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Abstract

The unifying theme of the thesis is the arithmetic of elliptic curves, more specifically the con-
jecture of Birch and Swinnerton-Dyer and its generalizations. This subject leverages different
aspects of number theory, arithmetic geometry and representation theory, including auto-
morphic representations, Shimura varieties, p-adic modular forms and p-adic L-functions.
Simply put, the BSD-conjecture claims the equality of the analytic and the algebraic rank of
an elliptic curve. A tantalizing aspect of the conjecture is its offering very subtle information
— that goes beyond the Sato-Tate conjecture — on how the size of rational points influences,
and is influenced by, the distribution of the number of mod ¢ points, for all rational primes
£. In the past 50 years gifted mathematicians have done gorgeous work establishing the first
cases of the BSD-conjecture ([CW77], [GZ86], [Kol88]), and the intertwining of p-adic meth-
ods with Euler systems has become more and more widespread ([Kat04], [LLZ14], [DR17a]),
providing a deeper understanding of the objects involved. The work in this thesis is part of
this growing thread of investigation.

The idea of this project rests on the exploration of a twisted variant of the setting studied
in [DR14],[DR17a] and [DR17b], with an emphasis on understanding the relation between
twisted triple product L-functions and Hirzebruch-Zagier cycles. After a brief introduction,
Chapter 1 [For19] investigates twisted triple product L-functions with applications to arith-
metic statistics. By solving a class of Galois embedding problems over totally real fields, it
demonstrates that the analytic rank of a modular elliptic curve of odd non-square conductor
grows over a positive proportion of quintic extensions.

Chapter 2 [For17] comprises the construction of twisted triple product p-adic L-functions
over totally real fields for nearly ordinary Hida families. When L/Q is a real quadratic field
and p splits in L, a p-adic Gross-Zagier formula expresses values of the p-adic L-functions
that are outside the range of interpolation, in terms of the syntomic Abel-Jacobi map of gen-
eralized Hirzebruch-Zagier cycles. Novel ideas appear in the treatment of compactifications
of Kuga-Sato varieties using Wildeshaus” work on the interior motive [Will2], and in the
choice of the Coleman primitive for the evaluation of the syntomic regulator.

The final chapter of the dissertation features a preview of a work in progress joint with
Zhaorong Jin (Princeton) bringing to fruition the preceding pieces. When p splits in the real
quadratic field L, we expect to provide a geometric construction of twisted triple product p-
adic L-functions using big Hirzebruch-Zagier classes. This geometric construction, together
with [For19], should lead to new instances of the BSD-conjecture in rank 0 for rational elliptic
curves over certain quintic number fields whose normal closure has Galois group Ss.
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Abrégé

Le théme unificateur de la présente these est 1’arithmétique des courbes elliptiques, et de
maniere plus précise la conjecture de Birch et Swinnerton-Dyer ainsi que ses généralisations.
Ce sujet fait interagir plusieurs aspects de la théorie des nombres, la géometrie arithmétique
et la théorie de la représentation, y compris les représentations automorphes, les variétés
de Shimura, les formes modulaires p-adiques et les fonctions L p-adiques. Dit de maniere
simple, la conjecture BSD prédit 1’égalité des rangs analytiques et algébriques d"une courbe
elliptique. Un aspect captivant de la conjecture est le fait qu’elle offre de I'information subtile
— allant plus loin que celle offerte par la conjecture de Sato-Tate — permettant d’expliquer
comment le nombre de points rationnels influence, et est influencé par, la distribution du
nombre de points modulo ¢, pour tout nombre premier ¢. Durant les derniéres 50 années, de
talentueux mathématiciens ont établis les premiers cas connus de la conjecture BSD ([CW77],
[GZ86], [Kol88]), et la combinaison de méthodes p-adiques avec la théorie des systemes
d’Euler est devenue de plus en plus répandue ([Kat04], [LLZ14], [DR17a]), ouvrant les portes
a une compréhension plus profonde des objets en question. Le travail de la présente these
s’insere dans le courant de ces idées.

L’idée derriére le projet repose sur I'étude d’'une variante tordue de la situation étudiée
dans [DR14],[DR17a] and [DR17b], en mettant I'accent sur le rapport entre les fonctions L
associées au triple produit tordu et les cycles de Hirzebruch-Zagier.

Apres une breve introduction, le chapitre 1 [For19] étudie les fonctions L associées au
triple produit tordu et leurs applications en statistique arithmétique. En résolvant une suite
de problemes de plongement sur des corps totalement réels, il est démontré que le rang
analytique d"une courbe elliptique modulaire de conducteur impair et non égal & un carré
parfait croit sur une proportion positive d’extensions quintiques.

Le chapitre 2 [Forl7] comprend la construction de fonctions L p-adiques associées au
triple produit tordu sur des corps totalement réels pour des familles de Hida presque ordi-
naires. Lorsque L/Q est un corps quadratique réel et p est un nombre premier déployé dans
L, une formule de Gross-Zagier p-adique exprime les valeurs des fonctions L p-adiques en
dehors de la région d’interpolation classique en termes des images par 1’application d’Abel-
Jacobi syntomique de cycles de Hirzebruch-Zagier généralisés. Des idées nouvelles intervi-
ennent lors du traitement de la compactification de variétés de Kuga-Sato faisant recourt au
travail de Wildeshaus sur le motif intérieur [Wil12], ainsi que lors du choix de la primitive
de Coleman pour I'évaluation du régulateur syntomique.

Le chapitre final de la thése donne un aperc¢u sur un travail en cours en collaboration avec
Zhaorong Jin (Princeton), qui représente 1’aboutissement des travaux des deux chapitres
précédents. Lorsque p est déployé dans le corps quadratique réel L, nous prévoyons donner
une construction géometrique des fonctions L p-adiques associées au triple produit tordu
faisant usage de grandes classes de Hirzebruch-Zagier. Cette construction géometrique,
combinée avec [For19], donnera lieu a de nouveaux cas de la conjecture BSD en rang 0 pour

des courbes elliptiques rationelles pour certains corps de nombres Ss-quintiques.
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Preface

Why algebraic number theory? I like to think about myself as a number theorist of the
algebraic clan. I have not always thought about myself this way. At the end of my under-
graduate studies I was attracted to abstract and geometric-flavored mathematics, and thus I
had decided I wanted to do derived algebraic geometry'. Afterwards, the opportunity to earn
Masters degrees in Montréal and Paris made enroll in the ALGANT? program. What I did
not know at the time was that ALGANT in Montréal meant NT and that Number Theory
is actually a subject one can do research on! The first semester in Montréal was a cultural
shock: I thought I knew what mathematics was all about, but people there were always
talking about elliptic curves®, modular forms and L-functions, all words I had never heard
of. Luckily, after a while I decided to give it a chance and I became fascinated: I discovered
that Number Theory is a field of research that satisfies my attraction to abstraction, general-
ity and all-encompassing powerful results as well as the desire for concrete statements and
examples that are easy to share with friends. Number Theory welcomes and needs tools
and insights from all fields of mathematics, and it is incredibly satisfying to find connections
between seemingly unrelated concepts.

Why elliptic curves? The quest for understanding the arithmetic of elliptic curves has
been guided my efforts since the beginning of my doctorate. I chose this topic for simple rea-
sons: the open problems are easy to appreciate, and I love the tools and the techniques that
have been most successful in understanding them so far. Furthermore, classical elementary
problems in Number Theory, like Fermat’s Last Theorem and the Congruent Number Prob-
lem, can be better understood using elliptic curves. Indeed, a non-trivial rational solution
of the Fermat equation x" 4 y" = z" for n > 3 produces an elliptic curve that cannot exist,
while an integer m is congruent, i.e. it is the area of a right triangle with rational sides, if and

3 — m%x has algebraic rank greater than or equal to one.

only if the elliptic curve y? = x

I'recently learned how powerful elliptic curve cryptography (ECC) is, and I will defintely
use this application to explain what I work on to people. Cryptographic protocols are used to
secure our transactions and the protocol’s key length is a crucial parameter that determines
processing performance and security level. In general, long keys provide high security, but
slow down encryption and decryption of data. Hence, for commercial purposes one looks
for the best trade-off: protocols that offer high security with short keys. To have a feeling
of how good elliptic curve cryptography is, let us compare the famous RSA protocol, based
on the factorization of large integers, and an encryption based on elliptic curves using a 228-
bits key. It turns out that the energy required to break a 228-RSA code wouldn’t even boil
a teaspoon of water; however, to break a 228-ECC code with the current approaches one
would need the energy to boil all the water on the planet!

1Even though I still do not know what it is.
2ALgebra, Geometry And Number Theory.
31 still remember thinking how lame it was to be studying "just" curves!
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Introduction

Let K be a number field. A K-rational elliptic curve E /g is a genus one, smooth and projective
curve over K with a choice of K-rational point Py € E(K). Every elliptic curve over K can be
described by a Weierstrass equation

Exx: y"=x>+Ax+B  A,Bc O (1)

where A x = —16(4A% +27B?) # 0 and P, is taken to be the point at infinity in the projec-
tivization. One unique feature of elliptic curves is their being endowed with a commutative
group structure which can be geometrically defined by stating that three points on the curve
sum to zero if and only if they belong to the same line.

Rational points on curves

The understanding that a curve’s topology strongly influences its arithmetic dates back at
least to 1922 when Mordell formulated his renowned conjecture. The C-points of a smooth
and projective curve defined over a number field K constitute a Riemann surface. Its genus,
i.e. the number of doughnut holes, determines a trichotomy in the structure of K-rational
points. Firstly, Hilbert and Hurwitz [HH90] proved that the K-rational points of a genus
zero curve can be explicitly parametrized so there are either no such points or infinitely
many. Secondly, for curves of genus greater than or equal to two, Faltings proved Mordell’s
intuition right [Fal83], that is to say that those curves can only have finitely many K-rational
points. It is still an open and actively researched problem to make Faltings’ theorem effec-
tive. Thirdly, genus one curves can exhibit both finitely many or infinitely many K-rational
points. In this case, the effective enumeration of such points relies on the BSD-conjecture.

Even though the set of K-rational points E(K) of an elliptic curve can be infinite, it is
always a finitely generated abelian group. Simply put, finitely many solutions of equation
(1) suffice to compute all the other ones by means of the geometric summation law described
above. Therefore, there is an isomorphism of abstract groups

E(K)=Z"® E(K)tor forsomer €N,

allowing the definition of the algebraic rank of E,k as r,5(E/K) := r, the maximal number
of linearly independent K-rational points on E k. The torsion subgroup E(K)ior is relatively
well-understood. Mazur [Maz77] and Merel [Mer96] showed that there are only finitely
many possibilities for the torsion subgroup of a K-rational elliptic curve given K. Moreover,
there has been recent interest in providing complete lists of the possible torsion subgroups
in a number of cases ([Dan+18], [Cho+18]), both for the natural appeal of the question and
for applications to modularity of elliptic curves over general number fields [Tho19].
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One big remaining mystery of the arithmetic of elliptic curves is the algebraic rank, which
can divide opinions even when K = Q. For instance, how large can the rank of a rational
elliptic curve be? Both options, boundedness or unboundedness of ranks, have good argu-
ments in their favor. On the one hand, there has been a recent revival of the boundedness
hypothesis in [Par+18], where a reasonable model predicts that all but finitely many rational
elliptic curves have rank < 21. On the other hand, unboundedness of ranks has been shown
for elliptic curves over function fields ([TS67], [UIm02]) providing a good reason to remain
undecided.

BSD-conjecture

The question of effectively determining the set of K-rational points of an elliptic curve has a
widely accepted conjectural answer: the BSD-conjecture [Ste]. The formulation of the con-
jecture dates back to the 1960s, when Birch and Swinnerton-Dyer experimentally noticed
a remarkable relation between the algebraic rank of an elliptic curve and a multiplicative
average of its number of points over different finite fields.

More precisely, given a K-rational elliptic curve E /g, for every prime Ok-ideal q such that
q 1 Ag/k, one can reduce the Weierstrass equation of E modulo ¢ to obtain an elliptic curve
E/F, over the residue field Fq = Ok/q. Every such curve is much simpler than the original
one: for instance, there is a polynomial time* algorithm® [Sch85] that computes the number
Ny(E) := |E(FF4)| of points modulo g. Heuristically, one could expect that a large algebraic
rank would force the sets E(IF) to be larger on average because there are natural reduction
maps E(K) — E(IFg) for all q { Ag/k. Birch and Swinnerton-Dyer turned this heuristic into a
quantitative mathematical statement and tested it successfully on a computer. They noticed
that an appropriately normalized product of Ng(E)’s grows as the r,(E/K)-th power of

log,
N Nijgizo i (logT)" . @
k/Q(a)<T
Actually, (2) implies what is usually called the BSD-conjecture these days [Gol82], but it has
the advantage of being more immediate and easier to appreciate. The modern point of view
on the BSD-conjecture relies on the analytic properties of an L-function that can be associated
to an elliptic curve as follows. The quantities aq(E) := Ng,q(q) +1— |E(IFg)|forallq t Ag/x

can be packaged into a generating series

-1
Ls(E/K,s) = T] (1 —aq(E) -Ng/q(a)~* +NI</Q(°|)1_2S>
afAg/k

which converges for Re(s) > 0 and defines a holomorphic function on a half-plane. Af-
ter an appropriate "completion", the function Lg(E/K,s) is expected to admit holomorphic
continuation to the whole complex plane and a functional equation s +— 2 —s. There-
fore, assuming holomorphic continuation, it is possible to define the analytic rank of E g
as ran(E/K) := ords—1Ls(E/K,s) and phrase the BSD-conjecture as predicting the equality
of the two ranks:

4In the variable log N, q(q)-

5Schoof discovered his algorithm after the formulation of the BSD-conjecture. Birch and Swinnerton-Dyer per-
formed their computations on rational CM elliptic curves whose number of points mod g can be quickly computed
using Hecke characters.
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ran(E/K) = rag(E/K). 3)

State of the art

The most general result towards the BSD-conjecture follows from the methods of Gross-
Zagier [GZ86] and Kolyvagin [Kol88], as extended to totally real fields by Shouwu Zhang
and his school [ZhaO1]. The theorem states that if E,r is a modular elliptic curve over a
totally real field F such that either E,r has at least one prime of multiplicative reduction or
[F : Q] is odd, then

ran(E/F) € {0,1} => ran(E/F) = rag(E/F). 4)

It is important not to forget that the modularity of E,r is the only known way to access the
analytic properties of the L-function L(E/F,s). This way, it becomes natural to expect that
cycles on Shimura varieties will play a role in any strategy to establish the BSD-conjecture.
The three pillars of this approach are: (i) the existence of a non-constant map X,r — E
from a Shimura curve to the elliptic curve, (ii) the existence of CM points on X, with their
significance for Selmer groups, and (iii) formulas for the derivative of certain base-change
L-functions of E,r in terms of the height of images of CM points, called Heegner points.
These three items are at the same time the strengths and the limitations of the most effective
strategy developed so far to prove BSD. Firstly, the strong form of geometric modularity in
(i) can only be realized for certain elliptic curves over totally real fields, hence the first pillar
topples down right away when considering elliptic curves defined over general number
fields®. Secondly, suppose we fixed an elliptic curve over a totally real field F and we took
a finite extension K/F; what could then one say about the BSD-conjecture for E,x? In this
case, even though there could still be a modular parametrization, one would lack a way to
produce points over extensions of a general K. Indeed, Heegner points are defined over
dihedral extensions of F, and therefore miss all non-solvable extensions. Finally, what if we
contented ourselves with tackling the BSD-conjecture over totally real fields? In this case all
the pillars could still be standing, but the last two would have nothing to say about higher
rank situations. The striking feature of CM points is their explicit relation to first derivative
of L-functions; thus, as soon as the rank is greater than or equal to two, they become torsion.

The equivariant BSD-conjecture

The line of inquiry followed in this thesis is motivated by the equivariant refinement of the
BSD-conjecture. Let F be a totally real field and K/F a finite Galois extension. For any
elliptic curve E r, the Galois group G(K/F) naturally acts on the C-vector space E(K) ® C
generated by the group of K-rational points. Since complex representations of finite groups
are semisimple, the representation E(K) ® C decomposes into a direct sum of -isotypic
components E(K)¢ = Homgk,r)(0, E(K) ® C), indexed by irreducible representations ¢ €
Irr(G(K/F)), each with its appropriate multiplicity. It then becomes natural to define the

algebraic rank of E with respect to some ¢ as

7alg(E/ Q) := dim¢ E(K)Q'

SHowever, as Longo showed [Lon06], a lot can be proved using congruences for general rank zero elliptic curves
over totally real fields.
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On the analytic side, for any ¢ € Irr(G(K/F)) one can define a twisted L-function L(E, o, s)
as the L-function associated to the Galois representation V,(E) (1) ® ¢ of the absolute Galois
group of F. The analytic rank of E with respect to some ¢ is then defined as

ran(E, Q) = OrdszlL(E/ Q,S).

The Artin formalism of L-functions can be used to show that the BSD-conjecture for an el-
liptic curve E ,r base-changed to K should be equivalent to the equality of ranks

rag(E, @) L ran(E,0) forall ¢ € Irr(G(K/F)).

The advantage of this point of view resides in the fact that it splits the BSD-conjecture into
more manageable pieces. Furthermore, when the considered representation ¢ arises from au-
tomorphic forms, it becomes easier to identify the right framework that should be explored
in order to prove the equality of the ranks.

Indeed, Bertolini, Darmon and Rotger [BDR15] proved new instances of the equivari-
ant BSD-conjecture in rank zero for rational elliptic curves in the case of ¢ an Artin repre-
sentations corresponding to a weight one elliptic cuspform. When ¢ is the tensor product
of two Artin representations attached to weight one elliptic cuspforms, Darmon and Rot-
ger [DR17a] established the first cases of the BSD-conjecture in rank zero for rational el-
liptic curves over non-solvable extensions of Q. In the same paper, Darmon and Rotger
pushed their ideas further to provide compelling evidence that generalized Kato classes —
constructed from diagonal cycles on triple products of modular curves — can be used to ac-
cess scenarios in which the involved elliptic curves have rank two. It is very exciting to read
the recent preprint [CH18], where Castella and Hsieh gather even more evidence in sup-
port of the relation between generalized Kato classes and elliptic curves of rank two over
quadratic imaginary fields.

The theme of p-adic deformation

Recently Skinner-Urban [SU14], Xin Wan [Wan12] and Skinner [Skil4] were able to establish
the first instances of the opposite implication of the BSD-conjecture

rag(E/Q) € {0,1} & #II(E/Q) < +00 = ran(E/Q) = rag(E/Q), (5)

for any rational elliptic curve E,q in the rank zero case, and for semistable rational elliptic
curves with either at least one odd prime of non-split multiplicative reduction or at least two
odd primes of split multiplicative reduction, in the rank one case. The strength of the three
works resides in the use of Iwasawa theory”: for the rank zero case the non-vanishing of a
p-adic L-function directly implies that the analytic rank is zero. For the rank one case, Iwa-
sawa theory is used more subtly to establish that a Heegner point is non-torsion, so that the
Gross-Zagier formula itself implies that the analytic rank is one. Interestingly, implication
(5) heavily relies on p-adic methods that were not necessary for the method of Gross-Zagier
and Kolyvagin (4), and indeed, in recent years, the theme of p-adic deformation has become
dominant in the field.

"The idea of exploiting p-adic variation of arithmetic objects can be traced back to the seminal work of Coates
and Wiles [CW77] on rank zero CM elliptic curves.
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On p-adic Gross-Zagier formulas

As we have seen, the relation between the analytic and the algebraic rank of elliptic curves
does not seem to be easy to establish in the general case. The insight behind recent successful
ideas is that p-adic methods can serve as the third leg of the stool: special values of auto-
morphic L-functions can be interpolated, determining p-adic meromorphic functions which
sometimes can be shown to arise from algebraic cycles. This double embodiment of p-adic
L-functions, both analytic and geometric, can be used to transform information on special
L-values into information on the arithmetic of algebraic varieties over number fields. One
crucial step in exposing the dual nature of p-adic L-functions resides in the proof of p-adic
Gross-Zagier formulas, i.e. the evaluation of p-adic L-functions outside their range of inter-
polation in terms of global arithmetic invariants. With the benefit of hindsight, we can trace

back the origin of these formulas to Leopoldt’s p-adic class number formula:

Theorem 0.0.1. ([Was97], Theorem 5.18) Let x be an even non-trivial Dirichlet character of con-
ductor § and { a primitive f-th root of unity, then

f
() = = (1- 22 T 3 o) Mo, (1 2),

where T(x) = 2221 x(a)C" is a Gauss sum.

The range of interpolation of Kubota-Leopoldt’s p-adic L-function L, (s, x) is the set of
non-positive integers, and the formula expresses the value at s = 1 in terms of p-adic log-
arithms of cyclotomic units. Since then, several instances of such formulas have had a pro-
found impact in the understanding of the arithmetic of elliptic curves. For example, the
BDP-formula [BDP13] by Bertolini, Darmon and Prasanna, generalizing previous work of
Rubin [Rub92], is a cornerstone of Skinner’s proof of (5) in the rank one case.

The p-adic Gross-Zagier formula proved in this thesis is part of a program initiated by
the work Bertolini, Darmon and Rotger, whose aim is to explore new instances of the equiv-
ariant BSD-conjecture: it uses higher rank groups and the corresponding higher dimensional
Shimura varieties to go beyond the arithmetic of elliptic curves over dihedral extensions of
totally real fields.



Chapter 1

Growth of analytic rank over

quintic extensions

We have seen how the BSD-conjecture can be thought of as highlighting a statistical property
of a single elliptic curve viewed over an infinite collection of finite finite fields, but what
happens when we consider families? A very natural question in this context is to wonder
about the "probability" that a given rational elliptic curve has rank n € IN. The general
belief is that the distribution of ranks should be the minimal one allowed by the distribution
of signs of the functional equations [Bek+07]; for instance, it is conjectured that 50% of all
rational elliptic curves should have rank 0 and 50% should have rank 1. Recently, Bhargava
and Shankar [BS13] established that at least 83.75% of all rational elliptic curves have rank 0
or 1.

