting of cycles indexed by ]NO and .71, respectively. We will also use the notation
C* to denote the collection of cycles indexed by I*. In view of the preceding two lemmas,

we will adopt the following simplified notations. If [z, 29, x3] € TO corresponds to the class

[(1,0), (n,0), (m, 0)] then we write AJ = A] where j € . If [z, 29, 23] € I, with

(x1,22,23)
_ zj

(21,22,23)

(nm) °

Det([z1, 22, 23]) = (a,b,¢), then we write AJ

a,b,c

where j € F;. We then have

the descriptions

CNO = {&fnm) ‘n,m,j € IF;}

éle{ abe abCE]Fp,je]F (a,b,c)%(0,0,0)}.

Lemma 4.4. For all j € F/, the following holds:

i) g{n,m) = K%nm) for alln,m € F.

i) Aabc Al for all a,b,c € F, with (a,b,c) # (0,0,0).

- Tja,gbje

Proof. Observe that if [zq, 29, 23] € I with z; = (a;, b;) for i = 1,2, 3, then

Al mowy) = LB aiP +5,Q)iz1 23 1 €,(P,Q) = ()}
= {(E,jai(j7'P) + b:iQ)i=123 : (P, Q) = ¢}
= {(E7jaipl + biQ)i=1,2,3 : 6P(P,7 Q) = Cp}

_ Al
= A{(jar 1), (jazba) (jas bs))>
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by bilinearity of the Weil pairing.

If [21, 22, 23] € Iy is represented by ((1,0), (n,0), (m,0)) then

[(jala bl)ﬂ (ja27 b2)7 (ja37 63)] = [(]7 0)7 (]nu O)? (jmv 0)] = [(17 0)7 (n7 O)? (m> O)] = [xlﬂ L2, l‘3].
If [21, 29, 23] € I; has determinant (a,b,c) then (jay,b1), (jag, bs), (jas, bs) has determi-
nant (ja, jb, jc). ]

We conclude that it suffices to consider cycles coming only from the component X!(p).

1

From now on we shall write X (p) for X'(p) and K(m,xz,%) for K(IMMB). To summarise, we

have C = 50 L 51 with

50 = {E(mm) m,m e F;}

C, = {Ea,b’c ca,b,ceF,, (a,b,c)# (0, 0,0)} :

Action of the diamond operators

The modular curve X;(p) carries a natural left action of the group F) via the so-called

diamond operators. If d € 7, then in terms of the modular description one defines

This action naturally extends to the closed curve and is defined over Q. We get an induced

action of (FY)? on the triple product Xi(p)® described by
<d17 d27 d3> ° ((Eh Pl)u (E27 PQ)) <E37 P3)> - ((E17 d1P1)7 <E27 d2P2)7 (E?)u d3P3))

This in turn induces a left action of (F)* on the collection of cycles C via

<d1a ds, d3> : A(xl,xz,xg) = <d1a ds, d3> o 6(x1,x2,1’3)(X(p))7
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and this action preserves the subsets 50 and 51 Let [21, 29, 23] € I with x; = (a;,b;) for

1= 1,2,3. If dl,dg,dg € ]F;, then

(d1,da, ds) © P(ay wa,ms) = Pl(drar,dibr),(dzaz,dabs),(dsas,dsbs)) = Pldroydows,dsws)- (4.22)

Lemma 4.5. Let dy,dy,d3 € F;.
i) (dy, doy ds) - Anm) = D g4y g agmy Jor all n,m € FX.
i) (dy,da, ds) - Nupe = Aayasadidspardse Jor all a,b,c € F, with (a,b,¢) # (0,0,0).

Proof. From (4.22) we see that (dy, ds, d3) -E(nﬁm) = 5(((1170)7(d2n’0),(d3m70)) and ) follows after
observing that [(dy,0), (dyn,0), (dsm, 0)] = [(1,0), (d; *dan, 0), (d; *dsm, 0)].
Let [21, 29, 3] € I; with determinant (a,b,c). Then i) follows from the fact that the

determinant of [dyx1, doxe, dss] is (dedsa, didsb, didyc). O

The following three corollaries describe the action of the diamond operators on the sets

50, G \5 * and C* respectively and are easy consequences of the above lemma.

Corollary 4.1. The action of (F;)g on Co via diamond operators is transitive and the sta-

biliser of any element is given by the set of triples (d,d,d) for d € F).

Corollary 4.2. Concerning the action of the diamond operators on G \5X, the following

holds:
i) orbe(Agy1,1) = Det ™ (0 x FX x FX) and stab(0,1,1) = {(d~',d,d) : d € F}}.
ii) orbo(A1g1) = Det ™ (FX x 0 x FX) and stab,(1,0,1) = {(d,d"},d) : d € F}}.
iii) orbe(A10) = Det™ (F x FX x 0) and stab,(1,1,0) = {(d,d,d"") : d € FX}.

Corollary 4.3. We have

01Do(A11,1) = {Aupe | a,b.c € F, abe € (F)@

p?
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Here (IF;)(Z) denotes the set of quadratic residues modulo p and thus the orbit of 317171 has

size @. The stabiliser of Al,l,l for this action is given by {(1,1,1),(—1,—1,-1)}. As a

consequence, there are 2 orbits for the action of the diamond operators on Cx:
5>< = Orb0(£17171) L orbo(£171,a),

where a € F is a choice of a non-quadratic residue modulo p.

Action of the Galois group Gal(Q(¢,)/Q)

As already mentioned, the cycles in the collection C are defined over the cyclotomic field
Q(¢p). We identify Gal(Q((p)/Q) with FX so that the element of the Galois group o; indexed
by i € F raises ¢, to the i-th power. We now investigate the action of this Galois group on
the cycles in C.

Recall that the curve M, is defined over Q. When base changed to Q((,), the Galois group
of Q({,) permutes the p— 1 connected components X7 (p) of this curve transitively. This can
be seen from the moduli description of these components and the Galois equivariance of the

WEeil pairing. Using this, we can define a right action of Gal(Q(¢,)/Q) on C by

A€£17I27I3) = 6(931:932az3) (O-Z(X(p)))

The element o; maps the component X (p) to X*(p), and thus we have

A‘(j-;hmg,xg) = 6(11,.22,13) (Xl(p)) = Ale,xg,x;;)'

The following result describes the action of the Galois group on the cycles and is a direct
consequence of Lemma 4.4.

Lemma 4.6. For all i € F, the following holds:

i) E‘(T;l m) = Z(mm) Jor alln,m € F;. In particular, the cycles in 50 are defined over Q.
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i) A% = AN ivic for all a,b,c € F, with (a,b,c) # (0,0,0). In particular, the cycles in

a,b,c

Cy are defined over Q(¢) and over no smaller field.

4.2.2 Diagonal type cycles on Xy(p)?

Recall from Section 1.2.2 that there is a natural degree (p — 1)/2 covering of curves
7 X1(p)—Xo(p)

defined over Q. In terms of the (open) moduli description, this map is given by sending
(E, P) to (E, (P)). Tt gives rise to a map on triple products 73 : X;(p)>— Xo(p)® of degree

(p — 1)3/8 which in turn induces a push-forward map on Chow groups
(7). : CH* (X, (p)*)— CH*(Xo(p)*).
Let us define, for (21,29, 23) € ((F, x F,) \ {(0,0)})?, the map

Sp(xl,mg,mg) = 73 o &(ml,mg,mg) . X(p)—>X0(p)37

as well as the cycle

A(a?l,fvz,ws) = 90(11,12,13)(X(p>) € CH2<X0(p)3).

- s
We then have (7). (A, a0s) = Lo Ao s

The cycles Ay, 4,,25) are invariant under the action of the diamond operators on the

triples (z1, xa, x3). Thus we obtain a collection C of cycles indexed by the double coset space

L= (F;)° \ (F, x F,) \ {(0,0)})*/SLa(F,) = (F;)*\ .

This new index set has cardinality equal to 6 as follows from Corollaries 4.1, 4.2 and 4.3. As
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a consequence, the construction produces 6 codimension 2 cycles on Xy(p)? described as the

schematic closures of:
1) A= Aay =A{((E,(P),(E,(P)), (E,(P)))}
2) Ay = Aoan ={((E, (@), (E,(P)), (E, (P)))}
3) A= Agon = {((E,(P)), (E,(Q)), (E,(P)))}
4) Az = Aaao = {((E,(P), (E,(P)), (E,(Q)))}
5) Ay = A =H{((E,(P)), (E,{(Q)), (B, (P +Q)))}
6) A=A, ={((E,(P)),(E,(Q)),(E,(aP+Q)))} (ais a non-quadratic residue).

Remark 4.14. The cycle A is the image of X((p) under the diagonal embedding of X, (p)
into Xy(p)? as described in (4.18). Tt is the diagonal cycle which underlies the definition of

the Gross—Kudla—Schoen cycle of Definition 4.5.

Fields of definition

Lemma 4.7. The cycles A, Ay, Ay and Az on Xo(p)® are defined over Q.

Proof. The statement for A follows directly from Lemma 4.6 (i) and the fact that the map
7 is defined over QQ, or alternatively from Remark 4.14.

Consider the cycle A;. A similar reasoning applies to the cycles Ay and Az. By Lemma
4.6 (4i) combined with Corollary 4.2, we see that Eg}m belongs to the diamond orbit of 5071,1
for all 0 € Gal(Q((,)/Q). As a consequence, after applying 7 we obtain A = A; and this

cycle on Xy(p)? is thus defined over Q. O

Denote by C* the collection of codimension 2 cycles on Xo(p)* indexed by I* = (Fx EAVAS
it consists of two cycles, namely A, = A7 and A_ = A, ;,, by Corollary 4.3. Note that

in the case where p = 3 (mod 4), one may take a = —1.

258



Lemma 4.8. The two cycles in C* are defined over the quadratic field

K :=Q (vp*) CQ(¢),

where p* = x(=1)p and x = (;) denotes the Legendre symbol modulo p. The non-trivial
element of Gal(K/Q) interchanges Ay and A_.

Proof. Let G(x) denote the Gauss sum associated to x given by the expression

The equality G(x)? = p* goes back to Gauss and implies that K is the quadratic subfield
of the cyclotomic field Q((,). Let 7 denote the non-trivial element of Gal(K/Q) and let o;
denote the element of Gal(Q((,)/Q) that corresponds to i € ¢ as in Section 4.2.1. We then

have

o(C0)) = 30" = Gly) = i€ ()2,

and as a consequence Gal(Q((,)/K) ~ (IF;;)(Q) and Gal(K/Q) ~ ]F;/(IF;)(Q). Thus 7 acts as
0, where a € FJ is not a square. It follows from Lemma 4.6 and Corollary 4.3 that both

cycles in C* are fixed by Gal(Q((,)/K) and moreover that
Al = Aﬂlryl’l = Aa,a,a = Al,l,a =A_.

]

Remark 4.15. Note that p* = p or —p depending on whether p = 1 (mod 4) or p = 3
(mod 4). If Dy denotes the discriminant of K, then Dy = p*. In fact, K is the unique
quadratic extension of Q ramified only at p. Let xx denote the primitive quadratic Dirichlet

character modulo p associated to K, namely x g is the Kronecker symbol (p—*) This character
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enjoys the property that for any odd prime ¢ we have

0 if ¢ is ramified in K

Xr(q) =191 if ¢ splits in K (4.23)

—1 if ¢ is inert in K.

\

In particular, xx = x is the Legendre symbol at p.

