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Do you really need to code and prove all of this?

Can’t you just solve Hilbert’s 12th problem?

-F. M. Nonez



Abstract

In [16], Henri Darmon and Jan Vonk defined and laid out the groundwork for the study of rigid meromorphic
cocycles, which can be seen as a p-adic counterpart to meromorphic modular functions. These cocycles seem
to be a useful tool in constructing certain class fields of real quadratic fields and hence can be studied to get
a more profound understanding of Hilbert’s 12th problem.

In this thesis we generalize results of the aforementioned article to the congruence subgroup case, i.e. when
SLy(Z[1/p]) is replaced by the subgroup having lower-left entry divisible by N. We give full characteriza-
tions of rigid analytic / meromorphic cocycles in the additive weight 2 case as well as the multiplicative case.
The parabolic and Eisenstein subspaces are considered separately. We also construct a kernel giving a lift
between rigid analytic cocycles and a certain space of cusp forms, generalizing results of [35]. Finally, we
describe an efficient algorithm that computes I'f(V)-invariant modular symbol using modular symbols and

M -symbols algorithms, which allow us to compute RM-values of rigid meromorphic cocycles.



Abrégé

Dans [16], Henri Darmon et Jan Vonk introduisent les fondations pour 1’étude des cocycles rigides méromorphes,
objets qui peuvent €tre vus comme une contre-partie p-adique aux fonctions modulaires méromorphes. Ces
cocycles semblent utiles pour construire certains corps de classe de corps quadratiques réels et donc peuvent
étre étudiés pour avoir une connaissance plus profonde du 12e probleme de Hilbert.

Dans cette these, nous généralisons les résultats de I’article mentionné ci-haut au cas de sous-groupe de
congruence, c’est-a-dire lorsque SLy(Z[1/p]) est remplacé par le sous-groupe des matrices ayant 1’élément
inférieur-gauche divisible par un entier N. Nous donnons une caractérisation complete des cocycles rigides
analytiques / méromorphes dans le cas additif de poids 2 ainsi que le cas multiplicatif. Les sous-espaces
paraboliques et Eisenstein sont considérés s€parémment. Nous construisons aussi un noyau donnant un relevé
entre les cocycles rigides analytiques et un certain espace de formes modulaires, généralisant les résultats de
[35]. Finalement, nous décrivons un algorithme qui calcule des symboles modulaires invariant sous I'j(V)
utilisant des idées d’algorithme reliés aux symboles-M, ce qui nous permet d’évaluer les valeurs RM de

cocycles rigides méromorphes.
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Chapter 1
Introduction

Explicit class field theory is a beautiful and far-reaching subject at the center of algebraic number theory. At

its core, the fundamental question is the following:

Given a number field K, explicitely construct the maximal abelian extension of K.

This is a rather vague question, but this usually means finding some “general” function whose values generate
all abelian extensions of /. To this day, only an infinitesimal portion of this question has been answered.
Quite famously, the case when K = Q or K is an imaginary quadratic field are completely solved. In the
first instance, the Kronecker-Weber theorem explicitely constructs every abelian extension of Q using roots
of unity, and in the other case, the theory of complex multiplication constructs every abelian extension of an
imaginary quadratic field using torsion points of elliptic curves. Both constructions have an arithmetic and
a geometric flavor to them: When K = QQ, the important arithmetic function is the exponential one, and we
evaluate it at torsion points of the circle group R/Z. When K is imaginary quadratic, the arithmetic function
is the j-invariant associated to an elliptic curve with complex multiplication by an order in K.

Results similar to these for other kind of number fields have been sparse. In the 70s, Harold Stark proposed a
series of conjectures relating the leading term of Artin L-series with algebraic units, called Stark units, gener-
ating abelian extensions of certain number fields. Variations of this conjecture have been proven throughout
the years, but little is known about the original statement. Another recent development has been made in [2]
regarding complex cubic field using an elliptic gamma function.

The next natural step is to understand how to construct abelian extensions of real quadratic fields. Rigid
meromorphic cocycles, introduced in the seminal paper [16], seem to be a good candidate for this matter. In
essence, they are natural p-adic analogues of the j-function mentioned above, whose values at real quadratic

points 7 conjecturally live in an abelian extensions of Q(7). These objects naturally arise as functions on



SLo(Z[1/p])\HM, where H, := P1(C,) — P1(Q,) is the p-adic upper half plane, #* is the set of real
multiplication points on H,, and S Lo (Z[1/p]) acts as Mobius transformations on 7, which gives them a kind
of geometric flavor.

Rigid meromorphic cocycles are elements of H'(SLy(Z[1/p]), M*) where M* is the multiplicative group
of rigid meromorphic functions on #,. More generally, one could replace M* by the additive group M,
or consider particular subgroups of H'(SLs(Z[1/p]), M*). In their original paper [16], Darmon and Vonk
give full characterizations of the spaces H'(SLy(Z[1/p]), M3) and H'(SLy(Z|1/p]), O2), where O, is the
additive group of analytic functions on H, with action given by the usual slash operator of weight 2. They
also construct rigid meromorphic theta cocycles, which are elements of H'(SLy(Z[1/p]), M*/CX), which
can be lifted to genuine rigid meromorphic cocycles if some conditions hold, and an efficient algorithm is
given to compute the values of these cocycles at real multiplication points. The real multiplication values of
these cocycles also conjecturally satisfy a kind of Gross-Zagier style factorization, similar to the j-function
in the imaginary quadratic case.

A lot of recent developments have tried to generalize these cocycles to various different setups. Examples
include [23] when SL,(Z[1/p]) is replaced by an order in an indefinite quaternion algebra over a totally real
field, [22] which considers p-arithmetic subgroups of inner forms of S L, for arbitrary number fields, [11]
which considers general orthogonal groups (and not just O(2, 1)), and [28] which constructs a cocycle that is
in a sense analogous to rigid meromorphic cocycles, but over the classical upper-half plane.

Rigid meromorphic cocycles have a rich structure closely related to modular forms over O(2, 1). Evidence of
this appears for example in [15] and [35] where correspondences between rigid analytic cocycles of weight
2k and modular forms of weight k£ + 1/2 and level 4p are given, in the spirit of the usual Borcherds’ lift of
modular forms on O(2, 1). A special kind of rigid analytic cocycle called the Dedekind-Rademacher cocycle,

related to an Eisenstein series of level p, is studied in detail in [14].

1.1 Overview of this thesis

The goal of this thesis is to generalize a number of results fundamental to rigid meromorphic coycles after
replacing SLy(Z[1/p]) by a congruence subgroup, i.e. considering the set H*(I'5(N), M*), where I'h(N) is
the congruence subgroup of S Ly(Z[1/p]) with lower-left entry divisible by N. To be able to state the results
of this thesis, we introduce some useful concepts which will be studied in greater detail later.

Let’s fix a prime p with p t N. The inclusion I'y(p/N) = T'y(/N) defines a projection of modular curves

s Xo(pN) = Xo(N).



Let ¢, = @5 o W, where W, is the Atkin-Lehner involution at p. Then we define the p-new subspace

(sometimes called the p-new kernel in the literature) of the jacobian of Xy(pN) as

Jo(pN )P~ .= ker(p, @ ;).

In general, when we have a module with I'y(pV )-action and 74, ...7,+1 is a set of generators for I'o(N) /Iy (pN),
then acting on this module by fill 7; naturally gives a morphism to the same module with I'y(/V)-action,
and the p-new part is again the kernel of the map f:ll ) Zf;’ll (7:W,). We will make this more precise
later.

Given a right I"-module 2 (with I" any subgroup of SLy(Z[1/p])), the space of §2-valued modular symbols,

denoted M S(€?) is defined as the set of functions
m : P1(Q) x P1(Q) — Q
satisfying the relations
mir, s} = —m{s,r}, mir,s} +m{s, t} = m{r t}.
It comes with a natural I'-action given by

(m|y){r, s} == m{yr,ys}|y.

Rigid analytic / meromorphic cocycles are closely related to I'-invariant modular symbols. This later space
being easier to understand and manipulate is the reason why theorems about rigid meromorphic cocycles will
sometimes be given in terms of modular symbols.

We are now ready to summarize the contents and the results of this thesis.

Chapter 2 gives a review of the literature regarding rigid analytic / meromorphic cocycles for S Lo(Z[1/p]).
In particular, results regarding the characterization of additive rigid meromorphic cocycles and their divisors
are given in Section 2.2 while the isomorphism between rigid analytic cocycles and modular forms of level
p is explained in Section 2.3. Multiplicative rigid analytic cocycles and their Borcherds’ lift are explained in

the next two sections.

Chapter 3 generalizes results of Chapter 2 to the congruence subgroup I'}(N). More precisely, we first

characterize the divisors of rigid meromorphic cocycles, giving the following theorem:
Theorem 1.1.1. The support of a rigid meormorphic cocycle m € M STo(N) (My,) consists only of RM-points.

In Section 3.4, we also give a condition for a divisor-valued modular symbol to come from a rigid meromor-

phic cocycle, culminating in this result:

10



Theorem 1.1.2. There is an exact sequence

0 > MS"M(O,) — MSTEM (M) L% MM (Divt(H,))
(egwyg=dega, ) {1 (To(N),C,) @ HL, (Th(N),C,) o

lm((ps (‘D (Pt)

Here there is a small abuse of notation as the map deg should send divisor-valued modular symbols to a space
of modular symbols. But as we will see, modular symbols can be naturally related to parabolic cohomology.
We will prove this theorem at the end of Chapter 4, in Theorem 4.5.2.

The rest of Chapter 3 gives a characterization of rigid analytic cocycles in terms of p-new modular forms and

studies the multiplicative lifts of these cocycles.

Chapter 4 1s dedicated to generalizations of results of [35] for congruence subgroup as well as considering the

weight 2 case. The fundamental result of this chapter constructs a kernel €2 (z, 7) which is a vector-valued
cusp form of level p/N giving a correspondence between rigid analytic cocycles and vector-valued modular

forms of weight k£ + 1/2 and level 4pN, giving the following theorem:

Theorem 1.1.3. Qk/(;) € Sii1/2(To(4pN), pr,) @ M STEN (Oyy), ice. Qk/(;) is a Uo(pN)- vector-valued

cusp form for the Weil representation associated to Lo with coefficients in M S FS(N)(O%).

The edge case k& = 1 is dealt with in Section 4.4 using Hecke’s convergence trick.

Chapter 5 gives an algorithm to efficiently compute rigid meromorphic cocycles for I'} (), using the space
of modular symbols and M-symbols as a helpful tool. The rest of this chapter gives values of these cocycles

obtained by this algorithm.

11



1.2 Notation

We list here the important notations used throughout this thesis so that the reader can refer to this page when
need be.
[' := SLy(Z), T? := SLy(Z[1/p]) and T'x(N), I'5(N) denote their respective congruence subgroup with

0
lower-left entry divisible by N. We will commonly use T')(N) := P~'Ty(N) P where P := (g 1) .

ai, ..., ag are representatives of I'?/I'f (V).

Y1, .-, Vp+1 are representatives of I'o(N)/T'o(pN).

c1, ..., ¢; are representatives of I'5(N)\P!(Q), i.e. cusps of ['5(N).

H, :=P(C,) — P1(Q,) is the p-adic upper half plane.

O and M are the rings of rigid analytic functions and rigid meromorphic functions on H, respectively. We
will use the usual superscript / subscript when we refer to the multiplicative group or the additive group with
weight-k action. So for example, M, is the additive group of rigid meromorphic functions with weight-%

action given by

ct +d c d

(Flen(r) = (c¢+d)’“f(m+b), where = ( b>,

and M™ is the multiplicative group of rigid meromorphic functions.

7T is the Bruhat-Tits tree of H, and V), Y+, VYV~ are its vertices, even vertices and odd vertices respectively. £
and £* are its unordered and ordered edges respectively.

A, is the affinoid in H,, corresponding to a vertex v of 7 and W, is the wide open space corresponding to a
vertex v with all the edges connected to v. We will use U, to denote the annulus associated to an edge.

Sar. (V) (respectively Eo,(N)) is the R-vector space of cusp forms (respectively Eisenstein series) for I'g(V).
H;M(F, Q) denotes the parabolic cohomology of a I-module €2, i.e. the subset of elements of H' in the

kernel of
H! (Fa Q) — De;, cusps OfFI—[1 (FCN Q)’

where I'.; is the stabilizer in I' of the cusp c;.

12



Chapter 2

The case SLy(7Z[1/p])

In this chapter, we review the literature and the results regarding rigid analytic / meromorphic cocycles for
SLy(Z|1/p]), which were introduced in [16]. We introduce some preliminaries in Section 2.1.Section 2.2 -
2.4 deals with the classification of additive / multiplicative rigid cocycles and is based on [16]. Finally,Section

2.5 is about a special kind of Borcherd’s lifts associated to rigid analytic cocycles, which can be found in [15].

2.1 Preliminaries

2.1.1 The p-adic upper half plane

Let H, := P'(C,) — P}(Q,) be the p-adic upper half plane and 7 be the associated Bruhat-Tits tree, i.e.
the undirected graph whose vertices correspond to Q¥ -homothety classes of Z,-lattices in Qi and where two

vertices [L1], [ L2] are joined by an edge if
Ly = Ly > pL,

for some L] € [L,] and L), € [Lo]. We let V, € and £* be respectively the set of vertices, unordered edges
and ordered edges. The standard vertex corresponding to ZIQJ will be denoted by vy. Given an ordered edge
e € £*, we denote by s(e) and t(e) the source and the target of e respectively.

We denote the distance between two vertices by d(u, v), and a vertex is said to be even if its distance with vy
is even, and odd otherwise. We denote the set of even vertices (respectively odd vertices) by V* (resp. V7).
Similarly, an edge e € £* is even if s(e) is even, and odd otherwise, and the subsets of even edges (resp. odd)
is denoted by £ (resp. £7).

13



We have the I'-invariant reduction map (See [17])
red : H,—T.

A vertex affinoid is the inverse image of a vertex v under red, denoted by .A,. The inverse image of an edge e
is an annulus, denoted by U.,. Finally, for a vertex v, we will denote by WV, the inverse image of v and all the
edges attached to v, i.e.
W, :=red ! (U U Uej> ,
J
where e; are the edges attached to v. The subset W, is called the standard wide open subset attached to v.
The image of HP(QZ’“) where Q;”’ is the completion of the unique maximal unramified extension of Q, is V,

meaning that the reduction map sends unramified elements of #, to vertices.

T =" will denote the subgraph of 7" of vertices and edges at distance < n from vy and H5" := red ™ (T<"),
and similarly for 7 =". These sets give a cover
H, = H
nz=0
Finally, we say that a function on C,, is rigid analytic if its restriction to any affinoid A of H,, is a uniform

limit of rational functions on P;(C,) having poles outside of A, the limit being taken under the supremum

norm. We denote the space of rigid anlytic functions by O and M denotes its fraction field.

The action of I'” (and consequently I'} (V) also) on #, and the Bruhat-Tits tree 7 by Mdbius transformations

are compatible under the reduction map, and thus, we have for every v € ['?
P)/Av = A’yva ’YWU = W’yv'

A fundamental domain of 7 under I'” or I'§(N) is {v, 7, e} where v is a vertex of even degree, T is a vertex
of odd degree and e is any edge. For example, one could take v = v, to be the standard vertex, v to be the
vertex associated to the lattice %Zp ®Z, and e to be the edge between these two vertices. The stabilizer in '
(respectively I'h (V) of any even vertex is conjugate to SLy(Z) (respectively I'o(V)), the stabilizer of any
odd vertex is conjugate to P - SLy(Z) - P~! (respectively P - T'o(N) - P~1) where

0
p=(? "),
01

and the stabilizer of any edge is conjugate to I'(p) (respectively ['o(pN)).

14



More general constructions of the p-adic upper half plane and its associated Bruhat-Tits tree can be found in
[17], [37] and [4].

2.1.2 Modular symbols

Modular symbols are powerful tools to compute the parabolic cohomology of any ['-module, where I is

any congruence subgroup of SLy(Z) or SLy(Z[1/p]). Throughout this section, 2 will denote an arbitrary

['’-module with a right action |y, but most of these results also hold when we replace I'? by S Lo (Z).

Definition 2.1.1. A Q-valued modular symbol is a function

P (Q) x P1(Q) - 2
satisfying the two modular symbol relations

mir, s} = —m{s,r}, mir, s} + m{s,t} = m{r,t} forallr, s,tePi(Q).

The space of 2-valued modular symbols is denoted by M/ .S(€2) and has an action of PG Ly(Q):

(m|y){r, st :== (m{yr, s}y,

where |y represents the action of y on 2. The space of ['-invariant modular symbols is denoted by M.S™ () :=
H°(T', M S(R2)). These I'P-invariant modular symbols satisfy

m{yr,ys} = mir, shly .

When (n,p) = 1, we have the same action for the Hecke operator 7,, as for modular forms, i.e. consider the

double coset decomposition

n 0
P I? = [P~;.
We let

(m|Tn) = Z(mh/z)a
which is independent of the choice of {7;} by the I'’-invariance. When n = p, we usually denote T}, by U,
instead. The U,,-operator will be of fundamental importance in Chapter 5 when computing rigid meromorphic

period functions for I'f (V). We also define the w,-operator as (m|w,){r, s} := (m|P){r, s} where as above

0
p=("").
01
As mentioned at the beginning of this section, it turns out that modular symbols can be used to compute the

parabolic cohomology of I'.

15



Lemma 2.1.2. There is an exact sequence
0— Q" - Q" — MS™(Q) > H'(I*, Q) — H'(T%,,Q),

where T'%, is the stabilizer of the cusp o € P1(Q) in T”.

In particular, the connecting homomorphism 6 : MS™ (Q) — H}, (T, Q) is an Hecke-equivariant surjec-

tion, which is an isomorphism if Q' = QV'=. Here, we define
H;ar(l“p, Q) := ker(H'(I'”,Q) — H'(T:,Q)).
Proof. We recall the proof given in [16]. Consider the short exact sequence of I'’’-modules
0— Q- F(Pi(Q), 2) > MS(Q) 0,

where F (P (Q), ) is the set of Q2-valued functions on P (Q) with I'’-action defined by

() = fyr)l,
and d is defined by df{r, s} := f(s) — f(r). Shapiro’s lemma gives us the isomorphism
HI(FP7 ]:(]:Pl(@)v Q)) = Hl(rgov Q)

and the result follows by taking the long exact sequence associated to the I'’-cohomology of the short exact

sequence above. [

The case 2 = M* and 2 = M, can be simplified using the following proposition.

Proposition 2.1.3. The I -invariants of M> and M, are given by

C,ifk=0,
Oifk>0

HO(FomMX) :(C;7 HO(FOWMIC) =
Proof. Since any translation-invariant rigid analytic function is constant on the standard affinoid by the Weier-

strass preperation theorem, it is constant everywhere by analytic continuation. ]

Using the two last results, we obtain

Corollary 2.1.4. For all k > 0, the map 6 of Lemma 2.1.2 induces isomorphisms

MS"(M*) = H) (D, M), MST(My) = H),\ (T, My).

par

16



In the hope of computing rigid meromorphic cocycles with the help of modular symbols, it will be useful
to “package” the information given by modular symbols (which is an infinite number of rigid meromorphic

functions indexed by P, (Q) x P(Q)) into a finite set of functions. We first look at what happens when

I = SLy(Z).
S:<0 1)7 U:<0 1)
~1 0 11

be the usual order 4 and order 6 matrices in SLy(Z), and let QF < Q be the subset of elements w € Q

satisfying

Proposition 2.1.5. Let

w+ Sw =0, w4 Uw+ Uw = 0.
Then the assignment m — m{0, 0} is a bijection from M S (Q) to QF.
Proof. A more general proof for I'y(N') will be given in Proposition 3.3.3. One can also see Proposition 1.4
of [16]. []
When one considers I'P-invariant modular symbols instead, we obtain the following.

Proposition 2.1.6. Let O = QF be the image of M S™" () under the assignment above. Then an element

w € OF also satisfies

Dw=w
where
D= (p ! > .
0 1/p
Proof. This is clear since m is a I'P-invariant modular symbol and D fixes 0 and 0. [

More specifically, using the correspondence between M ST () and QF when 2 = M, one can see that an

element ¢ € Mi satisfies the two and three term relations

0 (_é) = —Fp(z),  plz) =z (Z - 1) (-1 (Z__ll) =0

and the relation coming from the invariance under D

e(p*z) = p~Fp(2).

An element of /\/li will be called a rigid meromorphic period function of weight k. Equivalently, using the

isomorphism between modular symbols and rigid functions, a rigid meromorphic period function of weight

17



k is the value at S of the parabolic representative of a rigid meromorphic cocycle of weight k, or the value

at {0, 00} of a a modular symbol m € MS™" (M,,). In the classical setting, we use the term rational period

rat

unction to denote an element of (M™@)T where is the set of rational functions on C.
k k

2.1.3 Eichler-Shimura isomorphism

We now explain briefly the Eichler-Shimura isomorphism which will be used throughout this thesis. This
isomorphism will be used to relate spaces of modular forms to I" y-cohomology with values in C, where I'y
is any congruence subgroup of SLy(Z). As mentioned in the last section, cohomology is deeply related to

modular symbols, which is the reason why the isomorphism will be stated using them.

Let Sp(I'y) (respectively Ej(I"y)) be the space of cusp forms (respectively Eisenstein series) of weight k and
level T'y. We also consider Py (C) the space of homogeneous polynomials in two variables of degree k — 2

with the usual I"y-action given by
(P|y)(z,y) := Plazx + by, cx + dy).

Given a cusp form f € Si(I'y), one can define a I'y-invariant modular symbol with values in P;(C)* (the
dual of P,(C)) by

Ie{r,s}(P) = JS f(z) - P(z,1)dxz.

Convergence of the integral comes from the fact that f is a cusp form and I'y-invariance is a simple compu-

tational exercise. So this gives us a map
o+ Sp(Dy) = MS™(Py(C)*),
which gives an element of H,, (I'x, P(C)*) when composed with the map of the last section.

Proposition 2.1.7. The composition

ESk,par : Sk(FN) ®R C M’ MSFN(Pk(R)*) ®C i Hl

par

(', Pe(C)*)

is an isomorphism.

The Eisenstein part can be dealt with by considering the map

E(Ty) — H'(T'y, Pi(C)")

f|—>Uf,
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where
ur(7) = gh-1—k—2 — 9
and ¢ is a k — 1-primitive of f, i.e. g is an analytic function satisfying ¢**-" = f. The full Eichler-Shimura

isomorphism is given by the following:

Theorem 2.1.8 (Eichler-Shimura). We have a Hecke-equivariant isomorphism

ESy ¢ (Si(Ty) ®g C) @ Ep(Dy) 228, (LD, Po(C)*).

2.2 Additive rigid meromorphic cocycles

We now focus on the classification of additive rigid meromorphic cocycles, i.e. elements of M S™ (M,).