In this chapter we consider modular elliptic curves E /r over a totally real field F and we
to try to shed some light on the distribution of analytic ranks in the family of base-changes
of E/r to quintic extensions of F. We were led to consider this setting by studying twisted
triple product L-functions attached to E,r and a Hilbert cuspform of parallel weight one for
a totally real quadratic extension L/F. Inspired by [DR17a], we hoped the twisted setting
could help us access the arithmetic of elliptic curves over non-solvable extensions in settings
when the sign of the functional equation is generically odd. We denote by Gs(E,f; X) the
number of quintic extensions K of F such that the norm of the relative discriminant is at most
X and the analytic rank of E grows over K, i.e., fan(E/K) > ran(E/F). We can then prove
the following theorem.

Theorem 1.0.1. If the modular elliptic curve E,p has odd conductor and at least one prime of
multiplicative reduction, then Gs(E p; X) <40 X, i.e., there are constants ci,cp > 0 such that
c1X < Gs(E;p; X) < X for X large enough.

As Bhargava, Shankar and Wang [BSW15] showed that the number of quintic extensions
of F with norm of the relative discriminant at most X is asymptotic to c5 X for some pos-
itive constant c5 p, our result exposes the growth of the analytic rank as a very common
circumstance over quintic extensions. Note that the BSD-conjecture implies that inequality
tan(E/K) > ran(E/F)! always holds and that the strict inequality has to be explained by
the presence of a non-torsion point in E(K) linearly independent from E(F). Therefore, we
like to think about Theorem 1.0.1 as evidence for the fact that there should be a systematic
way to produce non-torsion points over certain Ss-quintic extensions of totally real fields, in

analogy with the case of Heegner points over CM fields.

1We establish the inequality unconditionally for a positive proportion of quintic fields and modular elliptic
curves with odd conductor.
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Theorem 1.0.1 is compatible with the conjectures in [DFK04], [DFK07] about the growth
of the analytic rank of rational elliptic curves over cyclic quintic extensions. In those works
growth is predicted to be a rare phenomenon, cyclic quintic extensions form a thin subset of
all quintic extensions: the counting function of cyclic quintic fields is asymptotic to aX'/4
for some positive constant « > 0 [Wri89]. Finally, we would like to remark that all elliptic
curves over a totally real field F with [F : Q] < 2 are modular and that, in general, all but
finitely many Q-isomorphism classes of elliptic curves over a totally real field F are known
to be modular ([Wil95], [TW95], [Bre+01], [FLHS15]) making our result widely applicable.

Strategy of the proof

Let F be a totally real field, K/ F an Ss-quintic extension with a totally complex Galois closure
J such that the subfield of | fixed by As is a totally real quadratic extension L/F. For E/r a
modular elliptic curve corresponding to a primitive Hilbert cuspform fr of parallel weight
two, the key idea of the paper is to interpret the ratio of L-functions L(E/K,s)/L(E/F,s) as
the twisted triple product L-function attached to fr and a certain Hilbert cuspform g over L
of parallel weight one. Then, the sign eg /r of the functional equation of L(E/K,s)/L(E/F,s)
is determined by the splitting behaviour in K of the primes of multiplicative reduction of
E,r, and we can prove the existence of a positive proportion of quintic extensions K/ F for
which eg,r = —1 by invoking [BSW15].

The twisted triple product L-function attached to a modular elliptic curve E,r and a cusp-
form g of parallel weight one over a totally real quadratic extension L/F is the L-function
L(E, ®-Ind} (0g),s). Here, ®@-Indf (0¢) denotes the tensor induction of the Artin representa-
tion attached to g. The main technical result of our work consists in proving the existence of
an eigenform g such that

®-Indf (0g) = IndI — 1,

where I denotes the trivial representation. Thanks to the modularity of totally odd Artin
representations [PS16], the problem reduces to finding the solution of a Galois embedding
problem as follows. The group G(J/L) = As does not admit any irreducible 2-dimensional
representation, but it has two conjugacy classes of embeddings into PGL, (C). Therefore, we
look for a lift of the 2-dimensional projective representation of G; — G(J/L) — PGL,(C)
which (i) is totally odd, (ii) has controlled ramification, and (iii) whose tensor induction is
IndkT — T. Note that every projective 2-dimensional representation has a minimal lift with
index a power of 2 (Lemma 1.1, [Que95]), thus we are led to consider the following Galois
embedding problem:

Given a finite set of primes X, is it possible to find a Galois extension H/F un-
ramified at ¥y, containing J/F and such that1 — %> — G(H/F) — G(J/F) — 1

is a non-split extension for some r > 1?

Here 6> denotes the cyclic group of order 2" considered as an Ss-module via the homomor-

phism S5 — {£1} — Aut(%)r ), taking the non-trivial element of {£1} to the automorphism

x + x~!. In Theorem 1.2.4, we are able to provide conditions for the Galois embedding

problem to have a solution.
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1.1 On exotic tensor inductions

Let A, Bbe groups,n € Nand ¢ : A — S, a group homomorphism. The wreath product of
B with Ais B A = B¥" x4 A, where A acts permuting the factors through ¢.

Let G be a group and Q a subgroup of index n. Denote by 7w : G — S, the action of G
on right cosets by right multiplication and let {g1,...,gx} be a set of coset representatives.
Forany ¢ € Gand i € {1,...,n}, we denote by g;(g) the unique element of Q such that
88 = Sin(g) " 4i(8)- Themap ¢ : G — QSy, given by & — (q1(8),---,4x(8), 7(g)),
is an injective group homomorphism. Moreover, a different choice of coset representatives
produces a homomorphism conjugated to ¢ by an element of G.

Definition 1.1.1. Let Q be a subgroup of G of index n, 0 : Q — Aut(V) a representation of Q. We
define the tensor induction ®—Ind8(g) as the composition of the arrows in the following diagram

QIS —— > Aut(V) 1Sy —— = Aut(Ven),
(eids,,) ()
where o = Aut(V)®" — Aut(V®") is given by a(f1,...,fu) = i@ @ fu, and P : S, —
Aut(VE) by o — [P(0) : 01 @ - @ Uy 5 015 @+ + @ Vg

Example 1.1.2. Suppose Q is a subgroup of of G index 2 and let {1,0} be representatives for the
right cosets, then

n(g) =8  4a(g) =0367" ifgeQ

ng) =07 q(g)=0s  fgeG\Q

Thus,
o(g) ®p(0g6~1) g€Q
[o(g07!) @ o(63)] o p(12) g€ G\ Q.

Proposition 1.1.3. Let Q be a subgroup of index 2 of G and {1,0} a set of representatives for

®-Ind3(0)(g) = {

the right cosets. Consider (V,0) an irreducible complex 2-dimensional representation of Q with
projective image isomorphic to either Ay, Sy or As.

Then the tensor induction (V®1GQ), ®—Ind8 (0)) is reducible if and only if V*(\) = V¥ for some
character A : Q — C*, where (V?, %) is the representation obtained by conjugation by 6. Moreover,
when ®—Ind8(g) is reducible its decomposition type is (3,1).

Proof. Tf V*(A) = V¥ then the tensor product V ® V? factors as
VoV~ Ad(V)(A) @ C(A),
where AdO(V) is irreducible (Lemma 2.1, [DLR16]). By Frobenius reciprocity,
Homg (V59 IndG (1)) = Homg(V & V,C (1)) # 0,

hence V®[G:Q ig reducible, and since (V®[G:Q]) 0= V ® V? has decomposition type (3,1),
so does V®IG:Q],



Chapter 1. Growth of analytic rank over quintic extensions 9

Suppose V®IQl is reducible. We first show that if V®I5Ql contains a 1-dimensional
subrepresentation, then V*(1) 2 V. Indeed, if C(x) is a subrepresentation of V®[¢:Ql then

0 # Homg(V®[G:Q],C(X)) — Homg(V ® VG,C()(‘Q)).

Therefore, the tensor product V @ V?( XB) has a non-zero Q-invariant vector, i.e.
0#HY(Q V@ Vi(xy)) = Homg(V*(xq), V),

which implies that V*(x o) = V? given the irreducibility of V. Then we can apply the
previous step to compute the decomposition type of V®[G:Ql. We conclude the proof by
showing that V®[&:Ql cannot have decomposition type (2,2). Indeed, suppose V®(Q is of
type (2,2), then at least one of the irreducible components decomposes into a sum of char-
acters when restricted to Q (Lemma 2.2, [DLR16]), but then (Lemma 2.1, [DLR16]) produces
a contradiction. O

1.2 Galois embedding problems

Cohomological computation

Let F be a totally real number field, X a finite set of places of F disjoint from the set X of

archimedean places and the set X, of places above 2. For £ the complement of Xy, we let

Grx. denote the Galois group of the maximal Galois extension Fy, of F unramified outside X.

We consider L/ F a totally real quadratic extension unramified outside 2, and for all ¥ > 1 we

give ¢or the structure of Grz-module via the homomorphism Grx — G(L/F) — Aut(%>r)

taking the non-trivial element of G(L/F) to the automorphism x ~ x 1.
We denote by

<%2 = lim (gzr
-, r

the Gry-module obtained by taking the direct limit with respect to the natural inclusions
Gy — Cyr1. Let €5, be the dual Galois module Homg, (6>, O5 ), where Oy, is the ring of
Y-integers in Fs. As a G -module %, is isomorphic to the group puyr of 2"th-roots of unity
with the natural Galois action, hence the field L, = L(or) trivializes 4.

We are interested in analyzing the maps between the various kernels

H_Il(Gplz,%zlr) = ker (Hl(Glslz,%er) — HHl(Fv,(gzlr)> .

vEY

Proposition 1.2.1. For all r > 2 the map (j;)« : 10" (Grx, 6y) — 0" (Grz, €y, ), induced by

the dual of the natural inclusion j, : €2 — Cor, is zero.

Proof. We claim that the restriction

H' (G » %) —» [] HYLiw )
wex(Ly)

is injective, where the product is taken over all places of L, above a place in X. Indeed, if
¢ : G, — %, is in the kernel of the restriction map, then the field fixed by ker ¢ is a Galois
extension of L, in which the primes that split completely have density 1. Cebotarev’s density
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theorem implies that such extension is L, itself. By examining the commutative diagram

H'(GL 5 €)= TI H'(Lw %)
weL (M)

OHHll(GP,Zl(gZIV) HHl(GF,Z/%é) HHl(er%Z/r)

vEL

0 — IIY(L,/F,6}) —= HY(L,/F,6}) —> [IH(Lyo/F., 64),
vEL

we see that III' (G x, 65) = IIY(L,/F, %,,).

We claim that I1T! (Gp 5, 65, ) is killed by multiplication by 4. Clearly, it suffices to prove
that H! (L, /F, %, ) is killed by multiplication by 4. Considering the inflation-restriction exact
sequence

0 ——=HY(L/F,(6},)°/Y)) —HY(L,/F,€y) —HY (L, /L, €y).

and the fact that both H'(L/F, (¢y)¢/1)) and H'(L,/L,%}) are isomorphic to Z/2Z
(Lemma 9.1.4 and Proposition 9.1.6, [NSW08]), the claim follows.
There is a natural factorization of multiplication by 4 on %,,

4 %
2r 2

which induces the commutative diagram

/

(GFZ,%zr GFZ,%zr)

GFZ/ 2r 2

Hence, to complete the proof we need to show that 111! (Grx, Cyra

kernel of (4)’, because it would provide the required inclusion III'(Gpy, %) C ker(jl)«.

) does not intersect the

The exact sequence of Gr y-modules

4 !
( ) %Z/r 2/2

/
or—2
induces the exact sequence of cohomology groups

(4).
1——C, = HY(Grx, %)) L HY(Gy, 2,6y ) —=H'(Grx, Cy)
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because any complex conjugation in Gry acts by inversion. Hence, §(H(Grx, %),)) =
ker(4).,. Finally, for every real place v € Lo the connecting homomorphism

6y : Co =H(R,%y,) — H' (R, 6),»)

is injective. In particular, the non-trivial class of (H%(Gr 5, ‘52’2)) is not locally trivial at the

real places. O
Lemma 1.2.2. Let v be a place of F, then the local Galois cohomology group H?(F,, .4) is trivial.

Proof. If vsplitsin L/ F then Gp, acts trivially on .#, and we can refer to Tate’s Theorem (The-
orem 4, [Ser77]). If v is inert or ramified (so non-archimedean under our assumptions), then
Gk has cohomological dimension 2 and H?(F,, .#%) is 2-divisible. We conclude by noting
that multiplication by 2 factors through H? (L, .#%) which is trivial because .5 is a trivial
Gr,-module. O

Theorem 1.2.3. Let F be a totally real number field, X a finite set of places of F disjoint from the set
Yo of archimedean places and the set ¥ of places above 2. For % the complement of ¥, we consider
L/F a totally real quadratic extension unramified outside X. Then H?(Gr ., .4>) = 0.

Proof. By Lemma 1.2.2, it suffices to show that the restriction map
H(Gryx, #) — P, H (Fo, 4)
is injective. For every r > 2, consider the exact sequence

0 —— I%(Gry, 6») — H2(Gry, 6or) — @ H2(F,, o).
vEL

Poitou-Tate duality (Theorem 8.6.7, [NSWO08]) gives us a commuting diagram

1Y (Gr s, €y) X 12(Ggx, 6or)
! (Grx, 6y,») X 1*(Grz, y-2) /

which in combination with Proposition 1.2.1, shows that
jr* : IHZ (GF,Z/ %2,‘72) — IHZ (Gl:,z, (gy)

is zero because the pairings are perfect. Finally, direct limits are exact and commute with

direct sums, so

0 = lim I0?(Gpx, 6or) — H3(Gpy, M) — @ H*(F,, M)
= vEL

is exact. [



Chapter 1. Growth of analytic rank over quintic extensions 12

Galois embedding problem

Letn > 4, r > 1 be integers. We consider the cyclic group %, of order 2 endowed with the
trivial action of the symmetric group Sj,. It is a classical computation that

H2(S,,6) 2 Z/2Z x Z/2Z  and H2(A,, ) =Z/27Z.
We consider a class
w]: 1% =05, -1 € HS,%)

that does not belong to the kernel of the restriction map H?(S,, %) — H?(An, %»). Let F
be a totally real field. A S,-Galois extension J/F, ramified at a finite set X;am of places of
F, determines a surjection e : Grz, — S, where X is the complement of any finite set Xy of
places of F disjoint from Xram U X U Xp. We denoteby L = | An the fixed field by Aj;.

Theorem 1.2.4. Suppose the quadratic extension L/F cut out by Ay is totally real. For all [w] €
H2(S,, %) restricting to the universal central extension of A, it is possible to embed ]/ F into a
Galois extension H/F unramified outside ., such that the Galois group G(H/F) represents the
non-trivial extension iy, [w] of S, by the S,-module Gr for some r > 0.

Proof. Let i, : ¢, — %> be the natural inclusion. The obstruction to the solution of the
Galois embedding problem is encoded in the cohomology class e*iy«[w] € H?(Gry, Gar).
Indeed, the triviality of the cohomology class is equivalent to the existence of a continuous
homomorphism v : Gpx — Q) such that the following diagram commutes

E*ir* [CU] : 1 CKZV E*Qr GF,Z 1
|
K i e
£
ire|w] : 1 Gor Q, Sy 1.

The homomorphism < need not be surjective, but it still defines a non-trivial extension of S,
by a submodule of % as (), is a non-trivial extension. The non-triviality of the class 7.+ [w]

follows by the commutativity of the following diagram

H2(S,, %) — "> H2(Sy, o)

l l

H2(Ay, 6) —> H2(Ay, o)

because by hypothesis the restriction of [w] to H?( Ay, %») is non-zero and the lower orizontal
arrow is injective as Hl(An,%ZH) = 0 for n > 4. Finally,

lim H*(Grx, ¢o) = H*(Gpz, ) =0

by Theorem 1.2.3, hence the obstruction to the solution of the Galois embedding problem
vanishes for r > 0. O
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1.3 On Artin representations

Let K/F be an Ss-quintic extension ramified at a finite set Xam of places of F. Suppose the
Galois closure | is totally complex and that the subfield of | fixed by As is a totally real
quadratic extension L/F. Let X be the complement of a finite set ¥ disjoint from Xyam U
Yoo U 2p.

The simple group As does not admit an irreducible 2-dimensional representation. How-
ever, there are two conjugacy classes of embeddings of As into PGL,(C). We fix one such
embedding and we consider the projective representation

Gry — G(]/L) = Ags C PGLz(C).

We are interested in finding a lift with specific properties. Consider the double cover Q" of
Ss where transpositions lift to involutions, and that restricts to the universal central exten-
sion of A5 . By Theorem 1.2.4 there exists a positive integer r and a Galois extension H/F,
unramified outside X and containing [/ F, such that the sequence

1——%r ——G(H/F) ——=G(J]/F) ——=1

is exact. Given our choice of the double cover Q)F, transpositions of S5 = G(J/F) lift to
element of order 2 of G(H/F). Moreover, the conjugation action of transpositions of G(J/F)

on %y is by inversion: x — x L.

~

Let A5 denote the universal central extension of As =

As/{£1}. Complex two-dimensional representations of the group
G(H/L) = (Coy x As)/((~1,-1))

are constructed by tensoring a character of Cyr with a 2-dimensional representation of As
that takes the same value at —1. We consider ox : Gz — GLy(C), a representation ob-
tained by composing the quotient map G > — G(H /L) with any irreducible 2-dimensional
representation of G(H/L).

Remark 1.3.1. Note that since the abelianization of As is trivial, there is a dihedral Galois extension
D/F such that det(ox) factors through the quotient by the subgroup

G(H/D) = (Cy x As5)/((—1,—1)).

Therefore, the composition of the determinant with the transfer map, det(og) oV : Gp — C*, is
the trivial character.

Proposition 1.3.2. The tensor induction @-Indf (0x) : Gp — GL4(C) factors through Gy and
induces a faithful representation @-Ind} (0x) : S5 — GL4(C) isomorphic to the standard repre-
sentation of Ss on 5 letters.

Proof. By construction, the action by conjugation of G(J/F) on G(H/]) factors through
G(L/F) and sends every element to its inverse. Let @ € Gr be an element mapping to a
transposition in G(J/F) = S5, then

ker (@—Indf(QK)) N Gp = ker (QK ® (QK)9>
= {h € G| Fa € C* with og(h) = ally, 0% (h) = a1}
= GJ.



Chapter 1. Growth of analytic rank over quintic extensions 14

Thus, ®-Ind} (0x) induces a 4-dimensional representation ®-Indf (0x) : S5 — GL4(C) of
Ss. By Proposition 1.1.3, ®-Ind} (k) has either decomposition type (3,1) or it is irreducible.
Hence, it has to be irreducible since S5 does not have irreducible representations of dimen-
sion 3. Finally, S5 has only two irreducible 4-dimensional representations: the standard
representation Stg; on 5 letters and its twist by the sign character sign : S5 — {£1}. We
can distinguish between them by computing the trace of transpositions. Recall that our in-
put was the central extension ()J of S5 with the property that transpositions of Ss lift to
involutions. It follows that 62 € Gy and 0k (6?) = I, hence we can compute that

©-Ind] (0k)(6) =

o O O =
oS = O O
S O = O
- o O O

has trace equal to 2. O

Corollary 1.3.3. Let K/F be an Ss-quintic extension whose Galois closure | is totally complex and
contains a totally real quadratic extension L/ F. Let ¥ be the complement of any finite set ¥ of places
of F disjoint from Lram U oo U Lo, then there exists a totally odd 2-dimensional Artin representation
ok : Gz — GLy(C) such that @-Indf (ox) is equivalent to IndkT —

Proof. Thanks to Proposition 1.3.2, we only have to check that the given Artin representation
ok : Gy — GLy(C) is totally odd. By assumption the Galois closure ] is totally complex,
thus the projectivization of gk is a faithful representation of G(J/L), which contains every

complex conjugation of L. O

1.4 Growth of the analytic rank

Let L/F be a quadratic extension of totally real fields, E,r a modular elliptic curve of con-
ductor 91, and g a primitive Hilbert cuspform over L of parallel weight one and level 9.
Attached to this data, there is a unitary cuspidal automorphic representation IT = Il ¢ of
the algebraic group G = Res,p/p(GLyxr). Let ¢ : GF — Sz be the homomorphism
mapping the absolute Galois group of F to the symmetric group over 3 elements associated
with the étale cubic algebra (L x F)/F. The L-group -G is given by the semi-direct product
GLy(C)*3 Xy Gr where Gr acts on the first factor through ¢.

Definition 1.4.1. The twisted triple product L-function associated with the unitary autormophic
representation 11 is given by the Euler product

L(s,I1,r) HLZ, 1y, 1)

where 11, is the local representation at the finite prime v of F appearing in the restricted tensor
product decomposition I1 = @), I1,, and the representation r gives the action of ' G on C? ® C? @ C?
which restricts to the natural 8-dimensional representation of GLy(C)*3 and for which Gr acts via ¢
permuting the vectors.
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Remark 1.4.2. ([PSR87], page 111). When 11, is ramified, let q, be the cardinality of the residue
field of Fy, then the local L-factor at v of L(s,I1,r) is given by

1+s _
L'U (zrnv/r) = Pv(qu)

for a certain polynomial P,(X) € 1+ XC|[X]. In particular, it is non-vanishing at s = 1/2.