The action of the symmetric group Ss

Consider the action of the symmetric group S3 on Xy(p)® and X;(p)* by permutation of the
coordinates. This induces a left action of S3 on the set of cycles C and C respectively; given

o € Sz,

o A(xhxz,m) =0 0Py z0,a3 (X(p) = A(%u),%(z),ﬂca(s))’

and a similar definition applies to the cycles in C.

Note that the action of S3 on C preserves the subset 50, as well as the subsets
51 \gx = orbo(ﬁm,l) L OI‘bo(ﬁLOJ) L Orbo<£1?170)

and

5>< = orbo(ﬁm,l) L Orbo(ﬁlyl’a).

As a consequence, the action of S3 on C fixes the cycle A and permutes the cycles
Ay, Ay, As transitively, as is obvious from their descriptions above. Let [z, o, x3] € I* with

determinant (a,b,c) € (F))?. For all o € Ss,

3
@ = [ [ Det([2o(), o), To(3))i = sign(o)abe,
i=1
where sign(o) is the sign of the permutation o. The following lemma now follows directly
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from Corollary 4.3.

Lemma 4.9. If p=1 (mod 4), then the action of Ss firtes Ay and A_. If p =3 (mod 4),

then any transposition in Ss permutes A, and A_.

Intrinsic description

We have described 6 diagonal type cycles on Xy(p)? arising as images of certain maps
X (p)—>Xo(p)®. We now give a more intrinsic description of the cycles A, and A_.

Consider the curve A(p) defined in the beginning of Section 4.2 by the Cartesian diagram

A(p) — Xo(p)?
0

|

|
A X(1)3,

Here X (1) is the modular curve of level 1 (i.e., the j-line) and A is the image of X (1) under
the diagonal embedding X (1)— X (1)?. By the interpretation of Xy(p) as a coarse moduli

space given in Section 1.2.2, A(p) is the schematic closure of the set

{((E',C), (E',Cy), (E',C3)) : E'e X(1),C; is a subgroup of E’ of order p}

taken modulo isomorphisms of elliptic curves with Tg(p)-structure.

Remark 4.16. In what follows, by slight abuse of notation, we shall write C' = C” for two
order p subgroups of an elliptic curve E’ if and only if there is an automorphism « of £’ such
that a(C) = ', i.e., the points (E’,C) and (E’,C") are equal in Xy(p). Similarly, we write
C' # C" if and only if there is no such automorphism, i.e., the points (E’, C') and (E’,C") are

not equal in Xy(p).

Using the conventions of Remark 4.16, the irreducible components of the scheme A(p)

over Q can be naturally organised into Ss-orbits as follows:
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e One component described by the condition C; = Cy = (5. This component is of course

the diagonal A.

e Three components described by the conditions C, = Cy # C3, C; = C5 # (5 and
Cy = C3 # (1, respectively. These correspond respectively to the cycles Ay, Ay and
Aj described above.

e One component described by the condition that C},Cs and C5 are pairwise distinct.

We shall denote this component by At. Note that

A=Ay + AL € CHY(Xo(p)")(Q).

Given an elliptic curve E’, a triple (C, Cy, C3) of distinct cyclic subgroups of order p in

E’ admits an invariant
O(El; Ch, Oy, 03) < (N?S - {1})/(F;>(2)7

described for instance in [48, p. 39]. It is defined, using the Weil pairing e,, by choosing

generators Py, Py, P3 of C',Cy, C3 and setting
O(E/; Cl, CQ, 03) = €p<P2, P3) X €p(P3, P1> X Bp(Pl, PQ) - ,uf??’ — {1}

This only depends on the choice of generators up to multiplication by a non-zero quadratic

residue. If [z1, 2o, 23] € I* with Det([z1, 22, 23]) = (a, b, ¢), then for (E, (P,Q)) € X (p),

0(@%1@2,%3 (E/, <P> Q))) = C; ® Czl: ® sz

In terms of this invariant, we then have the more intrinsic definitions

A-l— = {(E/7 Cl)a (E/702)7 (EI7C3) : O(E,; 017 02)03) = Cg ® C;g ® C;7 abc € (F;)(Q)}a
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A= {(Ela Ol)a (E/702)a (E/7C3) : O(E,; 017 02703) = Cg ® Cg ® C;: abc g (IF;);)(Q)}

It is clear from this description that A, and A_ are indeed defined over the quadratic

extension K = Q(,/p*).

4.2.3 Homological triviality

Recall from Definition 4.4 the definition of the Gross—Schoen projector, with base point a

rational point e € Xo(p)(Q), given by

Poks(e) = Y (=1)"Pr(e) € CH*(Xo(p)® x Xo(p)?).

Tc{1,2,3}

This idempotent correspondence acts on cohomology and annihilates Hg(Xo(p)3,7Z), the
target of the Betti cycle class map cl of (1.43). Hence, for any cycle Z € CH?*(X,(p)?), the
cycle Pgks(e)«(Z) is null-homologous and belongs to CH?*(Xo(p)?)o. In particular, applying

this projector to the diagonal A gives the Gross—Kudla—Schoen cycle of Definition 4.5

Agks(e) = Paxs(e)«(A) € CH*(Xo(p)?*)o(Q).

Theorem 4.3. The cycles A and A_ have the same image in cohomology. In particular,

their difference = := A, — A_ belongs to CH*(X,(p)?)o(K).
We record the following key lemma from which Theorem 4.3 follows as a corollary.

Lemma 4.10. Let i < j € {1,2,3} and denote by pry; : Xo(p)*—Xo(p)* the natural

projection to the product of the i-th and j-th components. There exist elements [x1, zo, x3]

and [y1,y2,ys] of I satisfying
3 3
HDet([l’l,ﬂ?z,ﬂUa])k € (F;)(Q) and HDet([ylay27y3])k ¢ (F;)(2)>
k=1 k=1

and such that we have an equality Pr;; 0Pz, zyzs) = Prij OPL(yrns) Of maps X (p)—Xo(p)*.
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Proof. Fix some a ¢ (]F;)(z).

If i =1 and j = 2, then we may take

(I17x27$3> = ((170)7<071>7(_17_1)) and (y17y2>y3) = ((17())7(071)7(_0’7_1))'

If i =1 and j = 3, then we may take

(21, 2, 23) = ((=1,0), (1, =1),(0,1))  and  (y1,42,3) = ((=1,0), (a, =1),(0,1)).
If i =2 and j = 3, then we may take

(21, 2, 23) = (=1, -1),(1,0),(0,1))  and  (y1,42,3) = ((=1,—a),(1,0),(0,1)).

]

Remark 4.17. The maps ¢(;, 25,25) and ©(y, 4s.4) associated with the specific choices made

in the above proof will be denoted ¢, (i) and ¢_(ij) = ¢_(ij; a), respectively.

Proof of Proposition 4.5. Observe that
Paxs(€)«(E) = E—= Pi2(e)+(E) — P13(€)+(E) — Pos(€)(E) + Pi(e)«(E) + P2(€).(E) + P3(e)+(E).

Let ¢ < 7 € {1,2,3} and consider P;;(e).(E). Let k € {1,2,3} be the remaining element

distinct from ¢ and j. The correspondence P;;(e) is the graph of the function
gij(e) o pr; - Xo(p)3—>X0(p)3,
which replaces the k-th coordinate by the element e, and Pj;(e).(Z) is the image of = under

qij(e) o pr;;. Choose [1, g, 23] and [y1, ya, y3] of I* satisfying the properties of Lemma 4.10

264



for the fixed ¢ and j. The first condition ensures that

P(x1,22,x3) (X(p>) = A-I— and 90(y1,y2,y3)(X(p)) = A—a

while the second condition implies that

Pij(e)«(Ay) = qij(€) 0 PTyj 0P(ay 22,25) (X (D)) = @i(€) 0 DTy 0Py, o) (X (D)) = Pij(e)u(A).

—_

As a consequence, we have P;;(e).(Z) = 0.

Let ¢ € {1,2,3} and consider P;(e).(Z). Let j, k € {1,2,3} such that {7, j, k} = {1,2,3}.
The correspondence Pj(e) is the graph of the map ¢;(e) o pr; : Xo(p)®—Xo(p)?, which
replaces the j-th and k-th coordinates by the element e, and P;(e).(Z) is the image of =

under ¢;(e) o pr;. This map can be written as the composition

qi(e) o pr; = (qir(e) o pry,) o (gi;(e) o prz’j)v

hence in terms of correspondences we have P;(e) = Py(e)oP;;(e). It follows from the previous
paragraph that P;(e).(Z) = 0.

We conclude that = = Pgks(e).(Z) is null-homologous. O

Remark 4.18. A perhaps more direct way to see that the cycle = is null-homologous is to

consider its image under the de Rham cycle class map (1.46), namely

clar(Z) = clar(Ay) — clar(A-) € Hap(Xo(p)*/C),

where we recall (1.47) that

/ clar(Ax) Na = / a, for all o € H3z (Xo(p)?/C).
Xo(p)(C)? At

By the Kiinneth decomposition of H3g(Xo(p)?/C), any component of a can at most involve
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de Rham classes coming from 2 of the three components of Xy(p)?3; indeed, the components
are either of the form pr}(3) for some 8 € H3r(Xo(p)/C) and i € {1,2,3}, or of the form
pri(y) A pry(d) for some 7,8 € Hig(Xo(p)/C) and j < k € {1,2,3}. Using the notations of

Remark 4.17, observe that

I

/ prt(y) A pri(d / (b1 004 (JR)) (7 A 8).
Ay X(p

/X (pr; o (i5))"(B)

Since
pr; o (ij) = pr; op_(if) : X (p)—>Xo(p)

prjy, 04 (jk) = prjp op_(jk) : X(p)—Xo(p)?,

this implies that clgr (AL ) = clyr(A_) in Hiz(Xo(p)?/C).

Remark 4.19. We have constructed a canonical null-homologous codimension 2 cycle =
on Xo(p)® which does not depend on any choice of rational base point as opposed to the

Gross—Kudla—Schoen cycle Agks(e). If 7 denotes the non-trivial element of Gal(K/Q), then

== A, — A € CH(Xo(p)")o(K) =",

4.3 'Torsion properties

In this section, we prove three torsion results concerning respectively the Gross—Kudla—
Schoen cycle (more precisely its Abel-Jacobi image), its associated Chow—Heegner points,

and finally the Chow-Heegner points associated to the cycle =.
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4.3.1 The Abel-Jacobi image of the Gross—Kudla—Schoen cycle

Let fi, fo and f3 be three newforms in Sy(I'g(p)) and let F' = f; ® fo ® f3. In this section,

we work under the following assumption on the sign of the functional equation (4.13):
Assumption 4.1. W(F) = +1.

The L-function L(F,s) then vanishes to even order at the central critical point s = 2, and
we have at our disposal the Gross—Kudla formula of Theorem 4.1, which gives an expression
for L(F,2). Under Assumption 4.1, the Beilinson-Bloch conjecture (4.14) predicts that the
algebraic rank of the F-isotypic component of CH?(Xy(p)?)o(Q) is even. Comparing with the
situation of Heegner points on modular curves described in Section 0.2.1, it seems reasonable
to expect that the F-isotypic component of Agks(e) is torsion. While this seems difficult to
prove directly in the Chow group, we can prove the corresponding statement for the image

of the cycle under the complex Abel-Jacobi map

Ay CHE (X a(C) P20 (p)*/©) o= o BEUBE LS (a2

whose definition is given in Sections 0.2.3 and 1.5.1.

We will be solely interested in the piece of the Abel-Jacobi map that survives after
applying the idempotent correspondence ¢ of (4.9): functoriality of Abel-Jacobi maps allows
us to view AJx, )3 as a map

_ Fil(tp)" Hir (Xo(p)*/C)
Im(tF).Hs(Xo(p)*(C),Z)

(tr)« CH*(Xo(p)*)o(C)— ()" (J*(Xo(p)’/C)) (4.25)

The aim of this section is to prove the following statement.