As seen in the last section, the map

eval: MS"(My) — My
¢ = ¢{0, 00},

is injective. We will use this correspondence throughout this section.

First, we will define a special class of rigid meromorphic cocycles indexed by a RM point 7. Recall that the
I'-orbit of 7 is dense in H,, for the rigid analytic topology, and that its image under the reduction map is either

a vertex or the midpoint of an edge. We define a subset
Y, ={welPr : ww <0}

where w' is the conjugate of w. It is endowed with a sign function d,, : >, — +1 which partitions ¥, into
positive and negative elements. More generally, let r, s € P, (Q) and let v(r, 5) denote the geodesic in H from

r to s. Then
H—(r,s) =H"(r,s) uH (r,5)

with the convention that H* (r, s) is the region on the right of y(r, s). Let 3. (r, s) be the set of RM points w
in the T-orbit of 7 such that w and w’ lie in two distinct connected components of H — (r, s). Then X,(r, s)

is also endowed with a sign function

1 ifweH(rs)
-1 ifweH (rs).

Ors(w) :=

We see that in particular
ET = 27—(0, OO), 500 = 507@
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Finally, we define the divisor

Acfr,shi= >0 Gn(w)[w] € Div(H,)
wEX(r,s)
where Div(?,) is the I'’-module of (possibly infinite) formal sums of elements in #,, i.e. functions from #,
to C,. Using the fact that 0., ,s(w|y) = 6, s(w), one can see that A, is a I'’-invariant modular symbol. We
say that a subset [’ < H,, is discrete if its intersection with any affinoid of H, is finite. The subset of such

divisors is denoted by Div'(#,,)

Lemma 2.2.1. For all r,s € P1(Q), the sets X, (r, s) are discrete and the finite intersections ¥..(r,s) N A,

and . (r, s) 0 W, contain an equal number of positive and negative elements.

Proof. First consider the case when {r, s} = {0, c0}. Since ¥ nH5" consists of RM points with discriminant
smaller than a fixed bound by [16] Proposition 1.1, this set is finite. Therefore >, n A, and ¥, n W, are

finite sets and the divisors

Adfrsyi= > Suww],  AMrsti= > G (w)[w]
weX,(r,s)NAy weXr(r,8) "W,

Ay

{70, 7yo0}

and the modular symbols relation, we get that the same is true for any {r, s} € P;(Q) x P;(Q). Now the

are finite divisors when {r, s} = {0,00}. Using the ["*-invariance property YA#"{0,c0} = A

degree map

deg, : Divi(H,) —>Z
A deg(Ay,)

(and similarly for W,) induces a map M S™" (Div!(#,)) — MS™(Z). As seen in Section 2.1.1, T'? is conju-
gate to S'Lo(Z), and since there are no cusp forms of weight 2 for S L, (Z), the Eichler-Shimura isomorphism
tells us that M S™(Z) = 0. Therefore deg(A 4,) = deg(Ay,) = 0 which concludes the proof. O

Theorem 2.2.2. Let 7 be a RM point. Then the infinite sums
1

Z— W

O {r, s} = Z Ors(w)

weX,(r,s)

converge to a rigid meromorphic function and give an element ®, € MS"(M,).

Proof. We direct the reader to Proposition 4.3.2 for the proof of a generalization of this result. ]
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A small remark has to be made when 7 is ramified, i.e. when 7 generates a real quadratic field where p is
ramified. In that case we can define
1
oF = i O s (W) ——, O {r, st = li Ors
{r, s} = lim Z , (w)Z — A{r, s} = lim Z s(w)

n odd < w n even <
weX(r,s)nHp™ wWeX L (r,8)NHy "

Z—w

Both series converge and the convergence of ¢, {r, s} := & {r, s}+P_{r, s} follows. Interestingly, d+{r, s} —

®_{r, s} can be seen as the representation of a modular symbol with values in Z, i.e. let

m.{r, s} = deg(AZveU {r,s}) = Z dr.s(w)

wEZT(r,s)mWeO
where U,, is the standard annulus with stabilizer I'y(p). Then
(I)i{’f’, 8} o q):{r7 S} = ST(mT)

where ST is the Schneider-Teitelbaum lift that will appear in the next section. See [15] Section 4.3 for more

details.

These ®, give a plethora of rigid meromorphic cocycles indexed by I'”-orbits of RM points. Since the divisors
of ®,, and @, are disjoint for 7 # 75 in IP\H;M, the set {®,} crmpuv is linearly independent. In fact, it

turns out that up to rigid analytic cocycles, there are no other rigid meromorphic cocycles.
Theorem 2.2.3. A rigid meromorphic period function of weight two is a unique finite linear combination of

the elements @, := ©.{0, 00} and of a rigid analytic period function of weight two.

Proof. We give a quick sketch of this proof which will also be used in the next chapter.

Let ¢ be a rigid meromorphic period function of weight two and let X, be its set of poles. We have seen in
Section 2.2.1 that 5" := ¥, n H" is finite. Since ¥3' is invariant under SLy(Z), we get that X5 satisfies

the two and three term relations and a classical result (See [9]) gives the decomposition

<1 o
Eg@ = l—ITELpZT

where I, © SLy(Z)\(Hy¥ n M) is a finite set and
Y2 i={we SLy(Z)r : ww' <0}

Again, a result in [9] implies that ¢ has simple poles on 7—[;1 and that the difference

2 Z ATSOT

Tel,
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where
A ifw>0
respp(2)dz =4
-\ ifw<0
is a rigid meromorphic period function having no singularities on 7—[;1. Restricting to the case where ¢ is
p-even, one can then show that ¢ is also regular everywhere, which concludes the proof. ]

The last result gives us a short exact sequence of ['-modules

0— MS™(O0,) > MS"(My) > P C,@, — 0.

TelP\HEM

As we will see in Section 3.4, this sequence is not a priori exact when considering I'}(N), mainly because

the @ don’t necessarily converge since the degree of these functions on affinoids are not 0.

We now conclude this section with some corollaries regarding Hecke operators and the relation between M.

and M.

Lemma 2.2.4. Let T be a RM-point and let | be a prime not dividing p or the discriminant D of 7. Then
T,(®,) is a linear combination of some ®,, such that 7' is of discriminant D or DI, with at least one 7' of

discriminant DI?.

Corollary 2.2.5. If a finite dimensional subspace V of MS'" (M) is stable under Hecker operators, then
VM S e (02)

Corollary 2.2.6. The natural inclusion M S™" (O) — M S (M) is an isomorphism.

Proof. Consider the derivative map d : M — M,. Its image consist of rigid meromorphic functions with

vanishing residues and induces a map

d: MS™ (M) — MS™"(My).
Using the classification of M S™ (M,), we see that the image of d must be contained in M S™ (O,) and thus
MS™(0) = MS™ (M), 0
2.3 Additive rigid analytic cocycles

The goal of this section is to describe the isomorphism between the space of rigid analytic cocycles M ST (O,)
and M SFO(p)((Cp), the last space being related to classical modular forms of weight 2 and level p by the

Eichler-Shimura isomorphism. Again, this section will follow closely Section 2 of [16]. We shall recall the
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proofs which can be translated word for word in the I'h (N )-case and we will omit the proofs that will differ

in that case.

Let D(IP,1(Q,)) be the dual of the space of locally analytic functions on P, (Q,,) with the topology of uniform
convergence on compact open subsets. For ;1 € D(P;(Q,)) and % a locally analytic function, we use the

notation
() = f h(t)du(t)
Py (Qp)

and

| oduey = | 1w@modne
U P1(Qp)
where U < P;(Q,) is any compact open subset and 1 is the characteristic function of U.

The subset of distributions of total volume 0, i.e. such that x(1) = 0, where 1 is the constant function equal
to 1 on P, (Q), is denoted by Dy(P1(Q,)). The set PGL2(Q,,) acts naturally on Dy(P;(Q,)) and D(P,(Q,))
by

| wwdwh@ = | weodut)
P1(Qp)

Py (QP)
Given f € Oy and U, < P;(Q,) a compact open subset, we define a distribution by

f B(E)ds (t) = res,(F(=)h(=)dz)

where res, is the p-adic annular residue along U.. py is called the boundary distribution attached to f, and

using the residue theorem, one concludes that 11y € Dy(P1(Q,)).

Proposition 2.3.1. The map f — jis induces an PGLy(Q,)-equivariant isomorphism
BD : Oy — Dy(P1(Qy))
Proof. See Theorem 2.2.1 of [17]. L]
Therefore, using the last proposition, we also have an isomorphism between modular symbols
BD : MS™(0,) = MS™ (Dy(P1(Q,))).

Using various results and maps related to Dy(PP1(Q,)), it turns out that M S™ (Dy(P;(Q,))) is easier to char-

acterize.

Using the inclusion Z, < Q,, and seeing that I'y(p) is the stabilizer of Z,, in Q,, we get a natural map
resz, © MS™ (Do(Py(Qy))) — MS™P(D(Z,)),
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where D(Z,) is the space of distributions on Z,. The image of resy, is called the space of overconvergent
modular symbols of weight two and level p. We direct the reader to [36] for a thourough investigation of this

space.

Lemma 2.3.2. The map resz, is injective.

Proof. We recall the proof which can be found in [16] and [15].

0 —1
Ly = .
i » 0

It sends Z, to its complement Z;, := P1(Q,)\Z, and vice-versa, and normalises I'o(p). It thus induces an

Let ¢, be the matrix

isomorphism
y © MS™P(D(Z,)) - MS™(D(Z)))

which makes the diagram

M (Do(P1(Qy))) ——+ MS™ (Dy(P1(Q)))

Ies,/
lreszp l z),

MS"W(D(Z,)) —"— MST@)(D(ZL))
commute. So we only need to show that resz; is injective. Consider the decomposition
P(Q) =Byu By u...u B, U Z]’D,

where B; is the mod p residue disk of —j. SLy(Z) acts transitively on this decomposition, and therefore if we
have a measure 1 € MS™"(Dy(P1(Qy))) satisfying u{r, s}|z, = 0forall 7, s € P;(Q), then by T*-invariance,
the same is true for every element of the above decomposition, and therefore for all of P (Q). This concludes

the proof. [

There is a natural action of the U, operator on the space of overconvergent modular symbols defined by

| o Z f J(la) s}, where%-:(é j)

» p

and the action of o, on p is the usual one on modular symbols. It turns out that the action of U, is well-

behaved under res(Z,), i.e.
resy, : MS™ (Do (P1(Q,)))* — MSF()(P)(’D(ZP))Up=i
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is a Hecke-equivariant injection, where M S™ (Dy(P1(Q,)))™ are the +-eigenspaces for the action of w,, and
M ST®)(D(Z,))V»== are the subspaces where U, acts as +1.

There is also a map D(Z,,) — C, which sends a measure y to its total mass ;(1). It induces a map on modular

symbols which is well understood using the next theorem.
Theorem 2.3.3 (Stevens). The map D(Z,) — C,, induces an isomorphism

I MW (D(Zp))ngl — MSTW) (Cy).
Proof. See [36]. O

Corollary 2.3.4. The map
n:=poresz, o BD : MS™ (0y) — MS™®(C,)
is injective.
We conclude this section by giving a quick summary of the proof of the surjectivity of 7, completing the
classification of rigid analytic cocycles.

Definition 2.3.5. Let Q) be a I'P-module. A function ¢ : E* — ) is called harmonic if it satisfies the two
relations

c(e) = —c(e), forallee E*, and Z cle) =0, forallve V,ee E*,

s(e)=v
where € is the edge e with the opposite orientation, and s(e) is the source of e. The set of harmonic functions

with values in ) is denoted Cj,, ().

Following [17], given f € O, we define a harmonic function with values in C,, defined by
cile) = O f(2)dz, foree&™,

where 0, is the p-adic annular residue on the oriented annulus W,. We thus have a map

5 . 02 — Char(Cp)

Cl—>Cf

called the residue map. It induces a map on I'’-invariant modular symbols, also denoted 0. There is also a

natural map

eve, @ Char(C,) — C,

c— c(ep),
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where ¢y is the standard edge with stabilizer I'y(p). It induces a map on modular symbols
EVe, MS™ (Char(cp)) — M STw) (Cp)
which fits in the commutative diagram

MS™ (Oy) —2— MS™ (Chae(C,))

|55

MS™ (Do(Py(Qy))) eveo

lreszp

M ST W) (D(Z,)) P MSTop) (C,)

So to prove the surjectivity of 7, it suffices to prove the surjectivity of ev,, and of 0. The surjectivity of ev,,
will be proved in Lemma 3.5.3 and is in fact an isomorphism in this case. The map ¢ on modular symbols
is also an isomorphism: its injectivity comes from the fact that 7 is injective, and its surjectivity will also be

shown in Lemma 3.5.5. This gives us the following result.
Theorem 2.3.6. The map

n:=poresz, o BD : MS™ (0y) — MS™®(C,)
is a Hecke-equivariant isomorphism.

The inverse of this isomorphism is called the Schneider-Teitelbaum lift. Using the Eichler-Shimura isomor-

phism, this gives a characterization of M S™"(0,) in terms of cusp forms of weight 2 and level p.

2.4 Multiplicative rigid meromorphic cocycles

We now turn our attention to the study of the I'’-module } (I'?, M™) using the results of the last section and

the natural logarithmic derivative map

dlog : HHIP, M*) — H! (I, My).

par

As in the additive case, we can define multiplicative couterparts to the elements ¢, by

JAr, s} = n by (2)0r= (@)
weXr(r,s)
where
z—w if|w| <1

tw(2) == z/w—1 if|w| =1

1 ifw = oo.
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They converge to rigid meromorphic cocycles satisfying
d]Og t_]7'{707 S} = (I)T{TJ 5}

and ®,{r, s} completely determine .J,{r, s} up to multplication by a non-zero scalar in K, where K is
the completion of Q(7) at the unique prime above p. Therefore .J, is an element of MS™ (M* /K ) =
H! (TP, M*/ pr). J is called the projective rigid meromorphic cocyle attached to 7. Similarly to the

par

additive case, given a projective rigid meromorphic cocycle J € Hl}ar(Fp , M* /K ), we use the lower-case

letter j to denote j := J{0, o0}.

Therefore, since we have a full characterization of [, (T?, Mj) and H_, (I'?, O), to understand H ;(I'?, M*)

par

it suffices to study the exact sequence

X X X X 6 X
0—>H1(FP,Kp)—>H}(FP,M ) — H! (I, M /Kp)—>H2(F”,Kp)

par

coming from the short exact sequence
0— K —> M*—> M*/KS — 0.

The space H?(I'?, K¥) is called the space of obstructions, since if §(.J) = 0, then .J lifts to a genuine rigid
meromorphic cocycle J € H (I, M*).

Let T := Z[T5,T3,T5, ...] be the Hecke algebra generated by the Hecke operators 7; for [ # p prime. The
following lemma characterizes the spaces H' (I, K*) and H*(T'?, K%).

Lemma 2.4.1. (1) The group H'(T?, K)) is finite of exponent I2.
(2) There is a natural map
n: HI(FO(p)uK;) _)HZ(FpuK;)

whose kernel and cokernel are of exponent 12.
(3) The module H?(T?, K ) is a torsion T-module which is annihilated by 12 - I,,, where

T, := Anny(M>(T'o(p), Z)

is the subalgebra of T which annihilates the space of modular forms of weight 2 and level p. with integer

coefficients.

Proof. This is Lemma 3.11 of [16], which we recall the proof as it will be useful later.
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Let 7(V, K)) and F(&, K°) be the I'”-modules of functions from V' (resp. &) to KX. Given a function
feF(V,K)), define
d: FWV,K))— F(& K))
f=df

where df (e) = f(v_) — f(vy). Here, v, is the even vertex connected to e and v_ is the odd one. The map d

fits into the short exact sequence
- K —>FWV,K))— FEK))—1
Using the following isomorphisms

FWV,KY)=FV" K)®F(V™,K)) = Indgy, ;) K @ Indg), ) K
f(g, K;) Indl—\o(p)K

where
SLy(Z) = P~'SLy(Z)P, Lo(p) = SL2(Z) n SLy(Z).

and taking the I'? cohomology of the above short exact sequence, we get the long exact sequence

1— HYTY, K)) — H'(SLy(Z), K)) ® H' (SLYy(Z), K))

p

— Hl(ro(p),K;) 2 {HA(TE, K))— H2(SL2(Z),K;) @ H*(SLL(Z),K)) — ...

p

The first statement follows from the fact that /' (SLy(Z), K ) is finite of exponent 12 and the second from
the fact that H?(SLy(Z), K)°) has also exponent 12. The third statement follows from the Eichler-Shimura
isomorphism since H*(SL;(Z), K ) has exponent 12 and Z,, annihilates H'(T'o(p), K)). O

Using the classification of the space of additive rigid meromorphic cocycles pdr(F M), we can obtain a
similar result for /), (I'?, M* /K ).

par

Lemma 2.4.2. The quotient space
par(rp MX/K )/ par(rp7OX/K1;<)

is torsion-free over T. The cocycles J . as T ranges over fundamental elements of T p\?—lﬁM are multiplicatively

independent over T.

Proof. The logarithmic derivative map

dlog : M — M,
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has image in MZ, the set of differentials of the third kind, i.e. of rigid meromorphic differentials having at
worst simple poles and integer residues. Now consider J € H), (I, M*/K) and 6 € T. If J|6 is regular,

then so is ®|0 where ® := dlogJ € H}, (I'?, M,). Corollary 2.2.5 then tells us that ® is regular and thus so

is J. The second part is a direct consequence of Lemma 2.2.4. ]
Theorem 2.4.3. The group H } (TP, M*) is of infinite rank over Z.

Proof. This follows from considering the exact sequence

X X X X 6 X
O—>H1(F”,Kp)—>H}(Fp,M ) — H (I'?, M /KP)HHQ(FP,KP),

par

since H'(I'?, K ) and H*(I'”, K are T-torsion modules, and H,,

par

(0P, M /K )/HL, (TP, O /K ) is an

infinitely generated T-torsion free module. []

The second statement of Lemma 2.4.1 tells us that given J € H_, (I'?, M* /K ¥), there exists k; € H'(To(p), K))

such that
—12

6(J7) = n(ky).
This class x; is called the lifting obstruction associated to J and is well-defined up to kern which is of

exponent 12 by the same result.

For the sake of simplicity, we will only consider parabolic cohomology / modular symbols up to 12-torsion

for the rest of this subsection. Therefore, the equivalent exact sequence defining the space of obstructions is
0 — MS™(M*) > MS™(M*/CxX) — H'(I?, MS(C))).

By the second statement of Lemma 2.4.1 and the Eichler-Shimura isomorphism, H!(T'?, M S(-)) is a torus
of rank 2g + 1 over Q, whose K,-valued points are 4" (I'?, M S(K)), where g is the genus of X;(p). One

could ask what the image of the obstruction map
Sox : MS™(0*/CY) — HNI?, MS(C)))

is when considering analytic theta cocycles. It turns out that IT := im(dp~ ) is a lattice in H*(T'?, M S ((C; )

which follows from the fact that the composition

MSTw)(z) L MST(O*/CX) " HY (TP, MS(CT)) — MS™®(C) ¥ MsTw)(z)

p

is the identity. This gives us the following result (See [15])
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Proposition 2.4.4. Let T' be the Q,-torus whose K ,-valued points are H' (I, M S(K)). Then Il is a lattice
inT'. Also, the character group

X(T) := hom(T, G,,)

and the lattice 11 are isomorphic to Z*9*! up to torsion.

2.5 Borcherds Lifts

We conclude this chapter with an overview of the analogue of Borcherds lifts, but in the real quadratic
universe. In the CM-case, Borcherds lifts gives a correspondance between modular forms on O(2,1), the
orthogonal group of signature (2, ), and modular forms of weight 1 — /2. As seen in the earlier sections,
rigid analytic cocycles are closely connected to modular forms on O(2, 1) of level p and therefore we find a

similar kind of lift between rigid analytic cocycles and modular forms of weight 1/2.

We first start with some definitions.

Definition 2.5.1. Let —dy, —ds be a pair of negative discriminants satisfying
(1) —dy is fundamental and prime to p,
(2) ord,(—ds) < 1,
did
(3) (2) # 1,
and let D = dyds. Consider the character w_g, on the narrow class group C1* (D) defined by

0 if ged(a, b, c,dy) > 1

W—dy (Q) =
(%) ifged(a,b.c,dy) =1,

where () = |a, b, c| is a binary quadratic form and r is any element represented by () such that gcd(r,d,) = 1.
Given a pair (—dy, —dy) satisfying these conditions, we define the RM-divisors

D= Y, wa(Q: [l

QeCl* (D)

]Dtdl,—dg = Z W—d; (Q) ’ ([TQ] + [pTQ])7
QeCI+(D)

Dy gi= Y, wa(@-([re] - pra)),
QeCI+(D)

where ¢ is the positive root of Q(z,1). Here [1q] represents a class in TP\ H? and DX, _, are seen as
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elements in Div' (TP\HP). We can then extend the above to arbitrary discriminants —d, by putting for m > 1

]D)-l-

7d1 d2p2m .

_ 1Mt - e (1Y)~
- D—d1,—d27 Dfdl,fdgme T ( ]') D—d1,—d2'

Let M, (N) be the space of weakly holomorphic modular forms of weight k and level N and let M}'(N) <
M}.(N) be the subset of those modular forms regular at all cusps except possibly co. Values of rigid analytic

cocycles are intimately linked to these spaces of modular forms as shown in the following theorem (See [15]):

Theorem 2.5.2. Let J € H'(T?, 0% /CX).

(1) If (—le) = 1, then the series

O_a.y Z log, J| —d1 ]qd2

d2>=0

belongs to M3 (4p) @ Q.

(2) If (’le) = —1, then the series

@,dLJ(q) = Z logp J[D:dhfdg]qdz
d2>=0
belongs to M3 (4p) @ Q.
In fact, the statement is a bit more precise, giving subspaces of Mj;/,(4p) ® Q, where each generating series
lives depending on the value of (’le).

Conversely, an anologue of the Borcherds lift for R M -points is also proven:

Theorem 2.5.3. Let ¢ := >, . . co(n)q” € M {!/2(417) be a weakly holomorphic modular form regular at all
cusps except oo, with integer Fourier coefficients.

(1) If (’le) = 1, there exists a rigid meromorphic cocycle J_g, , € H'(I'?, M*) ® Q satisfying

Div(‘]*dla(b) = Z C¢<_d2)Dtd1,fd2’

d2=0,3 mod 4

where the sum runs over positive integers dy satisfying ( ) # 1.

(2) If( ’ ) # 1, there exists a rigid meromorphic cocycle J 4, , € H'(I'?, M*) ® Q satisfying

DiU(J,dl,(z)) = Z C¢<_d2)D:d1ﬁd2’

d2=0,3 mod 4

where the sum runs over positive integers ds satisfying (’sz) # —1
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The rigid meromorphic cocycle J_g4, 4 is called the real quadratic Borcherds lift associated to the pair

(—di. 9).