Assume the central character wyy of IT is trivial when restricted to A7, then the com-
plex L-function L(s, I'l, r) has meromorphic continuation to C with possible poles at 0, %, %, 1
and functional equation L(s,I1,r) = e(s,I1,r)L(1 — s, I1,r) ([PSR87], Theorems 5.1, 5.2, 5.3).
When all the primes dividing 91 are unramified in L/F and (M, N ,p(Q)) = 1, the sign of
the functional equation can be computed as follows (Theorems B, D, Remark 4.1.1, [Pra92]).
Write 91 = MT91~, where 9N~ is the square-free part of 9, and suppose that all prime factors
of " are splitin L/F, then the sign of the functional equation is determined by the number
of prime divisors of 9~ which are inert in L/ F:

1 L/F
“(310r) = <m—> |
Theorem 1.4.3. Let E /p be a modular elliptic curve of odd conductor N and let K/ F be an Ss-quintic
extension with totally complex Galois closure |. Suppose | is unramified at 9 and contains a totally
real quadratic extension L/ F, then the ratio of L-functions L(E/K,s)/L(E/F,s) has meromorphic

continuation to the whole complex plane and it is holomorphic at s = 1. Furthermore, if all prime
factors of W are split in L/ F, then

L(E/K,s) _ L/F\
Ordszlm = 1 (mod 2) <:> (9,1_) == —]_

Proof. Thanks to Corollary 1.3.3 and the modularity of totally odd Artin representations of
the absolute Galois group of totally real fields (Theorem 0.3, [PS16]), there is a primitive
Hilbert cuspform g of parallel weight one over L, and level Q prime to 9, such that ¢; = ok.
A direct inspection of the Euler product of the twisted triple product L-function L(s,IT,r)
attached to I'T = I, ¢ produces the equality of incomplete L-functions

1 Ls(E/K,s+ 1)
Ls(e T1r) = Lo (B e-dnd(ap) s+ 3) = 377 -
’ 2

2
where S is any finite set containing the primes dividing 91 - Ny ,¢(Q) and the primes that
ramify in M/F. Remark 1.3.1 ensures the triviality of the central character wiy when re-
stricted to A}, hence, meromorphic continuation, holomorphicity at the center and the cri-
terion for the parity of the order of vanishing at the center of L(E/K,s)/L(E/F,s) follow. [

Corollary 1.4.4. Let E,p be an elliptic curve of odd conductor M and at least one prime of multi-
plicative reduction. We denote by Gs(E ,p; X) the number of quintic extensions K of F such that
the norm of the relative discriminant is at most X and the analytic rank of E grows over K, i.e.,
ran(E/K) > ran(E/F). Then Gs(E; X) <4co X.

Proof. By Theorem 1.4.3, G5(Ef; X) contains all Ss-quintic extension K/ F with totally com-
plex Galois closure | containing a totally real quadratic extension in which the prime divisors
of M are unramified and have certain splitting behaviour. Then ([BSW15], Theorem 2) gives
Gs5(E/p; X) > 10 X, while ([BSW15], Theorem 1) provides X > Gs(E,F; X). O
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Chapter 2

Twisted triple product L-functions

and Hirzebruch-Zagier cycles

This chapter is part of the program pioneered by Darmon and Rotger in [DR14], [DR17a]
devoted to studying the p-adic variation of arithmetic invariants for automorphic represen-
tations on higher rank groups, with the aim of shedding some light on the relation between
p-adic L-functions and Euler systems with applications to the equivariant BSD-conjecture.

Given a totally real number field F, the starting point of the program is to find a reductive
group G having GL;, r as a direct factor together with an automorphic L-function for which
there is an explicit formula for the central L-value. The expectation is that there exists a
transcendental period for which the ratio between the special value and the period becomes
a meaningful algebraic number varying p-adically. More precisely, these modified central
L-values should determine a rigid-analytic meromorphic function by interpolation. In the
present work, we consider the group Gpxr = Resp «r,/p(GLy 1 «r) for L/F a quadratic exten-
sion of totally real number fields. Piatetski-Shapiro and Rallis [PSR87] studied the analytic
properties of the twisted triple product L-function attached to cuspidal representations of
Grxr and Ichino [Ich08] proved a formula for its central value, generalizing earlier work of
Harris-Kudla [HK91]. The first part of the paper is devoted to the construction of a p-adic
L-function, called the twisted triple product p-adic L-function.

Several far-reaching conjectures suggest a strong link between automorphic L-functions
and algebraic cycles: relevant cycles should live on a Kuga-Sato variety whose étale coho-
mology realizes the Galois representation (conjecturally) attached to the automorphic rep-
resentation of G, out of which one constructs the L-function. Furthermore, as the central
L-values should vary p-adically after a modification by an appropriate period, by tinkering
with these cycles it should be possible to produce Galois cohomology classes that p-adically
interpolate into a big cohomology class, giving rise to the p-adic L-function via Perrin-Riou’s
machinery. We remark that such p-adic L-function and big cohomology class are defined us-
ing completely different inputs, an automorphic and a geometric one; the fact that in certain
cases it is possible to prove these approaches produce the same object is in itself an amazing
confirmation of the power of the existing conjectures.

The relation between p-adic L-functions and algebraic cycles, as we just sketched it, can
be very hard to prove since it requires, among various things, a deep understanding of the
cohomology of semistable models of Shimura varieties. Therefore, we decided to dedicate
the second part of this work to the more humble goal of showing that the p-adic L-function,
built using the automorphic input, encodes geometric information of some kind. More pre-
cisely, we compute some values of the p-adic L-function in terms of the syntomic Abel-Jacobi
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image of generalized Hirzebruch-Zagier cycles. Our result is evidence that the twisted triple
product p-adic L-function and the generalized Hirzebruch-Zagier cycles are the right objects
to consider in the framework determined by G| » r and the twisted triple product L-function.

In the remainder of the introduction we present our results in more detail. We fix, once
and for all, a p-adic embedding 1, : Q — @p for every rational prime p, and a complex
embedding i : Q — C. Given a number field E/Q we let I be the set of field embeddings
of Einto Q and tg = Y11, T € Z[Ig]. For k, k' € Z[If] we write k > k' if k; > K for all
T €lpand k > K if k > K and 37, with k, > k.

The p-adic L-function

Let L/F be a quadratic extension of totally real number fields, Q < O and 9t < Of ideals.
Consider primitive eigenforms g, € Sy_ ,.(Q;L; Q) and f, € S_ 1., (9 F; Q), whose weights
satisfy not; = o — 2%, and motr = ko — 2w, for no, m, € Z, generating irreducible cuspidal
automorphic representations 77, of G (A), Gg(A) respectively. We denote by 7, o* their
unitarizations and define a representation of GLy (A xr) by IT = n* @ c*. Letp : Tr — Sz be
the homomorphism mapping the absolute Galois group of F to the symmetric group over 3
elements associated with the étale cubic algebra (L x F)/F. The L-group (G| « ) is given by
the semi-direct product G % T where I'r acts on G = GL,(C)*3 through p. One can define
the twisted triple product L-function L(s,TI,r) of I1 via the representation r of (G «f) on
C2? ® C2 ® C2, which restricts to the natural 8-dimensional representation of G and through
which I'r acts via p permuting the vectors. We assume the central character wry of IT satisfies
wiax = 1, so that the twisted triple product L-function has a functional equation and we
can talk about its central value.

Definition 2.0.1. We say that weights (¢,x) € Z[11)?, (k,w) € Z[If]? are F-dominated if there
exists r € Z[I1],r > 0, withk = (£ + 2r)|p and w = (x + 1) p. In particular, F-dominated weights
satisfy k — 2w = (£ — 2x)|p.

Let 7 : Af — C* be the idele character attached to the quadratic extension L/F by
class field theory. Suppose that the weights of g, and f, are F-dominated and that the local
e-factors satisfy

€v(;rnv/rv>770(_1) =+1 Vo finite place of F.

Building on Ichino’s formula [Ich08] and the proof of the Jacquet conjecture [PSP08], Theo-
rem 2.3.4 and Lemma 2.4.1 show that the non-vanishing of the central L-value L(%, ILr)is
equivalent to the existence of a test vector g, in 7 of some level Vi1 (%) such that the prime
factors of 2 are among those dividing 9 - N ,p(Q) - d; /p. More precisely, g, is a cuspform
such that the Petersson inner product

I(¢) = (" (9"80) ,T0) (2.1)

for some r € IN[I.], does not vanish. Therefore, we can take (2.1) as an avatar of the central
L-value and use it to construct the p-adic L-function.

Remark 2.0.2. The assumption on local e-factors at the finite places of F can be satisfied by requiring
the ideals Ny /p(Q) - dp yp and 0N to be coprime and by asking all prime ideals dividing 2 to split in
L/F.
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Definition 2.0.3. Let ({,x) € Z[I1)?, (k,w) € Z[I]? be weights and 6 € Z[I;] be an element
satisfying p = 0 tp. If 6 =5 w holds, i.e. 0, = wy,, for all p € I, we define

Wy + Oy
‘FT—xy -ueZI.

r(0) =)

nel

Let p be a rational prime unramified in L, coprime to the levels 9, 9. We write P (resp. Q)
for the set of prime O;-ideals (resp. Or-ideals) dividing p. We choose an element 6 € Z[I;
such that 6|p = 0-tr and 0 =) wo, and we let 7 = Yoy, 7 - p, with 7, € Z/(gy, — 1)Z,
denote the reduction of r, = r,(f) defined using the weights of g, and f,. We suppose g,
f, are p-nearly ordinary and we denote by ¢ € S, (Q, x;Iy) and .Z € Sp” (N, ;17) the
Hida families passing through nearly ordinary p-stabilizations ggp ) and V). We have

XlzL(Q)tor = XONLnO and ll)'ZF(m)tor = 17[)0./\/’;’10

for characters xo : clf (Q) — C*, o : clf (M) — C* and we suppose that Xolp o = 1.
We let #* € §2'0'(2l, 52;12+) ([Hid91], Section 7F) be the twisted Hida family, where

Iz 21z(p52) asan A -algebra.

sy
Definition 2.0.4. Let W = Wy 5. be the rigid analytic space Spf(ly &0l z+)18. The subset
of F-dominated crystalline points with respect to (6,7), denoted C%y, is the subset of arithmetic
points (P,Q) € W whose weights are F-dominated, r(0) € Z[I.] is a lift of 7, and such that the
specialization of the Hida families are old at p; that is, they are the p-stabilization of eigenforms of
prime-to-p level: 9p = gép ) and Fq = f(Qp).

Set Ky 7+ = (Iy®plg+) ® Q and Ky = Iy ® Q. We define a Ky-adic cuspform ¢
passing through the nearly ordinary p-stabilization of the test vector g, as in [DR14] Sec-
tion 2.6. Then Lemma 2.4.4 ensures the existence of a meromorphic rigid-analytic function
yfg(g,ﬁ) : W — C,, whose value at crystalline points (P,Q) € W, with 7(0) € Z[I;] a
lift of 7, is
1 (enol (@087, %)

(f) <f(*2, f(*2>
The number E(fy) is defined in (2.16). We are justified in calling 7%} (¢, .#) a p-adic L-

function because it interpolates the algebraic avatar (2.1) of central L-values L(}, ITpq, 1) at

W4 (9, 7)(RQ) = ¢

points (P, Q) ecC QF'f, as the next theorem shows.

Theorem 2.0.5. Consider the partition Qjer |1 Qspiir of the set of Op-prime ideals above p deter-
mined by the splitting behavior of the primes in the quadratic extension L/ F. The value of the twisted
triple product p-adic L-function » £5(4, F) : W — Cpatany (P,Q) € CY satisfies

/ 1 - EF (gp, )
G F)RQ) =% gy | T €8 T1 “g gy
’ E (fQ) € Qinert ’ e Qsplit glr@ (fQ)

z* 5s(wfx‘F)éP £
B ) %)

7

(fo f5)

where s : Ip — 1y, is any section of the restriction 1, — Ir, p — g, and the Euler factors appearing
in the formula are defined in Lemmas 2.4.6 and 2.4.8.
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A p-adic Gross-Zagier formula.

The second part of the paper deals with the evaluation of the p-adic L-function outside the
range of interpolation. From now on, we assume L/Q to be a real quadratic number field.

Definition 2.0.6. A triple of integers (a,b,c) € Z3, is said to be balanced if none among a, b, c is
greater or equal than the sum of the other two. We say that the weights (¢,x) € Z[1.)?, (k,w) €
Z[1g)? are balanced if there exists r € Z[IL], r > 0, such that k = |0 —2r| := (£ —2r)q,
w = |x —r|:= (x —r) g and the triple of integers ({1, {5, k) is balanced.

Definition 2.0.7. The set of balanced crystalline points with respect to (6,7), denoted Cﬁfl, is
the subset of arithmetic points (P,Q) € W, whose weights are balanced, r(0) € Z[11] is a lift
of 7, and such that the specialization of the Hida families are old at p. This set is a disjoint union,
indexed by balanced triples (£, k), of subsets Cgfl(f,k) consisting of points whose weights have the
form (¢,x) € Z[1.)?, (k,w) € Z[Ig]*

For a balanced crystalline point (P,Q) € Cgf 1+ the global sign of the functional equation
of L(s,IIpg,r) is —1. This forces the vanishing of the central value, which one expects to
be accounted for by the family of generalized Hirzebruch-Zagier cycles. Interestingly, the
twisted triple product p-adic L-function is not forced to vanish on Cg’:l and we can try to
compute its values there. Let (¢, k) be a balanced triple such that either ¢ is not parallel or
(¢,k) = (2t1,2). Let A — Shg(Gj) be the universal abelian surface over the Shimura vari-
ety for G} and let £ — Shy/(GL, g ) be the universal elliptic curve over the modular curve,
both defined over some open subset of Spec(Of), where E/Q is a large enough finite Galois
extension. For all but finitely many primes p, let p < Of be the prime above p induced by
the fixed p-adic embedding 1, and consider %_4 X ¢, , #— a smooth and proper compact-
ification of Al/lI=% x £k=2. The generalized Hirzebruch-Zagier cycle of weight (¢, k) is a De
Rham null-homologous cycle

Ap € CHy o (% -4 X0, Wk-2)0 ®z L

. . _|fk—2
of dimension v +2 = ——5—

. Given a pair of eigenforms gp € S;,(V11(20¢);L; E) and
fq € Skw(Vi(MN); E) we can produce cohomology classes wp and 7q, as in Definition 2.7.5,
such that 7rfwp U 11377 € Fw‘_z_chIfI'Jk*B(Ug,zl X, Wi—2) where s = W#; that is, the
cohomology class 7] wp U 757q lives in the domain of the syntomic Abel-Jacobi image of
A,

Ay (Mg s F27 Hy ™7 (Upy e, Wiea) — Eo

and we can compute the number AJ,(Ayx) (7 wp U m57q) as follows.

Theorem 2.0.8. Let L/Q be a real quadratic field and (¢,k) a balanced triple. Let p be a prime
splitting in L for which the generalized Hirzebruch-Zagier cycle Ay . is defined. Then for all (P,Q) €
Cgfl(ﬁ,k) we have

+1 &P (er, )
SIE(fG)  &1,p(fS)

2y (9, 7)(PQ) = ATy (Arx) (miwp U 3 11q)-

Remark 2.0.9. The assumption on the splitting behaviour of p in L/Q should not be necessary.
It could be dispensed with by showing the overconvergence of the p-adic cuspform d:,_g" (gl[f ] ) for
u € 1. It seems reasonable to believe that by generalizing the recent work of Andreatta and Iovita
[AI17] one could prove such a result.
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Let A be an elliptic curve over L of conductor Q and B a rational elliptic curve of con-
ductor 9N, both without complex multiplication over Q. We denote by (M, ), the Ga-
lois representation AsV,(A)(—1) ®q, Vy(B) of the absolute Galois group of Q. We can
use Theorem 2.0.8 to give a criterion for the Bloch-Kato Selmer group H}(Q, (Ma,)p) to
be of dimension one in terms of the non-vanishing of a value of one of our twisted triple
product p-adic L-functions. We build on the recent work of Liu [Liul6], where he com-
putes the dimension of H}(Q, (Ma,g)p) assuming the non-vanishing of the étale Abel-Jacobi
map of certain cycle closely related to our Hirzebruch-Zagier cycle of weight (2¢7,2). Let
ga € So, 1, (V1(Q);L;Q), fp € S1(V1(M); Q) be the newforms attached to A and B by mod-
ularity and p a rational prime coprime to 9 - Ny ,o(Q) - dy /. If g4, fp are p-nearly ordinary,
we denote by ¢,.% the Hida families passing through the p-nearly ordinary stabilizations
“p, = gﬁf) and g, = fl(f) , respectively.

Corollary 2.0.10. Suppose that Nt and N1,,q(Q) - d1/q are coprime ideals and that all the primes
dividing N split in L. For all but finitely many primes p that are split in L and such that g4, fp are

p-nearly ordinary we have
Py, F)(Pa,Qp) #0 =  dimg, HH(Q, (Map)p) =1,

where 0 = —p+y' € Z[I1], 7 = —p.

The setting of this Chapter had been considered by several independent groups: [BCS17],
[For17] and [Ish17]. Ivan Blanco and Ignacio Sols computed syntomic Abel-Jacobi images
of some Hirzebruch-Zagier cycles in terms of p-adic modular forms, while Ishikawa con-
structed twisted triple product p-adic L-functions over Q following the refined approach of
Hsieh [Hsil7]. Given the similarities between the computations of syntomic Abel-Jacobi im-
ages in the work of Blanco-Sols and M.E,, the two groups agreed to publish together [BCF].

2.1 Automorphic forms

2.1.1 Adelic Hilbert modular forms

Let F/Q be a totally real number field and let Ir be the set of field embeddings of F into Q.
We denote by Gr the algebraic group Resr,qgGLy r. We choose a square root i € C of —1
which allows us to define the Poincaré half-plane ), we consider the complex manifold HiF
which is endowed with a transitive action of Gr(R)* = [, GLy(R)* and contains the point
i = (i,...,i). For any K < Gp(A%) compact open subgroup we denote by Sy ,,(K; F;C),
or simply Sy ,,(K; C) when there is no risk of confusion, the space of holomorphic Hilbert
cuspforms of weight (k,w) € Z[If]?, k — 2w = mtr for some m € Z, and level K. It is
defined as the space of functions f : Gr(A) — C that satisfy the following list of properties:

o f(axu) = f(x)jkyp(tico, i)~ where a € Gp(Q), u € K- C; for C; the stabilizer of i in

b
Gp(R)* and the automorphy factor is jk/w< (a > ,z> = (ad — bc) "% (cz 4 d)* for
c

d

a b I

€ Gr(R), z € H'F;
c d

e for every finite adelic point x € Gp(A*) the well-defined function f, : $F — C
given by fy(z) = f(Xueo)jk w (1o, 1) is holomorphic, where for each z € $'F we choose
oo € GF(R)™ such that uei = z.
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e for all adelic points x € Gp(A) and for all additive measures on F\ Ar we have

/P\AFf( ((1) ”;) x)da —0.

o If the totally real field is just the field of rational numbers, F = Q, we need to im-
pose the extra condition that for all finite adelic point x € Gg(A®) the function
|Im(z) gfx(z)| is uniformly bounded on §).

Definition 2.1.1. We denote by Gy the algebraic group Resg/qGLa,F X Resy oG, Gm- By replacing
Gr by Gy in the previous definition, we define S (K; C) to be the space of cuspforms for G of weight
(k,v) € Z[If] x Z and level K, for any K < Gj(Q) compact open subgroup.

Note that for all pairs of weights (k, v), (k,v") € Z[If] X Z there is a natural isomorphism
Yo Sp, (K C) — S, (K;C) 22

given by f(x) — f(x)|det(x) g;;.
Each irreducible automorphic representation 77 spanned by some form in S ,,(K; C) has
m
central character equal to [—| A" up to finite order characters. The twist 71" := 7 ® |—|3  is

called the unitarization of 77. Note that there is an isomorphism of function spaces (not of
Gr(A)-modules)

T — 7" m
, where  f¥(x) = f(x)|det(x)\fAF. (2.3)
frf

Let dx be the Tamagawa measure on [Gr(A)] = Af Gr(Q)\Gr(A), for any two cuspforms
f1,f2 € Sk (K; C), with k — 2w = mtr, we define their Petersson inner product to be

() = [, AO0RGIIdet (0[S dx = (11, 8). @4

For an Of-ideal 9 we consider the following compact open sugroups of G (Z.):

o Up(M) = { (Z S) € Gr(2)

o Vi(MN) = { (” Z) € uo(m)’ d=1 (mod m@)},

cE ‘ﬁ@},

[

e Vi1(M) = { (Z Z) e Vi(M)

o U(N) = { C Z) € vn(m)‘ b=0 (mod m@)}

a=1 (mod ‘ﬁ@)},

For any prime p coprime to 91 and any compact open subgroups satisfying V;(9) < K <
Up(N), we set K(p*) = KN Vy1(p*) and Zp(K) = Af /F* detK(p®)F ,. One can decom-
pose the ideles of F as

I (9)
A; = H anidetvll(m)F;,+
i=1
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where a; € A} and ki (M) is the cardinality of clf (M) := FX\AF™/ detVy1(N). The

ideles decomposition induces a decomposition of the adelic points of Gr

h'}'(‘ﬁ) gfl 0
Ge(A) = [ GrQtiVii(MGe(R)"  for  t; = ( 10 1) '
i=1

Adelic gq-expansion

The Shimura variety Shg(Gr), determined by Gr and a compact open subgroup K, is not
compact, therefore there is a notion of g-expansion for Hilbert modular forms. Even more,
Shimura found a way to package the g-expansions of each connected component of Sh (Gr)
into a unique adelic g-expansion. Fix dp € A}’ such that dpOr = df is the absolute
different ideal of F. Let FS be the Galois closure of F in Q and write V for the ring of
integers or a valuation ring of a finite extension Fy of F& such that for every ideal a of OF,
for all T € If, the ideal a™V is principal. Choose a generator {q"} € V of q*V for each prime
ideal g of Of and by multiplicativity define {a’} € V for each fractional ideal a of F and
each v € Z[If]. Given a Hilbert cuspform f € Sy ,,(V41(9);C), one can consider for every
indexi € {1,...,h{ (M)}, the holomorphic function f; : HF — C

fi(z) = yulf (ti <y5° x1°°>>= Y a(Ef)er(Zz)

Fe(apt)y

for z = Xeo + iYeo, a; = a;OF and ep(§z) = exp (271i Lrey, T(§)z1). Every ideley in A | :=
AT F} , can be written as y = {,‘a;ldu for & € F and u € detU(M)F ,; the following
functions

a(—f):Af, —C, ap(—f):AF L —Q,

are defined by

a(y,f) == a(& )y "FIET Y a;|a, and  ap(y,f) = a(Ef)yy FEFTONE(a)

ify € (/Q\FFof, + and zero otherwise. Here N : Zp(1) — @; is the p-adic cyclotomic character
givenby y — y, PE |y |A1F Clearly, the function a, (—, f) makes sense only if the coefficients
a(¢, fi) € Q are algebraic V¢, i. For each V-algebra A contained in C we denote by Sy ,,(K; A)
the A-module {f € 5, (K;C)| a(y,f) € AVy € Af  }.

Theorem 2.1.2. ([Hid91], Theorem 1.1) Consider the map er : C'¥ — C* defined by ep(z) =
exp (27i Yorey, 20 ) and the additive character of the ideles xp : Ap/F — C* which satisfies
Xr(Xeo) = ep(Xoo). Each cuspform f € Sy ,(V11(MN); C) has an adelic g-expansion of the form

f ((V x)) = lylay Y a(Cydr, ){(Cydr)' s }(Cyoo) " Fer (ifyeo) xF (8x)

0 1 5

fory € Af , x € Ap, wherea(—,f) : Af |

on the coset y* det V11 (N).