Theorem 4.4. Let f1, fo and f3 € So(To(p)) be three normalised cuspforms, denote by
F = fi ® fo ® f3 their triple product and suppose that F' satisfies Assumption 4.1. Then
AJx, 2 ((tr)«(Acks(€))) is torsion in J*(Xo(p)*/C) for any base point e € Xo(p)(Q).

267



Remark 4.20. The complex Abel-Jacobi map AJx,¢ys in codimension 2 is injective when
restricted to torsion, as follows from the comparison in Proposition 1.20 with Bloch’s map
together with Proposition 1.17. Beilinson and Bloch have independently conjectured that in
general the complex Abel-Jacobi maps for smooth proper varieties over number fields are
injective up to torsion. See [94, Conjecture 9.12|. However, this remains an open problem,
as kernels of Abel-Jacobi maps are in general poorly understood. In particular, Theorem
4.4 above does not imply that (tp).(Agks(e)) is torsion in the Chow group, although we
believe this should be the case. The author is grateful to Benedict Gross for pointing out a

mistake in the original version of Theorem 4.4.

Remark 4.21. Similar arguments to the ones presented in the proof of Theorem 4.4 below
can be used to prove that the image of (tr).(Agks(e)) under the f-adic étale Abel-Jacobi
map (1.75)

Aler : CH*(Xo(p)*)o(Q)—HH(Q, Het (Xo(p)g: Qe(2))) (4.26)

is torsion when the global root number is W(F) = +1. When restricted to torsion, the
map (4.26) is injective as follows from the comparison in Proposition 1.21 with the Bloch
map and Proposition 1.17. It is conjectured by Beilinson and Bloch that for any smooth
proper variety over a number field and for any prime ¢, the ¢-adic Abel-Jacobi maps (1.75)
are injective up to torsion. See for instance [94, Conjecture 9.15] or [121, Conjecture (2.1)].
Again, this is not known, and we cannot say anything about the torsion properties of the

cycle (tp)«(Acks(e)) in the Chow group.

The rest of this section constitutes the proof of Theorem 4.4. We distinguish different

situations depending on the genus g of X(p), which we recall is given by formula (1.18).

The genus zero case

The curve Xy(p) has genus zero exactly when p € {2,3,5,7,13}. In this case the space of

cusp forms Sy(Iy(p)) is trivial so there is no triple product L-function to consider in the first
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place. By [77, Proposition 4.1], we have Agks(e) = 0 in CH*(X;,(p)?)o(Q) since the cycle

class map is injective in this case.

The genus one case

Suppose that g = 1, i.e., p € {11,17,19}. In this case, Xy(p) is an elliptic curve over QQ of
Mordell-Weil rank 0 corresponding to a unique normalised eigenform f in Ss(Io(p)). Given

e € Xo(p)(Q), consider
W, = {(z1, 2, 23) € Xo(p)® | 2; = e for some 7}

and denote by 7 : W,— Xy(p)? the natural inclusion. Following [77, Proposition 4.5, Corol-
lary 4.7], we have 6Z = 0 for any Z € CH?*(X(p)®)o(Q) satisfying i*(Z) = 0. Since we
indeed have i*(Agks(e)) = 0, we obtain 6Agks(e) = 0.

Let us analyse the order of vanishing of the triple product L-function in this setting. We

have f; = fo = f3 = f and by [76, (11.8)] the L-function decomposes as
L(F7 S) = L(Sym3 f? S)L(f7 s = 1)2
By Theorem 4.1, we have
1
L(F,2) =0 <= Y wX(f)’ =0.

=0

Notice that W(F) = a,(f)® = +1 by Assumption 4.1 and thus a,(f) = +1 so that the sign
of the functional equation of L(f,s) centred at s = 1 is equal to 41. Since S1_ X\i(f) = 0

by [76, p. 202], we observe that \o(f)? = —A1(f)?, hence we deduce the equality

waxxf)?’ = (wi — wH)Ao(f)*.
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Using Remark 4.9, we see that:
o If p=11, then wy = 3 and w; = 4, so that >__ w?\;(f)? = 5X(f)*.
e If p=17, then wy = 3 and w;, = 1, so that 3__ w?\;(f)? = 8\o(f)>.
o If p=19, then wy = 2 and w; = 1, so that 3_1_ w?\;(f)? = 3\(f)>.

In each case we obtain L(F,2) # 0 since A\o(f) # 0 (cf. [76, Table 12.5]), that is,
ords—o(L(F,s)) = 0. Thus, the fact that Agks(e) is torsion in the Chow group is consistent

with conjecture (4.14).

The higher genus case

Suppose that g > 2. The Atkin-Lehner involution w, of X,(p) is defined, following the
moduli description, by mapping a p-isogeny ¢ : E—FE’ of elliptic curves to its dual isogeny
¢' . E'—FE. On covering spaces, it is given by 7 +— —%, where 7 belongs to the complex
upper half-plane. This involution is defined over Q and therefore maps Q-rational points of
Xo(p) to Q-rational points. It will be convenient to sometimes view w, as a correspondence
by taking its graph; by slight abuse of notation we will write w, € Corr’(X(p), Xo(p)). In
light of the discussion in Section 4.1.1, the operator w, naturally belongs to the Hecke algebra
T = Ty, and commutes with the Hecke operators. We recall that any Hecke eigenform is also
an eigenform for w,,, with corresponding eigenvalue given by the negative of the p-th Fourier
coeflicient.

The modular forms f; for j = 1,2, 3 are thus eigenforms for the operator w, with eigen-
values given by —a,(f;) respectively. In particular, Ay, (w,) = —a,(f;), where Ay, : T— K},

is the algebra homomorphism corresponding to f;. The local root number at p is

Wy (F) = —ap(fi)ap(f2)ap(fs) = =W (F).

See for instance Proposition 4.5 later in this chapter. We have an involution u, := w,xw,xw,
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of Xo(p)®. By taking its graph, it may be viewed as a correspondence, and we write again

u, € Corr®(Xo(p)?, Xo(p)?) by slight abuse of notation. Note that, as correspondences,

Uy = Wy @ w, ® wy, := priy(w,) - pras(wy) - prag(wy) € CorrO(Xo(p)3, XO(p)3)~

The map u, induces an involution on cohomology via pull-back, hence an involution on the

space of cuspidal forms of weight (2,2, 2), and we see that

Fl,, = W,(F)-F = —W(F) - F. (4.27)

Lemma 4.11. We have (u,).(Acks(e)) = Acks(w,(e)), for all points e on Xo(p).

Proof. Remark that the induced map (u,), : CH*(Xy(p)?)— CH?*(Xo(p)?) on Chow groups
simply maps a cycle to its image under u,. Since u, is an automorphisms of Xy(p)?, we
note that u,(A) = A. However, for any proper subset 7 C {1,2,3} we have the equality
uy(Pr(e)«(A)) = Pr(wy(e)).(A) and the result follows. O

Proposition 4.3. Let fi, fo and f3 € So(T'o(p)) be three normalised cuspforms, denote by

F = fi ® fo ® f3 their triple product and suppose that F satisfies Assumption 4.1. We have

AJxyp3((tr)«(Acks(e))) = — Adx, 2 ((tr)«(Aaks(wy(e)))), for all points e on Xo(p).

Proof. By functoriality of Abel-Jacobi maps with respect to correspondences, we have

Ao ()« (tr)+(Acxs(€)) = (up)” Adxpy ((Er)(Acxs(e)))- (4.28)

Since w, commutes with ¢;, as correspondences for each j € {1,2,3} by (4.5) and (4.4), we

see that

tpo Up = (tfl © wp) ® (tfz © wp) ® (tfs © wp) = (wp © tfl) ® (wp o tf2) ® (wp © tf3) =UpO© tr,
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as elements in Corr”(Xo(p)?, Xo(p)?). In particular, using Lemma 4.11, we obtain

(up)«(tr)«(Acks(e)) = (tr)«(up)«(Acks(e)) = (tr)«(Acks(wy(e)))-

Thus the left hand side of (4.28) is equal to AJx, ()3 ((tF)«(Acks(wy(e)))).

On the other hand, AJx, ()3 ((tr)«(Acks(€))) lies in (£5)Y (J*(Xo(p)*/C)) by (4.25), that
is, in the F-isotypic Hecke component of the intermediate Jacobian. The Hecke algebra T®?3
acts via correspondences on the latter by multiplication by the Hecke eigenvalues of F. More

precisely, for any a € Fil* H3; (Xo(p)?/C), we have the following equality

()" Adxop ((£r)+(Acks(e))) (@) = Adxpys(Daks(€)) (uy (Ei(a))).

The operator u, € T®? acts via pull-back on the F-isotypic component (tx)*H3z (Xo(p)?/C)
as multiplication by —W (F) by (4.27). In particular, we have u}(t;(a)) = =W (F)tr(a).

By Assumption 4.1, the right hand side of (4.28) is therefore given by

()" Adxopy ((£r)+(Acks(e))) = — ATy ((£r)+ (Acks(€))),

and the result follows. O

Mazur has proved in [113, Theorem 1] that if ¢ > 2 and p ¢ {37,43,67,163}, then
Xo(p)(Q) = {€x,&0}, where & and &, denote the two cusps of Xo(p). Moreover, X,(37)
has two non-cuspidal Q-rational points, while for p belonging to {43,67,163}, Xo(p) has a

unique non-cuspidal Q-rational point.

Corollary 4.4. Let fi, fo and f3 € So(Lo(p)) be three normalised cuspforms, denote by
F = fi ® fo ® f3 their triple product and suppose that F satisfies Assumption J.1. If p

belongs to {43,67,163} and e is the unique non-cuspidal Q-rational point of Xo(p), then
2 AJ (2 ((tr)+(Acks(e))) = 0.
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Proof. The involution w, maps Q-rational points to Q-rational points and permutes the
two cusps & to &. It therefore fixes the non-cuspidal point e and the result follows from

Proposition 4.3. O

Corollary 4.5. Let fi, fo and f3 € S3(Lo(p)) be three normalised cuspforms, denote by
F = fi® fo ® f3 their triple product and suppose that F satisfies Assumption J.1. If g > 2,
then 2n AJx s ((tF)«(Aaks(éx))) = 0, where n is the numerator of (p —1)/12. The same

15 true for the base point &.

Proof. By |77, Proposition 3.6, the cycle Agks(és0) —Acks(&) in CH*(Xo(p)?)o(Q) depends
only on the class of the divisor (£,) — (&) in CH' (Xo(p))o(Q) = Jo(p)(Q). However, by [112,
Theorem 1], the degree zero divisor ({.) — (§o) is torsion of order n in the Jacobian Jy(p).

As a consequence, n(Agxs(éso) — Agks(&)) = 0 in CH?(X(p)?)o(Q), and in particular

n(ATx, 2 (tr)+(Acxs (§0))) — Alxy 2 ((tr)+(Acks(§)))) = 0 € J*(Xo(p)*/C).