A slightly different statement and approach can be seen in [35]. In this article, two kernels are defined for
weight 2k with k odd, giving a Q-linear map between a subset of Sy, (Io(p)) and M ST (Oy;), akin to some

Shimura-Shintani lift. Generalizations of these kernels and the lift for I (V') are given in Chapter 4.
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Chapter 3

The case Fg (N)

We will now generalize the results of the last chapter in the case where the matrix group is I'f(N), i.e. the
subgroup of SLs(Z[1/p]) with lower-left entry divisible by N. As mentioned before, we assume that p { V.
We will sometimes assume that NV is square-free, as this will help us simplify some arguments. This will be
mentionned when used.

This chapter can be thought as divided into two main parts: the first concerns modular symbols and the partic-
ular case of rigid meromorphic period functions when the T’} (N')-module is M or Div'(#,). This part will
be particularly useful in Chapter 5 when discussing efficient computations of rigid meromorphic cocycles. In
particular, we prove in Theorem 3.3.5 that the support of a rigid meromorphic period function consists only
of RM-points.

The second part concerns the classification of rigid analytic/meromorphic cocycles in the additive and mul-
tiplicative case. We mention how certain divisors can be lifted to additive rigid meromorphic cocycles in

Theorem 3.4.1, which will be proved in Section 4.5.

3.1 Modular symbols

This subsection gives general results concerning I'g(/N)-invariant modular symbols that will be useful later
when computing rigid meromorphic period functions and when giving the classification of rigid analytic
cocycles. Similarly to the case N = 1, modular symbols are again useful tools in computing the parabolic

cohomology of a I'fj(V')-module.

Lemma 3.1.1. Ler Q) be a T'h(N)-module and c; be representatives of T's(N)\IP;(Q). Then there is a natural

exact sequence of I'h(N)-modules
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0 — QW) & P TN 5 MSTEN(Q) — HY(TH(N), Q) - P HY(TE(N).,, Q)

i=1 i=1
where I'0(N)., is the stabilizer of the cusp c; in T{(N).

Proof. 1t is essentially the same proof as Lemma 2.1.2. Consider F(P;(Q), 2), the I'y(/V)-module of Q-

valued functions on P; (Q) with action f|y = f(v 'z). Then we have a short exact sequence
0> Q— F(P(Q),Q) 5 MS(Q) — 0,

where df {r, s} = f(s) — f(r). Splitting F(P;(Q), §2) in terms of cusps and using Shapiro’s lemma gives us

an isomorphism
H'(TH(N), F(P1(Q), Q) =~ D H'(TH(N).,, Q)
i=1

and therefore the result follows by taking the I';(V')-cohomology of the short exact sequence above. [

Define the parabolic cohomology H',,.(TH(N), Q) to be the kernel of f. Then this result implies that we have

par

a surjective morphism
§ : MSTM(Q) — H! (TP(N),Q)

par

which is an isomorphism if QT6() ~ @7_ QI6(NVe;,

Restricting our attention to the particular cases where 2 = M™> or M, as seen in the last chapter, we also
have the following equalities
0/0p y y 0/ C,, ifk=0;
HY(TG(N)er, M¥) = €, HY(TG(N)er, Mi) =
0, if k> 0.
The argument for these equalities are as in Proposition 2.1.3, i.e. any I'}(V),,-invariant rigid meormorphic
function must be constant on the standard affinoid by the Weierstrass preparation theorem, and thus every-

where by analytic continuation. This gives isomorphisms for k£ > 0

MSSM (M) S Hy,, (THN), M), MSSN(O) S H,,, (THN), O),

par par

whereas in the multiplicative case and in the case k£ = 0, we have exact sequences

0— (CX)'™" - MSTEM (M=) - HY (TH(N), M*) — 0.

P par

and
0— (Cp)' " = MS"N(M) — H,, (TH(N), M) — 0

par
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Here [ — 1 is equal to the dimension of the Eisenstein subspace of modular forms of weight 2 for I'y(/V). This
is no accident since, as we will see, the spaces M STo(™)(M*) and H},,(TG(N), M*) are closely related to
the space of modular forms for I'y(/V) using the Eichler-Shimura isomorphism.

As in the last chapter, in the special case M*, it will be interesting to define H(I'((NV), M*) to be the

submodule of H'(I'{(N'), M*) which maps to @;_, H'(I'{(N).,, C}) under the map
H'IH(N), M¥) 5 @ H (T5(V).,, M),
i=1

If we apply the same definition for the module /7' (I’ (), C)), we see that we trivially have H}(TG(N),C)) =
HYITG(N), C).

P

3.2 p-new modular forms

This section will give a quick introduction on modular forms on the Bruhat-Tits tree 7 which will be useful

later. We will follow closely Section 1 of [12].

The motivation for studying modular forms on H,, x H comes from similar constructions in the classical and
the p-adic setting. In the classical setting, the action of I'g(/V) on H is discontinuous and discrete and this
gives a uniformization Xy(NV)(C) = I'¢(IV)\H* where modular forms can be seen as global sections of a
certain space of sheaves over the modular curve Xy(N).

In the p-adic setting, consider a definite quaternion algebra B over QQ such that p splits B, let O be a maximal
Z|1/p]-order in B and let " be a congruence subgroup of O*. Then a famous result by Cerednik and
Drinfeld (See [8] and [19]) gives a p-adic uniformization of H,/I’, i.e., there exists a Shimura curve X such
that X (C,) = #,/T". Similarly as in the classical setting, we can consider global sections of certain sheaves
of differentials on this curve which can be seen as cusp forms on it.

In the case where B is an indefinite quaternion algebra (take B = M,(Q) for example), a typical example of
a congruence subgroup of a maximal Z[1/p]-order in B is I's(N). Unfortunately, the action of T'5(N) is not
discrete or discontinuous on H nor H,, but it is on the product H x H,,. It then seems natural to consider the

quotient I'§ (N)\(#H x H,) and certain kinds of functions on it.

Definition 3.2.1. A cusp form of weight 2 on (T x H)/TH(N) is a function
f & xH-C

such that

(1) f(ye,vz) = (cz + d)*f(e, 2), forall v = (a

C

b P
d) e I'G(NV).
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(2) The function f is harmonic, i.e. | satisfies

where s(e) is the source of the vertex v, and f(€, z) = —f(e, z).

(3) For each edge e, the function f.(z) := f(e, z) is a cusp form of weight 2 for the subgroup T, := Stabr(e).

We denote the set of such functions by So(T,TH(N)).

We see that a cusp form on (7 x H)/Th(N) is nothing else than family of cusp forms indexed by the ordered
edges of 7 satisfying compatibility relations and harmonicity. The action of I'j(/V) being transitive on &,
each subgroup I is conjugate to I'o(pN) = I, the stabilizer of the standard edge. Therefore, each f, is a

cusp form on a subgroup conjugate to I'o(pNV).

Sy(T,TH(N)) is closely related to other spaces of cusp forms on 7 x . To that end, let "™ (V) be the set
of matrices of G L3 (Z[1/p]) with lower-left entry divisible by N.

Definition 3.2.2. A cusp form on (£* x H)/Thy " (N) is a function
f & xH-C

satisfying
(1) f(ye,vz) = (Cz+d)2f(e 2), forall v = @b e I (N)
e,y T det(y) s~ ) Y= c d 0 '

(2) For each edge e, the function f.(z) := f(e, z) is a cusp form of weight 2 for Stab(e) n Th™*(N).

Similarly, a cusp form on (V x H)/T5"(N) is a function

f:VxH->C
satisfying
cz4d)? a
(1) f(yv,vz) = (de:r(j)) f(v,z), forally = (c ) e BT (N).
(2) For each vertex v, the function f,(z) := f(v,2) is a cusp form of weight 2 for Stab(v) n Ty (N).

We denote these spaces Sy(E*, 5 (N)) and Sy (V, T " (N)) respectively.
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Let 3 € T'h™(N) be such that ord,(det(/3)) = 1. Then §3 is parity reversing on 7, i.e. 3 sends odd vertices to
even vertices, even vertices to odd vertices, and similarly for edges. Given f € So(T,Th(NV)), define a cusp
form f by setting

}(e, z)dz = f(e, z)dz if e is even;

~

fle,2)dz = f(Be, 5z)dpz if e is odd.

Note that ;‘" € So(£*,TH"(N)) and that the map i : f > ;” is @ monomorphism from Sy(7,T(N)) to
Sy(E*, THF(N)), since if f, = 0 for all edges e € T;*, then f. = 0 for all e € £* and the same goes for all

edges by the harmonicity condition.

We can define two natural degeneracy maps
T, o So(EX, THT(N)) — So(V,THT(N))

by
Ws(f)(vvz) = Z f(evz)7 Wt(f)(U,Z) = Z f(67z)7

s(e)=v t(e)=v

where each sum is over edges with source v and target v respectively. These maps give an exact sequence
0 — So(T, TH(N)) —> So(E*, Tf (V) =55 So(V, TG (V) @ S (V, I (N)).

Similar maps also arise in the case of classical modular forms. First let vy, ..., v,;1 be representatives of
L'o(N)/To(pNN) and define maps ¢, ¢, @ S2(Lo(pN)) — S2(I'o(IV)) by

os(f)(2)dz = Z fO7t2)d(vi ), el f)(z)dz = Z F(By7t2)d(By; " 2).

These maps come from the natural projection of modular curves Xy(p/N) — Xo(/N) and the one twisted by
W,, the Atkin-Lehner involution at p. The kernel of

s @ @r 1 Sa(Lo(pN)) — S2(Lo(NV)) @ S2(Lo(NV))

is called the space of p-new cusp forms, denoted by S5™ 7 (T'o(pN)). It turns out that ¢, @ ¢, and 75 ® 7,

are basically the same map.

Lemma 3.2.3. Let v, be the standard vertex of T and e the edge whose source is vy and with stabilizer equal
to To(pN). Then

(1) The function f (e, z) — f., induces an isomorphism from Sy(E* , T (N)) to So(To(pN)).

(2) The function f (v, z) ~> f,, induces an isomorphism from Sy(V, 5" (N)) to So(T'o(N)).
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(3) The function f(e, z) — fe, induces an isomorphism from Sa(T,TH(N)) to S5 P (To(pN)).

(4) We have a commutative diagram

0 —— Sy(T,THN)) — = Sy(€*, T5 (V) B55 Sy(V,THT (V) @ S>(V, T (V)

! ! |

0 —— S5 P(To(pN)) —— So(To(pN)) —222— So(To(N) @ S5(To(N)

Proof. See Lemma 1.3 of [12]. O]

3.3 Rigid meromorphic period functions

As in the T case, rigid meromorphic cocycles for I'})(IV) can be related to rigid meromorphic period func-
tions, the main difference being that the Z|I'o(N)]-module A, i.e. divisors of degree 0 on [P, (Q), can not
be generated by a single element. Therefore, a rigid meromorphic period function can not be determined by
computing the single value m{0, co}. This section gives results concerning how we can compute and describe
the relevant spaces of rigid meromorphic period functions for I'j(/N) and how similar results on the divisors

of rigid meromorphic cocycles can be obtained.

In all of our cases, we consider 2 to be a I'f(/V')-module. Let’s consider the induced module Indgg (), ie.

the set of functions
f : TP/TH(N) — Q

with ['P-action given by
fi(A) = f(Ay )]y

By Shapiro’s lemma, we have H'(TH(N), Q) ~ H'(T?, Indll:g(N) (©2)), and more specifically
Hyp(T(N), ) = Hy (17, Indps 5y ().

par par

So it will make sense to study the latter group to have access to the full I'P-action.

() e (0)

be the usual matrices of order 4 and 6 in SLy(Z). We denote by (Q%)' < Indgg( ) (€) the submodule of

elements satisfying

Now let

{w EIndFE(N)(Q) cw|(1+8) =w|(1+U+U? =0}
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The notation (Q9) is used since the induced module Indgg () (§2) can be related to Q¢ by the correspondence

where ( is the number of representatives of I'*/T'h(N). For the sake of simplicity, the module Q€ will be
used from now on, remembering that the I'"? action is the one that comes from the induced module, and not

the one acting on each coordinate.

Lemma 3.3.1. Let m € MS™MN)(Q) and ay, ..., aq a set of representatives of SLy(Z)/To(N). Then the
function

fl(as) = a; b -m{a; - 0, q; - 0}
is an element of (Q°9)T.
Proof. Fix «;. Then

fnli) + S f(a; - S™Y = a; ' -mfa; - 0,05 -0} + S - (S~ ra; HYmia; - o0, a; - 0}

— a7 (mfay - 0,0 - o0} + mia; - 0, ;- 0})

Exactly the same argument works for f,,,|(1 + U + U?).

[]

Now we prove a small lemma that will be useful in associating modular symbols with rigid meromorphic

period functions.

Lemma 3.3.2. The map

b
f: {(g,—) | ad — be = 1} — PYZ/NZ)
c d
a b
(E’E) = (C . d)
induces a bijection between T'o(N)\{(%,2) | ad — bc = 1} and P'(Z/NZ).

Proof. Clearly, the set {(%,<) | ad — bc = 1} can be identified with SLy(Z), and we consider the bijection

f : To(NN\SLy(Z) — P(Z/NZ)



This map is surjective since every element (¢ : d) € P*(Z/NZ) can be represented by taking ¢ and d to be
coprime integers or one of them to be 0 and the other one to be 1. In the first case we can find a, b € Z such
that ad — bc = 1, and in the second case we take (a,b) = (0, 1) or (0, —1) depending on whether ¢ = 0 or
d = 0 respectively.

Now if two matrices 71, 72 are mapped to the same element (¢ : d) under f, then modulo N we have

_fa b B au”t bu!
Y1 = ¢ d ) Yo = cu du )

10
where v is an invertible integer modulo /N. Therefore, ~;7v, = (O 1) modulo N and 7y, v are I'g(N)-
equivalent.

]

In the literature (See [10] for example), the name M -symbol is used to denote an equivalence class (¢ : d) €
PYZ/NZ). As we will see, these M-symbols can be used to describe succintly To(N) and I'5(NV)-invariant

modular symbols.

Proposition 3.3.3. The assignment

m = fm
identifies M STo M) (Q) with (Q9)T.
Proof. By the lemma above, To(N)\{(%, <) | ad—bc = 1} is in bijection with P*(Z/NZ), which is naturally

I'/To(N). Since a modular symbol is determined by its values on the set {(%, <) | ad — bc = 1} and that it
has |T'/T'o (V)| orbits under I'q( V), the injectivity of the assignment follows.

a c
b’ d

Now for surjectivity, let f € (Q29)" and (%, fz) be a unimodular pair which is associated to «; under the above

iy = (4 1) o

where the matrix appearing on the right is in o;I'o(/N). By the two and three term relation, m satisfies the

correspondence. Define

modular symbol relations and can be extended uniquely to an element of M STo(V) (). [l

This bijection is not “optimal”, meaning we don’t need all the @) values m{q; - 0, ; - o0} to completely

determine the modular symbol m. For example, since a modular symbol satisfies m{r, s} = —m{s,r}, the

40



value f,,(a; 1) can be determined from f,,(c;). Even more specific, we can easily see that a modular symbol

m e MS"?)(Q) is still completely determined by m{0, o0} by using the 2 and 3-terms relation.

Interesting things can be said about going from S Ly (Z)-invariant modular symbols to I'g(V)-invariant mod-
ular symbols, and vice-versa. One can easily see that if f € (Q9)f, then f; = 3¢ f(a;) isin Q. Conversely,

as is proven in [24], given f € QF, there exists matrices {Hi}iQ=1 such that
(FIH)Ls € (29",

In particular, if N = ¢ is a prime number (and so Q = ¢ + 1), one finds that taking m{0,0}(z) € M}

associated to a modular symbol m € M S (M), then the corresponding element in (M?')T is given by

m{_—l,oo} <Z — Z) , fori =1..q, m{0,0}(qz), fori = ¢+ 1.
q q

In other words, let’s say that )
pr(2) == ] o) ——

WED - w

is the rigid meromorphic period function for I’ coming from the rigid meromorphic cocycle associated to an
RM-point 7. Then the associated element in (./\/I%H)T 1s the Mittag-Leffler decomposition (relative to ¢) of
the rigid meromorphic period function associated to the RM-point g7, which closely ressembles how rigid
meromorphic cocycles are computed in Chapter 3 of [16] by use of the U,-operator. Methods to lift solutions
of particular equations from SLy(Z) to I'y(N) are commonly called transfer operators and are studied in
(among others) [21], [24], [30], [31] and [33].

Definition 3.3.4. A rigid meromorphic period function of weight k for Tt(N) is the image of a modular
symbol m € MS"6N)(M,.) under the assignment

m e f.

Similarly, a rigid period divisor for T%(N) is the image of an element m € MS"6N)(Divi(H,)) under the

same assignment. These spaces are denoted (M k)li“g( ) and (Dz'v(”;’-[p))i;g () Tespectively.

If 2 is a I'’-module, we can similarly define the I'’-module (Q)ip (V)" Let D be the matrix
0

D:<p 0).
0 1/p

Since p { N, D acts trivially on the cusps and thus a given rigid meromorphic period function f (or divisor)

i

is invariant under D. However, nothing guarantees us that invariance under D characterizes (Q)Fp (v
0

) In

general, its elements may need to satisfy more relations.

41



There is a natural map

(Mk)fﬂg(N) - (DiV(/Hp))ig(N)
(‘Pi)?ﬂ = (dw(@i))?:r

The divisor or support of a rigid meromorphic period function of weight k for I's(N) is defined to be the
union UzQ=1 div(p;).

Now, we can use pretty much the same argument as in the case N = 1 seen in [9] and [16] to prove that a
rigid meromorphic period function for I's (N) has zeroes and poles at RM-points. Namely, let 3 (o2, be the
set of zeroes and poles of a rigid meromorphic period function (go,)zQz1 Then since (gpi)?zl satisfies the two

and three-terms relation, we have

weX, e = S(w)eX e and U(w) e o or U*(w) e X

i=1 ($i)izq (507«')7;@:1.

(v

It is seen in the articles mentioned above that a finite set satisfying the above relations must contain only
RM-points. Since E( )2, N H<M is finite for all M, we deduce that E( )@, must contain only RM-points.
This is in accordance to the definition of support of a modular symbol m € M S 6(N) )(Divi(H,)) given in

[22], i.e. we have a decomposition of I';( N')-modules

MSTSM (Divi(H,)) ~ D M ST (Div (T8 (N)x)).
LGNz € TEIN)\Hyp
A point € H,, is said to be in the support of m € M STo(N)(Div'(H,,)) if its projection in M ST6(V)(Div!(T5(N)x))

is non-zero. Indeed, the two definitions of support are equivalent if we consider the commutative diagram

MSTSMN(Div(H,)) —— MSTEM(Divl(Th(N)a))

| |

MS™ ((Div(#,))?) —— MS™ (Divi((TH(N)x)?))

! l

(Div(Hp)fo ) —— (DIV(IHN)2) o -

The arrows from left to right represent the projection to the orbit of x € H,, and the arrows from top to
bottom are isomorphisms coming from respectively Shapiro’s Lemma and the association modular symbol /
period divisors. Therefore the image of an element in the top row is non-zero if and only if the corresponding

element in the bottom row is non-zero. We collect all of the above in the following theorem.
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Theorem 3.3.5. The support of a rigid period divisor (A;)%, € (Div(’Hp))ip(N) (or similarly a rigid divisor
0

cocycle m € M STo(V) (DivT('Hp)) ) consist only of RM-points. The same is true for a rigid meromorphic
period function (p;)%, € (/\/lk);p(N) and a rigid meromorphic cocycle m € MSTOMN)(M,,).
0

3.4 Additive cocycles

This section will give a classification of additive rigid meromorphic cocycles, similar to that of rational period
functions given in [25] and [9] in the case N = 1, and in [1] in the general congruence subgroup case. In this

last article, the author proves the existence of a short exact sequence

0—>C— H, [To(N),M)—> P C,— S(IT(N))®rC —0,

par
weoi'r'f‘

where M is the C-vector space of rational functions on the Riemann sphere, O, is the set of RM points in
the classical upper-half plane H, C,, is a 1-dimensional C-vector space and S3(I'g(N)) is the space of cusp
forms of weight 2 and level N. This is strikingly similar to the short exact sequence obtained after Theorem
2.2.3 with the exception that we now have a space of “obstructions” given by cusp forms. The goal of this

section will be to obtain a similar result in the rigid meromorphic case.

We use the same notation as in Chapter 2 with I'h(N) instead of I'?. For example, X, (r, s) is the set of RM
points w in the T'5(N)-orbit of 7 such that w and w’ lie in two distinct connected components of H — (7, s).

Again, ¥, (r, s) is endowed with a sign function 9, ;(w).

Similarly to the N = 1 case, for 7 € H/*", we define divisors

Acfr,sh = >0 Gra(w)[w].

wEX(r,s)

We also have a natural morphism M ST6(M)(My) — MSTOMN(Divt(H,)) given by f — res,(f)[w],

where res is the residue of the rigid meromorphic function f at w.

Proposition 10 in [22] gives the isomorphism

MSFS(N)(DiUT(Hp)) = C—B Cp- Ar{r, s}.

DY (NI\HM

So the set {A, : 7 € TH(N)\HEM} gives a basis of M ST (Divf(#,)). We will try to understand this

module in more detail for the remainder of this section.

Let v, two adjacent vertices of the Bruhat-Tits tree 7 (v even and v odd) and e the connecting edge. Then

{v,7, e} is a fundamental set for the action of I'j(INV) on T (See [39]). We will typically take {v, v}, €9} as
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the fundamental set, where v, is the standard vertex, ey is the edge whose image under the reduction map is
We, ={2z€C, : 1<|z| <p},

and vj, is the vertex connected to vy by eo. Let A, Ay, We, be their respective affinoid / annulus. They give

rise to natural morphisms
degy, : MST™N(Div'(H,)) — MS™(C,)

deg,, : MSTSN(Div!(H,)) — MS % (C,)

0
deg,, : MSTM(Divf(H,)) — MS 0 (C,)
where 'y, ~ T'yy =~ I'g(N) and 'y, ~ ['g(pN). By Eichler-Shimura, these last modules are isomorphic to
two copies of a certain space of cusp forms plus a space of Eisenstein series. We will make use of that when

needed.