— C vanishes outside @}Fg . and depends only
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Nearly holomorphic cuspforms

For K compact open subgroup satisfying V11 (9) < K < Gp(A*) we denote by
Nk,w,q(K? F?C) = Nk,w,q(K?C)

the space of nearly holomorphic cuspforms of weight (k, w) € Z[I]? and order less or equal
to g € IN[If] with respect to K. It is the space of functions f : Gr(A) — C that satisfy the

following list of properties:
o f(axu) = f(x)jip(tico, 1)t where & € Gr(Q), u € K- CE;

e for each x € Gr(A®) the well-defined function fy(z) = f(xXueo)jkz(Ueo, 1) can be writ-
ten as

fe(z) = ) al@fx)((dmy) "er(Ez)

geL(x)+

for polynomials a(g, fy) (Y) in the variables (Yr )< of degree less than g in Y; for each
T € Ir and for L(x) a lattice of F.

As before f; stands for f;; and we consider adelic Fourier coefficients

a(y, £)(Y) = {y* 3" Clai|apa(C, 6)(Y), ap(y, H)(Y) =y & “Ne(a;)"a(E,f:)(Y)

ify = Ca;ld ru € @:Fé + and zero otherwise. The adelic Fourier expansion of a nearly
holomorphic cuspform f is given by

f ((ﬁ 1)) = vl 32 a(Eydr, (V€0 HEe)~er(ityelis(€)

for Y = (47ys) ! and for A a subring of C one can consider the A-module Niw,q (K A)
defined by {f € Ni,,4(K;C)| a(y,f) € A[Y]Vy € Af  }.
There are Maass-Shimura differential operators for r € IN[If], k € Z|[If] defined as

1 A d
r_ T 06T h r== 5 |- 2.
O TI;[IF(5kT+2rT—2 0008 ), where  J; 27ti ( 2iy. + azT) @3)

They act on a nearly holomorphic cuspform f € N, ,(K; C) via the expression

a(y, 5f) (V) = {y“F e ag a8, 0 (V).

Suppose that Q C A, then Hida showed ([Hid91], Proposition 1.2) the differential operator 6}
maps Ni 4(K; A) t0 Ny 20 4r,g+r(K; A) and if kr > 2q; VT € I, then there is a holomorphic
projector [T : Ny, o (K; A) — Sp 4, (K; A).

2.1.2 Hecke theory

Consider a compact open subgroup K < Gp(A®%) of the finite adelic points of Gr that satis-
fies V11(9M) < K < Up(M). Suppose that V is the valuation ring corresponding to the fixed
embedding i), : FGal @p, so that we may assume {y'F "%} = 1 whenever the ideal yOr
generated by y is prime to pOf. Let @ be a uniformizer of the completion Of  of Of at a



Chapter 2. Twisted triple product L-functions and Hirzebruch-Zagier cycles 24

prime q. We are interested in Hecke operators defined by the following double cosets

To(@) = {@® "} | Vi (M) (

) Vi1 (1) if g1 M,

@ 0
0 1

Up(@) = {@” 7} | V11 (M) (

@ 0
0 1

) Vi1 (M) ifq | M,

and for a € Of y = []qm O, the double coset

Vi (M) (g 2) Vn(m)] :

If the prime q is coprime to the level, then the Hecke operator Tp(@) acting on modular

T(a,1) =

forms is independent of the choice of the uniformizer @ and we simply denote it Ty(q). For
any finite adelic point z € Zg(A®%) of the center of Gr we define the diamond operator
associated to it by f|.,)(x) = f(xz), for any modular form f. For a prime ideal q such that
GLy(Or,q) C K, we write (q) for the operator (@), where @ is a uniformizer of Of . The
action of the operators on adelic g-expansion is given by the following formulas. If q { 9 one

can compute

ap (U, firy(a)) = ap(y@, H){@" @y ™ + Nsg(a) {a™ " }ap (yo ™, f (g @ Yoy

and
a(y, iz, (q) = a(y@, f) + Npsg(@){a® @~ Ya(yo ™, f ).

If g | 9% one can compute

ap (Y, flup(@)) = ap(y@, H){@" oy

and
a(y, fluy (@) = aly®, ).

Finally, for a € Of  one finds a,(y, fir(s1)) = ap(ya,f)aiffw. It follows that if @ € Ofq
is a uniformizer and a € O;,q then Up(aw) = T(a,1)Uy(w@). The Hecke algebra hy ,,(K; V)
is defined to be the V-subalgebra of End¢ (Sk,w(K;C)) generated by the Hecke operators
To(q)’s for primes outside the level q { 9, Uy(@)’s for primes dividing the level q | N,
T(a,1)’s fora € Of i and the diamond operators. For each V-algebra A contained in C one
defines hy ,, (K; A) = hy ., (K; V) @y A.

Theorem 2.1.3. ([Hid91], Theorem 2.2) For any finite field extension L/FC" and any V-subalgebra
A of L, there is a natural isomorphism Sy ., (K; L) = S 1,(K; A) ®4 L. Moreover, if A an inte-
grally closed domain containing V, finite flat over either V or Z,, then Sy ., (K; A) is stable under
hi,w (K A) and the pairing () : S (K; A) X hi oo (K; A) — A given by (f,h) = a(1, f},) induces
isomorphisms of A-modules

hk,w(K; A) = Sk,w(K;A)* and Sk,w(K;A) = hk,w(K;A)*r

where (—)* denotes the A-linear dual Hom 4 (—, A).
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Every idele y € OrN A can be written as y = a], a)z(q)u with u € det V(M) and
a € Op . Write n for the ideal (Igm wg(q) ) OF, then the Hecke operator

To(y) = T(a, 1) To(n) [T Up(@%'?) 2.6)
q|n

depends only on the idele y. A cuspform that is an eigenvector for all the Hecke operators
is called an eigenform and it is normalized when a(1,f) = 1. Shimura proved ([Shi78],
Proposition 2.2) that the eigenvalues for the Hecke operators are algebraic numbers, hence a
normalized eigenform f € Sy ,,(K;C) is an element of S ., (K; Q) since the Ty(y)-eigenvalue
is a(y,f) for every idele y. For an idele y € OrN A7, let T(y) = To(y){y'F“}.

Definition 2.1.4. Let p | p be a prime of O coprime to the level K and (k, w) € Z[Ip) with k > 2tr.
A normalized eigenform f € Sy ,,(K; Q) is nearly ordinary at p if the To(p)-eigenvalue is a p-adic
unit with respect to the specified embedding 1, : Q — @p. If f is nearly ordinary at p for all p | p we
say that f is p-nearly ordinary.

Definition 2.1.5. For every idele b € A} there is an operator V (b) on cuspforms defined by

-1
flv () (x) = N/ (bOF)f (x (bo 2))

that acts on p-adic g-expansions as ap(y, fjy ) = bg’_tFap(yb’l, f) (this operator is denoted [b] in
[Hid91], Section 7B). Its normalization [b] = {b'F~%}V(b) acts on g-expansions by a(y, fle) =
a(yb=1,f).

Remark 2.1.6. We have Uy (@) o [@0] = U(w) o V(@) = 1.

Let f € Sy, (K, Q) be a normalized eigenform of level prime to p. Set

(p)o = {3 p),

w—tp

then the (p)o-eigenvalue of f is ¢ o(p) = {coﬁ( )}tpf(p) for ¢ (p) the (p)-eigenvalue of f.

The Ty (p)-Hecke polynomial for f is given by

1—a(p, f)X +Ngo(p)ro(p)X* = (1 — agpX) (1 — opX).

If f is nearly ordinary at p, a(p,f) is a p-adic unit and we can assume that &, is a p-adic
unit too. The nearly ordinary p-stabilization of f is the cuspform f(P) = (1 — B, [@])f that
has the same Hecke eigenvalues of f away from p and whose Uy(@; )-eigenvalue is « . For
S a finite set of prime Op-ideals, the S-depletion of a cuspform f is the cuspform flS/ =
[Tpes (1= V(@yp) o U(wy)) f whose Fourier coefficient ap(y, f151) equals ap (y, ) if ys € Ors

and 0 otherwise.

Lemma 2.1.7. For all pairs of weights (k,v), (k,v") € Z[Ig] x Z we have the equality V(p) o
Y, = pV/_V‘YW/ o V(p) of maps from S; (K, C) to S; ,(K,C).

Proof. Follows directly from the definitions. O
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2.2 Hida families

We consider compact open subgroups that satisfy V;(91) < K < Up(N). The group Zr(K)
has a finite torsion, so we can fix a prime p coprime to 9 and the order of Cl} (91). Let O
be a valuation ring in @p finite flat over Z, containing ¢,()). Consider the space of p-adic

cuspforms
Skw(K(p™);0) = lim Sp (K(p"); 0)

on which the p-adic Hecke algebra

i (K(p™);0) = lim by (K(p);0)

naturally acts. The Hecke operators defined by T(y) = lim T(y)y;ﬁ’_tF play an important
role in the theory. There is a p-adic norm on the space of p-adic cuspforms Sy ., (K(p*); O)
defined by |f|, = supy{ lap(y,f)|p}; the resulting completed space is denoted by

Skw(K(p™);0)

and it has a natural perfect O-pairing with the p-adic Hecke algebra ([Hid91], Theorem 3.1).
Each element f € Si,(K(p®);O) induces a continuous function f : J — O, defined by
v+ ap(y,f), on the topological semigroup

3= 0 FX./detViy(p™)FL .,

isomorphic to (’)?,p x St for Fr the free semigroup of integral ideals of F. Hence, there is
a continuous embedding Sy ., (K(p®); O) — C(J;O) of the completed space of p-adic cusp-
forms into the continuous functions from J to O. The image of the embedding, denoted
Sr(K;O), is independent of the weight (k, w) since there exists a canonical algebra isomor-
phism

hiw (K(p%); 0) = hagy . (K(p™); 0)

which takes T(y) to T(y) ([Hid89b], Theorem 2.3). Hence, we are justified in choosing the
notation hr(K;O) for hy,,(K(p*); O) which is independ of the weights up to a canonical
isomorphism. From now on, Sp(M,0) and hp(M; O) stand respectively for Sp(V1(MN); 0)
and hp(V1(M); 0).

Remark 2.2.1. Nearly holomorphic cuspforms can be seen as p-adic cuspforms ([Hid91], Proposition
7.3). For each nearly holomorphic cuspform f € Ny, ,(K(p*); F; O) one can define a p-adic cuspform
by setting
e(f) = Ne(y) ™ Y ap(Eydr, F)(0)g¢ € Sp(K; ).
EEFY

It is possible to decompose the compact ring hp(K; O) as a direct sum of algebras
hrp(K;0) = hp*(K;0) @ h$(K; O)

in such a way that T(p) is a unit in h** (K; O) and it is topologically nilpotent in h¥(K; O).
Furthermore, the idempotent e, of the nearly ordinary part h}°(K;O) has the familiar
expression en o, = nlglgo T(p)™. Let §rp1'0‘ (K; O) = en.o.Sr(K; O) be the space of nearly ordinary
p-adic cuspforms.
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Consider the topological group Gp(K) = Zp(K) x Ol?,p equipped with the continuous
group homomorphism Gp(K) — h%°(K;0)* given by (z,a) — (z)T(a"1,1). As pis
prime to the order of Gr(K)ior, there is a canonical decomposition Gr(K) = Gp(K)or X Wg
for a Z-torsion free subgroup Wr. Then Wr = ZJ for r = [F : Q] + 1+ J, where ¢ is
Leopoldt’s defect for F, and we denote by O[Wg] = O[Xy, ..., X;] the completed group

ring.

Theorem 2.2.2. ([Hid89b], Theorem 2.4) The universal nearly ordinary Hecke algebra h}:* (K;O)
is finite and torsion-free over Ar = O[WFp].

One can write O[Gr(K)] = @, Ar as a direct sum ranging over all the characters of
Gr(K)tor where Ar,, = Afr, and obtain a similar decomposition of the universal nearly
ordinary Hecke algebra h#*(K;O) = @, h*(K;O)y.

Definition 2.2.3. Let K be a compact open subgroup satisfying V1 (M) < K < Uy(MN) for an Op-
ideal M prime to p. Given a character x : G(K)or — O and a Ar ,-algebra 1, we define the space
of nearly ordinary I-adic cuspforms of tame level K and character x to be

SEY(K, 1) = Homp . -moa (hE” (K; O), T).

We call Hida families those homomorphisms that are homomorphisms of A ,-algebras.

Given a pair of weights (k,w) € Z[Ig]?, with k — 2w = mtp, and finite order characters

p:Zp(K) = 0%, ¢ : O;/p — O* one can define a homorphism Gg(K) — O* by
(2,0) = P29 (O Ne(2)"a7,

which determines an O-algebra homomorphism Py, 44 : O[Gp(K)] — O. Let’s fix an
algebraic closure L of the fraction field L of Ar, with an embedding @p < L. Suppose
A : h}*(K;O), — Lisan Ap,-linear map; since the universal nearly ordinary Hecke algebra
is finite over Af,, the image of A is contained in the integral closure I, of Af, in a finite
extension K, of L.

Definition 2.2.4. Let I be a finite integrally closed extension of Ar . We denote by A, (I) the set of
arithmetic points, i.e., the subset of Homo_alg(l,@p) consisting of homomorphisms that coincide
with some Pk,‘w,l/J,L/J’ (with k > 2t1:, w < tp) on AF/?C'

IfP € Ay (I)), P|Aj7c = Pkfwﬂl’/\l\m’ the composite Ap = P o A induces a Q,-linear
map Ap : hpo(K(p*);Q,) — Q) for some & > 0 ([Hid89b], Theorem 2.4). Therefore,
the duality between Hecke algebra and cuspforms produces a unique p-adic cuspform fp €
St (K(p*) ;@p) that satisfies a, (v, fp) = Ap(T(y)) for all integral ideles y. Furthermore, if A
is an algebra homomorphism, each specialization at an arithmetic point is an eigenform and

so classical, i.e., an element of S{:0-(K(p”); Q). On the other hand, if f € Sy 5, (K(p*); Q) is an
eigenform for all Hecke operators and its Uy (p)-eigenvalue is a p-adic unit with respect to
the fixed p-adic embedding ¢, then there is character y, a finite integrally closed extension
Iz of Af,, and a nearly ordinary I z-adic Hida family .% : h}°(K; O) — 1z passing through
f ((Hid89b], Theorem 2.4).

Definition 2.2.5. We define the set of crystalline points, A5 (1), to be the subset of arithmetic
points P € Ay (I) such that Piar, = Prawyi|ag, for ¢ factoring through ¢ : i (M) — O* and
the eigenform fp is p-old.
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Specializations of Hida families with trivial nebentype at p are automatically p-old when
k > 2tr ([Hid89b], Lemma 12.2).

2.2.1 Diagonal restriction

If L/F is an extension of totally real fields, there is a restriction map I; — Ir which induces
a group homomorphism Z[I; | — Z[I] denoted by ¢ — {|r and satisfies (t)p = [L : F] - tp.
Let 91 an ideal of OF, the natural inclusion { : GLy(Af) < GLy(A[) defines by composition

a diagonal restriction map
@* : Sg,x(Vn(‘ﬂOL);L;C) — Sg‘F/x‘F(VH(m),' F,‘C).
Proposition 2.2.6. Let b € Af. For any cuspform g € Sy (V11(MOL); L; C) we have

7 (8v () = Nes(bOp) B (27g) ).
Proof. Follows directly from the definitions. O

Definition 2.2.7. Let L/ F be an extension of totally real number fields and let 0t be an Op-ideal. For
every prime p coprime to N and the orders of Zr(V1(M) )tor, Z1 (V1 (NOL) )tor, diagonal restriction
of cuspforms induces by O-duality a map between universal Hecke algebras

é : hp(‘ﬁ;O) — hL(‘ﬁOL;O).
The element {(T(y)) is determined by the equality

ap(Lggry)) =2p(L(C8)ry) V8 €SLMOL;0).

We endow O[GL(V1(NOL))] with the O[Gp(V1(N))]-algebra structure [(z,a)] — [(z,a)]a .
The homomorphism { is also O[Gg (V4 (M) )]-linear because diamond operators and operators T(a, 1)

fora e Op p commaute with diagonal restriction:
(C°8)|z) =T (81z)) and  (T7°8)1(a1) = T (gT(a1))-

2.2.2 On differential operators

For each p € I there is an operator on p-adic cuspforms d;, : S1(Q;0) — S.(Q;0) given
on g-expansions by a,(y,d,g) = y}ap(y, g). The definition can be extended to all r € IN[I;]
by setting d” = [Ty, d;" ([Hid91], Section 6G).

Lemma 2.2.8. Let r € N[I;] and let g € Sy .(V1(Qp*); L; O) be a cuspform, then
en‘o‘thg* (%g) = en.o.g* (drg),

where &), is the Maass-Shimura differential operator (2.5).
Proof. Proposition 7.3 of [Hid91] gives the equality en.o TThOIZ* (07g) = eno.c(¢*(d}g)). Since
c(*(9}g)) = ¢*c(é}g), we conclude by showing that c(d}g) = d"c(g). Indeed,

ap(y,c(6}g)) = ap(y, 87g)(0) =y "N (a;) 1 EL T a(E, 0)gi) (0)
=y TN (@) e a(E i) = ap(y, d'c(g)).
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2.3 Twisted triple product L-functions

2.3.1 Complex L-functions

Let L/ F be a quadratic extension of totally real number fields, Q <Oy and 9t < O ideals. Two
primitive eigenforms g € S;,(V1(Q);L;Q) and f € Sy, (V1(MN); F;Q) generate irreducible
cuspidal automorphic representations 77, o of G (A), Gg(A) respectively.

Let " = m® |o |”/ 2ot =0®]| |m/ 2 be their unitarizations, where 1, m are the integers
satisfying n -t;, = € —2x, m-tr = k —2w. One can define a unitary representation of
Grxr = Respyp/p(GLyrxr) by IT = m* ® ¢". Let p : Tr — S3 be the homomorphism
mapping the absolute Galois group of F to the symmetric group over 3 elements associated
with the étale cubic algebra (L x F)/F. The L-group '(Gp ) is given by the semi-direct
product G x T'r where I'r acts on G = GL,(C)*3 through p.

Definition 2.3.1. The twisted triple product L-function associated with the unitary autormophic
representation 11 is given by the Euler product

H L'U HZ}/

where 11, is the local representation at the finite prime v of F appearing in the restricted tensor
product decomposition I1 = &, I1, and representation r gives the action of the L-group of G« on
C? ® C? ® C? which restricts to the natural 8-dimensional representation of G and for which Tr acts
via p permuting the vectors.

Remark 2.3.2. ([PSR87], page 111). When 11, is ramified, let q, be the cardinality of the residue
field of Fy, then the local L-factor at v of L(s,I1,r) is given by

1+s _
Lv( > Hv/):Pv(%s)

for a certain polynomial Py(X) € 1+ XC[X]. In particular, it is non-vanishing at s = 1/2.

Let v be a prime of F unramified in L for which I, is an unramified principal series, i.e.,
vt M- Nr/p(Q)-dp/p. We write @, for a uniformizer of F, and ¢, for the cardinality of the
residue field of F,. If v = ¥ - ¥ splits in L, the GL;(F,) X3—replresen’cation IT, can be written
as Iy = 7t(x1,7, X2,v) @ (X1 7/, X2 77) ® 7 (P1,0, P2,0) and the local Euler factor is given by

Ly(s, Iy, 1) = H (1 —Xi,v (‘Dv)Xj?(@v)lpk,v (‘Dv)q;s)' (2.7)
ijk

When the prime v is inert in L, the GL;(Ly) x GL;(F,)-representation IT, can be written as
IT, = 7T(X1,0, X2,0) @ 7T(Y1,0, P2,0) and the local Euler factor is given by

LU(S/HU/r) = H (1 sz(@v)lpj, (Cov % X H 1 — X1 v(@v>X2v(wv)lka(@v) ) (2.8)
L]

Assume the central character wry of ITis trivial when restricted to A7, then the complex
L-function L(s,I1,r) has meromorphic continuation to C with possible poles at 0, %, %, 1 and
functional equation L(s,IL,r) = e(s,IL,r)L(1 — s,I1,r) ([PSR87], Theorems 5.1, 5.2, 5.3).
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Remark 2.3.3. The relation between Satake parameters of ", o™ and Hecke eigenvalues of the prim-
itive eigenforms g",f* can be given explicitly as follows. Suppose v t Q and v = V¥ splits in L,
then

&' 110r) = 407 (X190 (@) + Xo,0(@0)) 8" " ri) = 487 (XL?(%) + X2,7(@v)) g".

2.9
Moreover, if v+ Q and v is inert in L then =
g 11(woL) = 9o (X1,0(@0) + X2,0(@0)) g". (2.10)

Finally, if v t N a finite place of F we have
1) = 0’2 (P1,0(@0) + Po0(@0) ) . (2.11)

2.3.2 Central L-values and period integrals

Let D,r be a quaternion algebra. We denote be TIP the irreducible unitary cuspidal auto-
morphic representation of D* (A[ «r) associated with I'Tby the Jacquet-Langlands correpon-
dence when it exists. For a vector ¢ € ITP one defines its period integral as

1P (¢) = ¢p(x)dx

/[m (Ap)]

where [D*(Ar)] = AFD*(F)\D*(AF). To simplify the notation we write I(¢) to denote
the period integral for the quaternion algebra M;(F).