Recall that w, permutes the two cusps £ and &;. By Proposition 4.3, we therefore have

AJxo 3 ((tr)«(Acks(€))) = — Adxoys ((tr)«(Acks(§0))),

and the result follows. O

To complete the proof of Theorem 4.4, the only remaining case is when p = 37 and
the chosen base point is a non-cuspidal Q-rational point. The curve X,(37) has been ex-
tensively studied by Mazur and Swinnerton-Dyer in [114, §5]. It has genus 2 and is thus
hyperelliptic, with hyperelliptic involution S. In particular, for all points e on X (37), we
have 6Agxs(e) = 0 in the Griffiths group Gr?(Xo(37)%) by [77, Corollary 4.9]. See Section
1.4.4 for the definition of algebraic equivalence and the Griffiths group. The involution S is
distinct from the Atkin—Lehner involution wsy, as the quotient X (37) = X((37)/ws; has

genus 1. Since S commutes with every automorphism of X,(37) by [114, p. 27|, it commutes
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in particular with ws;, and we can define another involution 7' = S o w37 = w3y 0 S. Let
Yo = T'(&) and Yo = T'({x) be the images of the two cusps by 7. By [114, Proposition 2|,

we have

Xo(37)(Q) = {05 &s0r 705 Voo and w37(70) = Yoo- (4.29)

The involution S has 6 fixed points, none of which are rational over Q. By [77, Proposition
4.8], 6Agks(e) = 0 in CH?(X((37)%) if e is a fixed point of S. By [114, p. 29], the two fixed
points a; and ay of ws; are Galois conjugates defined over Q(\/ﬁ ). We have the following

result:

Corollary 4.6. Let f1, fo and f3 € So(I'g(37)) be three normalised cuspforms, denote by
F = fi® fo® f3 their triple product and suppose that F satisfies Assumption J.1. The images
under the complex Abel-Jacobi map AJx, 7y of the cycles (tr).Acks(a1) and (tr).Acks(o)
in CH?(Xo(37)%)0(Q(v/37)) are 2-torsion in the intermediate Jacobian J?(Xo(37)%/C).

Proof. This is an immediate consequence of Proposition 4.3, given that a; and as are the

fixed points of ws;. O
We complete the proof of Theorem 4.4.

Corollary 4.7. Let fi, fo and f3 € So(I'0(37)) be three normalised cuspforms, denote by

F = fi® fa ® f3 their triple product and suppose that F satisfies Assumption J.1. Then

6 Adx, (372 (tr)«(Aaxs(70))) = 6 Adx, 373 (Tr)«(Acks(Ve0))) = 0.

Proof. By (4.29), the Atkin—Lehner involution ws; interchanges 7y and v,,. By Proposition

4.3, we have AJX0(37)3((tF)*(AGKS(’VO))) = — AJX0(37)3((tF)*(AGKS('Yoo)))- The element

2 AT x,(373 (17)«(Dcrs (10))) = AT xy(3my3 (Er)«(Daks(10) — Acks(1=0))) € J*(X0(37)%/C)

depends only on the class of (7)) — (7e0) In Jo(37)(Q). But this class is the image of the

class of (&) — (£x) by the involution of Jy(37) obtained from 7" by push-forward. The latter
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class has order equal to the numerator of (37 — 1)/2 = 3 by [112, Theorem 1]|. The result

follows. u

4.3.2 Chow—Heegner points attached to Agks

Let f € S2(Io(p)) be a normalised newform with rational Fourier coefficients and let g be
an auxiliary normalised newform in Sy(To(p)) which is not Gal(Q/Q) conjugate to f. Recall

the Chow—Heegner point defined in (4.21), namely

P(Xo(p)*, g5, Acks(e)) == (g o t5).(Acks(e)) € Ef(Q),

where ITj; = pri,(ty) - pris(A) € CH*(Xo(p)*)(Q), and A € CH'(Xy(p)?) is the diagonal
cycle. Note by [53, Example 3.1.7| that the definition of this point is independent of the
choice of t}, € CH'(Xo(p)?)(Q) ® Q mapping to the idempotent e[s via the map (4.5). See

Section 4.1.1.

Theorem 4.5. If Ey admits split multiplicative reduction at p, then the Chow—Heegner point
P(Xo(p)?, g7, Acks(e)) is torsion in E¢(Q) for all e € Xo(p)(Q).

Proof. Recall from 4.1.1 that t[g = >_,(, tr, and thus

ty @ty @tp= > ty, @y, @ty
hi,h2€[g]
By Remark 4.8, for any hy, hy € [g], the global root number of the triple product L-function
L(hy, ho, f, s) is given by W (hy, he, f) = a,(h1)ay(h2)a,(f). The p-th Fourier coefficient of a
normalised newform is the negative of the eigenvalue of the form with respect to the Atkin—
Lehner involution w,, hence it belongs to {£1}. In particular, since this coefficient belongs
to Q, it is fixed by the action of Gal(Q/Q), and thus a,(g) = a,(hi) = a,(hs) € {£1}. Tt
follows that W (hy, he, f) = a,(f) = a,(Ey). By (1.13), a,(Ef) = 1 since E; admits split

multiplicative reduction at p, and thus the triple (hy, he, f) satisfies Assumption 4.1. By
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Theorem 4.4, for any e € Xo(p)(Q), AJxyp)s((th, @ th, ® tf)«(Acks(e))) is torsion in the
intermediate Jacobian J?(Xo(p)?*/C). It follows that AJx, ) ((tg ® tig ® tr)«(Acks(e))) is
torsion in J?(Xy(p)?/C). Define

IT:= priy(A) - pry,(A) € CH*(Xo(p)*).

Viewing g ® tj) ® ty as an element of Cort’(Xo(p)?, Xo(p)®)g and II as an element of

Corr™H(Xo(p)?, Xo(p)), we may compute their composition using (1.42) to obtain

(tg @ty ®ty) o Il = priy(tyy) o tig)) - Prag(ty) = Pria(tyy) - Prag(ty) = g s, (4.30)

as elements of Corr™"(Xo(p)?, Xo(p))g. Note that we used here the fact that ¢, is an idem-
potent correspondence, i.e., t[g oty = tg. A similar calculation is carried out in [51, §3].

We deduce the equality of points in E¢(Q)

IL (tg ® tyg @ ty)(Acks(e)) = P(Xo(p)*, Iigs, Acks(€)). (4.31)

By functoriality of Abel-Jacobi maps with respect to correspondences, we have a com-

mutative diagram

Adxo ()3
_—

CH2(Xo(p)?)o(C) J*(Xo(p)®/C)
H[g],f,*l l(nrg],f)v
E4(C) AJNEf JU(E;/C),

where AJg, is the Abel-Jacobi isomorphism of the elliptic curve E} described in Section

1.5.1. In particular, we have the equalities

A, (P(Xo(p)®, Mg 5, Acks(e))) = (T ;)" (AT xo e (Acks(e)))
= (I1)"((trg ® tg @ t5)")" A xo(s(Acks(e))

= (I1)" Adx,y (e (g @t ® t1)u(Acks(e)))-

276



In the second equality we used (4.30) and in the third equality we used the functoriality of
AJxy(py3 With respect to the correspondence tjg ® (g ® 5.
Since AJx, 3 ((tg @ty @ t5)«(Acks(e))) is torsion, the result follows from the fact that

AJg, is an isomorphism. n

Remark 4.22. This is a special case of [53, Theorem 3.3.8]. In his thesis, Daub proves more
generally for composite level N that if the local root number W, (g, g, f) = —1 for some p| N,
then the resulting Chow—Heegner points are torsion. His proof identifies these points with

certain rational points known as Zhang points.

4.3.3 Chow—-Heegner points attached to =

Recall from Theorem 4.3 the special cycle = € CH*(X(p)3)o(K)™=1, where K = Q(/p%).
Let f € S3(I'o(p)) be a normalised newform with rational coefficients and with associated el-
liptic curve E;. Let g be an auxiliary normalised newform in Sy (To(p)) which is not Gal(Q/Q)
conjugate to f. Using the correspondence I, ; = I oty € Corr™ " (Xo(p)?, Xo(p)), we may

form the Chow—Heegner point

P(Xo(p)*, g1, ) = (Higp)+(8) € Er(Q(VPH)) ™"

Note that when p =3 (mod 4), which is the situation we are concerned with in this section,

the extension K = Q(y/—p) is imaginary quadratic.

Theorem 4.6. Let f and g be two normalised newforms in So(Lo(p)) as above. If we assume

p =3 (mod 4), then the Chow-Heegner point P(X,(p)* Iy s, =) is torsion in E¢(Q(v/=p)).

Proof. Consider the permutation (12) € S35 and its induced map

S12 - Xo(p)3—>X0(p)3, (21,22, 3) — (22,21, T3).

By taking its graph we will view it as a correspondence, which will, by slight abuse of
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notation, be denoted s, € Corr”(Xo(p)?, Xo(p)?). It induces an involution (s12), = (s12)* of
CH?(Xo(p)?) by mapping a cycle to its image under s;5.
Given Zy, Zy, Zs € Corr®(Xo(p), Xo(p)), one verifies the following equalities of correspon-

dences

21 Q Ly @ Ly 0819 = PTTE,(Zl) : pf§4(22) ) Pr§6(23> (4.32)

5120 Zy ® Zy ® Zy = pri5(Za) - prag(Z1) - prag(Zs).

Thus, Z; ® Zy ® Z3 commutes with s15 in the ring of correspondences Corr®(Xy(p)?, Xo(p)?)

whenever Z; = Z,. In particular, we have
t © by @t 0 812 = 812 0 g @ by D 1. (4.33)
As in the proof of Theorem 4.5, we consider
I := priy(A) - pryy(A) € Corr™ (Xo(p)*, Xo(p))-
We compute that
(tlg) @tpg) @t 0 519) 0 IL = prip(ty) - Prag(ty) =ty @ gy @ty o IL (4.34)

By Lemma 4.9, because we assume p = 3 (mod 4), we have (s12).(2) = —Z. By (4.33), we

have
(512)+(tg @ty @ t1)«(E) = (tg @ Ly ® 11)x((512)4(Z)) = —(tg @t ® 11)4(E)-
Applying II, to both sides yields

L (s12)+(tfg) @ty @ £7)+(5) = ~TLu(tgg @ty ® t)(Z) = —P(Xo(p)*, Higp.5, Z).
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On the other hand, using (4.34), we see that
IL(s12):(tg) @ 1) @ 1) (2) = [Lu(ty @ g @ t1)+(E) = P(Xo(p)’, g 1, ).

Taken together, we obtain 2P(Xy(p)?, Iy ¢, Z) = 0 in Er(Q(v/—p))- O

4.4 Global root number calculations

Consider the unique quadratic extension K = Q(y/p*) of Q ramified only at p introduced
in Lemma 4.8. Its associated quadratic Dirichlet character y = yx is the Kronecker sym-
bol (pf*), which is equal to the Legendre symbol at p by Quadratic Reciprocity, as noted
previously in Remark 4.15. Following the recipe in Tate’s thesis [144], one may lift y to a
unitary Hecke character x, : Ag/Q*——C* by setting xa(g9) = [, xv(9,) where v runs over

all places of Q and

1 ify(=1) =1
X(0)ordeoe) i 0 £ p
Xoolgoc) =91 if x(=1)= 1,9 >0  Xe(9e) =
x(5)™ if g, € p*(j + pZy).

—1 ifx(=1) = —1,g0 <0

\

The collection of ¢-adic characters {x, : Q; —C*}, is characterised by the following:

e For ¢ # p, x, is unramified with y,(¢) = <£>

p

e Y\, is tamely ramified, x,(p) = 1 and Xp|z; = <5)
In this section, we set out to compute global root numbers in the following two situations:

1) The twist by the character x of an elliptic curve over Q with conductor p.

2) The twist by the character x of the triple product of normalised newforms in Sy (I'o(p)).
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In view of the functional equations of the associated completed L-functions, this gives infor-
mation about the parity of their orders of vanishing at the centre, which in turn can be used
to predict, guided by the Beilinson-Bloch and Birch and Swinnerton-Dyer conjectures, the

behaviour of certain cycles and points.