Now let’s study the sequence

MSTM (My) 225 MSTSN(Divt (1)) L5 M ST (C,) @ MS™7(C,) & MS™(C,)

An element A € MST0WN)(Divf(H,)) can be lifted to an element in M ST6(N) (M) if its degree on each
affinoid .4, and standard wide open subset WV, is 0 (the same argument as in the case /N = 1 can be applied).
Since {vo, vy, €} is a fundamental set for the action of I'f(V) on T, this comes down to deg,, (A) =

deg 4 , (A) = 0 (the degree is 0 on every vertex affinoid) and
’UO

p+1 p+1

D videgy, (A) =0, Y B-7idegy, (A)=0
=1

i=1
where (3 is a matrix that acts on the Bruhat-Tits tree by reversing the direction of the edges (This is equivalent
to have degree 0 on W,\A,). In fact, we will show that a less restrictive condition than “being of degree
0 on each affinoid” is enough to guarantee that a divisor-valued modular symbol A can be lifted to a rigid

meromorphic cocycle.

Theorem 3.4.1. There is an exact sequence

0 _)MSFIO)(N)(OQ) — M ST (M) an, MSFS(N)(DiUT(Hp))
(degyy,, —desa, ) HL (Ty(N),C,) @ HL, (Th(N), C,)

par par

im(ps @ ¢r)

— 0

We will prove this result at the end of Chapter 4 (Theorem 4.5.2) when we have more tools at our disposition.
This theorem is in accordance with the case N = 1 where the rightmost module is trivial, which implies that

every element of M S™ (Div'(H,)) lifts genuinely to a rigid meromorphic cocycle.
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In particular, the isomorphism A/ STo(Y (0) 5 M STHN) (M) is also true in this case with the same argu-

ment, i.e. the composition
MSTSM (M) — MSTEM (My) — MSTSM(Divt (H,,))

is zero, so elements of M ST6() (M) must be analytic.

3.5 Additive rigid analytic cocycles

The classification of elements of M STo(")((,) is similar to that of MS™"(O,) with some small subtleties
related to p-new modular forms. Also, the discrepancy between modular symbols and the parabolic coho-
mology of O, is not as simple as the T'’-case since the Eisenstein subspace of I'o(p/N) is not 1-dimensional
in general. This discrepancy will be studied at the end of this section. Finally, we will also describe how
the classification of rigid analytic cocycles generalizes for the non-parabolic part by introducing Dedekind-

Rademacher cocycles and “modified Dedekind-Rademacher cocycles™ in the style of [32] and [13].

We can see that some arguments and proofs of the last chapter generalizes directly to the case of congruence

subgroups. First, recall the following maps:

1y
BD : 02;)7)0(}?1(@1,))

This map again induces an isomorphism on I'}(/V)-invariant modular symbols, which we also denote BD.

2)
resz, : MST (Do(P1(Qy))) — M ST (D(Zy)),

which again induces a map from M S"6(N)(Dy (P, (Q,))) to MSTo®N)(D(Z,)) since the stabilizer in T(N)
of Z, is I'o(pN).
3)

p o MSTO(D(Z,)) — MEWO(C,).

which also gives a map between I'o(p/N)-invariant modular symbols since p come from the total measure
map from D(Z,) to C,,.

Proposition 3.5.1. The map
1 := poresz, oBD : MSTM(Oy) < MSTPN)(C,)
is injective.
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Proof. First of all, BD is an isomorphism since it comes from the isomorphism Oy — Dy (P;(Q,)).
Second, as seen before when studying the action of I';(N) on the Bruhat-Tits tree, if we decompose P;(Q)
as a union of p + 1 open balls

P(Q)=Byu..uB, U Z;,

then we know that I'q(/N) acts transitively on this decomposition. Therefore the proof of the injectivity of
resz, transposes to the I'j(V)-case.
Finally, the map

p i MSTUN(D(Z,))F ! — MST(C,)

is now only injective by Theorem 1.1 of [36]. In fact it is an isomorphism if we restrict the codomain to the
ordinary subspace of M STo®N) (C,), i.e. the direct summand of the subspace such that U, acts with slope 0
(U, acts as 0 for some n) , which corresponds to the p-new part of the module.

Since all three maps are injective, we conclude that 7 is injective. ]

Similarly to the space of p-new modular forms, we define the space of p-new modular symbols.

Definition 3.5.2. Let v, ..., 7,41 be representatives of I'o(N)/T'o(pN) and consider the maps

Vs, Op MSFO(pN)(Cp) — MSFO(N)(CP)

defined by 1 1
pt pt

ps(m) = mly;,  @(m) =) m|By;,
j=1 J=1

where [3 is again a “parity-reversing” matrix. Then the kernel of
0s @ r + MSTPN(C,) — MSTWY(C,) @ MSTM(C,)

is called the space of p-new I'o(pN )-invariant modular symbols with values in C,, and is denoted by
M STo(PN) ((Cp)p—new.

Looking back at the definition of cusp forms on the Bruhat-Tits tree and their relation to p-new cusp form,

we see the resemblance between harmonic cocycles and the p-new modular symbols. Indeed, we have:

Lemma 3.5.3. The map evy : MS"0™N)(Che(C,)) — MSTOPN)(C,)P="" is an isomorphism.
Proof. The injectivity is proven as in the ['’-case: let ¢ be an element in the kernel of evy, i.e.

c{r,st(eg) =0 forallr, seP(Q).
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Since T')( V) acts transitively on £*, then
c{r,s}(e) =0 forallr,sePi(Q), ecET.

By harmonicity, we conclude the same to be true for all e € £*.

Now for surjectivity, let ¢y € MSTo®N)(C,)P~"¥ and define c € MST0(N)(C, (C,)) by setting

c{r, s}(e) := co{yr, s}

where e = v e, for some v € TH(NV). Since the stabilizer of ey in T5(N) is To(pN), the values c{r, s}(e)
don’t depend on . One readily sees that evy(c) = ¢, but we still need to check that ¢ takes its values in the

space of harmonic cocycles.

Since ¢y is a p-new modular symbol, it satisfies

p+1 p+1
Dicolyi =0, > colBy; = 0.
j=1 j=1

Since the matrices 71, ..., 7,41 send the standard edge to all the edges surrounding vy, translating this in the

case of harmonic cocycles, one gets using the first relation

Z c(e)=0 forallveV*,

s(e)=v

and similarly for V'~ using the second relation. Therefore c takes its values in Ch,(C,). O]

3.5.1 Schneider-Teitelbaum lift

We now turn our attention to the Schneider-Teitelbaum lift for I'; (V). This will finally give an isomorphism
MS"MN) (Chae) (C,) = MSTHM(0,),

a crucial step in the classification of rigid analytic cocycles for T'H (V).

Let’s recall the subspace of bounded harmonic cocycles denoted by C

e (Cp), 1.e. harmonic cocycles that take

values in a bounded subset of C, as well as its associated measure given by

f Lo = cle).

e

Lemma 3.5.4. The natural inclusion MST6WN)(C? (C,)) < MS"6MN)(Cy,,(C,)) is an isomorphism.
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Proof. This is basically the same proof as in the I'-case, i.e. let ¢ € MS"6(N)(Co(C,)) and consider
eve,(c) € MST®N)(C,). Since ['y(pN) is finitely generated, there exists a bounded subset Q2 = C,, such that

eve, (c) € MST?PN)(Q)). Now if we consider the commutative diagram

eVeq

M ST (Cra(Q)) —2— M SToeN)(Q)

I I

eve,

M ST (Chae(C,)) —25 MSTo®N)(C,),

and knowing that ev,, is an isomorphism in both cases, we readily see that ¢ € M.ST6N)(Che (). O
The map
1
ST = [ )
P1(Qp) -

turns out to be a I'5(V)-equivariant splitting of the residue map 0 on C?, (C,) (See [42] for more details).

Therefore, one gets the following result:
Lemma 3.5.5. The residue map

0+ MSTEM(0y) — MSHN (Cpur(C,))
is an isomorphism.

Proof. The injectivity of ¢ follows from the same argument as in the ['’-case since we have seen that p is
injective. Now given ¢ € M STV (C1,,.(C,)), since ¢{r, s} takes values in a bounded subset of C,, by the last
result, we can define

f{r,s} :=ST(c{r, s}) € Os.

f is an element of M.ST6(N)(O,) and &(f) = ¢, proving surjectivity. O

Theorem 3.5.6. The map
n Msf‘g(N) ((92) N MSF()(I)N) (Cp)p_new

is an isomorphism.
Proof. This follows from Lemma 3.5.3 and 3.5.5. []

Using the Eichler-Shimura isomorphism, this gives an isomorphism between rigid analytic cocycles for

I'6(N) and the direct sum of two copies of p-new cusp forms of level pN with an “Eisenstein subspace”.
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3.5.2 Relation between [}, (I'o(pN),C,)P~"" and M SToPN)(C,)p—new

par

The goal of this small section is to give the discrepancy between the two modules H,, (To(pN), C, )P~
and M STo®N) (C,)P~"*, akin to the definition of the “universal” or “boundary” cocycle given in section 2.6
of [16] or section 3.7 of [15]. We will start by looking at the whole module, i.e. not only the part new at p.

Let ¢y, ...c; be the cusps of I'o(V). By abuse of notation, we will denote by ¢y, ..., ¢, 41, ..., ¢y the cusps of
Lo(pN) in such a way that ¢; and ¢;; are equivalent cusps under I'o(N) for i = 1, ..., . Such a classification
is possible since p t N and N is square-free, which we assume in this section and the next. As in Section 3.1,

we take the T'o(pN)-cohomology of the short exact sequence

0 — C, — F(P1(Q),C,) > MS(C,) -0,

to obtain the exact sequence

0—C)" — MS™PN(C,) - H),(To(pN), C,) — 0.

par

The kernel of M ST®N)(C,) — HL (Ty(pN),C,) is generated by the “boundary” modular symbols

par

1 if [¢;, ¢;1] and [r, s] intersect positively,
mi{r, s} == 4 —1 if [¢;, ¢;+1] and [r, s] intersect negatively,
0 otherwise

fori=1,...,2[ — 1.

Now we inspect what the Schneider-Teitelbaum lift of m?, might be. First, given two cusps ¢; = =, ¢ =
# 50 Ut

Tit+1
S; —T;
Az‘ =
Sit1 —Tit1-

Sit1’
Lemma 3.5.7. Givenr,s € P1(Q), the function

we define the matrix

; z—A-s dz dz
fylr: s} '_dZOg(z—A-T) T z—A-s z—A-r

dz .
"))

z—

is an element of MST6(N)(Oy) (with the conventions z — «© := 1 and

Proof. We first begin by looking at the multiplicative counterpart of f;ﬁ, i.e.

Fns) = (S ) e0n/e,
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It is clear that ( f;x) satisfies the 2 and 3-terms relation (without even taking the function modulo scalars),
and thus is a modular symbol. Also, it is the unique rational function, up to multiplication by C that has
divisor A ((s) — (r)). Forany v € TH(N), (f3){yr,vs}(v2) and (f3;*){r, s}(z) have the same divisor, and
hence their quotient is a constant. Therefore ( f;ﬁ’x) e MSTN(O*/ C)) and its logarithmic derivative f} is
an element of M ST6(N)(0,). O

Lemma 3.5.8. f;# is the Schneider-Teitelbaum lift of m;é

Proof. Let W, be the standard annulus. It divides IP; (C,) into two components, and their intersection with
P1(Q,) is Z, and Z;,. We see that r € Z, and s € Z, (respectively s € Z, and r € Z)) if and only if [r, s]

intersects [0, oo] positively (resp. negatively).

S; —T;

We see that the matrix A; := < > attached to a cusp ¢; sends ¢; to 0 and ¢;; to co. Therefore

Si+1 —Tit1

1 if [¢;, ¢;i+1] and [r, s] intersect positively,
Oy (f W) = Z Oi(fy) =3 -1 if [¢;, ¢;+1] and [r, s] intersect negatively,
teZ! n{r,s}
! 0 otherwise

]

Now our goal is to find which of these boundary symbols generate the p-new part of M STo(®PN) (C,) so the

have a characterization of the relation between H), (Uo(pN), C,)P~"* and M STo®N)(C,)p—new,

First, we see that the action of a matrix v € I'o(/V) on m;& only change the associated cusp in the definition,

ie.
1 if [y te;, v 1eiv1] and [r, s] intersect positively,
vemly =4 —1 if [y 'c;, v lciy1] and [r, s] intersect negatively,
0 otherwise.

So if we look at the following commutative diagram

0 C C MSTPN)(C,) Hpo(To(pN), C)) ———— 0

P
K L l l
0— C,®C, — CL®C, — MS™WN(C,)®MS™M(C,) — H.,.(To(N),C,)® H,

par par

(Fo(N),C,) — 0,

where the arrows from top to bottom are induced by the map ¢ @ ; in Section 3.2. We see that ¢ is injective

and since ¢; and ¢;; are equivalent cusps under ['g(/N), the kernel of f is generated by the modular symbols

mif{r, s} == ml, — ml#fi
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for : = 1,...,[. Therefore, taking the kernel of the maps from the top row to the bottom row, we get the

commutative diagram

0 0 0 0 0 0
1 1 1 3

0 0 C}, MSP®N)(Cyypnew ————— HY (To(pN),C, )P ———— 0
| ! ! !

0 G cy MSTrN(C,) Hp(To(pN), €) ————= 0
K L l l

0— C,®C, — CL®C, — MS™WN(C,)®MS™M(C,) — HL.(To(N),C,)® H,

par par

(Fo(N), Cp) — 0,
where the kernel of f is generated by m{ for ¢ = 1,...,l. In the case N = 1, we would have [ = 1 and

mp=2- m;ﬁ, which is in accordance to the original results.

Corollary 3.5.9. The Schneider-Teitelbaum lift induces an isomorphism

LS HY (To(pN), C, )P ™ — MSEN(0y)/ @, C, .

par par

where

. . L
Ty = f;a - #H-

Proof. This comes directly from the above commutative diagram, the fact that {m/{r, s}}'_, generate the
kernel of f, Theorem 3.5.6 and Lemma 3.5.8. [

3.5.3 Dedekind-Rademacher cocycles and non-parabolic part of H'(T5(N), O)

We now conclude the section on rigid analytic cocycles by studying the non-parabolic part of H*(T'h(N), Os).
Unsurprisingly, the non-parabolic part H'(T'5(NV), O,) is closely related to the non-parabolic part of H(I'o(pN), C,),

which by Eichler-Shimura, is isomorphic to the space of Eisenstein series of level p/N.

First, we see that the short exact sequence induced by the residue map (See [17])
0= Op/Cp — Oy 5 Cr(C,) = 0
gives rise to the exact sequence
0 C, — H'(TH(N), 0) — H'To(pN), C,)P ™" — 0,

where again [ is the number of cusps of I'o(N). Similarly as in the last subsection, we give a classi-
fication of the non-parabolic part of H'(To(pN),C,)P~™", which will complete the full classification of
HYIG(N), O2).
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By Eichler-Shimura, the non-parabolic part of H!(T'o(N),C,) (respectively H'(To(pN), C,)) is of dimen-

sion [ — 1 (respectively 2/ — 1). More precisely, given a divisor
6= nald],
dN
we can define the modified Dedekind sum
D’(x) = Z nqaD(dx),
dIN

where
T ar

D (%) = i B (E) B (E> , for ged(a,m) =1,m >0
a1

and B;(z) = x — [x] — 1/2 is the first Bernoulli polynomial. Given a divisor § with deg(d) = 0, we define

the Dedekind-Rademacher cocycle (I>((5N) e H'(Ty(N), C,) associated to d to be

o < a b) _ [6]b/d ifc=0

Nc d w — 12 -sign(c) - Dé(NC\Lc\) otherwise,

where [6] = >}y na-d. If § = [N] — [1], this corresponds to the cocycle introduced in [32], and when
[6] = 0, this corresponds to the “modified Dedekind-Rademacher cocycles” introduced in [13]. One sees
using the fact that (I)Eif\][)—[l] is a cocycle for any d|N (see [32]), that <I>((5N) are also cocycles for any §. The
Dedekind-Rademacher cocycle studied in [16] Section 5.3 corresponds to the divisor [p] — [1]. Also, given a

divisor 0 (not necessarily of degree 0), we define <I>§;V € H(Ty(pN),C,) to be

RN (S oo
o \pive a) T e 1y gign(e) - (D) - Do) otherwise

pNe Nld] PN
Evenif § = >,y na[d] is not of degree 0, &, = >y na[pd] — X4y na[d] is. One can see that

N N N N N — N
o) = 8l = 4l e~ o)~ plalp

where 6®) := Y’ g nalpd] if 6 = X, 5 na[d]. The Dedekind-Rademacher cocycle studied in [16] Section

5.3 corresponds to @E’lj])p since [1], = [p] — [1].

So the goal of this section is to classify the Eisenstein or non-parabolic part of H(To(pN), C,)P™"¥, i.e. the

module
H' (Co(pN), Cp)" ™"/ i (Lo(pN), €)™ = (H' (To(pN), Cp)/ Hyor(To(pN), ;)"

52



In that regard, let E be the usual weight 2 Eisenstein series and given § = )| e [d] of degree 0, define

B} := > ng-dEy(dz).
dN
It is a weight 2 modular form for T'y(NV). Let w B = 48miE3dz be the associated regular differential on
Yo(V) (See [13] Chapter 2 and 3 for an explanation of the constant 487i). Using results of [32] and additivity

of the integral, the cocycle q)((;N) encodes the periods of wpy, i.e.

N 1 Y20
oM (7) = o | wes
20

where 2z, € ‘H is an arbitrary point.

So now the question boils down to finding Eisenstein series generating the p-new part of

Hl

eis

(Co(pN), Cp) 1= H'(To(pN), Cp)/ Hpoe(To (pV) Cp).

It is well-known that the space of Eisenstein series for I'o(p/N) has dimension 2/ — 1 and a explicit isomor-

phism (of vector spaces) can be given by

2l

Eiso(Co(pN)) := May(To(pN))/S2(To(pN)) = {(veyy s Vey) € (Cf,l : Zvl- = 0}

i=1

E > (constant coefficient of the expansion of E at cusp i)?.

where we have numbered the 2/ cusps ¢y, ..., o as in the last section. As before, let {~; fill be a set of

representatives of I'o(IV)/T'o(pNV), and let v @ ¢, be the associated map
Ps ) Yt EiSQ(FO (pN)) — EiSQ (Fo(N)) @ EISQ(F[)(N)I)

By abuse of notation, we also denote by o, @ ¢; the map on C;*"* by using the aforementioned isomorphism.
Since the sets {c;, ¢;;} fori = 1, ..., [ are the orbits of cusps of I'g(pNV) for the action of I'q(N), we can see

as in the last section that the elements
0,...,0,v,0,...,0), and (0,...,0,2,,,,0,...,0)
have the same image under ¢, @ ¢; and that the kernel of this map is generated by the elements
0,...,0,v,0,...,0, =v.,,,,0,...,0) withv,, = v,,, = 1, i=1,..,L

In terms of Eisenstein series, £3 with § = [pd]| — [d] for d| N forms a basis of this subspace, since these gives
| independent ordinary Eisenstein series, i.e. they satisfy U,(E9) = E3 with the usual U,-operator. This gives

the following theorem.
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Theorem 3.5.10. There is an exact sequence
0 — C, — H (I'H(N), O3) — H' (Lo(pN),C,)P " — 0,

where the image of C. in H' (T{(N), O3) is generated by the f; of the last section and H'(Uy(pN ), C,, )P ""
is generated, using the Eichler-Shimura isomorphism, by two spaces of the p-new cusp forms for To(pN)
with the Eisenstein series ES with § = [pd] — [d] for d|N. Therefore H*(T5(N), Oy) is of dimension 2g + 2,
where | = number of cusps of T'o(N) = number of divisors of N, and g is the genus of Xo(pN )P~"v.

We conclude this section with a small remark on Eisenstein cocycles and their relation to partial modular

symbols.

Let ¢; be a cusp of I', where I' is any congruence or p-arithmetic congruence subgroup. The module of
partial modular symbols M S, (§2) associated to ¢; with values in (2 is defined exactly the same way as the
usual modular symbols, except that they can only be evaluated at pairs (7, s) € T'¢; x T'c;. Similarly as the

usual modular symbols, we get an exact sequence
0—-Q— F(l¢,Q) - MS.,(Q2) — 0,
where F(L'¢;, Q) is the I'-module of functions on I'c; with values in 2. Taking the I'-cohomology one obtains
0— Q' > Q" - MSL(Q) - H(T,Q) > H'(T,,,Q),
where I';, is the stabilizer of ¢; in I'. Taking {2 = C,, gives the isomorphism
MSE(C,) > HL(T,C,),

where H_ (T, C,) are the cocycles being sent to 0 in H'(I,,, C,). Under Eichler-Shimura, these corresponds
to modular form having 0 constant term at ¢;. For example, if we take ¢; = o0 and I' = T'4(N), then
E3(2) € H.(T,Cp) if Xy 1a - d = 0 (See [13]).

By the above, clearly one has that the groups H_ (I'j(N), O,) generate H'(I'j(N), O,) and therefore given

® e H'(T'H(N), O,), one can find a (non-unique) decomposition

o =>a,

with &, € H} (I'{(N),O;) and ¢; is running through the cusps of I'{(N). Since H_ (I'j(N),O,) =~

MS! (O,), this describes ® as a sum of modular symbols.
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We remark that the point of view adopted here regarding the non-parabolic part of H* differs slightly from
the literature. For example, in [18], the p-new quotient is typically considered. More precisely, consider as
usual the degeneracy maps

ps + Xo(pN) = Xo(N)

and ¢, = s o W,,. Then the pullback / restriction of these maps gives a morphism
p* o H'(To(N),Cp)® — H'(To(pN),C,).

The cokernel of this map is called the p-new quotient, in contrast with the p-new kernel which is given by the

pushforward / corestriction
Ps Hl(FO(pN), Cp) — Hl(FO(N)a Cp)®2-

One can show that the composition of the restriction with the corestriction is given by

. p+1 1T,
Px 0P = )
T, p+1
and since the eigenvalues of cusp forms are < 2,/p in absolute value, this map is invertible on the parabolic
part of H! and the p-new quotient and p-new kernel are isomorphic there.

However, this matrix is clearly non-invertible for the Eisenstein part of H', which explains the discrepency

with the literature. When considering the p-new quotient, one can see that the corresponding map on cusp
cusps(Lo(N)) x cusps(I'y(N)) — cusps(To(pN))

is injective, since above each cusp of I'o(/N) lies two cusps of I'o(p/N), one unramified and one with ram-
ification index p. The injectivity of this map implies that the Eisenstein part of the p-new quotient of
H'(Ty(pN), C,) has dimension 1 since dim(FE(To(pN))) — 2dim(FEy(To(N))) = 1. This is different than

when one considers the p-new kernel, as we have seen in this section.