Theorem 2.3.4. Let 17 : Aj — C* be the quadratic character attached to L/ F by class field theory.
Then the following are equivalent:

(1) The central L-value L(%,H,r) does not vanish, and for every place v of F the local e-factor
satisfies ev(%,l_[v, r) - 1o(—1) =1
(2) There exists a vector ¢ € 11, called a test vector, whose period integral 1(¢p) does not vanish.
Proof. (1) = (2). By the Jacquet conjecture, as proved in ([PSP08], Theorem 1.1), the
non-vanishing of the central value implies that there exists a quaternion algebra D/F and a
vector ¢ € TIP such that its period integral is non-zero, i.e., I” (¢) # 0. We want to show

that the assumption on local e-factors forces the quaternion algebra to be split everywhere.
Ichino’s formula ([Ich08], Theorem 1.1) gives an equality, up to non-zero constants,

.1
I = L(5, 1) -];[IE

of linear forms in Hompx (a,)xpx(a;) (HD ®I1P, C) where TP is the contragredient rep-

resentation and the IY’s are local linear forms in
Hompx (g,)xDx(F,) (HE ® (ﬁD)v,C) :

Suppose v is a place of F at which the quaternion algebra D ramifies, i.e. v | discD. Requir-
ing the value of the expression €, (3, IT,,r) - 77o(—1) to be equal to 1 forces the local Hom-
space Hompx (r,)« px(F,) (HZE,) ® (T1P),, C) to be trivial ([Gan08], Theorem 1.2); in particular
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it forces the local linear form I% to be trivial. This produces a contradiction because the LHS
of Ichino’s formula is non-trivial. Indeed, choosing the complex conjugate ¢ € TIP = TIP of
the test vector ¢ we compute that

P Ppod) = @) #o.

Hence, the discriminant of D has to be trivial, i.e., D = M (F).
(2) = (1). The existence of a test vector ¢ € IT implies the non-vanishing of the central
value L(%, IT,r) by Jacquet conjecture. Moreover, Ichino’s formula provides us with non-

trivial local linear forms, the I,,’s, in the local Hom-spaces

Homgy, (F,)xGLy (F,) (Hv ® (ﬁ)v,C)

which force the equality €, (3, I1,1) - 175(—1) = 1 for every place v of F ([Gan08], Theorem
1.1). O

Remark 2.3.5. We can give sufficient conditions on the eigenforms g € S;(V1(Q);L; Q) and
f € Skw(Vi(M); F;Q) such that the local e-factors of the automorphic representation 11 satisfy the
hypothesis of Theorem 2.3.4. The local e-factor at the archimedean places of F satisfy the hypothesis
of the theorem if the weights of g and f are F-dominated (Definition 2.0.1). Moreover, the same is true
for the e-factors at the finite places if we assume that Ny ,p(Q) - d ;p and 0N are coprime and that
every finite prime v dividing 2 splits in L ([Pra92], Theorems B, D and Remark 4.1.1).

Proposition 2.3.6. For all finite places v of F away from the level of 11 and unramified in L/F, a
newvector in 11, is a choice of test-vector for Ichino’s local linear functional.

Proof. 1f v is a place splitting in L, the claim follows from ([Pra90], Theorem 5.10). We show
that the proof given by Prasad can be adapted to deal with the inert case as follows. Our
claim is that the image of the spherical vector under the non-trivial linear functional Y :
(7")y — (0),, unique up to scaling, is non-zero. As in ([Pra92], Section 4) we can assume
that (77"), is the principal series V) for the character of the Borel

X (g z> = a(a)B(d)~!, for unramified characters a, f: L — C*,

so that the representation V) can be realized in the space of functions over IPL) and the
spherical vector corresponds to the constant function 111,1 . The projective line ]PlLv can be
decomposed into an open and a closed orbit for the action ‘of GL, (Fo),

pi, = (PL\PL) TP},

which produces an exact sequence of GL;(F,)-modules

GLy(F)
Ly

GL;,(Fy)

0 — ind (X') — Vy —Indg 2" (x /%) —=0 (2.12)

for x’ : L} — C* the character defined by x'(x) = a(x)B(%). If IndG(L;()P”) ()(511:/ 2) is isomor-

phic to the contragradient representation (%), then we are done, because 1H31Lv — 11[,%0 # 0.
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Otherwise, suppose Y(lﬂ’} ) = 0. Let T, be the Hecke operator given by the double coset

Ty =

aon) (3 Yatson]

then the function

1
(g0 +1)x62(@y)

(Tv(llpi ) — qu(sl/z(wv) - X(Sl/z(l/@v)) (2.13)

is the constant function 1 on the GL,(OF, )-orbit of ]P}Jv consisting of those points that re-

duce to a point in P (O, /@,) \ P} (OF,/@,), and the constant function zero everywhere
GLy(Fo)
Ly

exact sequence (2.12). The function (2.13) is sent to zero by Y by GL,(F,)-equivariance,

else. Therefore, the function (2.13) is an element of ind (x') because of the short
but at the same time that is not possible because we can explicitly describe the elements
of Homgy,(f,) (indSXL Z(F”)()(’ ) (Eﬂ)v> in terms of integration over GL,(OF,)-orbits of P}
giving a contradiction.

O

2.4 p-adic L-functions

Letg € Sy (Vi(Q); L;E), f € Sk (V1 (MN); F; E) be primitive eigenforms defined over a num-
ber field E whose weights are F-dominated. We assume the central character wry of IT to be
trivial when restricted to A ; , that the central L-value L( %, IT, r) does not vanish, and that for
every place v of F we have the condition €5 (3, Iy, 1)17,(—1) = 1 on local e-factors satisfied.
Then there exists a vector ¢ € IT such that the period integral I(¢) is non-zero (Theorem

2.3.4). Let J be the element
Ip
-1 0
J= € GLy(R)"r.
J ( 0 1) 2(R)

For any h € ¢ we define hY € ¢* to be the vector obtained by right translation hv(g) =
h(g3J). If h has weight k € Z[If] then h¥(h) has weight —k.

Lemma 2.4.1. Let r € IN[I;] be such that k = (¢ +2r)p and w = (x + ). Then there is an
Or-ideal 2 supported on a subset of the prime factors of M- N /p(Q) - dpp such that a test vector
¢ can be chosen to be of the form ¢ = (5"g)" @ (f9)" for g € Sy (V11(AOL); L; E) eigenform for all
Hecke operators outside M - Ny ,p(Q) - dp /¢ with the same Hecke eigenvalues of g.

Proof. By linearity of the period integral we can assume ¢ to be a simple tensor. We can also
assume ¢ = 60 ® vV € I1 because the archimedean linear functional appearing in Ichino’s
formula is non-zero if and only if the sum of the weights of the local vectors is zero.
Proposition 2.3.6 allows us to take ¢, and v, newvectors for all finite places that do
not divide 91 - Ny ,p(Q) - dr/r. Moreover, by direct inspection of Ichino’s local function-
als — expressed in terms of matrix coefficients — one can see that we are allowed to choose
the newvector v, for all finite places. Note that newvectors are mapped to newvectors by
the isomorphism 7 ® ¢ = 7 ® ¢* as in (2.3). Therefore we can write ¢ = "0 @ vJ as
(6g)" @ (F9), for g € 7 of level U(BO)) for some Op-ideal B supported on a subset of
the places dividing 91 - Ny /p(Q) - d/r. We conclude by showing that we can assume that
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g € Sy, (V11(AOL); L; E) for A = B2. Indeed, right translation by

10
= , bOr = 9B,
Y <0 b) r

induces an injection Sy, (U(BOL); L; E) < Sy, (V11(B20L); L; E) equivariant for the action
of Hecke operators away from the level and that change the period by a non-zero constant.
O

When the test-vector ¢ is as in Lemma 2.4.1, we can rewrite the period integral I(¢) as a
Petersson inner product

1(¢) = / S @ (YA x = (T* (58) (2.14)

@)= [, ay EB @ E)d = (08) F)
where f* = (fJ) is the cuspform in S ., (V4 (0); F; E) whose Fourier coefficients are complex
conjugates of those of f. We conclude the section with a proposition showing that a good
transcendental period for the central L-value of the twisted triple product L-function is the

Petersson norm of the eigenform f*.

Proposition 2.4.2. Let E be a number field and let f € Sy ,(V1(MN); F; E) be a primitive cuspform
spanning an irreducible cuspidal automorphic representation o. Then for any ¢ € Sy ,,(V11(2); F;E)
the Petersson inner product (¢, f) is a E-rational multiple of (f,f).

Proof. We follow the argument of ([DR14], Lemma 2.12). Note that the Petersson inner prod-
uct (¢, ) depends only on the projection ef¢ of ¢ to ¢. In fact, by the orthogonality of the
character eigenspaces for the action of V; () / V11 (%), the only relevant part is the projection
to e¢Sy (V1 (2); F; E). This E-vector space is spanned by the cuspforms

1 0
{fal fa(x) :f(xsa)}a‘%, Sq = (0 a)' aOp =a

for all ideals a dividing /9% ([Miy71], Proposition 6 and [Shi78], Proposition 2.3). Thus, it
suffices to prove the statement for f, when a | 2A/91. We prove the claim by induction on the
prime divisors of a. If a = Of then the claim is clear. Let q be a prime dividing a. If q | 0N,
we compute

29 (@q) ) (F, Faya) = (Un(@)F, fayq) = X020 gy

~ Ngjq(a)m!
while, if q 1 N,
N +1 .
Besglalt () (¢, 1, ifq?
ap(wq/f)<f/fa/q> = x¢(@q) m e 2
W<frfa> +Np/(0)"(f, fa/q2) ifa”|a,
concluding the inductive step. O

2.4.1 Construction

Given primitive eigenforms

g € Sy . (V1(Q);L;Q) and f, € S (V1(M); F;Q)
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with notp = o — 2xo, Moty = ko — 2w, for ne, mo € Z, we choose an element 6 € Z[I; | such
that (9|F =0-tr, 0 = wo, and set

o 91
ro=r®)= ¥ WM (e we i)
nelL

Let p be a rational prime unramified in L, coprime to the levels 9, 91. We write P (resp. Q)
for the set of prime O] -ideals (resp. Or-ideals) dividing p. We suppose go, f, are p-nearly
ordinary and we denote by 4 € S, (Q, x;1y) and .Z € S;° (M, ¢;17) the Hida families
passing through nearly ordinary p-stabilizations gEJ’) and f\7). We have

XlzL(Q)tor = XON{[O and lPIZF(m)tor = woN]:nO

for characters xo : clf (Q) — C*, ¢ : clf (:) — C* and we suppose that Xolp " Yo = 1.
Let Z* € S§° (2, 5 2; 1.7+) ([Hid91], Section 7F) be the twisted Hida family, where I 7. =
I7(p52) asan Ap g2y
Set Ky 7+ = (Iy®plg+) ® Q and Ky = Iy ® Q. We define a Ky-adic cuspform ¢
passing through the nearly ordinary p-stabilization of the test vector g, as in [DR14] Section
2.6. Let7 = Yy, Fu - 4, with 7, € Z/(qp, — 1)Z, denote the reduction of .. We define a
homomorphism of O[GL(V;(20r))]-modules Mégﬂp] :hp (2A01;0) — Ky 2- by

-algebra.

0—t

7 ((2)T(y)) [(yp)] @ NL/e(yp) V2 (yp) = wlyp)” ifyp € OF,
0 otherwise,
where Ky z+ is given the O[G[ (V4 (210 ))]-algebra structure

6+t ,
= _

[(z,a)] = G(2)T(a™",1))[(a) ] @ [NL/p(a) /%] (a) 2" w(a)

and () : OLX,p — (Of’p)pro-p, w : OLX,p — ((’)LX,P)tor are the canonical projections. The
composition of the natural maps h®(2;0) — hp(2;0) — hr(A0;0) with the homo-
morphism Méfé Pl hp(2A0;0) — Ky 7+ defines a nearly ordinary K¢ #+-adic cuspform
enod (A3 9P)) € S (A 92 Ky, 7).

Proposition 2.4.3. Let s : Ip — I be any section of the restriction I, — I, p — pp. For any
crystalline point (P,Q) € W, with r(0) a lift of 7, we have

eno 0" (A3 (PQ) = eno 0 (D) = +e,,00" (d“w“)gg’]) .

Proof. For a crystalline point (P, Q) € W , with r(8) a lift of 7, the explicit description of
rdyd [P] produces the equality of modular forms

tnod (i 91™) (2,Q) = eno " ().
Letnow p, ' €1y, u # p', be such that T = pp = y( - A direct computation shows that
0= enodel’g = enol" (dy +dy)g

for any g, which implies
eno.l"(dyg) = (—1)"eno.0" (d),8)
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forany « € N. When g = gm is P-depleted, we also have
eno 8" (d3g™) = (=1)%enol" (d5g™)
forany o € En% Z/p"(qp, — 1) by taking p-adic limits. Thus, the second equality follows. [

Lemma 2.4.4. There is an element J(e,.(* (ydé‘j“)]), F*) e Ig@oFI‘aC(Itgz*) such that for any
crystalline point (P,Q) € W, with r(8) € Z[1L] a lift of 7, we have

<en.0. T* (dr(Q) gl[jp} ) , fa(P) >
<f5(17) ) fa(p) >

J(eno 2" (597, 7*) (B,Q) = (2.15)

Proof. We follow the argument of ([DR14], Lemma 2.19). The relevant part of the .# *-isotypic
projection e gz« * (?d(;%v (7] )isaly ®oFrac(I #+)-linear combination of the I z:-adic cuspforms
F§ for a | A/N. Hence, the element | exists because we can interpolate expressions of the
form

<f:,(5)/f*(P)>/<f5(P),f5(P)>

for Q € A°(I#+) using the explicit computations in the proof of Proposition 2.4.2 and the
fact that 2 is prime to p. O

Definition 2.4.5. The twisted triple product p-adic L-function attached to (4, 7,0, 7) is the mero-
morphic rigid-analytic function

229, F): Wy z: — C,p

determined by | (en.0.* (fdég[P]), F*) € Iy®pFrac(Iz+).

For every Op-prime p above p, let a, and B, be the inverses of the roots of the T(p)-
Hecke polynomial of f5. Let hpg = eféln.o.g*(d'(")gf]) where e no. = €feno. denotes the

composition of the f-isotypic projection with the nearly ordinary projector, and suppose

we named the roots of the Hecke polynomials such that h%fg =I1p)p(1 = BpV(p))hpq is the

nearly ordinary p-stabilization of hpg. By definition en,o,hépQ) = hl(,% and we can compute

that

hl(’pC)Q - ‘fn~0-h% = H (1- /313"‘;;1) “en.o.hpQ.
plp

More explicitly, if we set E(f) = T, (1 — Bpay '), then

()

(ergmod” @ OF) " = E(1) - ernog (@ 5))

Therefore, we can rewrite the values of the p-adic L-function at every crystalline point
(P,Q) € W, withr(0) € Z[I;] alift of 7, as

1 (enol (@8, 1)

[

(2.16)

2.4.2 Interpolation formulas

The interpolation formulas satisfied by the twisted triple product p-adic L-function include
Euler factors that depend on whether the primes in P are above a prime of F that is split or
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inert in the extension L/F. We partition the set of primes of F above p accordingly to the
splitting behavior in L/F, @ = Qinert | Qsplir- For every prime Op-ideal p € Q we denote
by q,, the cardinality of its residue field.

Inert case. For a prime ideal p € P with o = p N Of € Qinert, we write p = pOy.

Lemma 2.4.6. Let g € Sy, (V11(20L); L;E) be a T(p)-eigenvector, f € Sy ,(V1(MN); F;E) a p-
nearly ordinary eigenform. Suppose M | A and that the weights of g, f are F-dominated, then we
have

ef,n.o.é* (drg[p]> = 5;1(& f)ef,n.o.?< (drg)

for
€5 (e f) = (1—mgarqp") (1 - Peny g,
where wg, Bg are the inverses of the roots of the T(p)-Hecke polynomial of g and s is determined by

(671-0~f)|ll(w@) = uf - En,o,f.

Proof. Let gﬁf) = (1-BgV(wp))s, g’(gp) = (1 —agV(wy))g be the two p-stabilizations of g,
they satisfy U(a)p)ggp) = (.)gf‘“) and g = 1/(ag — Bg) (zxgggép) - ﬁgggp)). Using Proposition

2.2.6, we compute
eino " [d (1= V(@p) o U(@p)) 8P| = ernod” [(1= ()V(@p)) g
= etno. (1= ()05 V(@) ¢ (d'8P)
= (1 - (')‘7510‘;1) ef,n.o.g*(drgsp))'

Noting that the p-depletions of the p-stabilizations are equal, ( g&p))[P] = ( g/gp) )Pl = glpl, we
deduce the claim:

* (T 1 * (T * (T
ef,n.o.g (d g) = m (“gef,n‘o‘g (d gtgtp)) - .Bgef,n.o.g (d g(ﬁp)))
1

i (1 - "‘g”‘f_l%l) (1 - Bgocf—1%1> ctnol’ (@8, O

Split case. For a prime ideal p € P with p = p N Of € Qgpit, we write pOL = p1pa.

Lemma 2.4.7. Let Q be any Op-ideal and g € Sy (V11(Q); L; E) a cuspform. If the indexes i,] €
{1,2} are different, then
UP)E () oy ) = O

which implies
eno" (g|V(‘DPi)) = eno.l" ((U((Dp].)g) V(o) )-

In particular, en o.* (g[PlfPZ]) = eno.l* (8P = eno.0* (glP2]).

Proof. Forany y € (7)}1-"; 4 we can compute that

3 (y, UP) S (€D viy ) = 7y 2 (P, T (") v(a,))

=C Y ap(@ydede (67 v, ) ((6dL)pe )",
Trp/r(6)=p
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where C is a non-zero explicit constant. Suppose that a, (Cyd;ld L ( glvil )Iv( wp‘)) # 0 for some

¢ € LY withTr /p(€) = p, then &ydpdp € O1LY ., @y, | (Eydpldr)p, and @y, f (Gydpdp)yp,-
Since p is unramified in L, that is equivalent to @y, | (Cy)p; and @y, 1 ({y)p; which implies

that @y, { (Try/p(E)y)p; = (PY)p,. This is absurd.
[ ]r(pi)

Regarding the second claim, for any p;-stabilizations g.pj we have that

ol (€"17)) = eno " (1= Vi@p)U(@p e ) = enal" (1= ()V(@p))e” ™)
_ en.o.g* (gEF'j]'(Pi))'
Taking the appropriate linear combination we prove the statement. O

Lemma 2.4.8. Let g € Sy (V11 (AOL); L; E) be an eigenvector for the Hecke operators T(p1) and
T(p2), f € Sk w(Vi(N); F; E) a p-nearly ordinary eigenform. Suppose N | 2 and that the weights of
g, f are F-dominated. For w;, B; the inverses of the roots of the T (p;)-Hecke polynomial for g, i = 1,2,
and (en,o,f)‘u(%) = w5 - e f we have

sp
ef 0" (d’g[Pf}) _ & ()

e *(d"g),
51,@(&1‘) f,n,o,g ( g)

where

XN = IT (1-awelel),  aoeh)=1-mpabalar'e"
o xe{n,p}

Proof. Let g,gl.") = (1-B;V(wy,))e, g/(;:") = (1 —a;V(@y,))g be the two p;-stabilizations of

g. They satisfy U(copl.)gspi) = (.)ggp") andg = 1/(a; — ,Bl-)(zxig,gfi) - /3ig/(5fi)). Using Lemma
2.4.7 we compute

ef,n.o.é* |:dr (gspi)> [pi]:| = ef,n‘o.éw< [dr(l - (O)V((Dpi))gspi)}
= etnol” @8] — (enol” |4 (U@p)e ) via,)] 217)

= etnol” [ ] — (a7 a5 erno O [@(T(ry) — 0BV (@,))gl™)]

Recall that gfpi) is an eigenform for the operator T(p;) of eigenvalue «; + ;. The chain of
identities in (2.17) continues as:

e nol” {d’ (gfp"))[pi]] = etnol” |8 | = (Darlap [ (@ + Becno ™ [dgl")] +
—wBjenal’ |4 (U@)eM (o, | |
E (1 — (g5 y + By) + iy [(-)a;la;lf) ernol” (@'e))
(1 B (’)“f”‘f_1%1> (1 - (°)51‘”‘f_1%1) efnol’ (d’gf‘“")) :
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Finally, noting that (g&fi)) pil — (gl(fi )) Pl — glpil, we can put together the previous identities

1

to prove the claim:

1—u; 'lX"B‘(IX_l —1)2 o
= Jid et ?? 1 ef,n.o.g (d g[pl])'
1T (1—.i*]«¢xf 9o )
-,*E{IX,‘B}

* _ 1 , * (pi) ‘ * (pi)
Cino " (#'8) = (wietno " (F8") = Biecnol" (g]"))

O

Remark 2.4.9. When (P,Q) € C?_J? we write &,4,(fg) for &1, (gp, fg) since the quantity depends
only on 15 because of the condition on central characters.

Theorem 2.4.10. The value of the twisted triple product p-adic L-function f.fpg (9,7): W —C,
atall (P,Q) € C%f satisfies

y 1 : . EF (gp )
29, 7)(P,Q) :iE(f*)( [T et T1 5
Q £€ Qinert 0€ Qspiit LotlQ
y (¢ (55(w_x‘F)€P) A5)
(o o) '

where s : 1p — 1y is any section of the restriction I, — Ip, p — pp and the Euler factors appearing
in the formula are defined in Lemmas 2.4.6 and 2.4.8.