4.4.1 The ramified twist of an elliptic curve

Let F be an elliptic curve over QQ with conductor p. We compute the global root numbers
associated to the twist £® of F by the quadratic character x.

Over K = Q(\/p*), the two elliptic curve F and E® are isomorphic. The compatible
family of 2-dimensional (-adic representations associated to E®) is given by {pg, ® x}e. It

follows that the Weil-Deligne representation of E® at a prime ¢ is given by

U;E(P),e = U;E,K ® Xe = (0B ® Xe, Ngyg). (4.35)

Exactly as in Section 1.2.1, we can associate to E® a completed L-function
AMEP/Q,5) = [ [ L0, 8) = 2(27) T (s) L(E /Q, 5).
From (4.35) we see that A(E® /Q,s) = A(E/Q,,s) and L(E®/Q,s) = L(E/Q, x, s) are

the usual twists of L-functions by characters.

Remark 4.23. Notice that twisting by the finite order character y does not affect the Hodge
structure of E and thus both the local L-factors, e-factors and root numbers at infinity remain

unchanged under the action of twisting.

If we set A*(E®/Q,s) := cond(E® /Q)2A(E® /Q, s), then this function is conjectured

(Conjecture 1.9) to admit analytic continuation to the entire complex plane and satisfy the
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functional equation
A(EP/Q,5) = W(EP /QA(EW/Q,2 - ) (4.36)

where W(E®) /Q) = [, W(0',, ,) € {£1} is the global root number. In the case at hand,
this conjecture is known due to the extension of the modularity theorem of Taylor and Wiles
by Breuil, Conrad, Diamond and Taylor [31].

Proposition 4.4. The local root numbers are given by the following:

(

W(ohm,) =1 for {#p
\ W(UIE@LP) = (%)

\W(U};@)m) = -1

In particular, the global root number is

W(E(p)/@) S (__1) )

p

Remark 4.24. The result in this proposition is not new; it is for instance proved by Pacetti
[123, Theorem 3.2]. The proof given here follows the same method. Note also that the
elliptic curve E®) has additive but potentially multiplicative reduction. Indeed, by twisting
this curve by x we recover the elliptic curve E which has multiplicative reduction at p.
By [126, §19 Proposition (ii)], the local root number of E® at pis x(—1) = (%), which is

consistent with Proposition 4.4.

Proof. By Remark 4.23 and Proposition 1.5, the root number at infinity of E® is —1 and
we may focus on the finite primes. For any prime ¢, we choose an additive character 1, with
n(¢y) = 0 as well as the Haar measure dx, normalised such that sz dz, = 1.

Consider first the case of a prime ¢ distinct from p. In this case, both the Weil-Deligne

representation at ¢ of E and the character y, are unramified. By Proposition 1.3, we see
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that the Weil-Deligne representation of E® at ¢ is given by

/ ~ -1 -1
Opw e = OB @ Xe = Xe§e D Xe§) Wy

for some unramified character &. Since all the characters involved are unramified, by Theo-

rem 1.1 7) and (1.7), we find that

€ (g g Ve, dwe) = €(0pe @ Xo, e, dag) = 1

given the choice of character v, and Haar measure, and thus W (o', ,) = 1.
We now focus on the situation at p. In this case both 0%, , and x;, are ramified. Let A,
be an unramified character of W(Q,/Q,) such that A2 = 1 and the twist E*» of E by A, has

split multiplicative reduction at p. By Proposition 1.4 we have

/

Tpw p = Xp Aoty - @ 5p(2).

If V' denotes the complex vector space associated to o7, » then V' = C(xp\pw, 1) ® C? and
Vi = Cxphpw, ') @ C2. But C(xpApw,')’» = 0 since ¥, is ramified, and consequently
VI = 0. Tt follows that 5(0'E(p)p) =1 and e’(ag(p)p,@bp,dmp) = €(0pw p V¥p, day). By Def-

inition 1.5, opm , = XpApWw, ' & x,A,, and thus, by successively applying Theorem 1.1 i),

Proposition 1.1 and Corollary 1.1, we obtain

E(OE(p)’p’ wp’ d.’ij) - e(XPAPwp_17 Zﬁp, dﬂ?p)ﬁ(Xp)‘pa ?ﬂp, dxp)
= €(Xp7 ¢p7 dmp)Z)\iwgl(pa(Xp))

= Xp(_l)pz

()

since a(x,) = 1. We conclude that W (o7, p) = (_71) -
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Remark 4.25. Going through the proof, we see that if £ # p, then o', , is unramified and

thus a(o7, ) = 0. At p we saw that dim V]P/V]\I,fp = 0 and the Weil representation og, ® x,

is ramified because X, is tamely ramified, i.e., a(x,) = 1. Thus

a(ajg(p),p) = a(0pp ® Xp) = a(XPprp_1> + alxpAp) = 2a(xp) = 2.

In conclusion, we find that

cond(E®) /Q) = Hﬁa(%(”)l) =p’.
‘

In particular, the completed L-function takes the shape
A (EW) /Q, s) = p*2(27)~*T'(s)L(E/Q, ¥, 5).

4.4.2 The triple product root number

Let fi, f2, f3 be three normalised newforms in Sy(I'g(p)) and let F' = f1 ® fo ® f3. We are
interested in computing the global root number of the triple product L-function A(F)s) of
Section 4.1.2, as announced in Remark 4.8. A formula for this root number is stated in [76].

The proof serves as a stepping stone to calculate the twisted root number in the next section.

Proposition 4.5. The local root numbers are given by the following:

W(ok,) =1 forq#p
W(U%,p) = —a,(f1)ap(f2)ap(f3)
W(U;E,oo) = -1

\

In particular, the global root number is

W(F) = ay(f1)ap(f2)ap(fs).
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Proof. For any prime ¢, we choose an additive character i, with n(¢,) = 0 as well as the
Haar measure dz, normalised such that le dz, = 1.

Let g be a prime distinct from p. By Proposition 4.2 we have, for ¢ € {1, 2,3},

/ o 1 —1
Ofiq = 9fia = §iq @&, iqYq

for some unramified characters ¢; ,. We therefore obtain

-1 -1 -1 -1 —le—1 -2
U%,q = O0Fq = gl,q§2,q§37q © 517(152,(153#](’0(1 D 51,q§2,q§3,qwq 57 51,q§2,q§3,qwq

S él q§2 q§3,q q @ 51,(152 q§3 ; _2 D §I,q§2 q§3 1 _2 D é.l q§2,q§3,; ¢]_3‘

Since all characters involved are unramified, Theorem 1.1 ) and (1.7) imply, given the choice

of ¢, and dz,, that

el(ag,q’ Uy, dxq) =1,

and in particular W(of ) = 1.

We turn to the Weil-Deligne representation at p. For each i € {1,2,3}, let \; be the
unramified quadratic character of W(Q,/Q,) defined by \;(®) = a,(f;), where ® denotes
an inverse Frobenius element. We will sometimes view it as a character of Q) via the
identification (1.1). Let A = A A3 denote the product of these characters. By Proposition

4.2, the Weil-Deligne representation of I’ at p is given by
Oy = Aw, @ sp(2)®?

For simplicity in this proof, we shall drop the subscript p and write w = w,,, = 1 and

dz, = dz. If (g, 1) denotes the standard basis of C?, then sp(2) is the representation (o, N)
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defined in Definition 1.5 by the matrices

Let us denote by V; = C? the complex vector space associated to ‘73‘@-,10 and by {e(()i), egi)}
its standard basis for each i € {1,2,3}. Then V = V] ®¢ V2 ®¢ V3 = C? is the space of Ty

and an ordered basis for it is given by

B:=('@el @e?, eV @ed @el? e @el? @l el @ @el?,

(4.37)
£ ofd & f?, o) @ ef? @ e, o) & e @ ef?, ) @ e @ o)
With respect to the basis B, the representation
sp(2)P = (0P N® =N®11+19N®1+1®1®N)
is given by the matrices
10 0 0 0 O 0 O 000O0O0OO0OO 0T O
0O w 0O 0 0 0 0 0 1000 0O0O0O0
0 0w 0O 0 0 0 O 1000 0O0O0OO
00 0 w>0 0 0 0 01 1 00O0O0TD0
o = and N®3 =
0000 w 0 0 0 1000 0O0O0O0
000 0 0 w?> 0 0 01 001O0O00
00 0 0 0 0 w 0 00101000
000 0 0 0 0 w 00010110
We conclude that
Opp A PO TR MO DA TP AT @ AT A (4.38)
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In particular, the Weil representation o), is unramified but the Weil-Deligne representation
0, is n0t, as Np, = N3 £ 0.

We start by computing the factor d(o%,) defined in (1.4). Since o, is unramified, we
have V» =V and V' Nker(Ng,) = ker(Ng,). The reduced row echelon form of Ng, is

given by the matrix

1000 0 0O0O
0110 0 0O0O0
0010 -102020
0001 0 110
0000 1 0O0O
0000 O O0O0O
0000 O 0O0O
0

and thus

ker(Ng,) = {(0,0,0, 24,0, 76, —24 — 7, 75) € C® | 14, 76, 25 € C}

is of dimension 3. As a subspace of V, a basis for V/ ker(Ng,) can be taken to be

1)

(e’ @el) @el el @ el @el” el @e? @e) el @ el @ el el @ el @ e,

that is, the 5 first basis elements in B. With respect to this basis, the action of op, on

Ve /(VIr Nker(Ng,)) is given by the matrix

w0 0 0 0
0 w2 0 0 0
0 0 w2 0 0
0 0 0 At 0
0 0 0 0 w2

286



Recall from Definition 1.2 that w(®) = p~'. We deduce that
5(0,) = —p' "N (D). (4.39)
Since A\(®) € {+1}, we see that \>(®) = A\(P), and we obtain

0(0p) = =" ap(fr)ap(f2)ap(fs).

We now compute the epsilon factor of the Weil representation op,. By Theorem 1.1 7)

and the isomorphism (4.38), we see that

Since all characters involved are unramified, (1.7) implies, given the choice of ¢, and dz,,

that e(opp, 1, dz) = 1. We conclude that

€(0py ¥, dx) = —p"ap(fi)a(f2)ap(fs),

and in particular

W(O—%’,p) = —ap(f1)ap(f2)ap(f3)-

Finally, we take care of the infinite place. Recall from (4.11) that
0'27700 = (ind@/R 1,2 & H1’2<E)) ) (iIld(C/R ©0,3 (29 Ho’g(E)) : W(C/R)—>GL8(C),
where the relevant Hodge numbers are given by (4.10). By Theorem 1.1 i), we have

€(0 00, ¥r, dag) = €(indg/r 12, YR, dor)’e(inde/r o3, Yr, dag).
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By Theorem 1.1 ii) we have, for p,q € Z,

e(indg/r 1o, Yr, dor)
e(1c, ¥, dac)

e(inde/r Pp,g: YR, dTr) = €(Pp g, Y, dac)

Recall from the proof of Proposition 1.5 that

e(inde/r 1c, YR, dog) _
€(1c, Yc, dac)

We deduce from (1.5) that
(0o, Yr, dag) = (71 0)° (%0 d) = (=1) - 1 = —L.

]

Remark 4.26. We extract the conductor cond(W (F)/Q) from the proof, as promised in
Remark 4.8. When ¢ is distinct from p, we saw that o, is unramified, hence a(o%,) = 0.
At the prime p we established that dim V7 / VJ\I,’; L= 5. Moreover, the Weil representation

op,p is unramified, so a(op,) = 0. We deduce that a(o},) = 5 and

cond(W(F)/Q) = Hf“("%,p) = .
¢
In particular, the completed L-function takes the shape

A*(F,s) = 2p3%(27) T (s) L(F, s).