3.6 Multiplicative rigid meromorphic cocycles

We now turn our head to the classification of multiplicative rigid meromorphic cocycles, i.e. of the abelian
group HY(TH(N), M*). As is the case for N = 1, the main problem in classifying comes from the non-
triviality of the kernel of

dlog : H;(T{(N), M*) — H'(TH(N), My),
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whichis H'(I'fj(N), CX). The motivation comes from studying multiplicative lifts of elements of H'(I'fj(N), M)
which lives a priori in H'(T'{(N), M*/C)). In that regard, we then consider the I'j(V)-cohomology of the
short exact sequence

0—-C; —> M- M"/C;— 0,

which gives the exact sequence

0 — H'(TH(N),C)) - Hy(TH(N),M*) — HI}M(FJS(N),MX/C;) KR H*(TH(N),CX).

p

Therefore, both H'(T((N),C)) and H*(I'j(N),C)) are important to understand if we want to construct
cocycles that live in H(TG(N), M*).

The cohomology of arithmetic groups and S-arithmetic groups has been widely studied in the last 50 years.
Two fundamental articles by Borel and Serre ([4], [5]) study the cohomology of such groups I' by considering
an appropriate space X such that I" acts freely on X where the quotient X /T" is compact, and then study the
homology / cohomology of the given compact space. In the S-arithmetic case, X is constructed by taking the
product of some “classical space” with the Bruhat-Tits buildings associated to the non-archimedean primes
of S, exactly as H x T seems to be the natural candidate if one wants to study I'f (V).

As seen before, the Eichler-Shimura isomorphism tells us that H), (T'¢(NN), C,) is isomorphic to some space
of weight 2 cusp form of level N. In general, if " is some S-arithmetic group, H%(I",C,) is related to the
space of functions on X /T', where d is the dimension of X. A particular case of this can be seen in [3] Section

1.2 where we see the isomorphism
Hy (SLay(Z[1/N]), C) = S5 (To(N)) @ S5 (To(N)).-
Here N is square-free, S5°" (I'g(IV)) is the space of weight 2 newforms of level NV and
d = #prime divisors of N + 1

(Remark that d is indeed equal to the cardinality of S = {prime divisors of IV, o0}). This is in accordance

with what is seen in [16], where H?2, (S Ls(Z[1/p]), C,) is related to the space of weight 2 cusp forms of level

par

p (which are all new).
Therefore, it stands to reason that Hgar

level p/N, which are the natural functions to consider on H x 7, which we will see in this section.

(TE(N), C,) should be related to the space of p-new cusp forms of

First of all, some care needs to be taken since contrary to the case N = 1, the abelianization of I'y(N) is not
finite. The article [45] computes the cohomology groups H*(I'y(N), Z), but the same arguments can be used
to compute H*(T'o(N), K).

p
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Using notation from the aforementioned article, let a(/V') be the index of I'g(/N) in S Lo (Z), b(N) the number

of solutions of z? + x + 1 mod N and ¢(n) the number of solutions of z? + 1 mod N. Finally, let

(V) = 1+ 40 _64b(N) = C(;V), v(N) =

a(N) + 2b(N)

—+
3

r(N) is twice the dimension of the space of cusp forms of weight 2 and level N plus the dimension of the

associated Eisenstein space. This gives us the exact sequence

0= (C5) ™ = H'(To(N), €)= i ™~V @ ™ @ g™
N)

X X X v(N)—c(N) X X b(N) X X e(
- 1 (To(N). €)= (C;/(C})) ® (C/(C3)) e (CR/C)) ™,
where ; is the group of i-th roots of unity in C;. This gives us two short exact sequences

0— (C"™ - HYTy(N), C, ) — finite group of exponent 12 — 0

p

0 — finite group of exponent 12 — H?*(I'o(N),C*) — finite group of exponent 12 — 0.

p

(The proof relies on I'y(/NV) acting on the cubic tree and then using a theorem of groups acting on trees by
Serre.) We infer from these two short exact sequences that modulo 12-torsion, H*(T'g(N), C)) is isomorphic

to two spaces of cusp forms plus an Eisenstein space (Eichler-Shimura) and H*(I'o(N), C)) is zero.

Using the fact that {v, 7, e} is a fundamental domain for 7 under the action of I'j (V) yields the exact sequence

1 — H'(TS(N),CX) — H'(To(N),CX) @ H'(T)(N),C))

p p

2, H'(To(pN),C)) 1, H*(TH(N),C)) — H*(Iy(N),C)) @ H*(T{(N),Cx) — ...

p

So the map
n : H'(To(pN),Cy) — H*(TH(N),Cy)

p

does not have a finite exponent kernel, but the cokernel is finite of exponent 12. So if we define the lifting
obstruction k; € H'(I'y(pN), C)) associated to .J € H, (It (N), M*/C¥) to be the an element that satisfies

0(J™%) = n(sy),
then «; is well-defined up to the finitely generated group ker 7.

57



If we look at the exact sequence defining the space of p-new cusp forms
0 — S5 P(To(pN)) - Sa(D(pN)) L5525 85 (Tg(N)) @ S5(T'g(N))
— coker(ps @ ;) — 0,

we see a striking resemblance with the above exact sequence relating cohomology groups where the arrows
are reversed. In particular, we have (heuristically for now) up to 12-torsion and Eisenstein subspace (which

can be deleted by taking the parabolic cohomology)
kern ~ cokeri = SS9 P(To(pN)), HY(TB(N), C,) =~ coker(ps @ ¢y).
This again is in accordance with the case N = 1 since in that instance S5 ?(T'y(pN)) = coker(ps@¢p;) = 0.

More precisely, we will see that the dual of the map ® induced by the map d of the exact sequence
1 Cf — F(To,CY) 5 F(T,CY) — 1
is exactly ¢ @ ¢;. Using the usual Eichler-Shimura isomorphism
Hyo(To(N), €) = S3(To(N)) @ Sa(To(N)),

we get
kern ~ im ® ~ coim p; @ ¢; ~ cokeri.
and

coker(p, @ @) =~ ker ® =~ H,, (IH(N),Cy).

P

Since 7 is surjective up to 12-torsion and again using Eichler-Shimura, we have
INp = AHHT(Hl(F()(pN)), (C;) = AHHT(MQ(F()(])N), Z)),
H?(TH(N),Cy) is still a torsion T-module annihilated by 12-Zy,,. We put all of this in the following theorem.

Theorem 3.6.1. The two exact sequences
l— H;ar(rg(N)7 C;) - H;ar(FO(N)7 C;) D H;ar

= Hy, (To(pN),C) > H2,(TH(N),C) — 1

par par y4

(o (N), C;)

p

and

0 — S (To(pN) @ T - S1(T(pN)) @ C; 2225 (S(To(N) ® C) @ (S:(Th (V) @ )
— coker(p, ® ;) ®C) — 0
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are dual up to 12-torsion. More precisely, if we denote by V' the algebraic C,-dual of V and every space of

cusp forms is understood to be tensored with C,, we have the following commutative diagram

1 —— HL,(TH(N),Cx) —— HL,(To(N),Cx)@® HL,(Th(N),Cx) —*— HL,(To(pN),Cr) —— H2,(TH(N),CX) — 1

par par par ) ~p par ) ~p par P

| o [ |

1 —— (coker(p, @ 1)) ——— (Sa(Lo(N) @ Sa(TH(V))) — = Sy(D(pN)) —— S5 P(Lo(pN)) — 1.
where vertical maps are isomorphisms, and isomorphisms are up to 12-torsion.

Proof. First we see that the maps ESN@ESY and ESPY are isomorphisms by Eichler-Shimura. The implied

isomorphism between a space of cusp form and its dual is the one given by the Petersson inner product, i.e.
S2(I'o(N)) = Sa(To(N))'
f = <'7 f>7
where (-, -» is the Petersson inner product. Also, we define a bilinear form on Sy (' (V) @ So(I';(IV)) to be

Ui 201,020 = =5 (g = (o)),

which again gives an isomorphism between Sa(I'g(N)) @ S2(I'{(N)) and its dual.
Now let (¢1, o) € lear(Fo(N), Co® H;ar(I’g(N), Cx) be associated to (f1, f2) € S2(To(N)) @ S2(TH(N))
under the Eichler-Shimura isomorphism. The corresponding element in the dual is Iﬁ(( fo, > —<{f1,-)), and

if we apply (s @ @)’ to it, we get the element

]ﬁ(<f27 Spt()> - <f1, 905()>) c SQ(F(pN))'

Using basic propreties of the Petersson inner product and the fact that (¢s(f1), v:(f2))) = (p+1)(f1, f2), we
see that the above element is equal to (fo — f1, ).
Now clearly ®((¢1, p2)) = @2 — 1 which corresponds to (fo — fi1, ) € So(I'(pN))" under Eichler-Shimura.
So in all, we see that the diagram
Hyoo(Fo(N), C) @ Hpo(TH(N), € ) —— Hpoo(To(pN), C;)
lESN ®ESN lESPN

(S2(To(V) ® Sy (Th(N)) — 20— 5T (pN)Y
is commutative, and even that ® and (s @ ¢;)’ are equal under Eichler-Shimura. Therefore, we can also say
that ker & = ker(ps @ ¢1)" = (coker(ps @ ¢;))" and coker & = coker((ps @ ¢:)') = (ker(yps @ ¢¢))’. This
finishes the proof.
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Corollary 3.6.2. Consider the following two exact sequences

0 — H,, (T5(N), C}) = H,, (F{(N), M*) — H,,(F{(N), M*/C}) — H,,,(T{(N),C})  (3.6.1)

par par par D

and

0 — H,, (T§(N), 0% /C)) — H,, (TH(N), M*/C)) — H,, (T5(N), Div' (H,)). (3.6.2)
We have the following:
(1) H,,,(TH(N), Cy) is isomorphic to coker(ps @ @y).

(2) There is a natural map

n : Hy,(Lo(pN),Cx )P " — H> (TG(N),C))

par par D

whose kernel and cokernel are finite of exponent 12.
(3) The module H,(T'((N), Cy) is a torsion T-module annihilated by 12 - TV """, where

par

Igg,"ew := Annp(My(To(pN), Z)P~").

(4) H:

par

(5) H!

par

(I
(I

(N), M*/C)/H,
(N), M*/C})/H,

(TH(N), 0% /C) is torsion-free over T.
P
0

(FG(IV), O* /CX) has countably infinite rank over Z.

o O

par
par

Proof. (1), (2) and (3) are consequences of Theorem 3.6.1.
(4) comes from the exact sequence (3.6.2) and the fact that /., (T%(N), Div!(#,,)) is torsion-free over T by

par

exactly the same argument as [16] Corollary 1.26.
(5) comes from the fact that /!, (T'}(N), Div'(#,)) is torsion-free over 7 and of infinite rank by Section 3.4,

par

and that H, (I'{(N), O*/C)) is a torsion-module for Z,,; by Theorem 3.5.6. O

par

Remark 3.6.3. (4) and (5) still hold true when replacing H,, (I't(N), O* /C) and H, (I't(N), M*/CX)

par par

with H. (TH(N),0*) and H (Th(N), M*) respectively by using (3.6.1) and seeing that H. (TH(N),Cx)

par par par D

and H2, (TG(N), C)) are torsion Z,y-modules.
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Chapter 4
Shimura-Shintani correspondance

The goal of this Chapter is now to use the characterization of rigid analytic cocycles for I'f(N) and derive a
Shimura-Shintani lift between M .ST6(N)(O,;,) and the space of vector-valued cusp forms for Iy (V) of weight
1/2 + k, generalizing results of [35]. This is given in Theorem 4.3.8 and in the remark afterwards. The edge

case k£ = 1 is also dealt with in Section 4.4.

4.1 The Weil representation and vector-valued modular forms

Let (V, @) be a non-degenerate quadratic form where V' is the vector space and () the quadratic form, and L
an even lattice with dual lattice L'. Let C[L’/L] be the group algebra of C-linear combinations of elements of
L'/L with standard basis denoted by {ey} e/ This comes equipped with a Hermitian scalar product where
(€41, €g,) := 04,4, and extended sesquilinearly to C[L’/L]. The Weil representation of the metaplectic group
Mpy(Z) acting on C[L’/L] is then defined by

(s—r)/8
€
pr(T)(eg) = eQ(g)egv pr(S)(eg) = Z egv
A/ L'/L
g'el’/L

I 1 0 —1
where T and S are the standard generators of Mp,(Z) associated to [O 1] and [1 0 ] respectively and
(r,s) is the signature of V.

Given any representation p of the metaplectic group Mp,(Z) and k € %Z, we define the space of vector-
valued automorphic forms of weight & and level (T, p) (with " a subgroup of M p,(Z)) to be the vector space
of functions f : H — C[L'/L] satisfying

o) = o(m)*p(v,9) f (1),
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for all (v, ¢) € I'. This space is denoted A (T, p). In general, unless specified otherwise, the representation
p in question will be assumed to be the Weil representation p;, of a given lattice L. As usual, we denote by
M (T, p) and Si(L', p) the subspaces of modular forms and cusp forms respectively.

Given a vector-valued automorphic form f € Ax(T', p), we write
f= Z fatq
gel’/L

for its decomposition under the canonical basis of C[L’/L]. Now given an arbitrary lattice L and g € L’/L

we can define a Siegel theta function
Oy = > pla)e®™ @,
r€L+g

where p(x) is a function on the coset L + ¢ satisfying certain properties. For example, if p is homogeneous
of weight \ and spherical for @, i.e. its Laplacian is zero and it satisfies Ep(x) = Ap(x) where F is the Euler
operator I/ := ) x;0/0x;, then §, is an automorphic form of weight £ = 5* 4 X\. More generally, we can

consider all these Siegel theta functions together for every coset g + L, i.e.

0= > Oye,,

gel! /L

and 0y, € Ai(T, pr). (See [44], [41], [6] and [7])

4.2 Setup and definitions

Using the terminology of theta functions, let V' = {\ € My(Q) : tr(\) = 0} with quadratic form Q(\) =
—N - det()\) and consider the lattice

L:z{[_b _C/N] :a,b,ceR},
a b

where R could be Z or Z[1/p]. One can compute that its dual lattice is

L = {[_b/2N _C/N] s a,b,ce R} .
a b/2N

L is alattice of level 4V, discriminant 2N, and L'/L has order 2N. Also, V' is a quadratic space of signature
(2,1).

—

As in [35], the goal of this section will be to construct a theta kernel €2(z, 7), which will be a cusp form of

weight 1/2 + k and level p;, in 7, realizing a correspondance between S5, and M S TSN (Oyy,). In fact,
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fYZ’,\T) will be an element of Sy, with coefficients in M ST6(V)(Oy,), i.e. an element of C[L'/L](q) ®
M ST N (Oy,) where ¢ = €277

A binary quadratic form Q(z,y) = Ax? + Bxy + Cy? over aring R is said to be a Heegner form of level N
if N|A. We define the sets

FM(R) := {[A,B,C] : Az? + Bxy + Cy? is a primitive Heegner form over R of level N},
féN)(R) = {[A,B,C] : [4, B,C] € F®)(R) and Az? + Bzy + Cy? has discriminant D}.

As above, R will either be Z or Z[1/p]. Note that elements of F*)(R) can be seen as elements of L’ under
the correspondance
[—b/QN —¢/N

— Naz?® + bry + cy?
a b/2N]

—b/2N —c/N

a b/2N
Given a quadratic form @ and a fixed square root v/ D, we will let 7, and 7, be the “positive” and “negative”
roots of Q(z, 1), i.e.

Note that if we let F' := Nax? + bry + cy® and \ := [ ], then Q(\) = disc(F)/4N.

_—-B++D _ —-B—-+D
24 7 7 24 7
and 7 will be the geodesic in H joining 7y and 7». As before, given (r, s) € P1(Q) x P1(Q), yg - (r, s) will

T T2

denote the intersection pairing between geodesics.

It will be assumed that (%) = 1 and that D is not a square and we will for now consider only the case k > 2,
so that the relevant rigid analytic cocycle and modular form converge. In [35], the condition that £ is odd
is added so that the cusp form defined below is non-zero. However, it will not be important here as we will
be working with vector-valued modular forms, and so, even though the sum of all the components of the

vector-valued modular form will be O for £ odd, the individual components might be non-zero.

4.3 Rigid analytic cocycle and p-new modular form for [';(p V)

In the hope of generalizing the theta functions 2(z,7) and §2(z, 7) of [35], given a discriminant D and an

integer k as above, we define a modular symbol
N (Vg - (r.9))
J,g7D){7',S}(Z) = Z W
QeFp" (Z[1/p]) ’

and a modular form

N 7Q - €o
fk(:,pD : = Z Q(Z 1)k )
QeFPN(z) ’
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where fori = 0,...,p

1 if 1 € W, and 75 ¢ W,
Yo € =4 —1 if ¢ W, and e W,,
0 otherwise

In the hope that the Schneider-Teitelbaum lift for I'y (V) sends f,,C )10 J ,gN)

is a p-new cusp form and that the sum defining ./, ,i D) actually converges and defines a modular symbol.

we will need to show that f,gf’ g )

The following is Lemma 1.4 of [35] and is a generalization of the proof of Theorem 1.22 of [16].

Lemma 4.3.1. Let Q = [a,b,c| be a primitive binary quadratic form of positive discriminant D = Dgp

where p{ Dy. For z € Hs" withn < m/2, we have

2nk

1
Q(z, 1)F
Proposition 4.3.2. For k > 1 and (r, s) € P1(Q) x P1(Q), let

j(N {r,s}(z) = Z M

z, 1)k
QeFy"(Z[1/p]) Q1)

Then as a function of z € H,, Jgg{r, s} converges to a rigid meromorphic function which is analytic if

(%) = 1. Moreover Jy p is a Tty (N)-invariant modular symbol with values in May.

Proof. By clearing the powers of p in the denominators, we can write

J(N {r, s}(z i Z (Vg - (r,9)) pnk.

z, 1)k
=0\ QeFyn (Z11/p) O=1)

Since the inner sum is over quadratic forms such that ny (r,s) # 0, we know that this sum is finite (See for
example [16] Lemma 1.21 with the fact that F DNQn c ]: 2,n).

Let z € HZ. Then by the last lemma, we see that the general term is bounded in absolute value by p*2h=m),
which tends to O when n — oo. Therefore the sequence of the general term is Cauchy and the sum converges
to a rigid meromorphic function. In addition, when (2) = 1, v/D ¢ H,, and thus J,gg{r, s}(2) is a rigid

analytic function since it has no poles in H,,.
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Since I'h(N) fixes ]—"g;gn, taking v € T'H(V), we get

syl -y, bebnas)
Qerp ) (2[1/p)) @Mz 1)
B (VQly—1 - (97, 75))
- X T orw

QeFuV (Z[1/p))
-3 (g - (r;5))
Qz, 1)k

Qery" (Z[1/p])

Now the modular symbol properties come from the observation that

Yo (r,s) = =7 (s,7), and ~g-(rt) =g (r,s)+q- (s 1)

Proposition 4.3.3. The function

(PN) . _ Q"o
P Y

Qerg™ @)

is a p-new cusp form of weight 2k for T'o(pN).

Proof. Asusual, let vy, ..., 7,41 be representatives of I'g(/V') /T'o(p/N) and 3 the parity-reversing matrix. First,
note that for y € SLy(Z), we have

e = Y e

1)k
ver @G

Recall that the coefficient g - e; is non-zero if and only if () has a root in the annulus WV, and one outside

this annulus and that the matrices 71, ..., 7,41 mix these annulus. So when we consider the sum

p+1 p+1 ~ e
N * €0
Z( IE?D)I%)(@ = Z Z @’Y?)W
Z=1 7,=1 QE.F(DPN)(Z) )
p+1

-y ¥ JQpt o
: 1)k
=1 Qe @)l 1)

p+1

=2 Y aeiw
, z, 1)k’
=1 Qe @)l Q1)
we see that if a quadratic form () appears in the sum with roots in annulus W, and W, (with i # j), then it

appears twice: once with the coefficient v - ¢; and once with the coefficient g - ;. Since these coefficients
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cancel out, we see that the whole sum is 0.

The same argument applies when considering the matrices ~; - 5 instead.

Now modularity comes from the fact that I'y(pV) fixes Heegner forms of level pN: if v € T'o(pN), then as

above
N Q" €o
BDE= 2 G
QeF™N (z) ’
Z Jeh~t - €o
1)k’
o, QD
and yg,-1 - €9 = Y@ - €o for vy € Iy(pN). O

Now let L be the lattice defined in the last section and L’ its dual. We can define the vector-valued modular
form and modular symbol associated to f,gf g ) and J,S\B respectively as follows. Let h € L'/L = 7Z/2NZ such
that h?> = D (mod 4N) . We define

FiR):={Q=[A,B,Cle F"(R) : [A,B,Cleh-L'/L}
={Q =[A,B,C]e ]:(DN)(R) : B=h(mod 4N)}.

These sets partition fl()N)(R) into 2N disjoint subsets, i.e.
(1) = || Fb (R
h
where the union runs over the different square roots of D modulo 4N. Under the correspondance

[—b/QN —¢/N

— Naz? + bry + cy?,,
a b/QN] e

F1(R) correspond to the subset Lp ;, of Section 2.4 of [6].

Now, the vector-valued modular form and modular symbol can be defined in terms of F7(R), i.e.

(pN) . _ Q- 60
eph = D Q
QeFh (2

and

(’YQ ) (Ta 8))
th{"” s}(z) = Z “O(> 1)k
ocrianmy Q&
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where we have a slight abuse of notation as the first sum is related to the lattice of level 4p/N and the second

to the one of level 4N. To circumvent this problem, let
Ly = L™ (Z)/LPN(Z), Ly := L™ (Z[1/p])/L™ (Z[1/p])

where we have used exponents to distinguish the lattices of level 4p/N and 4N respectively. Then we have a

natural projection
p : Ly — Lo. (4.3.1)

We will make use of this projection latter in this section to relate the modular form f,g” g 31 with the modular

symbol J ,EAQ b

Proposition 4.3.4. f,gp g 31 is a modular form of weight 2k and level T'o(pN')

Proof. This is the same argument as the last part of the proof of Proposition 4.3.2 since F1(Z) is fixed by
Co(N). [

Since we have functions f,gp g 21 for every h € L'/L, a “natural” question seems to be if we can package these

together to have an interesting vector-valued modular form. Unfortunately, since each f,gfg zJ)V, 31 already satisfy
modularity properties for the same subgroup I'o(p/N), they can trivially be packaged into a vector-valued
cusp form for the trivial representation. Therefore, no fascinating results can really be derived out of this
construction.

We now relate J, é]\g , and f,g’f g ;z under the Schneider-Teitelbaum lift. In that regard, recall from Section 2.1.3
that the Eichler-Shimura isomorphism associates to a cusp form f of weight £ and level N a modular symbol

r s defined by
Kp{r, s} = f f(2)(x — 2)F2dz e MSTPN) (P, ).

Similarly, if f is a cusp form of level p/N and weight k, then we define

Rp{r s} = wplr sy — (|D{r s} = wp{ro s} = mp{=r, =s}|1,

~ =10
I= .