Proof. We use (2.16) and Proposition 2.4.3 to obtain an explicit expression for the value of
the p-adic L-function at a point (P,Q) € C?;?. Then Lemmas 2.4.6,2.4.8 give us

1 (ol (@08, 55)
(f(*l) <f(*2, f(*2>

. . EF (ep,f5)
:iE(i*)( [T &' fy) T1 m)

Eq o (T
©€ Qinert pe Qsplit 1L ( Q )

744, F)(PQ) =+ ¢

(enol” (1 gp), )
<f6, f(*2>
We conclude the proof applying Lemma 2.2.8 to compare p-adic and real analytic differential
operators on cuspforms: en o{* (ds(w*x\F)gp) = epolTMolg* ((SS(W’X\F)gP). O

Remark 2.4.11. Recall that for every (P,Q) € C%i there is a unitary automorphic representation
Ipq of prime-to-p level. The Euler factors in Theorem 2.4.10 also appear the expression for the local
L-factor Ly,(%,TIpq, ). Indeed, if o € Qipert by using (2.11), (2.10) we compute

Sg‘(g,f*) = (1 - vcgucf_*lqgjl) (1 — ﬁgtxf_*lq;l)
= (1= 200 (@0) 1,0 (@0)85"72) (1= xap (@) (@) "/2) -

Similarly if € Qg by using (2.11), (2.9) we obtain

£ (&) = 11 (1 TR le_*lqgl) =11 (1 — Xipy (@p) Xj b (%)ll)k,p(%)%l/z) .
o xc{a,B} i,j
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2.5 Geometric theory

2.5.1 Geometric Hilbert modular forms

Let F be a totally real number field and G = Res; ,o(GLy,r). For any open compact sub-
group K < Gp(A®) we consider the Shimura variety

Shi(Gr)(C) = Gr(Q)\(9T)" x Gp(A™)/K

where v € Gr(Q) = GLy(F) acts on z = (z¢)r € ($HT) via Moebius transformations
v-z = (7(7)zr)c. The complex manifold Shi(Gr)(C) has a canonical structure of quasi-
projective variety over its reflex field Q ([Mil90], Chapter II, Theorem 5.5). Let w be the dual
of the tautological quotient bundle on Pt with p : w — P} the natural projection. The
group GL, (C) acts on IP. via Moebius transformations and there is a natural way to define a
GL,(C)-action on w such that the projection p is equivariant. For any weight (k, w) € Z[I]?
such that k — 2w = mtf, one can define a line bundle

wk®) = & pri <w®kT ® det"’*z“) (2.18)

Telp

on (IPL)' with Gp(C)-action given as follows. For each T € If, the action of G¢(C) on
pri (w® ® det” 2" ) factors through the t-copy of GL,(C), which in turn acts as the product
of det"?" and the k--th power of the natural action on w. One has to twist the action by such
a power of the determinant because it allows the line bundle to descend to the Galois closure
FSal of F over Q. Indeed, consider the subgroup Z; = Ker(Np,q : Resp/q(Gm) — Gp) of
the center Z = Resr,q(G;) of Gr and denote by Gf the quotient of Gr by Zs. The action of
Gr(C) on w*®) factors through G$(C), thus w*®) descends to an algebraic invertible sheaf
on Shg (Gr)c if K is sufficiently small by ([Mil90], Chapter III, Proposition 2.1), and it has a
canonical model over F&3 by ([Mil90], Chapter III, Theorem 5.1).

Suppose F # Q, then for every field E, F53l ¢ E C C, and sufficiently small compact
open subgroup K < Gp(A®), one can give a geometric interpretation of Hilbert modular
forms of weight (k,w), level K, defined over E as M, (K;E) = H°(Shg(Gr)g, w*®)). To
deal with cuspforms and treat the case F = Q, one has to consider compactifications of the
Shimura variety Shg (Gr)gq, which we discuss in Section 2.6.

2.5.2 Integral models

Fix p arational prime unramified in F and consider a level structure of type K = K?K,,, where
K7 is an open compact subgroup of GF((’/)\FP) and K, = GL(Of ® Z). The determinant
map det : Gr — Resp,q(G;) induces a bijection between the set of geometric connected
components of Shi (Gr) and clf (K), the strict class group of K, clf (K) = FX\AF* / det(K).
Since det(K) C Or ", there is a surjection clf (K) — clf to the strict ideal class group of
F, which one uses to label the geometric components of the Shimura variety Shg(Gr). Fix
fractional ideals ¢, ..., it coprime to p, forming a set of representatives of cl. Then by
strong approximation there is a decomposition

Shi(Gr)(C) = G(Q)"\H'" x Gp(A®)/K = ][ Shi(GF)(C),

[c]ecly
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where each Sh(Gr)(C) is the disjoint union of quotients of $'¥ by groups of the form
I'(g,K) = gKg" 1N G(Q)". A different choice ¢ of fractional ideal representing [c] € cl}f
produces a canonically isomorphic manifold Shfé(Gp) (C) = Shi(Gr)(C) ([TX16], Remark
2.8). Suppose K7 is sufficiently small so there exists a smooth, quasi-projective Z,-scheme
M representing the moduli problem of isomorphism classes of quadruples (A, 1, A, agr) /s
where (A, 1) is a Hilbert-Blumenthal abelian variety over S of dimension g = [F : Q], A a
c-polarization and agy a level-K? structure, ([TX16], Section 2.3).

The group of totally positive units O , acts on M§ by modifying the c-polarization.
The subgroup (KN OF)? of OF | acts trivially, where by KN O} we mean the intersection
of Kand O — Z(A%) in Gp(A®). Therefore, the finite group Or , /(KN Of )2 acts on the
moduli scheme M, and the stabilizer of each geometric connected component is ( det(K) N
07 )/ (KNOY)2.

Proposition 2.5.1. There is an isomorphism between the quotient of MI‘?*I (C) by the finite group
OF /(KN OF)* and Shi(GF)(C). Moreover, if det(K) N OF . = (KN OF)?, then the quo-
tient map Mff*l (C) — Shg(Gp)(C) induces an isomorphism between any geometric connected
component of ./\/lf<°71 (C) and its image.

Proof. This is ([TX16], Proposition 2.4) with a shift in the indices by the absolute different.
It is necessary for the conventions for the complex uniformization used in ([Hid04], Section
4.1.3). O

Definition 2.5.2. Let p be a prime unramified in F, K = KFK}, a compact open subgroup of Gp(A)
such that K¥ is sufficiently small, K, = GLy(Op ® Z) and det(K) N OF | = (KN OF)2. The
integral model of the Shimura variety Shi(Gr) over Z,) is the quotient of My r = [ e ot My
by O . /(KN Or)?, which we denote Shy (GF).

Note that the assumptions on the level K in the definition are always satisfied up to
replacing K” by an open compact subgroup ([TX16], Lemma 2.5). Moreover, by Proposition
2.5.1, the scheme Shg (Gr) is smooth quasi-projective over Z,) and has an abelian scheme
with real multiplication over it.

Remark 2.5.3. An integral model Shy(G}) of the Shimura variety for the algebraic group Gy of
level K* = KN GE(A®) is the subscheme of M?{l whose components are indexed by the image of
cla(K*) in clf (K) [Rap78]. We let & : Shx(G}) — Shi(Gr) be the natural morphism.

2.5.3 Diagonal morphism

Let L/ F be an extension of totally real fields with [F : Q] = g. Consider the map of algebraic
groups ( : Gp — G, defined by the natural inclusion {(B) : GLy(B ®q F) — GLy(B ®q L)
of groups for any Q-algebra B. For compact open subgroups K < G (A%®) and K" < KN

Gr(A%) we have a commutative diagram

Shy (Gr) (C) ——= Shy(GL)(C) (2.19)

detl i det

el (K') — I} (K)

l i

+ +
df ——* s,
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hence for every fractional ideal ¢ of F there is an induced map
¢ : Shy/(GF)(C) — Shi(Gr)(C).

Suppose that K < G (A®) and K’ < KN Gp(A®) satisfy the assumptions in Definition 2.5.2.
There is a morphism of Z,-schemes { : Shg/(Gr) — Shg(GL) induced by morphisms
{: My p — Mg that maps any quadruple [A4, ¢, A, a(gnyp] /s over a Z,)-scheme S to the
quadruple

C (1A 0 A goy]) = (A0 X aj] s

over S defined as follows. First, the abelian scheme A’ is A R0 O, then we can describe
the Op-action on O via a ring homomorphism 7: O; — Mg (OF) by choosing an Op-basis
of Op; the choice of basis induces an identification between A ®o, O and A¢. Thus, the
ring homomorphism // : O — Endg(A’) is defined as the arrow that makes the following
diagram commute

O —————— M, (Or)

e l
e

Mg (Ends(A)) = Ends(A/).

By ([BBGKO07], Lemma 5.11), one can compute the dual abelian scheme (A’)" 2 AY Qo DZ}F
and realize that if A : (¢,ct) = (Homg;n(A, AV),Homg;n(A,AV)*) is a c-polarization of
Athen M = A®idisac®op, DE}F-polarization of A = A®p, Op . Finally, it is enough to
define { for principal 9-level structures, for 9% an Op-ideal. A principal 9N-level structure is
an Op-linear isomorphism of group schemes (Op/M)? = A[N], thus by tensoring such an

isomorphism with O} over Of we obtain a principal 91-level structure on A’.

Remark 2.5.4. For any fractional ideal ¢ of F there is a commutative diagram

-1 7 -1
c0 ¢ c0
F L
MK’,F > Mg 1

L

Shy,(Gr) —— Shy(Gr)
giving, when F = Q,

4 0!
ShK/(GLz,Q) e MK,L

N \L

Shg(Gp).

2.6 Compactifications and p-adic theory

Sometimes we drop part of the decorations from the symbols denoting Shimura varieties
when we believe it does not cause confusion, both to simplify the notation and to state facts
that hold for both groups G and G*. We denote by Shi the minimal compactification of
Shg which is normal and projective. By choosing some auxiliary data X, one can construct

an arithmetic toroidal compactification Sh}é’,rz smooth and projective over Z ;). It comes
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equipped with a natural map ¢ : Shi" — Shy and an open immersion Shx < Sh{"
such that the boundary D = Sh¥" \ Shy is a relative simple normal crossing Cartier divi-
sor. The Hilbert-Blumenthal abelian scheme A over Shg extends to a semi-abelian scheme
A2 — ShY" with an Of-action, a K-level structure and a zero section e : Sh" — A
([Rap78]; [Lan13], Chapter VI). There is a canonical way to extend the rank 2 vector bundle
of relative de Rham cohomology H! (A/Shg r) to an ((’)Shm ®z Of)-module H' locally
free of rank 2 over Shtor together with a logarithmic Gauss-Manin connection and Kodaira-

1
Spencer isomorphism. If w = e (Q Asa /Shi"

versal semi-abelian scheme, the vector bundle H! has an Of-equivariant Hodge filtration

) is the cotangent space at the origin of the uni-

0 w H! Lie((A%)Y) ——0.

Let R be an Orcal (,)-algebra in which the discriminant dpq is invertible. For a coherent
(OShfor ®z Of)-module M, we denote by M = @¢j, My its canonical decomposition for
the (9 r-action ([Kat78], Lemma 2.0.8): My is the direct summand of M on which Or acts via
7:0r =+ R— OSh}& . Then the T-component of the Hodge filtration is

0 w, H! N (HY) @ w! —0.

For a weight (k,w) € Z[If]* with k — 2w = mtf, we define the integral model of the line
bundle (2.18) by

we™ = @ (NHD T @ k)

Telfp

as a sheaf over Shi’; (G). Hilbert cuspforms can be identified with its global sections
Stw(K;R) = HO(Shi¥(G)g, w™) (—-D)).

Remark 2.6.1. A general compact open subgroup K < G(A) of prime-to-p level doesn't satisfy the
assumptions in Definition 2.5.2. Anyway, one can work with modular forms of level K by considering
a subgroup K’ that does satisfy them and then take K /K'-invariants ([TX16], Section 6.4).

Definition 2.6.2. Let R be an Opca (,)-algebra and let (k,v) € Z[I] x Z be any weight. We fix
one T, € Iy and set N°HY := A2HL . We define a line bundle over Shil'z (G*) by
wg(*v) = (A 2]I—Il — g ®wkT

Telp

It provides a geometric incarnation of cuspforms on G* of weight (k,v) € Z[Ig| x Z by setting
(k)

S; (K;R) = HY(Shi" (G*)g, wg (—D)).
According to [TX16], a weight (k,w) € Z[If]?, k — 2w = mtF, is cohomological if 2 — m >
(kw)

kr > 2 for all T € Ir. For any cohomological weight we define the vector bundle ;" on
Shig%(G) by &™) 1= ®qer, FL for

fr(k'w) = (A 2]H1) ®Symkf‘21H1
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Similarly, a weight (k,v) € Z[If] x Z is cohomological if k > 2tr and v > |k — t¢|. For any
cohomological weight we define the vector bundle .7:((;*'/) on Sh% (G*) by

FE = (NHL M @ (R) Symf2HL

Telfp

The extended Gauss-Manin connection on H' induces by functoriality logarithmic inte-
grable connections

V:FG = FE @ Oy ) (log D)
and
v FE) S FE g Oy 6+ (108 D)
out of which one can form the complexes
DR® (]_—(k w)) _ [0 N ]_—((;k,w) v, .. ]_—(k ) & QSh“’r © )(logD) — 0] , (2.20)
DR (F&Y) = [o S FE) Y, Flin g QShmr - )(log D) — o] (2.21)

equipped with their natural Hodge filtration. We denote by DR? (F, ( ) (resp. DR? (F¢/ (kv )))
the complex of sheaves obtained from (2.20) (resp.(2.21)) by tensoring with OSh}?jQ (G)( D)
(resp. OSh}ng(G*)(_D))-

One can associate dual BGG complexes to DR® (F, (k) ), DR® (fgi’v)) and their compactly
supported versions. We recall the definition of BGG(F . (kv) ) and we refer to ([TX16], Section
2.15) for the definition of BGG(F (& w)). The compactly supported version is obtained by
tensoring with the sheaf of functions vanishing at the boundary divisor. For any subset
J ClIg, lets) € {41} be the element whose T-component is —1if T ¢ J and 1if T € J. For
0<j<gweput

BGGI(FE ) = @ L™
JCIF, #]=j

k
LI — (WL I ek @ @ @ h ® @y el

There are differential operators d : BGG/ (Fgt (kv )) — BGG/ H(]—' (k V)) given on local sections
by d:fej = Y1z Ok, (fler Aej where

for e; the Cech symbol and wG*

_1)k-[72

(ke —2)1 ZTO(g)kT_l(g)aéqé

g

Orf,—1(f) =

if the local section is written as f = } = agqé.

Theorem 2.6.3. ([TX16], Theorem 2.16; [LP], remark 5.24) Let R be an FG“I—algebm, then for S =
]—'((;k’w) (resp. F, &) there are canonical quasi-isomorphic embeddings BGG®*(S) — DR*(S) and
BGG?(S) < DR (S) of complexes of abelian sheaves on Shil'z (G) (resp. Shi’z (G*)). Moreover,
the Hodge spectral sequences for both complexes degenerate at the first page.

p-Adic theory

Katz’s idea for a geometric theory of p-adic modular forms [Kat73] consists in removing
from the relevant Shimura variety the preimages, under the specialization map, of those
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points in the special fiber that correspond to non-ordinary abelian varieties.

Let E C C be a number field containing F©2.. The fixed embedding 1, : Q < @p deter-
mines a prime ideal p | p of E. We denote by E, the completion, O, the ring of integers and
« the residue field. Let A? be the semi-abelian scheme over the special fiber Sh}é’;{ of the
Shimura variety. The determinant of the map, induced by Verschiebung V : (A$2)(P) — As
between cotangent spaces at the origin, corresponds to a characteristic p Hilbert modular
form Ha € HY(Shi, det(w )©(r=1)), called the Hasse invariant. The ordinary locus Sh;ng,ord
is the complement of the zero locus of the Hasse invariant. Let .#°" denote the formal com-

tor

pletion of Shi, along its special fiber and j : ]Sh}?jgord[ — S0 the inverse image of the

ordinary locus under the specialization map sp : Ylgorrig — Sh}?}. Let F be a coherent sheaf
on Ylg"rrig ; one defines jTF to be the sheaf whose sections on an admissible open U C f}ﬁorrig
are the direct limit of T(V N U, F) computed over strict neighborhoods V of |Sh'%™ [ in

,Sﬂlgorrig. For the minimal compactification Shy , one can similarly define the ordinary locus
Sh;’?{rd of the special fiber, which is an affine scheme, since det(w) is an ample line bundle
on Shy ,.. This is a very convenient feature because it implies the existence of a fundamental

system of strict affinoid neighborhoods of |Shjy™|.

Theorem 2.6.4. We recall that overconvergent cuspforms of weight (k,w) € Z[I]* are defined

as S{ (KEy) = HO(YIé‘f:ig,j* (gg{’w(—D))). For any cohomological weight (k,w) € Z[If)?,
k — 2w = mtg, the hypercohomology group HS (Yé%g, j'DR? (]-"ék’w))) can be computed either as
0 (gptor it plkw) g
S;g » (K Ep) Hrig (yK?:ig'] (Fo® legorri?(c)))
Yoct, Orte S ... (KE)) 0 (gt (FE0 g ] '
T€lp YTkc—1 se-(kw) B Fo VHrig (yK,rig’] (‘FG X Qym, (G)>)

Krig

Proof. This theorem can be proved as ([TX16], Theorem 3.5). Indeed, Theorem 2.6.3 gives us
a quasi-isomorphism of complexes

DR? (FE)) = BGG (FE™)),

then the isomorphism of H8 (Yéorrlg, jTDR? (F, ((;k’w) )) with

* . k, -~ . ) . K,
HS (S g ' BGG(FL™)) 2 M (7 g /', DRE(FE))
follows by applying the Leray spectral sequence for the composition

ylg,)l}”ig — yf(k,rig — SPan
together with the vanishing of the higher derived images of subcanonical automorphic bun-
dles ([Lan17], Theorem 8.2.1.2). We conclude that
+ ( lkw)
H?ig(ytor ’]+(‘FG Y o0 (G)))

i tor
Kirig &4 K rig

S (%5, 1'DRE (FG)

1%

rig ( K rig yflzorr‘g

PR 73 1
VHS (7% 7 (F6 ™ © 0% )

because there is a fundamental system of affinoid neighborhoods of the ordinary locus on
the minimal compactification. O

Remark 2.6.5. Replacing the group G by G* in Theorem 2.6.4, the conclusion still holds for any
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cohomological weight (k,v) € Z[If] X Z and the group HS (ﬂéor’lg,]*DR' (]—'(k V))), if we define

overconvergent cuspforms for G* as S;::(K, E,) =H° (Yi":lg,j (wé* )(—D))).

Lemma 2.6.6. Let p | p be a prime Or-ideal. The partial Frobenius Fry, ([TX16], Section 3.12)
acts on the image of Sl’:’w(K, Ey) in the cohomology group HE (ylioﬁlg, j'DR? (]:ék/w))) as Fry =
Nr/(®)V(p).

Proof. Taking into account the action of the partial Frobenius on jTQ* (G)’ the same com-

tor
‘/)K rig

putation as in ([Col96], Remark p.339) shows that Fr, acts on the image of S} (K, E,)
(- )fpfk

in H¢ (leorrlg, j'DR? (.F((;k’w))) c'o]; e [p], since [p] is the operator that acts on g-

expansion by a(y, f|(,]) = a(y; 1, f). We conclude noting that [p] = @yf ~“V(p) as operators

on S (K, Ey). O

If we denote by U}, the operator defined in ([TX16], Section 3.18), the equality U,Fr, =
(p*)c@ff of ([TX16], Lemma 3.20) implies that U(p) = Uy (p) as operators on SZ,W(K; E,). In
particular, we can restate ([TX16], Corollary 3.24) by saying that if f € S:],(k ) (K;Ep) is a

generalized eigenform for Up(p) with non-zero eigenvalue Ay, then

val,(Ap) > Y (ke —1) (2.22)

TGIF’p\]

where If ,, is the subset of those embeddings F < Q that induce the prime p when composed
with the fixed p-adic embedding ¢, : Q <= Q,,.

Corollary 2.6.7. Let F/Q be a real quadratic field in which pOp = pypy splits. Let f € Sy ,,(K; Q)
an eigenform of prime to p level. Then the p-adic cuspforms d1 kl( flpupaly, dész (flPrp2ly are over-
convergent.

Proof. We prove the corollary building on an idea of Loeffler, Skinner and Zerbes ([LSZ16],
Proposition 4.5.3). Let

1 —a(@p,, )X+ €f(p2)@§;tFX2 = (1 —a2X)(1— Bo2X)

be the Hecke polynomial of f for Ty(p2). We denote by fu,, fg, the two py-stabilizations of f
and without loss of generality suppose val,(ap2) < valy(Bo2). If we write ®; = O 1 for

i = 1,2, then the classes of fgl], fl[gpl] are trivial in the quotient
SZ w (K; E@)

m(0@;) + Im(®,)

because they are annihilated by the invertible operator Uy(p1). For i = 1,2 consider the
Hecke-equivariant projections

Im(©;)

pr; : Im(©1) + Im(©,) — m(®;) N1Im(0y)

[Pl])

We immediately see that pr, (f = 0 because of the lower bound (2.22) on the slopes of

U (py), therefore pr, (flP1]) = iy f = 2‘20 pry( [[%m]) which implies

Uo(p2)pr, (FP1)) = Bop - pr, (FIP1]).
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We claim that [p,]pr, (flP1]) = ﬁé—zprz(f (1]), Indeed, the equality of Hecke operators

To(p2) = Uo(p2) + ao2B02[P2]
allows us to compute that

B2,

[Pl = [p1]y P20 [p1]
Palpra () 0,202 [Tolpa)pra(F) UO(pz)ﬁz,o — a2 pry(fy,")]
L !
= il _ o] — L el
x0,2B0,2 [a(p2, F)pr, (fP1) — Boopr, (FF1)] ﬁmprz(f 1),

Thus, pr,(f [p1p2]) = 0. By exchanging the roles of the two primes p1, p» we also have that
pr, (flPrp2]) = 0, which proves flP1P2] € Im(@;) N Im(@,). O

2.7 A p-adic Gross-Zagier Formula

2.7.1 De Rham realization of modular forms

Let E be a number field, following Voevodsky [Voe00] we consider two categories of mo-
tives over E: the category of effective Chow motives denoted CHM®f with a natural functor
h : SmProj,p — CHM®* from the category SmProj s£ Of smooth and projective schemes
over E, and the triangulated category DM®ff of effective geometric motives with the natural
functor Mgm : Sm g — DM from the category Sm ¢ of smooth schemes over E. Since
number fields have characteristic zero, these two categories are related by a full embedding
CHM® — DM®ff that makes the diagram

SmProj /Q Sm /Q

hl/ J{Mgm

CHMeff DMeff

commute ([Voe00], Proposition 2.1.4 and Remark).

Let F be a totally real number field of degree g over Q and let E be any field containing
FGl. The Shimura variety Shg(G*)qg has a universal Hilbert-Blumenthal abelian scheme
A — Shi(G*), the Op-action induces a ring homomorphism F < Endgp, () (A) ®z Q.
We denote by CMH(Shg (G*)) the category of Chow motives over Shx(G*) [DM91]. Since
the decomposition of the Chow motive h(.A/Shg(G*)) = ;h;(A/Shg(G*)) of A over
Shg(G*) is functorial ([DM91], Theorem 3.1), there is an isomorphism of Q-vector spaces
([Kin98], Proposition 2.2.1)

Endgp, () (A) ®z Q — Endcpm(sh(c+)) (h1(A/Shk(G"))) @z Q.