4.4.3 The ramified quadratic twist of triple products

Let x denote the quadratic character of conductor p associated to the quadratic extension
K = Q(v/p*) of Q. Recall from the beginning of Section 4.4 that associated to it is the

collection of ¢-adic characters {x, : Q —C*}, characterised by the following:
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e For ¢ # p, x, is unramified with y,(¢) = <£>

p
e X, is tamely ramified, y,(p) = 1 and Xp|sz = <5>

Let fi, f2, f3 be three normalised newforms in S3(I'g(p)), and let F' = f1 ® fo ® f3. Let
M(F)® denote the motive M (F) ® x € Chow(Q)g, obtained from M (F) by twisting by
x. We will write F®® = f; ® fo ® f3 ® x. The compatible family of 8-dimensional ¢-adic

representations associated to M (F)® is given by

{Ve(f) @ Ve(f2) © Vil f3) @ x}e- (4.40)

It follows that the Weil-Deligne representation of M (F)® at ¢ is given by

/ o _
Orw g = OFq ® Xq = (0Fq ® Xq» NEg)-

Exactly as in Section 4.1.2, we can associate to M (F)® a completed L-function
AM(F)®/Q, s) H L(0p . 8) = 2427 T (s — 1)°T(s) L(M(F)?/Q, 5).

We will often write A(F®,s) = A(M(F)®/Q,s) and L(F® s) = L(M(F)® /Q,s). From
(4.40), we see that A(F®) s) = A(F,x,s) and L(F®, s) = L(F,x, s) are the usual twists of

L-functions by characters.

Remark 4.27. Twisting by the finite order character y does not affect the Hodge structure
of M(F) and thus both the local L-factors, e-factors and root numbers at infinity remain

unchanged under the action of twisting by .

If we set A*(F®),s) := cond(M(F)® /Q)2A(F®) s), then this function is conjectured
(Conjecture 1.9) to admit analytic continuation to the entire complex plane and satisfy the

functional equation

A (F®P) ) = W(FPYA*(FP 4 — s), (4.41)



where W(F®) =TT W( ) € {£1} is the global root number of M (F)®,

/
Trw) v

Remark 4.28. Notice that F® is equal to the tensor product of the three normalised
newforms fi, fo and fép ). where fép ) = fy® y. The L-function A*(F® /Q,s) is the triple
product L-function associated to the triple (f, fa, fép )). The first two forms have level
Lo(p) while the form f?fp ) has level [o(p?) by Remark 4.25 adapted to the case of modular
forms. Hence the analytic properties and functional equation of A*(F® /Q, s) fall outside
the scope of [76] where the case of three forms of the same square-free level is treated.
However, as explained in [82], the analytic properties and functional equation in this case

follow from [124].

Theorem 4.7. The local root numbers are given by the following:

(

W(opw ) =1 forq#p

W0 7,,) =1

\W(a},(p)’oo) =—-L

In particular, the global root number is
W(F®) = —1.

Proof. By Remark 4.27 and Proposition 4.5, the root number at infinity of F® is —1 and
we therefore focus on the finite places. For any prime ¢, we choose an additive character v,

with n(¢,) = 0 as well as the Haar measure dx, normalised such that fZg dz, = 1.

/

P 4 15 unramified, hence equal to the

At a prime ¢ distinct from p, the representation o
underlying Weil representation which decomposes as a sum of unramified characters. Just
as in the proof of Proposition 4.5 we obtain € (0%, ,¥q, dzg) =1 and W (0%, ) = 1.

For each i € {1,2,3}, let \; be the unramified quadratic character of W(Q,/Q,) defined

by A\i(®) = a,(f;), where ® denotes an inverse Frobenius element. We will sometimes view it
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as a character of Q via the identification (1.1). Let A = A\;A\2A3 denote the product of these

characters. By Proposition 4.2, the Weil-Deligne representation of M (F)®) at p is given by
U;‘—',p Q Xp = XPAW;;?) ® Sp(2)®3.

Let V' denote the complex vector space associated to it. The character Y, is tamely ramified,
i.e., a(x,) = 1. Suppose, by contradiction, that V/» # 0. Then there is a non-zero vector
v € V which is fixed by the action of the inertia I,,. But orw) ,(g9)(v) = xp(g)v for all g € I,
since of,, is unramified. As v € V| we must have x,(¢g)v = v which implies that yx,(g) =1
since v # 0. Since this holds for all g € I, it contradicts the fact that x, is ramified. Hence
V' =0 and as a consequence 6(0%,, ® x,) = 1.

With respect to the basis B of C® from (4.37) in the proof of Proposition 4.5, we know
that the Weil representation or, decomposes as a sum of unramified characters (4.38) so

that
TEp® Xp = XpIw, > B XpIw, 2 B XpIw, > B XpIw, ' B xpAw, B xpAw, ' B xpAw, ' B xpA (4.42)
and by Theorem 1.1 i) and Proposition 1.1, we obtain
e(0rp @ Xp, VYp, day) = >‘8W;12(p(n(w) dim(XpHa(Xp)))E(Xpa v, dx)B = pmf(va Up, dxp)87

since a(x,) = 1 and X is a quadratic character. By Corollary 1.1, we see that

G(Uva ® Xp, ¥p, dzp) = p12(po(_1))4 = plﬁ-

In conclusion, we have proved that W (o', p) = 1. O

Remark 4.29. We proceed to extract the conductor cond(M(F)® /Q) from the proof.

/

When ¢ is distinct from p, we saw that Ot 4

is unramified, hence a(o7, ) = 0. At the
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prime p we established that dim V7 / V]\I,Z , = 0. We therefore have
a(U;«“(m,p) = a(Xp/\Wp_g) + 3a(Xp>‘wp_2) + 3a(Xp)‘wp_1) + a(xpA) = 8a(x,) = 8.

We conclude that

cond(M p)/(@ HZ ), = pd.

In particular, the completed L-function takes the shape

A(F©)JQ, 5) = p*(2m) “T(s)L(F, x. s).

4.5 Questions and conjectures

In Section 4.2, we constructed 6 cycles of codimension 2 on X;(p)3.

Understanding the
torsion or non-torsion properties of these cycles is a key motivation for us, as this could lead
to new instances of the Beilinson—Bloch conjecture (4.14), with applications towards the
Birch and Swinnerton-Dyer conjecture 1.2 via the theory of Chow—Heegner points. Based on

the results so far, we formulate in this section refinements of these conjectures in a setting

that has not been considered before.

4.5.1 Conjectures about cycles

Let f1, f2, f3 be three normalised eigenforms in Sy(I'o(p)) and let F' = f; ® fo ® f3 denote
their triple product. Recall that x denotes the Legendre symbol at p, which is the character
attached to the quadratic extension K = Q(y/p*), where p* = x(—1)p. If we denote by
L(F/K,s) := L(M(F)/K,s) the L-function attached to the motive M (F') base changed to

K, then we have the equality of L-functions

L(F/K,s) = L(F,s)L(F®) s), (4.43)
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where, in the notations of Section 4.4.3, FP) = f; ® f, ® f3 ® x is the twisted triple product.
The Beilinson—Bloch conjecture in the triple product situation base-changed to K predicts
that

ordy—y L(F/K,s) = dimg, (tr).(CH*(Xo(p)*)o(K) ® Kr). (4.44)

Let 7 denote the non-trivial element of Gal(K/Q) and note that we have a decomposition

CH*(Xo(p)*)o(K) = CH*(Xo(p)*)o(Q) & CH*(Xo(p)*)o(K)~ " (4.45)

into eigenspaces for 7, after identifying CH?(X,(p)*)o(Q) with CH?(Xo(p)*)o(K)™=". In light
of the decompositions (4.43) and (4.45), and conjectures (4.14) and (4.44), we are lead to

expect the following equality

ord,_y L(F® | s) = dimg, (t5)(CH*(X,(p)?)o(K)™="' ® Kp). (4.46)

Theorem 4.7 asserts that W (F®) = —1, i.e., the L-function L(F® s) vanishes to odd
order at its centre s = 2. In particular, we always have ord,_, L(F® s) > 1, and thus
we expect the dimension of (tz).(CH?*(Xo(p)?)o(K)™="! ® Kr) to be at least one. The
construction of cycles in Section 4.2.2 provides a special cycle = of codimension 2 on Xy (p)3.

It is null-homologous by Theorem 4.3, and by Lemma 4.8 we have

2 € CH*(Xo(p)®)o(K)™="1.

Strikingly, this is precisely the piece of the Chow group that the global root number cal-
culations suggest should contain a non-torsion element. Moreover, the construction of = is
canonical and depends on no choice of base-point as opposed to the Gross—Kudla—Schoen
cycle. It exhibits no apparent geometric reason to be torsion. Finally, the construction of =
relies on the properties of the curves Xy(p) as a solution to a moduli problem; the construc-

tion is arithmetic by nature and is not available for generic curves, as opposed to the diagonal
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construction of Agks. All in all, the cycle = seems to be an interesting object, which promises
to contain rich arithmetic information about triple products of modular forms. Guided by

conjecture (4.46), we are thus confident in formulating the following conjecture.

Conjecture 4.1. Let fi, fa, f3 be three normalised newforms in Ss(To(p)) and denote by

F = fi ® fo ® f3 the associated triple product. The cycle

(tr)«(2) € CH*(Xo(p)*)o(QVPH))™ " @ Kr

is non-zero if and only if ords_y L(F®) s) = 1.

Remark 4.30. Note that Conjecture 4.1 implies that

OI'dS:2 L(F(p), S) = ]_ — dlmKF(tp)*(CHQ(Xo(p>3)O(@(\/F))T:_l ® KF) Z 17

and thus offers insight into a particular case of the Beilinson—Bloch conjecture that has never

been considered before.

We specialise further by distinguishing between two situations depending on the root

number of F'.

Conjecture 4.2. Let f1, fa, f3 be three normalised newforms in S3(Lo(p)) and denote by

F = fi1 ® fo ® f3 the associated triple product. If we assume that W(F) = +1, then
ords—o L(F/Q(y/p*), s) = 1 if and only if

(tr)«(CH*(Xo(p)*)o(Q(vP*)) ® Kp) = Kp - (tr)(Z).

Remark 4.31. Since we assume W (F) = +1, we have ord,_y L(F/K,s) = 1 if and only if
ord,_ L(F,s) = 0 and ord,_y L(F®, s) = 1. Hence Conjecture 4.2 is implied by Conjectures
4.1 and (4.14). Note that Theorem 4.4 implies in this setting that the Abel-Jacobi image of

(tr)«(Agks(e)) is torsion. This suggests, but does not prove, that (tg).(Agks(e)) is zero in
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(tr).(CH*(Xo(p)*)o(Q) ® KF). See Remark 4.20. In particular, Theorem 4.4 and Remark

4.21 can be seen as lending support to conjecture (4.14) and thus also to Conjecture 4.2.

Conjecture 4.3. Let fi, fa, f3 be three normalised newforms in Ss(Lo(p)) and denote by

F = fi ® fo ® f3 the associated triple product. If we assume that W(F) = —1, then
ords—s L(F/Q(\/p*),s) = 2 if and only if

(tr)«(CH*(Xo(p)*)o(Q(VP*)) ® Kp) = Kp - (tr)s(Acks) @ Kr - (tr).(E).