This gives the odd part of the modular symbol associated to f. More specifically, %;{0, o0} corresponds to

where

the odd cycle associated to f.
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Proposition 4.3.5. With notation as above, let

(pN) . 2k — k—1
CHUSIOE G =) (0-)+ g+ () Q1)
k— D \/7 QeFh(z
where the associated lattice L is the one of level 4pN. Then k; D)h € MST®PN)(Py, ») and we have the
relations
N _ : N
ST > kI | =, fo) = —2mi - RPN
gep~'(h) o

where p is the projection map in (5.1).

Proof. This is given in Proposition 4.11, 5.3 and Theorem 4.12 in [35], the only difference being that the
results are with N = 1. The proofs carry on in exactly the same way since the set F7(Z) is a subset of
]—'g’) (Z) (and similarly for Z[1/p]). O

Now we are ready to define the kernel functions Qk./(z,\T) and Q(z,7) (or more precisely kernel func-
tions Qk/h(z\, 7) and Q4 (2, 7) with h € L'/L) realizing the correpondance between M ST6(V)(O,;.) and
Sk+1/2(To(pN), pr), where py, is the Weil representation associated to the lattice L in Section 4.2.

Definition 4.3.6. Let L, := LPN(Z) and Ly, := L™(Z[1/p]) and let g € L'/L, and h € L,/Ly. Then we
define the functions

Qug(z.7) = > D210 g € Cf[q)] © San(To(pN))

D>0
and
Qkh (z,7) = Z D~ 1/2 CI‘W € C[[q ]]®MSFS(N)(O2I<:)

D>0

2miT

where in both sums D ranges over discriminants satisfying (%) = 1, and q = e“™. More generally, we

define vector-valued functions

Ulz7)i= Y, Quglz e, € CILY/LI[[g]] ® San(To(pN))

gELll/Ll

and

Q(z7) = > Qualz m)en € CL'/L][[q] @ MSTSMN (Oyy,).
heLl/La
Proposition 4.3.7. Q.(z,7) € Siy12(Lo(4pN), pr, ) @S2k (Lo(pN)), i.e. (2, 7) isal'o(pN)- vector-valued
cusp form for the Weil representation associated to Ly with coefficients in Sop(T'o(pN)). More precisely
Qx(z, T) is a vector-valued cusp form of level 4pN and weight k + 1/2 in the variable T, with coefficients in

Sok(Co(pN)).
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Proof. Consider € ,(z, 7) associated to g € L}/L,. Using the usual correspondance

[—b/zN —¢/N

— Naz? + bxy + cy?
a b/2N] e

between g + L, and F9(7Z), we can rewrite this sum as

Qpglz,7) = 2 DF mféfoD’)ngxpN

D>0

k—1/2 Q" €o e0
L T
D>0 Qe]—'g

2 ~1/2
(Naz? + bz + c)’C

A=[a,b,c]eLi+g

The + appears because when we are fixing a class g € L) /L4, the square root of b modulo 4pN is fixed and
(b>—4Nac)k—1

m, we see that

therefore 7 - eg is fixed for all ) € Ly + ¢. If we let p.(\) := £

Qk,g(zaT): Z pz()‘)qQ(/\)a

AeLi+g

where p, () is a spherical homogenous polynomial in A of degree k& — 1. Therefore, €, 4(2, 7) is a cusp form
of weight k — 1 + 3/2 = k + 1/2 and level 4pN = level(L).
Now by the theory of automorphic forms and the Weil representation laid out in Section 4.1, €2, ,(z, 7) can

be seen as a theta function in 7 for the lattice L; since

Qp(z,7) = Z Qpg(z,7)e,, where Q (z,7) = Z pz()\)qQ(A).

geL! /L1 XeLi+g

Thus, Qx(z, 7) is a vector-valued cusp form of level 4p/N and weight k& + 1/2 under the Weil representation
associted to L. ]

Remark: In [35], the lattices L and L' are a bit different, i.e. the quadratic form is Q([a, b, ¢]) = disc(|a, b, ¢])
instead of disc([a, b, ¢])/4pN in our case. When computing the level of the corresponding lattices, this mul-

tiplies the level of the cusp form €2, ,(z, 7) by p (Only the case N = 1 is studied in [35]).

Now we can use the Schneider-Teitelbaum lift defined earlier to obtain a similar result for rigid analytic

cocycles.

Theorem 4.3.8. Qk/(—z?') € Spi1/2(To(4pN), pr,) @ MSTEMN(Oyy), ice. Qk/(;i') isaLo(pN)- vector-valued

cusp form for the Weil representation associated to Ly with coefficients in M STo(N )(Ogz).
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Proof. Let ST be the Schneider-Teitelbaum lift from M STo®N) (Pyy )P~ to M STV (O, and let ES
be the Eichler-Shimura map

ES : Szk(ro(pN)) - MSFO(pN)(P2k—2)

f—

—27?2

1 f(pN ) = J,ﬁf\gh, where p is the

Then ¢ := E'S o ST is a C-linear map and by Proposition 4.3.5, ¢ (Z k.D.g

projection map in (5.1).

gep—

Using the C-linear map ¢ we see that

Qup(z,m) = D) DFRJED qiv

D>0

U IR

D=0\ gep~i(h)

= Y (2E0).

gep~1(h)

Since Q, 4(2,7) € Sky1/2(Io(4pN)) for all g € L /Ly, we conclude that the same is true for Q;;(z\,T) and
similarly as the end of the proof of Proposition 4.3.7, Q. (z, 7) is a vector-valued cusp form of level 4pN and

weight k& + 1/2 in 7 under the Weil repersentation associted to L. ]

—

Remark. As mentioned in the beginning of this chapter and in Chapter 6 of [35], the construction of Q(z, 7)

gives us a correspondance between Si1/2(I'o(4pN), pr,) and M S o (V) (Oa). More precisely if we write
Qk(zv T) = Z fz ® myg,
=1

where {f1, ..., f,} is a basis of Sy1/2(To(4pN), pr,) and m; € MST6W)(Oy,), then such a description of

Q(z, ) gives us a correspondence via

C : Sii1p(To(4pN), pr,) — MSTEN)(Oy)

Z aifi — Z a;m.

=1

44 Thecasek =1

We conclude this chapter by proving similar results as before, but when k£ = 1, i.e. when the weight of the

cusp form is 2. For the rest of the thesis, we also assume N to be square-free.
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Unfortunately, the summation defining fl(fo l])V ) does not converge absolutely, but we can use a well-known trick

due to Hecke to define an auxiliary function fl(f” ™) (2, s) such that

N . N
U0 (z) = lim £ (2, 5)

satisfies properties similar to when £ > 2. More precisely, let

N Q" o
e T
QeFN(zy TN

S

1
Q(z1)

Y

and similarly for fl(f) é\f zl(z, s). We have the following.

Proposition 4.4.1. For every z € H, fl(f) g )(z, s) has an holomorphic continuation to s = 0 If we put

N . N
1(ij )(Z) = £1_I)%f1(?D )(Zv 3)7

(pN)

then fy'"(2) is a cusp form of weight 2 and level N.

Proof. This is Proposition 1 of [26] since /V is square-free, and therefore also cube-free. [

Proposition 4.4.2. Using notation as in Proposition 4.3.5, we have the following identities:

(®N) |} _ V) — _ . (pN)
ST Z KFipg | = J1,D,hv “ffpggl = —2mi - K1,D.h:
gep~i(h) o

Proof. The identity

N N
ST 2 “%qu = Jl(,D),h
gep~i(h)

follows exactly the same way as when k > 2 since /-@g‘f’ g’)g and Jl(fg ,, are defined and converge when £ = 1.

Now for the second identity, in the style of [35] Theorem 5.1 and [27] Theorem 5, we compute
- {7 i o) T M)
Ry o) = | T 1)) = | i 03,0

=t Y Go-co |

s t

t . o 1 1
—lim > (vg-eo) . Q(z,l)‘Q(z,l)

1 ‘ 1
Q(z1) |Q(z,1)

QeFp(z) " QeFl(z)
t
o1 I Y | 1
= lim (7q - o) (J ‘ - J ~ ~ > )
=0 QE%(Z) T Q(z> 1) Q(Za 1) -r Q(Z, 1) Q(Z, 1)
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where Q) = [—A, B, —C] given that Q = [A B, (1.
t

When (r,s) = (0, 0), we see that ST oG 1) ‘Qé )

the other hand, since

S_, o= 1) ‘Q(z 1)‘ and therefore & ff’év,)h{r’ s} =0. On

KD 5 1= f > (g (1,9)) (g - o),

QeFly
we see that this sum is 0 since the bijection [A, B, C| — [—A, B, —C] changes the sign of 7 - (7, s) but not
of 7q - eo.
We now turn to the case where r, s € Q. The case (r,s) = (r,o0) will be a consequence of the other two
cases by the modular symbol properties.
First, let’s suppose g - (r, s) = 0 and let 7, be the positive root of (2, 1), and r, the negative one. Consider
the closed path consisting of the geodesic between r and s and the real line segment [r, s]t If r; and r, are

outside the real line segment [, s|, then by the residue theorem, the integral of ‘ over this closed

(%, 1 ‘Q (2,1
path is 0. Therefore, the integral over the geodesic between r and s is equal to the one over the line segment

[r, s]. Clearly, the limit as ¢ — 0 of the integral converges, and using partial fraction decomposition we obtain

Js 1 1 (1 s=ri|_ fr=m )
— n — 1n .
. Qz,1) VD S —ry T—ry
Similarly for Q, we have
fs 1 1 (1 s —1 1 r—rnr )
~ = n —In ,
- Q1) VDN s=n| e

and so the integral over the geodesic is 0. If r1, ry are both inside the segment [r, s], we sligthly modify [r, s]
by adding two small semicircle of radius p in the lower half-plane around r; and 5, so that the segment now
constitutes of three line segments and two semicircles (we could take the semi-circles in the upper half-plane
instead so that the closed curve doesn’t contain r; nor 9, but this means that the orientation of the semi-
circles are counterclockwise). Call this segment «. By the residue theorem, the integral of ) over the

closed path is equal to

1 1
2mi | Res,—p, ——~ + Res,—,, —— | =0,
( Q(z,1) Q(z, 1)>

and the limit as p — 0 of the integral over « is equal to

j 1+%(R ! LR 1)—1(1
g Q1 T2 QG T )) VD T

As before, this quantity cancels out with the integral over

S—T rT—"T

—1In

)

and thus the contribution to & o) {r,s}is 0.
1,D,h

S —T9 T — Ty

Q( 1)

Now let’s suppose that 7o - (r,s) # 0. Without loss of generality, r; is inside the segment [r, s], and 75 is

outside. As above, consider the path « to be the line segment [r, s| with the modification of having a small
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semicircle in the lower half-plane of radius p around r, and consider the closed path given by the geodesic

between 7 and s with a. Again, we have by the residue theorem that the integral over this closed path is

. 2me
2miRes,—,, =

Q(z1) VD

over « is given by

Exactly as before, we see that the integral of —— 3 ( 5

S—T r—nr

—1In

+ m’)

J 1 N szes 1 1 <1
— z=r1 = n
[r,s] Q(Z, 1) 2 Q(Zv 1) VD

Therefore, we have

S — Ty r—"Te

JS 1 -1 <1 s=ri| o lr=m N >
r Q(Zvl) \/E §—T2 L
Similarly for ~— Q( y> One can compute
| -1 s—1r r—ry ,
— = In —In — 7.
Fen VD=l

=27 and thus

This means that the contribution of @ to & ) {r, s} is
Ih vD

t
s 1 1 t —s 1 1
R o) {r, s} = lim Z (7q - €0) (J ‘ _J 9, ) )
i pn t—0 QeFh(2) r Q(Za 1) Q(Z, 1) - Q(Z7 1) Q(Z, 1)
—2m
= D, (el (r9) /D
QeFp(2)
= —2m - /ii’?g)h.

As in the last section, let’s consider

D42, 7) = Z\F f(pN)Q“"N Q;Z\T = Z‘/i Jth%
D=>0 D=>0
as well as their counterpart §2;(z,7) and 91/(;7') Using the last result and the fact that fl(f’ o )(z, s) has
an holomorphic continuation to s = 0, the proofs of Proposition 4.3.7 and Theorem 4.3.8 can be rewritten

verbatim. This gives us the slightly more general theorem:

Theorem 4.4.3 (Theorem 4.3.8 revisited). For every k > 1, we have Qk/(z,\T) € Skt12(To(4pN), pr,) ®
M ST M (Oy,), ie. Qk/(—zi') is a T'o(pN)- vector-valued cusp form for the Weil representation associated to
Lo with coefficients in M STo(N) (Oap).
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4.5 Proof of Theorem 3.4.1

We now return to the proof of Theorem 3.4.1 with the help of results from the last two chapters.

Recall the two exact sequences
0—-0"/C; — F(E&Z)—FV,Z)—0

and
0 — Oy — My — Divi(H,) — 0,

which, when taking the I'j(V')-cohomology of the modular symbol functor, respectively give

0 — MSEN(O*/Ty) — MS™ON () > MSTN(Z) @ MM (Z) — H'(TH(N), MS(0%/C;)
— H'TY(N), MS(F(E. 7))

and
0 — MSYM(O,) — MSTM(My) — MSTN(Divi(#H,)) — HYITH(N), MS(Oy)).

When taking the dlog of the first exact sequence, using that M ST6(N)(0y) ~ MSTo®N)(C, )P~ and that
HY(TH(N), MS(F(E,7Z))) is 12-torsion, that gives a heuristic relation between H'(T'h(N), M.S(O)) and
(MSToN(C,) @ MSTN(C,))/ im(ps @ ¢;), where as usual we make the abuse of notation to define the
natural functions

Pss Pt - MSFO(pN)(Cp) — M ST (Cp).

Again, Eichler-Shimura gives us a way to relate (M ST0")(C,) @ M STM)(C,))/im(p, @ ¢;) to some space
of modular forms.

Let us now restate the theorem with this new heuristic in mind. We begin with an helpful lemma.

Lemma 4.5.1. Consider the reduction map red : H, — T and let vy and ey be the standard vertex and

standard edge of T respectively. Then the compositions

M ST (Div(red™ (vg))) 22 MSTM(C,) — H. (To(N),C,)

par

and
MST@N) (Div(red " (¢g))) S MSTOV(C,) > HY, (To(pN), C,)

par

are surjective.

74



Proof. Recall that M .ST6(V)(Divf(H,)) ~ 2irenmnrrvy Cp @-{r, s}, where
O{r,sy= > Gs(w)-fwl= > (g (rs)n(Q)
weX - {r,s} Qng(N)QT
Here (), is the quadratic form having 7 as its positive root, and 71 () is the positive root of ). Applying

deg Ay, O these divisor-valued modular symbols and using results of the last chapter shows that the associated

cusp forms are multiple of

() i FV) M, g} 1 1
fo (2 = Ja (= 8) Ja (5:9) QED% Q(z,1) |Q(z1)

Variants of these cusp forms are studied in detail in [20] and [29]. More precisely, if we define

fN,D,Do = Z wDo(Q)Q(z7 1)_1a

N
QeFip ()

where wp, 1s the genus character associated to Dy and with the small abuse of notation that Hecke’s con-
vergence trick was used to make this sum converge, then fy p p, are linear combinations of fgf). The
RM-points in A, are exactly those quadratic points having discriminant D with p { D. Therefore, to prove
surjectivity of deg Aug? it is enough to show that the fy p p, generate the whole space of cusp forms when
varying the discriminants D, Dy with p 4 D Dg. Equivalently, by Corollary 3 of [26], we have to show that
for every cusp form f € Sy(I'y(NN)), we can find D, D, such that

L(f ®wp,1) - L{f ®wp,, 1) # 0.

This is a well-known result (see [34] Chapter 6 Theorem 1.1 for example). The result for degueo is similar. [J]

Theorem 4.5.2. There is an exact sequence

0 — MSTM(O,) — MSTEM (M) 7 MSTE (Divi(H,))
(degyyy, degA/) H! (Fo( ) C )@Hl (Fé](N%Cp) 0

par par

lm((ps @ 9015)

Proof. To ease notation, we will begin to consider the rightmost module as a quotient of M ST™)(C,) ®
M SToMN)(C,) instead of H, (Do(N), C,)®H,, (I (N), C,), keeping in mind that the image of (degyy,  — degA%)
lives in the parabolic part.
[43] constructs a “p-adic residue map” from rigid meromorphic functions to F(&,C,) that commutes with
the following diagram:
My —" 5 Divi(H,)

l l(deng y—deg 4 )

F(E,C,) —— F(V,C,).
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(See also [22] and [38] for more details)
This shows that im(res) < ker((degyy, ,—deg, ,)) in the statement of the theorem. In fact, if we use the
Y0

isomorphism
MSTSM(Divl(H,)) = M ST (Div(red ™ (vy)))®M STo ™) (Div(red ™ (v}))))@®M STo*N) (Div(red ™ (ey))),
where as usual red : {,, — 7T is the reduction map, we will show that
Ri={(Da, Aa, Au,,) +Au, = A1+ Ay with Ay, Ay € M SN (Div(red ™ (ep))),
deg(Aa,, +¢s(A1)) = 0,deg(Aa,, +¢i(A2)) =0}

is equal to im(res) = ker((degyy, ,—deg A%)). This will actually give us a method to lift divisor-valued
modular symbols into rigid meromorphic cocycles. In other words, a divisor-valued modular symbol can be
lifted to a rigid meromorphic cocycle if and only if its divisor on red™" (ey) can be partitioned in two divisors
A1, A, such that the degree of (AAW Ay)is 0 on W,,, and the degree of (AAug)v Ay)is 0 on W -

First, let’s prove that R = ker((degyy, , —deg_)). Let (A4, ;A4 ,,Ar,,) € R. Then,
/UO

(deng()? - degAv6)(AA1f07 AA%)’ AU@Q) = (deg(AAvo + QO-S(AUQO))? - deg(AAvé))

Consider A; in the decomposition Ay, = A; + A,. By definition of R and the fact that deg is I'o(V)-

invariant, one has

degyy, (Aay,; Aa,, Av,,) = deg(Aa,, +¢s(Au,,))
= deg(Aa,, + ¢s(A1)) + deg(ps(A2)) = ps(deg(Az)),
and
_ degAv{) (Aa,,, AAU,D, Ay, ) = — deg(AAv,o)
= ¢i(deg(A2)).

This shows that (deg,y, , —degy, )(Aa,,, A4, ,Av, ) S im(p;@p;) and thus R < ker((deg,y, , —degy, ).
Yo Y0 v Y0

v ?

Conversely, let (A4, ,Aa,, Ay, ) € ker((degyy, ,—deg, ). By definition, this means that there exists
Y0 v v,
f e MSTo®N)(C,) satisfying

ps(f) = deg(Ba,, +¢s(Bu,,))s  ul(f) = —deg(Da, ).

Now choose A, with deg(Ay) = f, which exists by the previous lemma. One can see that the decomposition
Av,, = (Ay,, —A2)+A; satisfies the condition to be in R. So this shows that R = ker((deg,y, , —degy, ).
Y0
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We now show that R < im(res) which will conclude the exactness at M S"6(V)(Divf(#4,,)).

Let again (Ay, ,A4,,Ay,,) € R with decomposition Ay, = A; + Ay, and consider the divisor-valued
'UO -

modular symbols

Aeven = (AA 07 Al)a AOdd = (07 AAv67A2)'

v ?

We now construct explicit rigid meromorphic cocycles satisfying res(Jeven) = Aeven and res(Joad) = Aodd-

Seeing Aeyen, Aoda as elements of M ST6(V)(Div'(H,,)), the condition to be in R implies that
degyy, (Aeven) = 0, for all even vertices v,

and similarly for A,qq. We proceed as in [15] Chapter 4 to construct rigid meromorphic cocycles with
associated divisor-valued modular symbols Ay, and Ayqq. We will give the argument for A, since the one
for A,qq is exactly the same.

Given Agyen € M ST (Divf(#4,)) and v an even vertex, let

v .
A = Aeven|1/\/va

even

i.e. Al,., is the restriction of A, on the affinoid WV,. In the same vein, let

AZn = Al = Az
even ' even Aeven Hy™
veV(TSn)

where the sum ranges over even vertices. The condition to be in R implies that deg(AY,.,) = deg(ASL) =

even cven
If we define

Daslnst®) = Y meaw)—

weAST{r,s} i
where
Aidrys} = D nps(w) - [w],
then the same argument as in Lemma 4.4 in [15] shows that the sequence {Jy<n {7, 5}(2) }n even CONverges to
a rigid meromorphic cocycle Joye, satisfying res(Jeven) = Aeven-

Doing the same with A4 gives us a rigid meromorphic cocycle J,qq satisfying
Tes(l]even + Jodd) = (AAUU ’ AAvE)’ AUEO)

This completes the proof of the exactness at M S"o(Y)(Div'(#,,)).

We are now left with the surjectivity of (degWUO, —deg 4 , ). Clearly, it is enough to prove that
Yo

degy,, : MSTM(Div(red™ (vg))) = Hp,(To(N), C,)

par
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is surjective, since then dengo will also be surjective and —deg 4 , by symmetry. This is exactly Lemma
Yo
4.5.1.
[

Remark 4.5.3. It is known (See [18] for example), that the exact sequence
0 — Sa(Lo(pN))7 " — Sa(Lo(pN)) — S2(L'o (V) @ Sa (I (V)

is actually exact to the right, meaning that the module

Hyo(To(N), Cp) @ H, (TH(N), Cp)
im(ps @ @)

is trivial. The reader might (rightly) think that we reveal this crucial information too late, as it would have
greatly simplified some arguments, namely the surjectivity of (degmO ,—deg Ay ), but it seems like the “struc-
ture” of H,, (To(N),C,)®H,, (TH(N),C,)/im(p,D;) is fundamental to the lifting of divisor-valued mod-
ular symbols to rigid meromorphic cocycles. Its triviality just seems like an added bonus that is not required
anywhere, and the arguments given above might generalize to other kinds of rigid meromorphic cocycles

where this space of obstructions is not 0. Although, it finally turns out that we have an exact sequence
0 — MSTM(O,) — MSTEN(My) — MSTON (Divi(H,)) — 0,

i.e. that every divisor-valued modular symbol can be lifted to a rigid meromorphic cocycle.
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Chapter 5
Computations of rigid meromorphic cocycles

This short chapter will use results seen in previous chapters concerning modular symbols, M -symbols, clas-
sification of rigid meromorphic cocycles and the relevant Shimura lift to explain and give an efficient way
to numerically compute elements of M S"6(")(M,) and their values at RM-point. As seen in Chapter 3,
the main obstacle to computing these objects lies in two spaces of obstructions. More precisely, recall the

following two exact sequences:

0 — MSTSM(Oy) — MSTEM (My) 22 M ST (Divt (H,,))
X9, (HL(To(N),C,p) @ HL(TH(N), C,))/ (s ® 1) — 0

and

0— Hp (TH(N),Cx) — H) (TH(N), M*) — H] (T5(N), M*/CX) —>H§M(F8(N),(Cp).

par par par

In practice, even if (H,, (I'o(N), C,) ® H,, (I5(N), C,))/ im(p, @ ;) is trivial, it will be easier to consider
divisors A that are of degree 0 on the standard affinoid. We also want that the image of the corresponding
theta symbol in H7, (I'f(N), C,) to be 0 so that we don’t have the constant ambiguity. In general, if we have
some operator 7" that annihilates M, (I'o(pN)), then both spaces of obstruction will be annihilated and ¢ will
lift to a genuine rigid meromorphic cocycle. Therefore, the strategy we will adopt is to find some Hecke
operator T that kills M,(T'o(pN)) and then compute 7'(¢), in a similar way to [23]. The lifting obstruction
in H2 (T'H(N), C,) can be studied in its own right (as done in [15] for N = 1) since it can be seen as a point

par

on Jac(Xo(pN))P~" V@ Jac(Xo(pN))P~"" , but we will not do that in this chapter.