One denotes by er € Endcpn(shg(cr)) (h1(A/Shk(G*))) ®z E, T € I, the idempotents
coming from [T, F = F ® E < Endcpm(shg(c+)) (h1(A/Shk(G*))) ®z E.

Definition 2.7.1. Let k € N[If], k > 2tr. The relative motive VX € CHM(Shy(G*)) is defined
as
VE = & Sym*T2hy (A/Shg(G))*r

Telp
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following the conventions of ([Kin981, p.72) for the symmetric products. The motive V¥ is a direct
factor of h(AK=2tel /Shy (G*)), where AK=2tel denotes the (|k| — 2g)-fold fiber product of A over
Shy (G*), thus it corresponds to an idempotent

e € CHS(H=29) ( AR e A|k—zm) 9 E

such that Mgy, (AK=2telyer = Pk,

Proposition 2.7.2. ([Wil12], Corollary 3.9) Suppose k > 2t and let Uy_o4 be any smooth compact-

ification of AK=2t¢|, then the graded part of weight zero with respect to the motivic weight structure
e,

on CH]\/[‘zﬁ[, GroMgm (A\kutH) k, is canonically a direct factor of the Chow motive Mgm (Uk_2g)-

Hence, it corresponds to an idempotent 6y € CHs(kl-2g+1) (Uk—Zg XQ Uk,zg) ®z E.

Proposition 2.7.3. Suppose F = Q and let k > 2 be an integer. For any smooth compactifica-
tion Wy_5 of the (k — 2)th-fold product of the universal elliptic curve £ over the modular curve
Shyi (GLy,q ), there exists an idempotent 6y € CH'(Wi_, X Wi_2) ®z Q such that

05 Hjr (Wi—2/Q) = 05 Hig ' (Wi_»/Q)

is functorially isomorphic to parabolic cohomology H;ar (SH, (F, é’g’;;), V)) with its Hodge filtra-
tion ([BDP13], Section 2.1).

Proof. Proposition 2.7.2 provides an idempotent ) such that
Q;Mgm(wk—Z) = GrOMgm(gkiz)ek'

We claim that the proof of ([BDP13], Lemma 2.2) applies to our situation. Indeed, the main
ingredient of that proof is a result of Scholl ([Sch90], Theorem 3.1.0), which can be applied
to any smooth compactification Wy_, since the motive considered by Scholl is isomorphic
to GroMgm (& k=2)et by ([Wil09] Corollary 3.4(b)). Note that the idempotent e in ([Wil09],
Definition 3.1) acts as the idempotent ¢, on Mgm(é'k’z) because the action of the torsion
appearing in e is trivial since £5-2 — Shy/(GL,q) is an abelian scheme. O

Proposition 2.7.4. Let L/Q be a real quadratic extension and £ € IN[I1], ¢ > 2tp a non-parallel
weight. For any smooth compactification U,_4 of the (|¢| — 4)th-fold product of the universal abelian
surface over Shi (Gy ), there exists an idempotent

0, € CHII=3)(Uy_y xq Up—4) ®7 L

such that 6 H;;W _4(

Hodge filtration.

Uy_4/Q) is functorially isomorphic to H!(Shy, DR'(]—"((;%M%LD)) with its

Proof. Since the weight / is not parallel, Proposition 2.7.2 and ([Wil12], Theorem 3.6) provide
an idempotent 6, such that 6;Mgm (Uy_4) = V! . Then Kings proved in ([Kin98], Corollary
2.3.4) that the (i + |¢| — 4)-th cohomology of the de Rham realization of V' is isomorphic to
H (Shg, DR‘(fé%'f‘tL‘))). O
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2.7.2 Generalized Hirzebruch-Zagier cycles

Let L/Q be a real quadratic extension, K C V;1(2A0) a small enough (Definition 2.5.2)
congruence subgroup, K’ = KN GLy(A%), and let ¢ : Shg(G}) — Shg(GL) be the map of
Shimura varieties derived from the inclusion G} — Gp..

Let § € Sy, (V11(201); L; Q) be a eigenform of either parallel weight ¢ = 2t or non-
parallel weight ¢ > 2t such that £ —2x = nt;. Let f € S;,(V1(M);Q) be an elliptic
newform such that k — 2w = m. We suppose that the weights of g and f are balanced.
We consider E/Q a finite Galois extension containing the Fourier coefficients of g and f.
We want to realize these modular forms in the de Rham cohomology of some proper and
smooth variety. The pullback ¢*g lives in SZX(K,‘ L;E), which by (2.2) is isomorphic to
S} o1, (K; L; E). Thanks to Theorem 2.6.3 we can realize the latter space as a subgroup of

tor

the hypercohomology group H?(Sh, DR*(F, é’z‘e*t”)), which is simply the de Rham coho-
mology group HﬁR(ShK(GZ)/ E) when ¢ = 2t;. Instead, when ¢ > 2t] is not parallel, let
U,_4 be any smooth compactification of Alfl=4; then, we can invoke Proposition 2.7.4 to es-
tablish that the differential attached to ¥ ,_, |({*g), where ¥ |, | is defined in (2.2), lives
in FlI-2H10 2 (U, _4 /E). Similarly, if k = 2, .1 (f) € Sp1(K';E) C FLHA (ShiY (GLog)/E),
while when k > 2 we can consider any smooth compactification Wj_, of £~ to see that the
class of the differential wy (f) lives in Hgﬁl (Wi_»/E), by Proposition 2.7.3.

Definition 2.7.5. Choose a prime p coprime to M. Let E, be the closure of 1,(E) in @p and suppose

that g, f are p-nearly ordinary. We write w for the differential wy ot (E8) and we take 11 to be the

Ll
class in the ¥, k1 (f)-isotypic part of Hy,, (Snir, (fgzgl), V))"“" whose image in the O-th graded

: t 2k y : K) —
piece, Hl(ShIg’}’,EW’QGLZQ)’ is equal to the image of% Wy (F)

The class 17 € Hp,, (Shir, (]—"gi’];;l), V)" satisfies

Fr, (1) = app” 1, (2.23)

where the eigenvalue is a p-adic unit since f* is p-nearly ordinary. Indeed, by definition
1 = [c- ¥yx—1(fg)] for some non-zero constant ¢, and applying Lemmas 2.1.7 and 2.6.6 we

can compute

Fry(17) = pV(p)c- Yui1(fp)] = p- 1" 7[c Fup—1(V(p)fp)]
= PV W1 (U(p) )] = P Bty = apep” My,

since B ! = argr(p) Tpt = app L.

For all s > 0 we want to consider the cohomology class
njw Uy € Fm_2_ch‘fl‘Jk73(ug,4 X, Wi—2)-

Our goal is to define a null-homologous cycle on Uy_4 X Wj_, whose syntomic Abel-Jacobi
map can be evaluated at 7tjw U 75317. Let 27, be a proper smooth model of Uy_4 xg, Wy_»
over O 0 of relative dimension d, and denote by Z,  its generic fiber. For all integers i > 0,
the syntomic cohomology groups of 2 sit in a short exact sequence of the form

0 —— Hip ' (Zo) /F —— HE (21, 1) —> F'HZ (Zy ).
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The syntomic cycle class map ([Bes00], Proposition 5.4) is compatible with the de Rham cycle

class map producing a commuting diagram

Clsyn

CH(21) — H2 (Z1,0)

syn
Res T

. 1 L
CH!(Zyy) —% FIHZ (Zo),

where on the left hand side are the Chow groups of algebraic cycles modulo rational equiv-
alence. The restriction of the syntomic cycle class map clsyn to the subgroup of de Rham
null-homologous cycles CH' (Zix)o, ie., the kernel of the composition clgr o Res, has image
landing in H2:(Z, )/ F'. The syntomic Abel-Jacobi map

) . i .
Al s CH! (24,00 — (P HT (2,0 (2.24)

is obtained by identifying the target using Poincaré duality.

We determine the positive integer s and make sure the numerology works. The di-
mension of the variety Uy_4 Xg Wy_p is d = 2|¢| + k — 7, therefore the cycle we want has
to be of dimension d — i such that 2(d —i) +1 = [{|+k —3, and s > 0 has to satisfy
|{| =2 —s=(d—1i)+1. Hence

il +2k74’ .l —zk—z 2.25)

with s > 0 since the weights are balanced.

Definition of the cycles

We treat separately the case (¢,k) = (2t,2) and the general case (¢, k) > (2t1,2) with £ not

|0|+k—4
2

parallel. Set y +1 = and consider the finite map

@: T — A4 gh=2

(x4, Pr,.. Py) = (G(x), PL® L, Py g @ Lx, Plyy 5., Psy)

where (P, .. "Pév) = (P,...,P),P,...,Py) and P/ ® 1 is the point P/ ® 1 — £ ®z O —
A. The definition makes sense because 2y = || —4 + k — 2. The variety £7 has dimen-
sion equal to v + 1 and we will define the null-homologous cycle by first compactifying
and then by applying an appropriate correspondence. Let Wy be the smooth and pro-
jective compactification of the modular curve Shy/(GLyq). We consider W, Uy_4, Wi_»

smooth and projective compactifications of £7, Alfl=4, £k=2

respectively, such that W, has
amap W, — Wy extending £7 — Shy/(GLyq); then the map ¢ defines a rational mor-
phism ¢ : W, > Uy_4 Xg Wx_» . Using Hironaka’s work on resolution of singularities
([Hir64], Chapter 0.5, Question (E)), we can assume the rational map ¢ has a representative
¢ : Wy — Uy_4 xg Wy_, defined everywhere, up to replacing the smooth and projective
compactification of £7. Furthermore, by desingularizing the fibers over the cusps, we can as-
sume that W, — W is smooth. By spreading out, there is an open of Spec(OF) over which
all our geometric objects can be defined simultaneously and retain their relevant features:
we have smooth and projective models %, %;_4, #i—2 of W, U;_4, Wi_, respectively, the

map ¢ extends toamap ¢ : Wy, — % _4 X Wi—p and W, — #j is smooth.
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Remark 2.7.6. If X — Spec(E) is a quasi-compact scheme of finite type and 27, 2 are two models
defined over some open U C Spec(Og), then every identification (21)g = (£2)k of their generic
fibers can be spread out to an isomorphism (27)y = (Z2)y over some open V C U.

In particular, up to shrinking further the open subset of Spec(Of), we can also assume
that the fibers of %, and #;_, over the integral model of the open modular curve, and the
fiber of %,_4 over the integral model of the open Hilbert modular surface come equipped
with isomorphisms with the canonical models &7, %2 and &/{/~* — obtained as the solu-
tion of the relevant moduli problems — of £7, -2 and Al‘I~* respectively.

When ¢ = 2t; and k = 2 we define correspondences on % X #) as follows. We assume
the number field E is large enough such that Uy, (resp. Wy, ) is the disjoint union of
its geometrically connected components Uy,r = [1; Uy, (resp. Wy,g = L; Wo,j) and we
pick an E-rational point a; € Uy, (resp. b; € Wy ;) for every such component. Consider the
following morphisms: for every pair (i, j) indexing a geometrically irreducible component of
Z = Uy xg Wy, we define 9ij: Z — Ui xg Wpj — Zas the map that restricts to the natural
inclusion of Up; X Wp; into Z and maps any other geometrically irreducible component
to the point (a;,b;). Similarly, we define the morphisms q,,; : Z — {a;} x Wy; — Z,
Gip; : Z — Ui x {bj} — Zand qq.p, : Z — {a;} x {bj} — Z. Consider the correspondences

P;j = graph(qi;), Pa,; = graph(qa,;), Pip; = graph(qip,), Pa,p; = graph(qa,p,),

in CH®(Z xg Z). We define

pP= 2 (Pi,j = Py j— Pip, + Pai,bj)
i

that acts on CH*(Z) by P = pr, (P - prj); in particular, for any cycle S € CH*(Z), we have

Po(8) = X [(8i) = ()= — (@ig)= + (9a,p,)<] (5).
ij
For i, j running in the set of indices of the geometrically connected components of Uy and Wy
the correspondences (Pi,]- — Py, i— Pi,b]. + Pu’.,b].) are idempotents and orthogonal to each other,
hence Po P = P in CH®(Z x¢ Z), i.e., P is a projector. We denote by P the correspondence
on %y x # defined over some open of Spec(Of) obtained by spreading out P.

When (¢,k) > (2t,2) with £ non-parallel, we obtain a correspondence on %;_4 X #_»
by spreading out those correspondences considered in Section 2.7.1. Indeed, the idempo-
tents 6, € CH2I!I=3)(U,_4 xp Uy_4) ®z L and 6, € CHN=1(W,_, xr Wi_») ®7 Q ex-
tend to correspondences on the integral models 6, € CHZ(‘Z|*3)(%5_4 X Uy_4) @z L and
0, € CH¥= Y (#_y x #4_5) @2 Q respectively.

Definition 2.7.7. For all but finitely many primes p, we define the Hirzebruch-Zagier cycle of weight
(2t1,2) to be
Do, 2 = P [#o] € CHA (U % 0, W0).

Proposition 2.7.8. The Hirzebruch-Zagier cycle My, » € CH*(% X0, #) is de Rham null-
homologous.

Proof. To verify that clqr (A, 2) is zero in Hiz(Z/E,,), it suffices to show that the projec-
tion P*HéR(Z/ E) is trivial since the cycle is defined over E. After base-change to C, via
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the fixed complex embedding (e, : Q < C, Poincaré duality tells us that it is enough to
prove the projector annihilates the second singular homology, i.e., PxHy(Z(C)) = 0. By
Kunneth formula and the fact that each connected component of Uy(C) is simply connected,
we compute that P*Hz(Z<C)> = P, (Ho(UO(C)) & H2<W0(C>) S5) HZ(UO(C)) & HO(WQ(C))),
which we can show to be zero by the explicit definition of the projector P. Indeed, let
[x] ® [C] € Hy(Up(C)) @ Hp(Wp(C)) be a simple tensor for x € Uy(C) a point, then for
all i, j we find

(Pyji = Pay = Pty + Papy ) (] @ [C)) = ((0a) = @ag)e = (@)= + (qa) ) ([¥] @ [C])
=)@ ()] - [ ®[c] =0,

where (qi,b/)*([x] ®I[C])=0= (qﬂi,bj)*([x] ® [C]) because the dimension of the pushforward
drops. Similarly, if [D] ® [y] € Ha(Up(C)) ® Ho(Wo(C)) is a simple tensor for y € Wp(C) a
point, then (Pi,]- — Pa,j = Pip; + Pai/b],) ([D]®[y]) = 0foralli,j. O

Definition 2.7.9. Let { € Z[I], { > 2t1, be a non-parallel weight and k > 2 an integer such that
(€, k) is a balanced triple. For all but finitely many primes p, the generalized Hirzebruch-Zagier cycle
of weight (¢,k) is

Ao = (00, 0¢) ¢ [#5) € CH (%—s X0g, Yk—2) ®z L.

Proposition 2.7.10. Let { € Z[I1], £ > 2t1, be a non-parallel weight and k > 2 an integer such
that (¢,k) is a balanced triple. The generalized Hirzebruch-Zagier cycle Ay € CH (%4 X0,
Wi_o) ®z L is de Rham null-homologous.

Proof. The class clqr(Ay k) belongs to (6, Qk)*chllR( Uy_4 Xg, Wi_2) and by Poincaré duality,
it is trivial if and only if

(00,60 Haw (U g xp, Wi) = @ () Hig(Ur_g) ® (6:) Hig(Wy_2)  (2.26)

pv=2(d—i)

is trivial. By Propositions 2.7.4 and 2.7.3, we have

* — . L0—
0] Hig (Uy—a) = H*~1+4 (She, DR* (FL 1))

and 0; Hjr (Wk_p) = QZHgﬁl(Wk,z) = Héar (Shg", (]—'((;](L'];;),V)). Hence, v = k — 1 forces u
to be u = |¢| — 3 and the group

0 Hiyt > (Uy—s) = H!(Shg, DR*(F (2 )) 227)
is trivial. Indeed, by ([Nek18], proof of A6.17 and A6.20), the cohomology group
H' (Shy, DR*(F¢/ "))

is identified with the intersection cohomology of the BB-compactification of Shi (G; ), thatin
turn is trivial in degree 1 by computations using Lie algebra cohomology ([Nek18], Sections
5.11,6.3,6.4). O
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2.7.3 Evaluation of syntomic Abel-Jacobi

We are interested in computing AJ,(A/x)(7tjw U 7317) and to relate it to some value of the
twisted triple product p-adic L-function outside the range of interpolation. Let @ (resp. 7j) be
a lift of w (resp. 77) to fp-cohomology; since the Hirzebruch-Zagier cycle is null-homologous
the computation is independent of the choice of lifts. We start by treating the case (¢,k) =
(Zt L, 2) :

Al (Dot p) (Mw U ) = Clsyn(AZtL 2), fd) U

(

= (P,

(Clsyn(ﬁl’* VVO]) Z (pi,j = Pyyj = Pip + P )" (M1 @ U Tt377) ) g
= (cls ;70

=try,

The fourth equality is justified by the vanishing of the groups
Hflp(Spec((’)E,p),O) and Hfzp(Spec(OE,p),Z),

which implies that }; ; Pi’fj = (idg,x#,)" and that all the other pullbacks are zero.

To deal with the general case, we first need to analyze the action of the correspondences
0,0, on fp-cohomology. The exact sequence in ([Bes00] (8)) induces a functorial isomor-
phism Hﬁ;l(%,z,O) =~ HX-1(Wi_5), we denote by 7j the preimage of 1 € 6 H'z!(Wy_5)
that satisfies 67 = 7 since 67 = 1. By functoriality of the short exact sequence ([Bes00] (8)),

there is a commuting diagram

-3 o -2 2 l)|-2
Hig (Up_g) /P27 B2 (2, 0] = 2 — 5) o B2 G2 (U )

le}‘—o iéj lf?}‘
P

-3 o -2 ) -2
Hi > (Upog) /F-2s o 12 (2, 0] — 2 = 5) s B2 B (U ),

where the leftmost vertical arrow is zero because of the vanishing (2.27). Therefore, there is
a canonical lift @ = 07w to Hflg_Z(%g_;;, |¢] =2 —s) of any class w € G;FM'*%SHX’I'{_Z(U(_AL),
with the property 6@ = @. At this point we can compute

AJp(Bgx) (Miw U msn) = (clsyn (D), T @ U 737 gp
(94,91() Clsyn (¢ [Ww])/”T@U”§ﬁ>fp

(

=

= (cloyn (@«[#5]), 10}
= {c 1
= try,

@ Um0 gp
Clsyn(§:[#4]), i@ U 3 )
(9T (M@ Um)) = try, (1@ U §377),
where ¢; = (7; 0 ¢). The fundamental exact sequence of fp-cohomology induces an iso-
morphism ¢ : Hlfl'f(wv) le 2(%, |€\ — 2 —5) since the filtered piece FanR(W'Y> is
trivial for n > dimg, W, and mdeed || =2 —s > dimg, W, = 7 + 1. Therefore, if we write

7@ = 1Y(w), we can rewrite the quantity we want to evaluate as

AJp(Bgx) (Miw Umsn) = trw, (Y(w) Ugr @317) = (Y(w), 9317)dr, (2.28)
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for the Poincaré pairing (, )gr : Hfl‘ﬁ(wv) X Hgil(Wy) N H(lfl‘:k_él(wy) frag E,.

2.7.4 Description of AJ,(A/) in terms of p-adic modular forms

Let % < Shy (GLle)OEp be the Of -scheme defined as the complement of the supersin-
gular points and let & — %} be the universal elliptic curve over it.

Proposition 2.7.11. There are natural inclusions of parabolic cohomology in the de-Rham cohomol-
ogy of proper and smooth compactifications of Kuga-Sato varieties

kk—1+ -3
lemr(Shé?’r,Ep/(f((}Lz/Q S)’v)) — Hx‘:lRl (WV)/

1 k=1 k—1
HY,, (SHigr Ew,(féLz/Q ), V) = HE (W)
compatible with Poincaré duality.

Proof. Let 2, x be the inverse image of cusps and supersingular points under #., x — # ;
then Dy x = W, x \ cg’,;y and it is a smooth and projective subscheme of codimension 1in %, x.
Consider the diagram

-3 -3 (-4
Hig (i) H (6 = H (2,0 (1)
A
Y (kk—1 o (k-1
Hll)al‘ (Sh}?/l;Es?, (‘FC(;LZ’Q +S)’ V))CH ]I_I1 (tylz(’);‘lg’]‘rDR (]:C(;LZ,Q +S) ))

where the top horizontal arrow is exact and comes from excision. The composition

r kk—1+ l|—4
Hbae (SRS, (F&E 1, 9)) — HEL (20 (-1)
is identically zero because the two cohomology groups are pure of different weights. Thus,
Hpar (Sh}?,r,Ep, (fékL’I;q;HS), V)) < Hr‘f;_3(7/%x) = HL[IL_3(W7). A similar argument provides
the other inclusion Hy,, (Shf,?,r,Ep, ( fé’iﬁ;}l), V)) < Hﬁgl(yﬂ%") >~ HEL(W,). O

Itis clear that g7y € H':! (W, ) isequaltor € Hpor (Sh}?,pr, (.7-"81;1), V)) < HL'(W,),

so our task is to describe Y(w) € Hc‘fl‘(f“(m) using p-adic modular forms.

Let Zx < Sh K(GE)OE@ be the O Ep—scheme defined as the complement of the supersin-
gular locus and ¢ : %« — Zk the diagonal morphism. Let &/ — 2k be the universal
abelian surface, then we have a commuting diagram

ey N g4

P,k

Wy ———= U4
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that induces

A 0] =2 |02 _
0 AL 2 (W |t — 2~ 5) —> B AL (V174 (0] — 2~ )

J{fPT lsﬁf

rr|t]—2 * ~|¢]—2
AL (5,10 =2 — 5) ——= B[ (67,10 — 2~ 5),

where we consider the Gros-style version of fp-cohomology ([Bes00], Section 9) for a suitable
choice of polynomial Q. We choose to work with the Gros-style version because for schemes
that can be embedded in a smooth and proper scheme it is defined using rigid complexes
in place of de Rham ones; in particular, the two versions coincide for proper and smooth
schemes.