Remark 4.32. Since we assume W (F) = —1, we have
W(F/K)=W(F) - W(FW) = (-1)- (-1) = +1,

so that ords—e L(F/K,s) is even. But L(F/K,2) = 0 and thus ords—s L(F/K,s) > 2.
Note that ord,—y L(F/K,s) = 2 if and only if ord,—y L(F,s) = ord,—s L(F®) s) = 1. The
conjectural formula (4.19) implies that (¢7).(Agks) is non-zero in CH?(X,(p)?)o(Q) ® K if
ords—s L(F,s) = 1. The converse holds if the Beilinson—Bloch pairing is non-degenerate (as

conjectured in [29]). Hence Conjecture 4.3 is implied by Conjectures 4.1, (4.14) and (4.19).

4.5.2 Conjectures about points

Let us specialise to the setting where two of the newforms are the same, and the third one has
rational coefficients. Let f be a normalised newform in Sy(I'g(p)) with rational coeflicients
and let g be another normalised newform in Sy(T'y(p)) which is not Gal(Q/Q) conjugate
to f. We let Ey and Ay denote the elliptic curve and abelian variety over Q which are
respectively associated to f and [g] by the Eichler—Shimura construction of Section 1.2.3.
As in Section 4.4.1, we denote by E](cp ) the quadratic twist of E; by the Legendre symbol

X. We have the following equality of L-functions

L(E;/K,s) = L(E;/Q,s)L(EY /Q, s),
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where as usual K = Q(y/p*). The elliptic curve E; admits multiplicative reduction at p, and

thus, by Proposition 4.5 and Proposition 1.5, we have

W(g.9.f) = ap(9)*a,(f) = a,(f) = a,(Ef) = W(E;/Q). (4.47)

By Proposition 4.4, we have W(E](cp)/(@) = —x(—1). In particular, we obtain

(») —ap(Ey) ifp=1 (mod 4)
W(E;/K) = W(E;/ QW (E”/Q) = —ap(Ef)x(—1) =
ap(Ef)  ifp=3 (mod 4).

Let 7 € Gal(K/Q) denote the non-trivial element and observe that we have a decompo-
sition

Ef(K) = Ef(Q) @ Ef(K)™ 1,

after identifying E;(Q) = E;(K)™="'. The Birch and Swinnerton-Dyer conjecture 1.2 predicts

the equalities

ords—y L(E¢/Q, s) = ranky E¢(Q) (4.48)

ords—y L(E¢/K,s) = ranky Ef(K). (4.49)
In particular, it predicts that
ord,_y L(EY /Q, s) = ranky Ey(K)™". (4.50)

Recall the Chow—Heegner construction in the context of the triple product of the modular
curve Xo(p) outlined in Section 4.1.3. In particular, we introduced a generalised modular
parametrisation

Higp g = mp 0 g CH2(XO(p)3>O—>Ef~
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By applying it to the special cycle = € CH?(Xy(p)?)o(K)™=!, we obtain a Chow-Heegner
point

P(Xo(p)*, g5, E) = 77 (I () € Ep(K)™".

Given Conjecture 4.1 and the equality of correspondences (4.30), it is natural to conjecture
that P(Xo(p)*, I}y, =) has infinite order in E;(K )™=~ whenever the order of vanishing
of the L-function L(E](cp )/ Q, s) respects the Birch and Swinnerton-Dyer conjecture and the

conditions of Conjecture 4.1 are satisfied. Recall that

W(E(p)/@) 1) —1 ifp=1 (mod4)
f = —X — =
+1 ifp=3 (mod4).

If F=9g®g® f, then note that we have the following decompositions of triple product

L-functions

L(F,s) = L(Sym*(g) ® f,s)L(f.s — 1) (4.51)

L(F®) s) = L(Sym?(g9) ® f®,s)L(f®, s —1). (4.52)

Conjecture 4.4. Let f and g be newforms in Sa(I'o(p)) as above. If p =1 (mod 4), then
P(Xo(p)® Iy .1, 2) € Ef(Q(y/p))™="" has infinite order if and only if ord,—, L(E](cp)/(@, s)=1
and L(Sym*(g°) ® f®),2) #0 for all o : K, — C.

Remark 4.33. If p =3 (mod 4), then W(E}p)/(@) = +1 and by the work of Bhargava and
Shankar [19], we generically expect ord—; L(Ej(cp ), s) = 0, hence (4.50) predicts that the point
P(Xo(p)®, I}y, Z) € Ef(Q(y/=p))™="! is torsion in this case. This was proved in Theorem

4.6 by exploiting Lemma 4.9.

As in the previous section, we now specialise further to two situations depending on the

global root number of Ey.
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Conjecture 4.5. Let f,g € So(T'o(p)) be newforms as above and assume p =1 (mod 4). If
Ey admits split multiplicative reduction at p, then we have ords—y L(Ey/Q(y/p),s) = 1 and
L(Sym*(g°) ® f®),2) # 0 for all o : K, — C if and only if

Ei(Q(vp) ® Q=Q- P(Xo(p)®, g1, E).

Remark 4.34. Since Ey admits split multiplicative reduction at p, we have a,(Ef) = 1 and
W(E¢(Q)) = 1. Since p = 1 (mod 4), we have W(E}p)/(@) = —1. In particular, we have
ords—; L(E;/Q(/p),s) = 1 if and only if

ords—y L(Ef/Q,s) =0 and ordy_; L(E](cp)/(@, s)=1.

By Theorem 4.5, the points P(Xo(p)?, iy s, Acks(e)) € Ef(Q) are all torsion. More gen-
erally, by the work of Gross, Zagier and Kolyvagin |75, 78,103|, we know (6) that all points
in F(Q) are torsion. Hence Conjecture 4.5 is implied by Conjectures 4.4 and (4.50). Note
that if h is another normalised newform in Sy(To(p)), not Gal(Q/Q) conjugate to g or f,
but satisfying the condition L(Sym?(h?) ® f®,2) # 0 for all o : K}, < C, then Conjecture
4.5 implies that P(Xy(p)?, I}y f, E) and P(Xo(p)?, I 5, Z) are linearly dependent, i.e., one

is a multiple of the other.

Conjecture 4.6. Let f.g € So(I'o(p)) be newforms as above and assume p = 1 (mod 4).
If By admits non-split multiplicative reduction at p, then ord._; L(E;/Q(\/p),s) = 2 and

L(Sym*(g°) ® f®),2) # 0 # L(Sym*(¢°) @ f,2) for all o : K, — C if and only if

E;(Q(vp) @ Q= Q- P(Xo(p)®, My 1, Acks) ® Q- P(Xo(p)*, g 5, ).

Remark 4.35. Since E; admits non-split multiplicative reduction at p, a,(Ef) = —1,
hence W(E;/Q) = —1. Since p = 1 (mod 4), we have W(E}p)/(@) = —1, and thus

W (E;/Q(\/p)) = +1 with L(E;/Q(,/p),1) = 0. Hence ord,—; L(E;/Q(,/p),s) = 2 if and
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only if ords—1 L(E;/Q, s) = ords— L(E](cp)/(@, s) = 1. Moreover, we have

Wi(g,9.f) = ap(Ef) = =1 =W(g,g, f"),

hence by (4.51) and (4.52), W(Sym?(¢%) ® f) = W(Sym?(¢°) ® f®) = 1. As explained in
Section 4.1.3, Theorem 4.2 of Darmon, Rotger and Sols implies, under the conditions of Con-
jecture 4.6, that the point P(Xo(p)?, Iy r, Acks) € E¢(Q) has infinite order. It follows from
the work of Gross, Zagier and Kolyvagin (6), that E;(Q) ® Q = Q- P(Xo(p)?, IIjg, ¢, Agks)-

As a consequence, Conjecture 4.6 follows from Conjectures 4.4 and (4.50).

A reformulation of Conjecture 4.4

Let us assume that p =1 (mod 4). Let E be given in short Weierstrass form by the equation
E; : y*=2"+ar+b, a,be Q.
An equation for the quadratic twist is then given by
E](cp) copt=t4ar+b o~ =2+ ap’e + b

the isomorphism being afforded by the change of variables (' = pz, vy’ = p*y). The curve E;

and its twist are isomorphic over Q(,/p) (but not over Q); an isomorphism is provided by

0: BBV (z,y) — (pr,py/py) -

Observe that for any (z,y) € E(Q) and any 7 € Gal(Q/Q) lifting 7, we have

o((z, )" = (px", —p/py") = —o((z,y)7).
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Hence ¢ maps E(Q(,/p))"="" to E®(Q(,/p))"=' = EP(Q). Define the point
PO (Xo(p)*, W1, Z) i= o(P(Xo(p)*, Mg 1, 5)) € EV(Q),

We can then reformulate Conjecture 4.4 equivalently as follows.

Conjecture 4.7. Let f and g be newforms in S2(I'y(p)) as above. If p =1 (mod 4), then
P®(Xo(p)3, 1y 4, E) € E( )(Q) has infinite order if and only if ords—; L(E](ﬁp)/@7 s)=1 and
L(Sym*(¢°) ® f®),2) #0 for all o : K, — C.

Following the notation of Section 1.2.3, let T(p?) denote the full Q-algebra generated
by the Hecke operators T, with p { n and U, acting on Sy(To(p?)), and let To(p®) denote
the subalgebra generated by the operators T,, with p { n. Generalising Section 4.1.1 by

following [44, §3.1], we have the following decompositions of the Hecke algebras

Hth"Jr HLh,

where h runs over all conjugacy classes of newforms in Sy(To(p)) and Sa(To(p?)), Kj, is the
Hecke coefficient field of h, and Lj is K}, if h has level p?, and otherwise L;, is a commutative
Artinian Kj-algebra of dimension 2.

By Remark 4.2, we have

End)(Jo(p*)) := Endg(Jo(p?) @ Q = (To(p*), 01,6,y ~ [ Kux [ Me(K), (4.53)

h level p2 h level p

where 0, and d, are degeneracy operators defined in [95]. Note that the natural isomorphism
(4.5) holds with the curve Xy(p) replaced by Xo(p?). See [105, Theorem 11.5.1].
Let ¢y € To(p?) ~ [],, K» denote the idempotent with 1 in the K, component and 0

elsewhere. We view it also as an idempotent of End?Q(JO(pQ)) via (4.53), so that

End}(Jo(p*))lg] = tiy - Endb(Jo(p?)) = Ma(I,).
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Given a self-correspondence T of X,(p?), we may view it as an element of End&((]o (p?))
and let Ty := tig - T € End{(Jo(p?))]g]. We view T} as a self-correspondence of X,(p?) via
(4.5), and define Iy = priy(Tjg) - pr3,(A) in CH*(X,(p)4)(Q) ® Q.

The elliptic curve Ej(cp ) has conductor p? by Remark 4.25, and f® is a newform in
So(To(p?)). We let tiw € To(p*) denote the idempotent with 1 in the K s component
and 0 elsewhere, and define HT[Q]’ Fo) = HT[Q] Ol s After clearing denominators, this corre-

spondence induces by push-forward a generalised modular parametrisation

My s : CHA(Xo(p%))o(Q)—EY(Q).

Letting AP q(€0) € CH?(Xo(p*)?)o(Q) denote the Gross-Kudla~Schoen cycle in the triple

product X,(p?)? based at the rational cusp & € X,(p*)(Q), we may form the Chow—Heegner

point P(Xo(p?), Iy, | s, Mlics(£0)) = Ty, i . (Alies(0)) € B (Q). Define
St = (POXo), Ty, g0, Alies (&) Ty € Endb(Jo(p2)lgl) < EP Q).
We have the decomposition of the triple product L-function
L(g, 9, [?,s) = L(Sym* g @ fP, s)L(f", s — 1),
hence a corresponding decomposition of global root numbers
W(g,g, f?) = W(Sym*g @ fPYW(f®).