References for computations of modular symbols and M-symbols can be found in [10] and [40]. More

specifically, algorithms for computing rigid meromorphic cocyles in different settings can be found in:
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e [16] for the case N =1,
e [11] for N = 2 and the orthogonal group of signature (3,1),

e [23] for the quaternion algebra case.

We will follow a similar strategy as in [11] and [23] in the following chapter.

5.1 Definitions and cases N = 1, 2

Instead of working with the modular symbols ¢, € MST6(N)(Div'(#,)) seen in Chapter 2 and 3, we will
define a slightly modified modular symbol that will depend on a discriminant D instead of an RM -point 7.

Recall from the last chapter the quadratic space point of view that we took. We take the quadratic space
V ={Xe My(Q) : tr()\) = 0} with quadratic form Q(\) = —N - det(\) and consider the lattice

LY(R) := {[_ab _Cb/N] s a,bce R}.

More generally, we could also consider V' = B"=? where B is a quaternion algebra over QQ, which is the

point of view adopted in [23] and [22].

Similarly as the modular symbol J,gg{r, s}(z) considered in the last chapter, we define

Iopdrs}(z) = X x(@(g- (r8)Au(2),

veL (2[1/p])
Q)=

where x is a Dirichlet character and A, (z) = . We also define its multiplicative counterpart

1
az?42bz+c

)= [T Aep@oers
veL(Z[1/p])
Q(v)=D

We will assume from now on that N = ¢ is prime and that xy = Y, is the Legendre symbol if ¢ is odd, or

X = X4 1s the odd Dirichlet character of conductor 4 if ¢ = 2.
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Nothing guarantees us that .J S’X{r, s} e MS I (M/C) because the product might not converge. So the

usual strategy is to choose a divisor A = >’ n;D;, where the D;’s are discriminants and defining

Jaxdrshz) =] [ 5, dr sh2)™,

hoping that this product converges. Specifically, if we define

Apyirsh= ) x(@(e- (n)(n) + (1)),
veL (Z[1/p])
QW=D

where 7, and 7, are the roots of az? + 2bz + ¢, then we want Ax {r,s} = Y.n;Ap,{r,s} to lie in
M S5 (Divi(H,)), i.e. that the divisors Aa,{r, s} ().A are of degree 0 for every affinoid A. It will be

enough that the divisors

Aanlrsy (VM =20 2 nx(@e- (rs)((n) + (7))

i veLll(Z)
Q(v)=D;p*"

are all of degree 0.

By construction, we see that the degree of Ap , {0, 00} [|H5" is the Dp?"-Fourier coefficient of

g(t) = 0(t) Ea(1, x),

where 0(t) = >,
Therefore ¢(t) is a modular form of weight 3/2 and level 4¢ if ¢ is odd, and level 4 if ¢ = 2. Note the strong

1" and F (1, x) is the weight one Eisenstein series attached to the Dirichlet character .

ressemblance with the generating series considered in the last chapter where the coefficients were J é]\g {r,s}.

Computations for the case N = 1 have been carried out in [16] using more refined divisors than Ap , {r, s},
i.e. considering divisors A {r, s} associated to a unique RM -point instead of a binary quadratic form associ-
ated to two RM-points. Since N' = 1, the only space of obstruction that is not trivially 0 is H2, (I't (N), C,).
Therefore, the strategy employed is to restrict to the case where p is a monstruous prime, i.e. where the
modular curve X;(p) modulo the action by the Atkin-Lehner involution at p, w,, has genus 0. In this case,
the operator (1 + w,,) annihilates H2, (I'f(N), C,) and the modular symbol associated to the divisor A.{r, s}
lifts to a rigid meromorphic cocycle.

Computations for the case N = 2 have been carried out in [11]. In this case, divisors Aa , {0, o0} are chosen
so that the corresponding Fourier coefficients cancel out and thus the associated rigid meromorphic period
function converges. Fortunately, as seen in Chapter 3, rigid meromorphic period functions for I'}(2) are

determined by their value at {0, o0}, and therefore their computations boils down to computing J{0, co}.
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5.2 Efficient algorithm

We now give an efficient algorithm that allows us to compute rigid meromorphic period functions and their
values, similar to the one given in Section 3.5 of [16]. Since we are working with modular symbols and M -
symbols, we will also be using techniques seen in [10] and [40]. As before we assume for simplicity’s sake
that N = ¢ where ¢ is a prime, since in this case, representatives of S Ly(Z)/T'¢(q) are easily described. The
algorithm described below could be generalized to non-prime /N assuming that we have a good description

of the corresponding representatives.

First, we recall some important facts about modular symbols. Let

1 1 -
1d, 0 0 : 0 1 ,
11 g—1 1|71 o0

be a set of representatives of SLy(Z)/To(q). As seen in Chapter 3, modular symbols m{r, s} for I'y(q) are
determined by their values
m{0, 00}, m{0, 1}, . m{O } m{o, 0}.

In fact, we need even less information by using the 2 and 3-term relations, but in practice we will only take
out the value m{co, 0}. Therefore, a modular symbol will be described using ¢ values. This is pretty wasteful

unfortunately, but works well for small values of V.

To simplify notation, let’s write J{r, s} := JX  {r, s} for some divisor A. As seen in the previous chapters,

we have the decomposition

J{r,s} = n JM{r s},

neN
where J™{r, s} is the product associated to elements of the lattice L of norm Dp?™. Since the cardinality
of this set grows exponentially in n, we will instead compute J {r, s} from J™~Y{r s} using a reccurence

relation. In this regard, we decompose each J(™ {r, s} in its Mittag-Leffler decomposition, i.e.
p—1
J("){r, s} = nFén){r, s} x FCSO"){r, s},

where F" {r s} is the restricted product on the affinoid a + pOc,. Applying the U,-operator on % {r s}

gives " {r s}, and therefore, for ¢t = 0, ..., ¢ — 1 we have the following recurrence relations

p—1 . .
F1(0, } F™ “}(Zp“> (mod C)

—a
-0 P tp
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and X
1 L
(n+1) g = _ Mg P (o P x
FrAo, t}(z) = l|1| FH0, 75}(192) x F40, t}(pz) (mod C)).

Before describing the algorithm, we give a small remark regarding the computation of a modular symbol
evaluated at some (r, s) € P1(Q) x P1(Q), having computed its values at only (0,1/t) fort =0,...,q — 1.

Recall from Chapter 3 that from any r € P;(Q), we can find a unimodular path going from r to o, i.e. a path
Toi=T —>T] — ... > Ty = 0,

where each matrix (r;,7;11) € SLo(Z). More precisely, we know that each (r;, ;1) is I'g(¢)-equivalent to

(0,1/t) for some t = 0, ..., ¢ — 1. Therefore, if we want to compute J{r, s}, we can do as follows:

1) Find unimodular paths r =r — ... > r, =wand sg = s — ... > s, = 0.

2) Find matrices ;, 0; € I'g(g) such that the (r;, 7;41) = 7:(0,1/t;) and (s;, ;1) = 0;(0, 1/¢;).
3) Compute J{r, o} = [[,7:/{0,1/t;} and similarly for s.

4) Compute J{r, s} = J{r, oo} x J{s,o0} 1.

With this tool in hand, the general algorithm goes as follows:

1) Compute JM{0,1/t} fort = 0, ..., g—1 as well as their repective Mittag-Leffler decomposition JM{0, 1/} =

P o Fél){O, 1/t} (Here I, means F,,). All the F are finite products over some binary quadratic forms
and can be easily computed. Specifically, the quadratic forms appearing in the support of J({0,1/t} are
those of discriminant pA satisfying ¢ - (0, 1/t) # 0.

2) Apply the U,-operator to each Fén){O, 1/t} using the recurrence relation given above to find ) {0,1/t}
and therefore J"+1{0, 1/t}.
3) Compute the approximations J™ {0, 1/t} := [, J™{0,1/t} of J{0,1/t} to some p-adic precision M.

4) Using the approximations above, compute J* {~, 00, o0} for some RM-point 7 with automorph ;.

In the spirit of [16], we will compute two cocycles J*°" and .J°% which are defined naturally by

e} oo}
Jeven .— 1_[ J(n)’ Jodd - H J(n)
n=1 n=1
n even n odd

Generally speaking, the quotient J<*"/J°% seems to give algebraic values of lower height, which makes
them easier to recognize. As mentioned in the aforementioned article, this operation can also kill the space

of obstructions in some cases.
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5.3 Numerical Experiments

We give numerous numerical experiments of values of the rigid meromorphic cocycle JR5/°{r, s}(2)
for varying N and varying divisors A. As mentioned before, in the case that the space of obstructions
HZ . (TH(N), C,) is non-trivial, instead of studying the obstruction in itself, we will act on JR''/ *4{r, s}(2)
by various Hecke operators in Ann(S,(pN)P~""), obtaining an actual algebraic value, which should live
(conjecturally) in the compositum of the ring class field associated with A and the RM-point we are evaluat-

ing the cocycle at. More precisely, let

0. = {[a Z] e My(Do(N)[1/p] : ar +b=cr? + dT} ,

C

where M5(To(N))[1/p] is the set of matrices with Z[1/p]-coefficients with lower-left entry divisible by N.
This is a Z[1/p]-order in Q(7). If we let Pic™ (O, ) to be the narrow Picard group of the order O,, then class

field theory identifies Pic* (O, ) with an abelian extension H/Q(7), i.e. there exists an isomorphism
rec : Pic™(O,) — Gal(H/Q(1)).

We expect that the values of Ja ,{r, s}(z) at 7 to live in the compositum of the ring class field O attached to
Aand 7.

We will also restrict our attention to the case where Ax ,{r, s} n A is of degree 0 for convenience’s sake.
The reader is encouraged to experiment with more values using the code in the appendix.

As is pretty common with values of these cocycles, their algebraic height tend to be pretty large, making them
difficult to recognize in practice, especially when the level is large and the aforementioned Hecke operator is

complicated. We will therefore concentrate our efforts to cocycles with relatively small level.

5.3.1 Level N =2

We now give various examples of computations for rigid meromorphic cocycles of level 2. We will consider
only cases when the space of obstruction is non-trivial, i.e. when p > 7. Since N = 2, it will be assume
throughout this section that the implied character y is the one of conductor 4 and will write Ap to mean

AD,X4'

Example 5.3.1. Let p = 7 and take A{r, s} = As{r, s} —3 - Az{r, s} which can be seen to be of degree 0 on
Hym.

2

— 2
First consider 7 = ¥5=1. Its stabilizer in ['}(2) is generated by [ ) 1]. We computed J{/°4|7] to a
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7-adic precision of 73% and found that

J3M[7] satisfies the polynomial 40962°® — 31362° + 1925612 — 313622 + 4096,

"1 satisfies the polynomial 17715612% + 9754137335122z + 1771561,
-

The second polynomial is in a sense “trivial”, as its roots lie in Q(\/g), but the first one generates the abelian
extension Q(+/3,+/5,4/—1), which indeed lies in the compositum of the ring class fields of Q(+/5) and

QV3).

Now consider 7 = ¥13=3

33 —10 ) ..
33 which has automorph equal to o 3l Up to 7-adic precision of 73°°, one

obtains that J3%[7] satisfies the polynomial

1000000000000 — 13606208000000 + 189867125877184x°
— 1627066613184320x° + 14343573742887121x* — 16270666131843202°
+ 189867125877184x2 — 13606208000000 + 1000000000000.

This polynomial generates the extension Q(+/3, /13, 4/—1) which has Galois group Z; x Zy over Q(/13).

As expected, it is also a subfield of the compositum of the corresponding ring class fields.

SR

Finally, if we consider 7 = V3 + 1, we do recognize the value Jeven[ ]

which satisfies the polynomial

4663645404756252* — 126397838458791245423002° + 10923900061432497788293008444062>
— 12639783845879124542300x + 466364540475625.

Its roots lie in Q(v/3, v/—1), again a subfield of the associated ring class fields.
Example 5.3.2.

Now let p = 11 and take A{r, s} = Ag{r,s} — Ay{r, s}. First, consider 7 = @’3. Unsurprisingly, the

values J&/ °4[7] are not recognized to be algebraic since the space of obstruction S5(I'9(22)) has dimension
(ydd[ ]

2, but one can compute that :]] [T] satisfies the polynomial

7667408913480382710006252* — 2504465814271621426259069492803900
+ 260858826700350378214032462964919744761070462>
— 2504465814271621426259069492803900x + 766740891348038271000625.

The narrow class groups (of level 1) of Q(+/2) and Q(+/13) are trivial, but the roots of this polynomial lie in
Q(v/13,+4/—1), which is different than the compositum of the narrow class fields, highlighting the presence

of the level in the construction of the cocycle.
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V171
4

and indeed we obtain the algebraic values. The cocycle

. The Hecke operator 73 + 1 can be seen to annihilate the space S (I'0(22)),

J Zid [7]
JX 7]

Similarly, consider 7 =

satisfies the polynomial

4032252 — 679152997802 + 79437451245102942% — 679152997802 + 403225,
and (T3(J) - J)[7] satisfies
185640625x° — 2338050002 — 15705236529002° — 1017298871160x° + 35192486144843262*
— 10172988711602% — 15705236529002% — 233805000z + 185640625.

The first polynomial generates Q(+/17,4/—1) which is again different than the compositum of the narrow
class fields for Q(+/17) and Q(v/2). The second polynomial generates the compositum of the relevant ring

class fields, which is Q(v/2, v/17,4/—1).
If one takes 7 = v/2—1 and applies the Hecke operator 77; —1, 75+ 1, 75 —1 and 77+ 2, which all annihilates

the space of obstructions, we obtain that the values satisfy, respectively, the following polynomials
60025z + 123796138202° + 1773044082667286x> + 123796138202 + 60025
1651975380252 — 23480360165602° + 1906668289685942% — 2348036016560x + 165197538025
148705830252 4 9879066873602 + 17217426356834x2 + 9879066873602 + 14870583025
430992252 + 896545023402° + 57395981365206x2 + 89654502340z + 43099225.

As expected, all these polynomials generate the abelian extension Q(v/2, /—1).

Finally, if we take 7; Lt/7

2
Jndd [7_1] Jodd [T

= ,To = %577 and 73 = 2 + /6, which all have narrow class number equal to 2,
2] . . .
then JZA““ o and JCAAVC"[TQ] respectively satisfy the polynomials

46846392610691785130256252* — 1931403684864759280957668515161002°
+ 20154482130669773207384477243546972635742°
— 193140368486475928095766851516100x + 4684639261069178513025625,

2251875390625x* + 1845476004449835815969975002% + 53180358853159937542039015252391604489662
+ 1845476004449835815969975002 + 2251875390625,

and (T3(JY) - J)[73] satisfies
156759043978187088492° — 389574551310030891459227 + 4625906157007986643780782°

— 374150227894305943833159682° + 1446261444920221753322431507z* — 374150227894305943833159682°
+ 462590615700798664378078x% — 3895745513100308914592x + 15675904397818708849.

These polynomials respectively generate Q(v/7,v/—1), Q(+/57,+/—1) and Q(v/2, /3, 4/—1), which all are

subfields of the associated ring class fields.
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5.3.2 Level N =3

Similarly to last section, we give two examples of computations of Hecke translates of values of JZVB)?; odd at

RM-points, where 3 is the Dirichlet character of conductor 3.
Example 5.3.3. Let p = 2. In this case, the space of obstructions is trivial, so we expect to obtain actual
algebraic values without the need to act by Hecke operators.

Consider A = Ay — A7 which is of degree 0. If 1y = ‘ﬁ 3 then we get that Jeven[[;]] satisfies the polynomial

335544610360680730085659862739201z* — 304219445696330469076652656567838762°
+9291513696084831330404067718480829502% — 304219445696330469076652656567838762
+ 335544610360680730085659862739201.

This polynomial generates Q(+/13,+/—3), which underlines the role of the level N = 3 in evaluating the
cocycle, as it is indeed a subfield of the corresponding ring class fields, without being a subfield of the

compositum of the narrow class fields.

When 7 = @ or v/2 — 1, the values of J{*"/° are trivial.

Example 5.3.4. Let p = 5 and A = Ag — 3A,, again of degree 0 on HS". Applying the Hecke operators

Ts — 1, To + 1 and T% (all annihilating S5(T(15))) to the cocycle J3! and evaluating it at the RM-point
\ﬁ

T = , one obtains respectively the polynomials

177463274174541677451466960824 12" + 4522854608351156944033111159642°
+ 35788485347021064456165083115902% + 452285460835115694403311115964x
+ 1774632741745416774514669608241

211188959809z 4 3301373404762° 4 4096539594302 4 3301373404762 + 211188959809

101950855992242053012678943600678541980225292* — 13782713964144202666698338089687448137117444°
+ 182626676556219292549907902315410918423498302 — 13782713964144202666698338089687448137117444x
+ 10195085599224205301267894360067854198022529.

The first polynomial generates Q(1/—3, v/13), whereas the last two polynomials generate Q(1/—3, v/26).

Remark 5.3.5. We should notice that in all the above examples, the polynomials are reciprocal and that their
leading coefficient is highly factorizable by small primes. The fact that these polynomials are symmetric is

explained for N = 1 in Chapter 4 of [16]: the RM-values of rigid meromorphic cocycles are conjectured to
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satisfy some kind Shimura reciprocity law which restricts their behaviour under complex conjugation. This
leads to the fact that these values should have norm 1, and thus their minimal polynomial is reciprocal. A
similar kind of Shimura reciprocity law should also hold for any level IV, but the statement is a bit trickier to
write down as the values depend on a Hecke operator annihilating the space of obstructions, and the cocycles
constructed use divisors related to more than a single RM-point.

Similarly, the high divisibility of the leading coefficients comes from a conjectural Gross-Zagier style fac-
torization, akin to the differences of singular moduli in the classical case. Particularly, for N = 1, if 7y, 7
are two RM-points, we can consider .J, 2] which takes the place of the differences of singular moduli in
the p-adic case. A similar kind of factorization is to be expected of J, [2] as for the classical case (See [16]
Section 4.4 for more details). Again, for general levels, we encounter the same roadblocks if we try to write
down some precise conjecture: the values constructed in the last examples use more general divisors than a

single RM-point 7 and their factorization depend heavily on a choice of Hecke operator.

5.4 Future Research

A natural way to generalize results of this thesis would be to give a complete characterization of rigid ana-
lytic / meromorphic cocycles for arbitrary orthogonal groups (As defined in [11]) or for other kinds of field
than real quadratic ones (As partly done in [22]). Results in that direction could give us a systematic way
of computing and obtaining values lying in certain ring class fields, giving us a wider window into Hilbert’s
12th problem.

Regarding computations related to explicit class field theory, we have been incredibly specific regarding
those in this thesis, only computing values of J{ {r,s}(z) for A of degree 0 and when N = ¢ is a prime.
Naturally, one would want to get results for more general divisors as well as more general levels, possibly
leading to interesting conjectures associated to p-adic singular moduli and Gross-Zagier style factorization a
la [16] Chapter 4. Specifically, it would be natural (but probably tricky) to construct a cocycle I8 of level
N associated to an RM-point 7, using the triviality of the module (H,,(I'o(N), C,))®?/im(ps @ ¢;), instead
of taking divisors A of degree 0. One could also study the effect of the Hecke operator used to annihilate the
space of obstructions on the leading coefficient of the polynomial / the algebraic value, which could also lead
to some new interesting conjectures. We should add that a common problem that appears in a lot of different
contexts is that the heights of the algebraic values are usually really high, which leads to the unrecognizability
of many results. General techniques that seem to lower this height would definitely be of use.

A more thorough study of the Eisenstein cocycles of Section 3.5.3 in the multiplicative case and understand-
ing the “trivializing lattice” of combinations of them, as is done for Dedekind-Rademacher cocycle for 17,

would also be a natural way to study these objects.
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Finally, the theory of rational period functions and transfer operators seems to have deep ties with rigid mero-
morphic functions as explained in Section 3.3 and more precisely in the comments after Proposition 3.3.3.
We have unfortunately barely touched on the apparent links between them, and so a deeper study between

these different perspectives could give us a more concrete way to manipulate these objects.
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Appendix A

Code

#!/usr/bin/env python
# coding: utf-8

# In[1]:

Prec = 600 #p—adic precision

p = 2 #prime number

Level=3

Z = Integers(p~(Prec))

R.<varl> = Z[]

Zi.<i> = Z.extension ((varl)"2 +1)

Kp.<s> = Qq(p”“2, prec=Prec, print_mode=’terse ')
Rp.<y> = PowerSeriesRing (Z, default_prec=Prec)
Rpi.<varcomp> = PowerSeriesRing(Zi,default_prec=Prec)
Padic.<t> = PolynomialRing (Kp)

Padic2.<t2>= PowerSeriesRing (Kp, default_prec=Prec)

T = Qp(p, prec = Prec, type = ’capped-rel’ , print_mode = ’series ’)
S.<u> = PolynomialRing (T)

R.<varreal > = RealField (1000)[]

R1 = RealField (1000)

Comp.<varcomp> = ComplexField (1000)[]

#returns the square root of x mod p~“Prec if it exists
def Sqrt(y):

r = sqrt(Mod(y,p))

r = Mod(1lift(r), p~Prec)
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for j in range(Prec):
r = Z(r)/Z2(2) + Z(y)/Z(2x*r)

return r

#Switches the columns of a 2x2 matrix
def SwitchMat(A):

a = A[0][0]
b = A[0][1]
¢ = A[1][0]
d = A[1][1]

return Matrix ([[b,a],[d,c]])

#returns the inverse of a complex number with mod p”“Prec—coefficients

def InverseCompl(tau):

real = tau[0]
imag = tau[l]
res = (real — iximag)/(real”2 + imag~2)

return res

#returns the inverse of a power series in the same Tate algebra
def Inverse (G):

a = Rp(G(y = 0))

b = Rp((G - a) = a”"(-1))

res = Rp(0)

for j in range (Prec):

res += (-b)"j
res %= a"(-1)

return res

#returns the cocycle J"'n

def CocyclePower(J, n):
Jfin = []

for j in range(p+1):

Jfin += [Rp(1)]

for j in range(p+1):

Jfin[j] = J[j1"n

return Jfin
#multiply two lists of same length term by term

def MultiplyList(F,G):
H = []
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for j in range(len(F)):
H.append (F[j1+G[j])
return H

def InverseList(F):
return [F[1],F[0]]

#concatenate a list with itself n times
def Concat(F,n):

G=[]
for j in range(n):
G+=F
return G
#gives the ’’linear combination’’ of two lists , where the first entry is the
#’’ positive part’’ and the second entry is the ’’negative one’’
def LinComb(F,n,G,m,Level):
fin = []
for q in range (0, Level):
nl = n
ml = m

if (F[ql[2]*nl + G[q][2]+ml == 0):
print (’ Linear combination gives 07)

else:

print (’Linear combination does not give 07)

if (n<0):
F[q] = InverseList(F)[q]
nl = -nl

if (m<0):
G[gq] = InverseList(G[q])
ml = -ml

fin += [[Concat(F[q][0],nl)+Concat(G[q][0],ml), Concat(F[q][l],nl)+Concat(G[q][1].,ml)]]
return fin

#divide two lists of same length term by term
def DivideList(F,G):
H= []
Ginv = []
for j in range(p+1):
Ginv += [Rp(1)]
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for j in range(p+1):
Ginv[j] = Inverse(G[j])
for j in range(len(F)):
H.append (F[j]«Ginv[]])
return H

#divide a cocycle with p+l entries by a common constant
def DivideByConstant(J,tau):
H=[]
for j in range(p+1):
H.append(J[j]/tau)

return H

#Normalises the cocycle so that the constant term is 1.
def NormaliseCocycle(J):
for j in range(p+1):
JIj1 /= JIj110]
return J

#returns the inverse of the cocycle J
def InverseCocycle(J):
Jinv = []
for j in range(p+1):
Jinv += [Rp(1)]
for j in range(p+1):
Jinv[j] = Inverse(J[]j])

return Jinv

#returns the root mod p of a degree 2 polynomial f
def Rootmodp (f):
root = p
for j in range(p):
if mod(f[0]*j"2 + f[1]xj + f[2],p) ==
root = j

return root

#gives a list of all quadratic forms (in matrix form) of discriminant D intersecting (0, 1/t) for
#this list is split into two depending if the intersection is positive or negative
def LLnew(D,N):

resglob = []
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sD = floor(sqrt(D))
for q in range (0,N):
resp = []
resm = |[]
for b in range (-sD-500, sD+500):
ac =D - b"2
divs = [-x for x in divisors(ac)]+ divisors(ac)
for a in divs:
c = —ac/a
if ((a % p == 0) and (b%p ==0) and (c%p ==0)):
mm =[]
else:
rl = (-b + sqrt(D))/(a)
r2 = (-b - sqrt(D))/(a)
if (q==0):
if ((r1>0) and (r2<0)):
mm = [-b, —-c, a, b]
mmi = [b,c,—a, —b]
else:
mm = []
else:
if (((r2 < 0) or (r2 > 1/q)) and (0O<rl <(1/q))):

mm = [-b, —c, a, b]

mmi = [b,c,—-a, -b]
else:
mm = []
if ((kronecker(a,N) == 1) and (mm != [])):

resp += [mm]
if ((kronecker(a,N)==-1) and (mm != [])):
resm += [mmi]
resglob += [[resp, resm, len(resp) — len(resm)]]

return resglob

#returns a list of matrices in S12(Z) that sends the fraction a/c to 0
def Bezout_Factonew(a,c):

ListeFract = [(a,c)]

Liste_Mat = []

while(a!= 0 and ¢ != 0):
d,u,v = xgcd(a,c)
a = -v
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cC = 1u

ListeFract.append((a,c))

if (¢ == 0):
if (a == 1):
ListeFract.append ((0,1))
if (a == -1):

ListeFract.append((0,-1))
for j in range(len(ListeFract)—-1):
Matrice = Matrix ([[ ListeFract[j][0], ListeFract[j+1][0]],[ListeFract[j][1],ListeFract[j+1]

Liste_Mat.append (Matrice)

return Liste_Mat

#returns the rigid period function of level 0 associated to the discriminant D
def LevelO(DO):
Num = 1
Den = 1
for f in DO[O]:
a = ZZ(f[0])
b =ZZ(f[1])
c = ZZ(f[2])
d =Z7ZZ(f[3])
Num #= c=*(varreal)"2 + (d-a)=x(varreal) — b
for f in DO[1]:
ZZ(f[0])
ZZ(f[1])
c 7Z7.(f[2])
d ZZ.(f[3])

Den #= c=x(varreal )2+ (d-a)=(varreal) — b

a
b

return [Num, Den]

#returns |Level| vectors of p+1 power series corresponding to the rigid meromorphic cocycle of di
#they correspond to m{0,1/t} for t between O and Level-1.
def Levell (Div,Level):
vecfin = []
for q in range (0,Level):
D = Div[q]
vec = []

for j in range(p+1):
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vec += [Rp(1)]
for f in D[O]:

G = Fct(f)

vec[G[1]] == GI[O0]
for f in D[1]:

G = Fct(f)

vec[G[1]] #*= Inverse (G[O0])
for j in range(p+1):

vec[j] /= vec[j][0]

vecfin += [vec]

return vecfin

#returns the rational function attached to a binary quadratic form with variable in the correspon:
def Fct(F):

a = ZZ(F[0])

b = ZZ(F[1])

¢ = ZZ(F[2])

d = ZZ(F[3])

j = Rootmodp ([c,d-a,-b])

if(j ==p):

res = Rp(Rp(c)*y"2 + Rp(d-a)xy — Rp(b))

else:

res = Rp((Rp(c)*(Rp(j) + 1/y)"2 + Rp(d-a)=(Rp(j) + 1/y) - Rp(b) )*y"2)

return [res,]]

#returns the affinoid corresponding to Axj where a is a 2x2 matrix and j in an affinoid.
def NewAffinoid(A,j):

stop = 0

a = A[0][0]
b = A[0][1]
¢ = A[1][0]
d = A[1][1]
if(j ==p)

else:
Num= Mod(a%j+b, p)
Den = Mod(c*j+d, p)

if (Num == Mod(0,p) and Den == Mod(0,p)):
stop =1
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ji=l

if (stop != 1):
if (Den == Mod(0,p)):
i =0p
else:
jj = lift (Num/Den)

return jj

#applies the matrix A"(-1) to a power series in a given affinoid and changes variables depending
def Apply(A,H):

stop = 0
a = A[0][0]
b = A[O0][1]
c = A[1][0]
d = A[I][1]
G = H[O0]
j = HI[1]
if(j == p):
Num = Mod(a,p)
Den = Mod(c,p)
else:
Num = Mod(a*j+b, p)
Den = Mod(c*j+d, p)
if (Num == Mod(0,p) and Den == Mod(0,p)):
stop =1
a = Rp(a)
b = Rp(b)
¢ = Rp(c)
d = Rp(d)
if (stop == 1):
F = Rp(1)
jj =0
if (stop != 1):
if (Den == Mod(0,p)):
i =0
else:

jj = lift (Num/Den)

if(j == p and jj == p):
substx = Rp((d+*y-b)/Rp(a) * sum(Rp((c/a)"k)xy“k for k in range(0,Prec+1)))
F = G(y = substx)

elif(j !'= p and jj == p):
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r = Rp((cxj + d)/(axj + b))
substx = Rp(—-(a—-cxy)*Rp((axj+b)"(—=1)) * sum(r kxy"k for k in range(0,Prec+1)))
F = G(y = substx)

elif(j == p and jj != p):
r = Rp((—c#jj +a)lc)
substx = Rp(—(d + (d=jj-b)*y)/Rp(c) % sum(r"kxy"k for k in range(0,Prec+1)))
F = G(y = substx)

elif(j != p and jj != p):
r = Rp(=(jj - (axj+b)/(cxj+d)))
substx = (—c+ (a-c#*jj)*y)*Rp((c*j+d)"(-1)) = sum(r"k=+y"k for k in range(0,Prec+1))
F = G(y = substx)
return [F,jj]

#Gives the vector [F_(Axa){0, infty }(A"(=1)%z)] in their respective variable t_(A=xa)
def RMCApply(A,F):
vec =[]
for j in range(p+1):
vec += [Rp(1)]
for j in range(p+1):
G = Apply (A, [F[j1.jD
jj = Gl[1]
vec[jjl *= G[O]

return vec

# Gives the value of J(a/b,\infty)
def TranslateRMCnew (Frac, F, Finv,h6 Level):
vec =[]
for j in range(p+1):
vec += [Rp(1)]
Matrix = Bezout_Factonew (Frac[0],Frac[1])
for Mat in Matrix:

a = Mat[0][0]
b = Mat[O][1]
¢ = Mat[1][0]
d = Mat[1][1]
if (Mod(c,Level )==0):
q=20
vec = MultiplyList (RMCApply(Mat, Finv), vec)
else:
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q = lift (Mod(c.inverse_mod(Level) % d,Level))

if (g==0):

Mat = SwitchMat (Mat)

vec = MultiplyList (RMCApply(Mat, F[q]), vec)
else:

MatApp = [[a,b-(q*a)],[c,d —(qxc)]]
MatApp = SwitchMat(MatApp)
vec = MultiplyList (RMCApply (MatApp, F[q]), vec)

vec = MultiplyList(vec, F[0])

return vec

#returns the Level k+1 constribution of the RMC given Level k
def NextGen(J,Level):
fin = []
Jinv =[]
for j in range(p+1):
Jinv += [Rp(1)]
for j in range(p+1):
Jinv[j] = Inverse(J[O][j])
for q in range(Level):
if (q==0):
fin += [NextO(J,Jinv,6 Level)]
else:
fin += [Nextnew (J,Jinv ,Level,q)]

return fin

#returns the Level k+1 of J"k(0,infty)
def NextO(J,Jinv ,h6 Level):
vec =[]
for j in range(p+1):
vec += [Rp(1)]
for a in range(p):
Fa = TranslateRMCnew([—-a,-p], J, Jinv,Level)
Fa = RMCApply ([[p,-a].[0,1]], Fa)
vec = MultiplyList(Fa, vec)

vec = MultiplyList(vec, RMCApply (([[1,0],[0,p]1]), J[O1))
for j in range(p+1):
vec[j] /= vec[j]1[0]

return vec
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#returns the Level k+1 of J"k(0,1/q)
def Nextnew(J,Jinv ,Level,q):
vec = []
for j in range(p+1):
vec += [Rp(1)]
for a in range(p):

¢ = ((l+axq)/(q*p)).numerator ()

d = ((1+axq)/(g*p)).denominator ()

FaL = TranslateRMCnew([-a,—-p], J, Jinv,h6Level)
TranslateRMCnew ([c,d], J, Jinv,Level)
Fa = MultiplyList(FaL, InverseCocycle (FaR))
Fa = RMCApply ([[p,—a],[0,1]], Fa)
vec = MultiplyList(Fa, vec)

gs]
)
=
Il

c
d (p/q).denominator ()

FinfL = TranslateRMCnew ([0,1], J, Jinv,h Level)
FinfR = TranslateRMCnew ([c,d], J, Jinv,h Level)
Finf = MultiplyList(FinfL , InverseCocycle (FinfR))
Finf = RMCApply ([[1,0],[0,p]], Finf)

vec = MultiplyList(vec, Finf)

(p/q).numerator ()

for j in range(p+1):
vec[j] /= vec[j][0]

return vec

#multiplies all the Level k contribution of the RMC up to the Prec
#the list if split in two: the even contribution and the odd one
def LevelMnew (D, Level):
J=Levell (D, Level)
Sodd =1J
Seven = []
S = [
for j in range(p+1):
S += [Rp(1)]
for j in range(Level):
Seven += [S]
i=20
for j in range(Prec):
J = NextGen(J,Level)
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for q in range(Level):
if (Mod(i,2)==0):
Seven[q] = MultiplyList(J[q],Seven[q])
else:
Sodd[q] = MultiplyList(J[q],Sodd[q])
i = i+l

i)

print(”Level 7, j, ” done”)
return [Seven, Sodd]

#returns G(Axz) where G is of level O.
def Apply0(A,G):
return G((A[O][O]x(varreal) + A[O]J[1])/(A[1][0O]=«(varreal) + A[1][1]))

#same as TranslateRMC but for Level 0
def TranslateRMCO (Frac, J):
JFin =1
Matrix = Bezout_Facto (Frac[0],Frac[1])
for Mat in Matrix:
JFin /= ApplyO(InverseMat(Mat),J)
JFin == ]

return JFin

#same as MSEval but for Level 0

def EvalLevelO(J , A):
J =TJ[0]/J[1]
tau = FixedPointnew (A)
f = R(algdepQp2(tau ,2)[0]).roots ()[O][O0]
Rig = TranslateRMCO ([A[O][O] ,A[L][O]], J)
return (Rig)(f)

#same as Eval but for Qp2
def Evalnew (J, tau):

res = Kp(1l)
for j in range(p+1):
if(j <p):
comp = 1/(tau-Kp(j))
if (j==p):
comp = tau

Fval = Padic2(J[j])(t2 = comp)

res %= Fval
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return res

#returns the value J[tau] where J is a RMC and tau is the p-adic fixed point of the matrix A
def MSEval(J , A, Level):
tau = FixedPointnew (A)
print(tau)
Jinv =[]
for j in range(p+1):
Jinv += [Rp(1)]
for j in range(p+1):
Jinv[j] = Inverse(J[O][j])
print (A[OJ[O] ,A[1][0])
Rig = TranslateRMCnew ([ZZ(A[O0][0]) ,ZZ(A[1][0])], J, Jinv,KLevel)

res = Evalnew (Rig, tau)

return res

#returns the value J[tau] where J is a RMC and tau has A as its automorph
def MSEvalp2(J , A, Level, tau):
Jinv =[]
for j in range(p+1):
Jinv += [Rp(1)]
for j in range(p+1):
Jinv[j] = Inverse(J[O][j])
print (A[O][O] ,A[1][0])
Rig = TranslateRMCnew ([ZZ(A[O0][0]) ,ZZ(A[1][0])], J, Jinv,6Level)

res = Evalnew (Rig, tau)

return res

#Mobius transformation applied to tau
def Mobius (A, tau):
res = (A[0][O]«tau + A[O]J[1])/(A[1][O]*tau + A[1][1])

return res

#returns the inverse of a matrix in SI2(Z)
def InverseMat(A):

a = A[0][O0]
b = A[0][1]
c = A[1][0]
d = A[L][1]
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return [[d, -b],[-c,a]]

#returns the p—adic fixed point of A in Qp2
def FixedPointnew (A):

a = A[0][0]

b = A[0][1]

c = A[1][0]

d = A[1][1]

ad = a-d

if ( (ad % p == 0) and (b % p == 0) and (c%p == 0)
ad = ad/p
b = b/p
c =clp

Delta = (ad)"2 +4xbxc

if (Mod(Delta,p).is_square ()):
print ("Root not in Hp”)

I = (t"2+1).roo0ts ()[0][0]

delta = Kp(Sqrt(—-Delta))=1I

res = (Kp(ad) + delta)/Kp(2xc)

return res

#evaluated a polynomial f at tau

def

Evaluate (f, tau):
res = 0
print(f.coefficients ())
for j in f.coefficients ():
res += ZZ(j[0])=tau"(ZZ(j[1]))

return res

#evaluated a polynomial f at tau

def

def

Evaluatenew (f, tau):

res = 0

1 =0

for j in f.coefficients ():
res += ZZ(j)=xtau"1
1+=1

return res
coeffs(a):

coeffs = [0,0]
p = a.parent (). prime ()
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for i in range(a.precision_absolute ()):
if a.expansion()[i] == []:
pass

else:

coeffs[0] += a.expansion ()[i1][0]*(p=*=x(i+a.ordp()))
if len(a.expansion()[i])==1:

pass
else:

coeffs[1] += a.expansion ()[i][1]*(p=*=*(i+a.ordp()))

return coeffs

#returns the height of a polynomial f
def PolyHeight(f):
h =20
for coeff in f.coefficients ():
if abs(coeff)> h:
h = abs(coeff)

return h

#divides every coefficient of f by the common gcd.
def ReducePoly(f):
vec = []
for j in f.coefficients ():
vec.append(j[0])
g = gcd(vec)
if (g !'= 0):
return f/gecd(vec)
else:

return f

#finds a polynomial relation in Qp2 satisfied by x
def algdepQp2(a,deg):

77 = Integers ()
QQ = Rationals ()
RR = RealField (500)

PolZ.<x> = PolynomialRing (ZZ)

M = matrix (QQ, deg+3)
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p a.parent (). prime ()
m = a.precision_absolute ()
N = p#x(floor (5*xm/7))

for j in range(0,deg+1):

M(j.jl =1

M[j,deg+1] = coeffs(a”j)[O0]

M[j ,deg+2] = coeffs(a”j)[1]
M[deg+1,deg+1] = N
M[deg+2,deg+2] = N

Y = M.LLL()
X Y[1,deg+2]*Y[2]-Y[2,deg+2]=Y[1]
P1 X[deg+1]-X[0]
for j in range(1,deg+1):
Pl —= floor (X[j])#x*x]
return (ReducePoly(Pl), list(Pl.factor()))

#same as algdepQp2 but with a slightly different algorithm. It is sometimes a bit more precise.

def algdepQp2new(a,deg):

Z7 = Integers ()

QQ Rationals ()

RR RealField (500)

PolZ.<x> = PolynomialRing (ZZ)

p = a.parent (). prime ()
m = a.precision_absolute ()
N = p#x(floor (5*xm/7))

M = matrix (QQ, deg+3)
for j in range(0,deg+1):

M(j.jl =1
M[j ,deg+1] = coeffs((a)"(j))[0]
M[j ,deg+2] = coeffs((a)"(j))[1]
M[deg+1,deg+1] = N
M[deg+2,deg+2] = N

Y = M.LLL()
Pl = floor(Y[1][deg+1] — Y[1][O0])

for j in range(2,deg+2):
Pl = P1 — floor(Y[1][j-1D*x"(j—-1)
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Facl
P1

return (P1,Facl)

#finds a polynomial

def algdepeps (D, tau,

relation

deg,

list (P1.factor ())
Facl[len(Facl)—-1][0]

depth=120):

K.<var2> = QuadraticField (D)

UK = UnitGroup (K)

feps = (UK. fundamental_units ()[0])

Padic (feps.minpoly ()). roots ()[0][O0]

eps =

zeta =

m = tau.precision_absolute ()
PolZ.<x> = PolynomialRing (ZZ)
CurrDeg = deg

CurrP = 107200 * x"deg
CurrHt = 107200

Currk = —depth

Currl = 0

for k in range(—depth,

for 1
a =
Pl =

if Evaluatenew (P1,

depth):

in range(0,p~2):
tau % zeta"l * eps’k

algdepQp2new (a,deg)[0]

Padic(cyclotomic_polynomial(p"2—-1)).roots ()[0][O0]

a).valuation(p) > floor(5*xm/7):

in Qp2 satisfied by tau = (eps_tau)’n

if ((Pl.degree() < CurrDeg) or (PolyHeight(Pl) < CurrHt)):

CurrDeg = Pl.degree ()
CurrP = P1

CurrHt = PolyHeight(P1)
Currk = k

Currl =1

a =

return (CurrDeg,

#evaluates
def EvalLevelOandl (D1,

JO = LevelO(D1,nl)
Jp = LevelM(Dl1,nl)
A,tau = Stabilizer
SO0 =

nl,

(D2,

tau * zeta” Currl = eps”Currk
CurrHt , Currl ,

Currk ,a, CurrP)

the cocycle J (level O and 1+) at some tau

D2, n2):

n2)

EvalLevelO (JO,D2,n2)
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resO = Padic(algdep(S0,2)).roots ()[0][0]
MSEval2(Jp, A)
print(resO ,resp)

resp

return resO=xresp

#returns T_1(J) where T_1 is the Hecke operator associated to 1
def HeckeGen(J,Level,1):
fin = []
Jinv =[]
for j in range(p+1):
Jinv += [Rp(1)]
for j in range(p+1):
Jinv[j] = Inverse(J[O][j])
for q in range(Level):
if (q==0):
fin += [HeckeO(J,Jinv ,h6 Level,1)]
else:
fin += [HeckeN(J,Jinv ,Level,q,1)]

return fin

#Applies T_1 to J(O, infty)
def HeckeO(J,Jinv ,Level,1):
vec =[]
for j in range(p+1):
vec += [Rp(1)]
for a in range(1l):
Fa = TranslateRMCnew ([-a,-1], J, Jinv, Level)
Fa = RMCApply([[1,-a],[0,1]], Fa)
vec = MultiplyList(Fa, vec)

vec = MultiplyList(vec, RMCApply (([[1,0],[0,11]), J[O]))

return vec

#Applies T_1 to J(O, 1/q)
def HeckeN(J,Jinv ,6 Level,q,1):
vec = []
for j in range(p+1):
vec += [Rp(1)]

for a in range(1l):
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¢ = ((l+axq)/(q=*1)).numerator ()

d = ((1+axq)/(g*1)).denominator ()

Fal. = TranslateRMCnew ([—-a,—1], J, Jinv,Level)
FaR = TranslateRMCnew ([c,d], J, Jinv ,6 Level)
Fa = MultiplyList(FaL, InverseCocycle (FaR))

Fa = RMCApply ([[1,-a],[0,1]], Fa)

vec = MultiplyList(Fa, vec)

FinfL = TranslateRMCnew ([0,1], J, Jinv ,h Level)
FinfR = TranslateRMCnew ([1,q], J, Jinv, 6 Level)
Finf = MultiplyList(FinfL ,InverseCocycle (FinfR))
Finf = RMCApply([[1,0],[0,1]], Finf)

vec = MultiplyList(vec, Finf)

return vec

# In[ ]:

#Example of computation

#Divisor associated to Delta_13 - 2% Delta_.5. It should be of degree O.
Div = LinComb (LLnew(13xp~2,Level),1 ,LLnew(5*p~2,Level),—-2,Level)

#Computes the cocycle associated to the divisor Div and of the given level.
J = LevelMnew (Div, Level)

#root is the RM-point we’re evaluating the cocycle at and A is its automorph in \Gamma 0(N)
root = (7%t"2-3x%xt—-7).roots ()[0][0]
A = [[26,21],[21,17]]

#Evaluates the cocycle J at the RM-point root (even and odd part separatly)
tau_even = MSEvalp2(J[0],A,Level, root)
tau_odd = MSEvalp2(J[1],A,Level, root)

#Computes T_3(J_odd) and its value at root
JHecke_3 = HeckeGen(J[1],Level,b3)
tau3_odd MSEvalp2 (JHecke_3 ,A,Level ,root)

#recognizes the minimal polynomial of the obtained values
algdepQp2(tau3d_odd = tau_odd ,8)
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