Since p = 1 (mod 4), we have W (f®) = —1 by Proposition 4.4. We have W (g, g, f?)) = —1
by Theorem 4.7, and thus W (Sym®g ® f®) = +1. By [51, Theorem 3.7], the subgroup
Sjg.f C E}p)((@) has positive rank if and only if ords—, L(E](cp)/(@, s) = 1 and L(Sym?(¢?) ®

f® 2) £ 0 for all o : K, — C. Given the Birch and Swinnerton-Dyer conjecture and
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Conjecture 4.7, it appears natural to conjecture the following.

Conjecture 4.8. If p = 1 (mod 4), then P®)(Xo(p)3, 1y f,Z) € Sy C E](cp)((@) if and
only if ords—y L(E}p)/(@, s) =1 and L(Sym*(¢°) ® f®),2) #0 for all o : K, — C.

The above conjecture predicts a relation between Chow—Heegner points arising from the
cycle Z in the triple product Xy(p)? and Chow-Heegner points arising from the Gross—

Kudla-Schoen cycle in the triple product Xo(p*)>.

Proving such a relation would yield a
proof of Conjecture 4.7, and thus of Conjecture 4.4, contingent on the validity of the proof
of Yuan—-Zhang-Zhang [154] of the Gross—Kudla formula. We do not currently see how to

carry out such an explicit comparison between the two sorts of Chow—Heegner points.

Remark 4.36. Taking avantage of the fact that the character y is quadratic, we have the
equality of L-functions L(g, g, f®),s) = L(g®), g, f®) s), where ¢g'?) denotes the quadratic
twist of g by x, which is a newform of level p?. Let tgm) € To(p*) denote the correspond-
ing idempotent in the Hecke algebra. Note that L,» = K, and End%(JO(p2))[g(p)] = K,.
Analogues of the above constructions give correspondences Ht[g (o TS @) € CH*(X,(p?)*)(Q)
for any self-correspondence T of Xy(p*), and points P(Xo(p?’),l'[t[g (p)},T7f<p),A§KS(5O)) in
E}p)((@). Defining Syyey) o0 C Ej(cp)(@) similarly to above, the results of Darmon, Rot-
ger and Sols apply, and Sy w)) s has positive rank if and only if ords, L(Ej(cp ) /Q,s) is
1 and L(Sym?(¢°) ® f®.2) # 0 for all ¢ : K, < C. These Chow-Heegner points
should therefore be related to the Chow-Heegner points P(Xo(p*)*, Iy 1 pw, A’(’;Ks(fo)) and

P®)(Xo(p)®, g1, E).

Remark 4.37. One can inquire about the relationship between the Gross-Kudla—Schoen
cycle Al g in Xo(p?)? and the cycle Z in Xo(p)®. The curve Xo(p?) comes equipped with two
degeneracy maps X,(p*)— Xo(p) defined over Q, which we denote 7; and 7,. In terms of the
moduli description, m maps the pair (£, C), where E is an elliptic curve and C' a subgroup
of E of order p?, to (E,pC), while m maps (E,C) to (E/(pC),C/(pC)). On complex

points, the projection m; corresponds to the natural inclusion of T'g(p?) in T'og(p). These
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maps induce push-forward maps 7; ;1. : CH?(Xo(p?)%)o— CH*(Xo(p)?)o, where 7, ;, is the
map m; X 7; X 7+ Xo(p?)2—Xo(p)? with 4, j, k € {1,2}. Note that, for any e € X,(p?)(Q),
(Wl,l,l)*(Alc);ZKs(e)) = Agks(mi(e)) and (7T272,2)*(A%2KS(6)) = Acks(ma(e)). However, if ¢ # j
or i # k, then (Wi,j,k)*(Angs(e)) is not in A(p) = A Xxay Xo(p)?, so does not relate to
the diagonal type cycles constructed in Section 4.2. Nevertheless, these cycles could be of

independent interest. We curren 0 not see how to directly relate the cycles A%« and Z.
dependent interest. W tly do not see how to directly relate the cycles A g
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Chapter 5

Future directions

We conclude this thesis by outlining a few projects that will be addressed in future work of

the author.

5.1 Diagonal cycles

Recall that Chapter 4 ended in Section 4.5 by raising questions and conjectures about
the cycles and points constructed. Recall from Theorem 4.3 the cycle = := A, — A_ in

CH?(Xo(p)?)o(Q(+/p*)), where p* = (_71) p. The associated Chow—Heegner point is

P(XO(P)S:H[Q]J’E) € E(Q(7pY)),

where I/ = Ey is the elliptic curve defined over Q of conductor p associated with a normalised

newform f € S3(I'g(p)), and ¢ is an auxiliary normalised newform not conjugate to f.

5.1.1 The complex Abel-Jacobi map

Recall from Section 0.2.3 the Abel-Jacobi isomorphism
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defined, using as base point the origin O € E(C), by the integration formula

AJg(P)(w) = /OP w, for all w € HY(E(C), Q).

There is a higher dimensional analogue

_ FiP H (Xo(p)*/C)”
[ Hy(Xo(p)*(C), Z)

Ay, : CH*(Xo(p)*)o(C)—J*(Xo(p)?/C) : (5.1)

defined by the integration formula

Al xyp2(Z) () = / a, for all a € Fil> Hiz (Xo(p)?/C).
o=1(2)

The functoriality properties of these complex Abel-Jacobi maps with respect to correspon-

dences imply, for all w € H*(F(C), '), the formula

AJp(P(Xo(p)’, g5, 5))(w) = Adxy( (Z) () r.ar (@))-

A possible strategy for proving Conjecture 4.4 could involve computing the image of the
point P(Xo(p)?, Iy, ¢, =) under the Abel-Jacobi isomorphism AJg. By the above formula,
this requires computing the higher dimensional Abel-Jacobi image AJx,¢)3(E). Darmon,
Rotger and Sols [51, Theorem 2.5 have successfully computed AJx,;)3(Acks). We hope to
compute AJx,,2(Z) using the description of Ay and A_ as images of maps X (p)— Xo(p)*

and thereby address Conjectures 4.1 and 4.4.
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5.1.2 The p-adic Abel-Jacobi map

It would be interesting to compute the image of the cycle = under the p-adic (syntomic)

Abel-Jacobi map
AJ, : CH*(Xo(p)*)o(F)— (FII*(Hdr (Xo(p)*/ F)))",

where F'is a finite extension of QQ,. The definition of this map relies on the p-adic étale

Abel-Jacobi map of Section 1.5.3

Aldey + CH*(Xo(p)o(F)— He(F, Hy(Xo(p))p: Zp(2))) = Extiep,, (@, Hat (Xo(p)77, @p)(2)),

and the theory of filtered Frobenius monodromy modules.

Remark 5.1. By [120, Theorem 3.1 the image of (1.75) lands in the semistable subgroup,
and since Xo(p)® admits a semistable model described in [77], we can identify the latter

by [119, Proposition 1.26] with the above group of extension classes.

More precisely, using the Dieudonné functor Dy, r, we obtain an identification

ExtRep, (@) (Qpr Het (Xo(p) 77, @p) (2)) = Extygpua vy (Fo, Hig (Xo(p)*/F)[-2]),

where MF%! (¢, N') denotes the category of admissible filtered Frobenius monodromy modules
over F. The latter extension group can be shown to be isomorphic to (Fil*( H3; (Xo(p)?/F)))V.
The p-adic syntomic Abel-Jacobi map is defined as the composition of AJe with the above
identifications.

This is the type of map that was used by Darmon and Rotger [48-50] to relate diagonal cy-
cles to special values of p-adic L-functions. The difference in the present setting is that X,(p)?
admits semistable reduction at p and there are no crystalline classes in Fil*( H3; (Xo(p)?)).

Consequently, this computation falls outside the scope of the methods developed by Besser,
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Loeffler and Zerbes [18] which are utilised in the work of Darmon and Rotger. However, we
believe that one can use the p-adic geometry of Xy(p) as a Mumford curve combined with
techniques from lovita and Spiess [91] and Masdeu [111] to compute AJ,(Z).

One hope is to relate this to the Gross—Kudla formula (4.1) for triples fi, fo, f3 of modular
forms with W ( f1, f2, f3) = +1, thus shedding light on Conjecture 4.2. If fi, fa, f3 correspond
to elliptic curves FE;, Fs, F3 with split multiplicative reduction at p, then such a relation
would also provide a link to the central value of the third derivative of the cyclotomic p-adic

triple product L-function of Hsieh and Yamana [88] at s = 2:

_3

L(F,2)
LB)(F 2) = . ’
p ( ? ) 4p

Qp

EP(F) ’

where F' = f; ® fo ® f3, Qp is the period (4.15), and L,(F) = L,(f1) - L,(f2) - L,(f5) is the

product of L-invariants.

5.1.3 Connections with Stark—Heegner points

Suppose that p = 1 (mod 4). In this case, the Chow-Heegner point P(Xo(p)?, IIjy,r, =) in
E(Q(y/p)) is defined over the totally real quadratic field Q(,/p). If it turns out that this point
is non-trivial in certain cases (as predicted by Conjectures 4.4, 4.5, 4.6, 4.7), then it would be
interesting to compare this rational point with other constructions, namely Heegner points,
Zhang points or Stark—Heegner points. The latter are p-adic points constructed originally
by Darmon [43| using Tate’s p-adic uniformisation of elliptic curves, which is available when
the reduction type of the curve at p is multiplicative. These points are conjectured to be
global points defined over ring class fields of real quadratic fields and to play a role in the
theory of real multiplication of Darmon and Vonk [52] similar to the role played by Heegner

points in the theory of complex multiplication.
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5.2 Non-hyperelliptic curves with torsion Ceresa class

Let X be a smooth projective curve over Q and consider its Jacobian .J, which is an abelian
variety of dimension the genus g of X. Fix an embedding j : X — J via an Abel-Jacobi

map and consider the Ceresa cycle
C = j(X) = [~1] 0 j(X) € CH™(J)o(Q).

If X is hyperellliptic, then C' is trivial. Recently, the first example of a non-hyperelliptic
curve with torsion Ceresa class was found by Bisogno, Li, Litt and Srinivasan [25]. The

Ceresa class is a term for the image of C' under the f-adic étale Abel-Jacobi map (1.75)
Al : CHON(J)o(Q)— HN(Q, HY ™ (Jg, Qu(g — 1)).

We believe other examples of such curves are available in the setting of modular abelian
varieties. More precisely, the idea would be to look for a non-hyperelliptic genus 3 curve X
whose Jacobian splits into the product of three elliptic curves over Q such that the global
root number of the associated L-function is +1. This would put us in a setting close to the
one of Section 4.3. The modularity of the elliptic curves would imply that there is a non-
constant map to J from a triple product of modular curves. We hope to exploit Theorem
4.4 and Remark 4.21 together with the close connection between the Gross—Kudla—Schoen
cycle and the Ceresa cycle established by Colombo and van Geemen [40] to show that the

latter’s cohomology class is torsion.

5.3 Geometric quadratic Chabauty

Together with my collaborators éoupek, Xiao and Yao, we plan to continue our work on the

geometric quadratic Chabauty method.
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5.3.1 Finiteness criteria

We would like to investigate Question 3.2. We refer to the discussion in Section 3.5.2 for
the details; this involves understanding certain unlikely intersections in higher dimensional
varieties as in the work of Dogra [60], and combining this with the finiteness arguments of

Edixhoven and Lido [62, §9].

5.3.2 Applications

We would like to understand the sharpness of the bound provided by Corollary 3.2 by
applying the method to specific examples of curves. The goal would be to come up with
examples of nice curves and hopefully be able to determine their set of rational points using
geometric quadratic Chabauty. We further expect such examples to shed light on Question

3.3 raised in Section 3.5.2.
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