The pull back v*@ € 6} Hfl%—z(% 1=4,1¢] — 2 — 5) can be directly described in terms of
p-adic modular forms. Indeed, we can write v*@ = [w, f] for

. 00—t
w € H (A% i (FE @ 02 (log D))

and

. 00—
f € H(H%h " (Fed' ™ @ 01 (log D))

satisfying Q(Fry)w = Vf, as the group 6} Hfi;(;zfly‘_zl/ E) is the same as the cohomology
of the rigid realization of the motive V! over ]ShK(Gz)l‘?rd [, that is, the rigid cohomology
HY (798 /DR (FiZ 1)), for i = 1,2.

To express the class v*@ explicitly we need to make a judicious choice of a polynomial.
From now on we assume that p splits in L/Q, pO), = pipy. By observing the form of the
Euler factors appearing in Theorem 2.4.10 and the formulas in Corollary 2.6.7 we are led to
consider the polynomial P(T) = T1, .cfa}(1 —+1 %2 T). Following ([LSZ16], Proposition
4.5.5), if we set T = T T, we can write P(Ty, To) = ax(Tq, To)P1(Ty) + b1 (Th, To) P2 (Ty) for

P(T;) = (1 —a;T;)(1 - B;T;) and
ay(T1, To) = a1 Braafolas + B2) T2 TS — a1 BraaBaTiTs — apfo(ay + B1)TiT2 +1,

bi(Ty, To) = a3 BlanfaTiTs — a1 Br(aa + B2) TiTo — a1 B T3 + (a1 + B1) T

The index 2 in a; (resp. the index 1 in by) is there to remind us that the monomials compos-
ing the polynomial are of the form T{'T,? with a; < a; (resp. Tfl szz with by > by). The
polynomial P(Ty, T) is symmetric in the indices 1,2, hence we can also write

P(Ty, T) = a1(Th, T2) Po(Th) + bp(Ty, To) P (T2)

where a1(Ty, Ty) (resp. by(Ty, T2)) is obtained from a,(Ty, T2) (resp. b1(T1, Tz)) by swapping
all the indices. Therefore,

P(Ty, T»)? = a1ayP, Py + ayPiby Py + a1 Paby Py + bibo P Py
= ayayP1 P, + (P — b1 P2)ba Py + (P — by Py )by Py + b1 by P P,
= (may — byby)P1Py + P(b Py + b1 )
= P(1 — a1 B142B2T?) PPy + P(by Py + by Py).
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We are going to use the handy identity

P(T1, To) = (1 — a18102B82T*) P (T1) Pa(T) + (b2(Ti1, To) Pi(Th) + b1 (Th, To) Pa(T)).

The class of Wiy i zero in ]I—IZ(YIEOrrlg, jTDR:(F (%)), hence there are overconvergent cusp-

forms g]() € S:T.-(é,x) (K; E,) such that gl*il = dil_l(gii)) + dﬁrl(gg)). Furthermore, the
]

p-adic modular form d%fﬁlg[pl'm] overconverges by Corollary 2.6.7. It follows we can write
P(V(p))g as

P(V(p)g = (1 — a1BraafoV (p)»)EP12) + by (V(p1), V(p2))gPY + by (V(p1), V(p2))glP?
= d 7 (h) +dD (hy) +d2 7 (hy),

where h = (1 — a1 812282V (p)2)ds 1glprv2] by = byg'V + byg!? and hy = bygl”) + gl

Proposition 2.7.12. Let L/Q be a real quadratic extension and g € S} (K, L; E,) an overconver-

gent cuspform whose class wgq in H (ylé":lg( Gr),jtDRE (F4*))) is trivial. By Theorem 2.6.4 there

are p-adic modular forms gj € S;(f x)(K’ E,) for j = 1,2, such that g = dfl_l(gl) + dngl(gz).
] ’
We can use them to explicitly construct sections
. l, .
Gj € H (A (Gu), T (FUY 0 Ql)), j=12,
that satisfy
wg = V(G1+Gy)

in HO(,E’IQ"LS(G ), it (F9) @ 02)).

Proof. For j =1,2,let wj,1; be alocal basis of the 7j-part of the first de Rham cohomology of
(a,b)

the universal abelian surface. Set v = w}” 17;-’, w; = w;j N\ 1j; and consider the sections

{12 ) _ 1 . 2—n—{ 2—n—L{ ..
G = Z (_1)1Md£17271(g1)(w2 72 ®U§€2—2,0) ® w, P ®U§€1—2—1,1)) 2 @

Z 6 —2-ni" 0

G2 (L —=2)! o 20 (20) L ER 2y dq
Gy = — 2(—1)’7112 (&) (w, 2 ®@ov;! Quw, 2 ®uvy2 )@ —.

i=0 (62 e ) 1
of H° (Ylg"rrlg( 1),j (F&*) @ Q). Differentiating them we obtain telescopic sums which
collapse to

2 :
61 ol - d d
V(G =d/ () @ (we * wol“ ) e ((ACE)
c=1 b 72

Therefore, wg = V(G1) + V(G) as claimed. O

It follows that there are sections Gy, Gp,, G, associated with h, hy, hy respectively, that
satisfy P(p~'tFrp)wg = V(Gh + Gp, + Gp,) since Fr, = p'LV(p) in cohomology (Lemma
2.6.6). The pullback by the morphism & : Shg(G;) — Shg(Gy) gives P(p~'tFrp)weg =
V(Ggeh + Ggeh, + Gg+h,) and to land in the right cohomology group we need to change the
central character using the isomophism ¥ =¥ |,_; |. Lemma 2.1.7 implies

P(p* "Frp)wygeg = V(Gygn + Gegeny + Geny)-
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We set G = Gygep + Gygen, + Gygen, and we let g : R, (HLH?2 & ®, Symgfle% be
the symmetrization projector which identifies the target sheaf with a subsheaf of the first.
Finally, if we set Q(T) = P(p*~‘T), then the cohomology class v*@ is represented by [w, &,G]
in I:Ifli‘iz (1174, 1¢] —2 —55).

Proposition 2.7.13. The class v*(§;@) is represented by [0, ¢ie,G] in H}i‘{z (&7, 1| —2—s) and
the image of ¢7e,G under the unit-root splitting is equal to the p-adic modular form

Spl, (§1eG) = (=1)°s! Wy k1450 (dfl_z_s(h) + dfl_z_s(hl) + dgrzfs(hz))

. op-adic /
in S 45(K Ep).

Proof. The class v*(§;@) = ¢3v* (@) = [0, p7e,G] because ¢;w = 0 as a section of

* £,0—t
i (7 e 0?) =0
The diagonal morphism ¢; : &7 — <711~ is a map of 2k-schemes, so the pull-back P -
Hlf;g(%xwle) — Hr‘fg|73(£’,;y ) is compatible with the pull-backs between the terms of the
Leray spectral sequences for &I~ — 2% — SpecOk, and &7 — Zk — SpecOg,. Since
{: %o — Ak is a finite morphism, we have an induced map

~ . . 00—t . . kk—1
g1 H (A5 1 DR (FE)) — HY (75 DR (FGE 1)),
It is possible to describe explicitly the pullback ¢je,;G as in ([DR14], Proposition 2.9) and a

direct calculation reveals that

% * l1—2—8 [ o l1—2—5 1 zx (r—2—8 [ e
8Pl L (e0Gj) = (—1)3S10" W, oy () 775 (Eh) + ' 275 (E ) + 527 (E7hy))
= (=13 —s 1 pm100" (A7 20 () 2 () +d 75 ()
= (=1 k140" (477770 (h) +dy 25 (hy) +d2 7 (o)),
as p-adic modular forms. O

Remark 2.7.14. We proved that the image of Y (w) under H m%(Ww) — H mf?’(é",? ) is given by

rig rig
~ kk—1 . . kk—1
[¢7e/G] € H}m,(Shﬁg,’,Ep,(]-“éLz,Q +s),v)) c H! (Stor ,]+DRC(}-((;L2,Q +s)))_

K rig

kk—1+ kk—1
Lemma 2.7.15. Let (w,77) € Hy,, (SHgp , ( ]-'((;Lw ),7)) x Hpo (S g, (]—"((;LZ,Q )V)) bea

pair such that Frpn = ay for a a p-adic unit, then (w,17) = (en.o.w,1).

Proof. We have the equalities of operators Fr, = pV(p) and Uy(p) = p"U(p), therefore the
computation

(w, ) = a Hw, Frpy) = &~ Fry(Fr, w, 1)
— a*lperl <Fr;l(U,77> — a*lprJrl (p’lu(p)w,n) _ Uéil<U()(P)w,1/]>,

implies that (w, ) = lim a =™ (Up(p)"w, ) = {eno.w,n). O

n—o0

Theorem 2.7.16. Let L/Q be a real quadratic extension. Consider § € Sy,(V11(A0L); L; Q)
a cuspform of either parallel weight ¢ = 2t; or non-parallel weight ¢ > 2t; over L and f €

Skw(V1(MN); Q) an elliptic newform. Suppose their weights are balanced and choose a prime p split-
ting in F, pOfp = p1pg, coprime to A, such that both cuspforms are p-nearly ordinary and the cycle



Chapter 2. Twisted triple product L-functions and Hirzebruch-Zagier cycles 57

Ay i is defined. Then

s 11— alﬁlmzﬁz(o@lp’l)z <en‘o.§*(d1*1*5g[m,nz]),f*>

Alp(Agp) (mrw U o) = s!(=1)

[osefap(1—o1xag'p) (f*, ) ’
where w and 1 are the classes in Definition 2.7.5 and s = Mfzk*z.

Proof. Recall that (2.28) states that AJ,(Ayx) (7w U ;) = (Y(w), n)4r, where the Poincaré
pairing takes values in E,(—( + 1)), a one dimensional space on which Fr, acts as multi-
plication by p?*1. The isomorphism  : HCIfIL_3(W7) = Hf‘i‘g_z(yﬂ% |¢] —2 —s) is given by
((—) = [0,Q(Frp)(—)], therefore Q(Fr,)Y(w) = ¢7(€,G). On the one hand,

(Q(Frp)Y(w), )ar = Q(p" ae p! =) (Y (w), 1) ar,

because we computed in (2.23) that Fr, (v*¢377) = app® ~1(v*g37). On the other hand,

(Q(Frp)Y(w), 1) ar = (§}(e0G), 1) ar
e Fosrenal” (@25 (h) + di 2 () +dy? 25 (ha), Yopp 1 (F))
(f*,f*>

eno 0 (A 7F5 () +d 727 (hy) +d2 72 (hy)), £)
(%)

=s!(-1

=s!(-1)

Indeed, the class of @ (€,G) in H! (Yé‘,’rﬁg, j'DR? (]—"ékL’I;QHS) )) is represented by an overcon-

vergent cuspform whose nearly ordinary projection is equal to en..5pl,,. §7 (€/G) (see [DR14],
Lemma 2.7), then Lemma 2.7.15 justifies the computation.

For j = 1,2 the nearly ordinary projection

L2 2
en.og d]] S(h]') = enAo.g [d]] S(ng]O) + blg](?))} =0

thanks to Lemma 2.4.7 because the cuspform g]@

be written as a polynomial only in the variables V(p), V(p,) divisible by V(p,). Moreover,

is p;-depleted, i = 1,2 and b, t = 1,2, can

efrnol” (dfl_z_s(h)) = tfnol (1 — a1 ooV (p)?) (dy 1 5glProval)
= (1— a1 fraaPo(ap p )2 )ep o 0 (dy 1o Prwal),

Finally, the last bit we need to unravel is the polynomial Q(p'VHocfjl p!~®); we compute

Q(P’y+1a;1p17w) — H (1 — %2 prﬂp'y+lalalplfw)

o,*e{lx,ﬁ}
= JI Q-axalp ™2 = J] Q-aqxalp™?)
ox{w,p} ox€{w,p}

since under our assumptions 2n = m. Hence, putting all together

1-— uclﬁltxzﬂz(ucf:lp_l)z <en'o.g*(dl—l—sg[tappz]),f*)
[oscfup (1 —e1az'p™) (F*, )

A]p(Af,k><7TTw U 7-[’2";7) _ S!(—l)s

O

Remark 2.7.17. The right-hand side of the equality in Theorem 2.7.16 is independent of the particular
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choice of small enough levels K, K’ because of the normalization of the cohomology class n (Definition
2.7.5).

Corollary 2.7.18. Let L/Q be a real quadratic field and (¢,k) a balanced triple. Let p be a prime
splitting in L for which the generalized Hirzebruch-Zagier cycle Ay . is defined. Then for all (P,Q) €
Cf)fl(ﬁ, k) we have

o+ §(enfp)
SIE(T) 1, (T)

v 25(4, F)(P,Q) Al (M) (7Tiwp U 53 71Q).

Proof. 1t follows from the formula (2.16), Proposition 2.4.3 and Theorem 2.7.16. O

2.8 An application to Bloch-Kato Selmer groups

Let A be an elliptic curve over L of conductor Q and B a rational elliptic curve of conductor
9, both without complex multiplication over Q. We denote by (M4 ), the Galois repre-
sentation AsV(A)(—1) ®q, Vp(B) of the absolute Galois group of Q. We can use Corollary
2.7.18 to give a criterion for the Bloch-Kato Selmer group H} (Q, (Ma,)p) to be of dimension
one in terms of the non-vanishing of a value of one of our twisted triple product p-adic L-
functions. This builds on the recent work of Liu [Liul6], where he computes the dimension
of H}(Q, (M4 g)p) assuming the non-vanishing of the étale Abel-Jacobi map of certain cycle
Aap.

Letga € Sy, 1, (V1(Q); L;Q), fp € S21(V1(91); Q) be the newforms attached to A and B
by modularity, 74, 0p the automorphic representations they respectively generate. Let p a
rational prime coprime to 9 - Ny ,o(Q) - d1/F, if g4, fp are p-nearly ordinary we denote by
¢,.7 the Hida families passing through the p-nearly ordinary stabilizations %p, = gl(f) and
FQ, = flgp). We recall some of the definitions in [Liul6]. Let X be the minimal resolution
of the Baily-Borel compactification of the Hilbert modular surface over L of I'g-level 91 -
N1 ,0(Q), Y the compactified modular curve of I'y-level 91- Ny /o(Q) and { : ¥ — X the
diagonal morphism. According to Liu, there are idempotents &4 € Corr(X,X), &5 €
Corr(Y,Y) acting as projectors

P Hig(X) = Hi(X)[mal, Py Hig(Y) = Hig(Y)[os).

The null-homologous cycle A4 g € CH?(X x Y) ® Q is defined as A aB = (P4 x Pg):A for
A = graph({). By spreading out we can consider smooth models .2, % over Z, for almost
all p,and Py x Pp € Corr(Z x ¥, 2 x¥).

Corollary 2.8.1. Suppose that W and Np ,q(Q) - dr/q are coprime ideals and that all the primes
dividing Y split in L. For all but finitely many primes p that are split in L and such that g4, fp are
p-nearly ordinary we have

7%y (4, F)(Pa,Qp) #0 = dimg, H{(Q, (Ma3)p) = 1,

where § = —p+p' € Z[I;], 7 = —p.



Chapter 2. Twisted triple product L-functions and Hirzebruch-Zagier cycles 59

Proof. Let ¢ : # — 2 x % be the map ({,idw ), and set Ay g = (P4 x Pp)+¢:|¥]. For
any w € Hiz(X)[mal, 7 € Hig(Y)[op] and lifts @, 7 to fp-cohomology we can compute

asin Section 2.7.3. If w1 : % — X7, ay : Wy — ¥ are the natural finite degeneracy maps, we
know that AJ, (A, 2) (7] (afw) U 5 (a517)) = try, (C*(aj@) U (a377)). Therefore,

Alp(Bat 2) (771 (ajw) U 7z (a377)) = deg(an) deg(az) - Al (Aap) (mw U )

and the LHS vanishes if and only if the RHS vanishes. It follows that the non-vanishing
of the p-adic L-function implies the non-vanishing of the syntomic Abel-Jacobi image of
both Ay, » and Ay g by Corollary 2.7.18, which in turn forces the non-vanishing of the p-
adic étale Abel-Jacobi image of the cycle A4 g ([BDP13], Section 3.4). Then Liu’s theorem
([Liul6], Theorem 1.5) gives the dimension of the Bloch-Kato Selmer group. O



60

Chapter 3

Future plans

After the results attained in this thesis, a natural next step is to extend Darmon and Rotger’s
ideas [DR17a] to the twisted triple product setting. Currently, Zhaorong Jin and I are pursu-
ing this project, and I will present, as a preview, the construction of big Hirzebruch-Zagier
classes I carried out following [DR17b].

Our objective is to provide a geometric construction of twisted triple product p-adic L-
functions with applications to the equivariant BSD-conjecture in rank zero. Let L be a real
quadratic field, E/q a rational elliptic curve of conductor N and ¢ : I'y — GL,(C) a to-
tally odd two-dimensional Artin representation of conductor Q factoring through the Galois
group of a finite extension H/Q. For any rational prime p, we consider the p-adic Galois
representation of I'q

Vo = ®-IndP(0) ® V,(E)(1).

When the tensor induction of det(g) is the trivial character, the representation V, r is self-
dual and its L-function L(V, g, s) has meromorphic continuation to C and a functional equa-
tion centered at s = 0, at which the L-function is holomorphic. Indeed, by modularity
([Wil95],[TW95], [PS16]) there is an automorphic representation I, g of Res; ,.g,@GL2 such
that its twisted triple product L-function L(s,II,,r) equals L(V,E,s — %) The analytic
rank ran(E, 0) is defined as the order of vanishing of L (VQ, E, s) at the center. Moreover, if we
let E(H)? = Homr, (0, E(H) ® C) denote the g-isotypical component of the Mordell-Weil
group E(H), we can define the algebraic rank 7,4 (E, ¢) of E twisted by ¢ as the dimension
dim¢ E(H)?. The equivariant refinement of the BSD-conjecture predicts that the two ranks
are always equal. If (N, Ny ,o(Q)) = 1 and all the primes dividing N split in L, then the sign
of the functional equation of L(s,I1,r) is € = +1 and we can hope to prove the following
implication:
ran(E,0) =0 N rag(E, @) = 0.

By a judicious choice of the Artin representation ¢ as in Corollary 1.3.3, we would then
deduce cases of the BSD-conjecture in rank zero over non-solvable quintic fields: when K/Q
is a non-totally real Ss-quintic extension of discriminant dx > 0 and N is odd and split in
the real quadratic field Q(+/d), then we expect to deduce that

Van(E/K) = ran(E/Q) :?> ralg(E/K> = ralg(E/Q)'

The winding path we plan take to connect the two sides of the implication is well-known
by now ([DR17a], [KLZ17]). Even though it is not apparent, p-adic deformation should play
a crucial role in our strategy. Our planned route can be divided into two main parts: the
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first consists in producing enough annihilators of the Bloch-Kato Selmer group, and the sec-
ond in using the non-vanishing at the center of the automorphic L-function to show that
the annihilators are non-trivial. In our setting, it is not known how to produce interesting
cohomology classes directly from geometry, so the dévissage is to fit the automorphic repre-
sentation I, ¢ into a Hida family. There are certain balanced points in the family for which
geometric classes exist; those classes can be interpolated into big cohomology classes, called
big Hirzebruch-Zagier classes, which can then be specialized to the point corresponding to
[Ty k-

The second part bridges the distance between the analytic and the algebraic worlds, and
it entails the comparison of two rigid-analytic meromorphic functions: the analytic and the
motivic p-adic L-function. On the one hand, the analytic twisted triple product p-adic L-
function, built in Chapter 2, has been constructed interpolating the algebraic part of central
L-values of automorphic L-functions corresponding to Q-dominated points in the Hida fam-
ily. Hence, it is embedded in its definition the information of whether L (%, Iy, r) vanishes
or not. On the other hand, the motivic p-adic L-function is produced out of big Hirzebruch-
Zagier classes and by construction it is well-understood over balanced points. The iden-
tification of the two functions is obtained by comparing their values on a dense subset of
balanced points via a p-adic Gross-Zagier formula.

3.1 Big Hirzebruch-Zagier classes

In this section we present the construction of big Hirzebruch-Zagier classes following the
recent work [DR17b]. An I4-adic Hida family ¢ of Hilbert cuspforms over L and an I #-adic
Hida family 7 of elliptic cuspforms come equipped with big Galois representation V¢ and
V # interpolating the representations of their specializations ([Hid89a], Theorem 1).

Let ey : Iy — I (resp. €z : Tq — I7) denote the composition of character € :
'y — A (resp. € : Tg — Aa) with the natural map A — Iy (resp. Aq — I#). Then
big Hirzebruch-Zagier classes attached to the pair (¢,.%) are Galois cohomology classes
with value in the Kummer self-dual big Galois representation of I'g

Vi, 7 = @-Ind? [Vg (e{;l/z)] (-1)® Vg (e;”). 3.1)

The explicit realization of that Galois representation in the cohomology of a tower of certain

threefolds with increasing level at p plays an important role in the construction of the classes.

Abelian varieties up to isogeny

In this section F denotes a totally real number field. Given our adelic viewpoint, it is more
convenient to interpret the Shimura varieties for the algebraic group Gr = Resp,oGL; as
moduli problems classifying abelian varieties up to isogeny. We recall here that point of
view following ([Hid04], Section 4.2).

Let A/S be an abelian scheme with real multiplication by Of such that the sheaf of in-
variant differentials w, /g is isomorphich to 0;1 ®z Og Zariski locally on S. Considering
abelian schemes up to isogeny means that two polarizations A, A’ : A — AV are equivalent
if A = A oa for a totally positive a € F and we denote an equivalence class by A. By choosing
a geometric point s € S, one can consider the Tate module 7 (A) = T;(A) = linlb A[N](k(s))
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and define
Vi(A) = To(A) 92 AS.

IfweletV ( Ago)) = 92 ®Q Ag’o), a full level structure on A is a collection of isomorphisms

s : V(Ago)) =~ V,;(A) of A(Pw)-modules, indexed by a set of chosen geometric points, one
(

for each connected component of S. The group Gr (AQOO)) acts on full level structures on the
right by precomposition.

Definition 3.1.1. Let K be a compact open subgroup of Gp (A AL )) A level K-structure on abelian
scheme A/ S with real multiplication by OF is a K-orbit j = K of a full level structure 1. A K-level
structure 7j is defined over S if it satisfies o o fj; = 7 for all the chosen geometric points s € S and
o e m$i(S,s).

If K is sufficiently small, the functor from Sch g to Sets, defined as

Ex(S) = [(A,A, 1) /s | 77is a level K-structure]

is representable by a Q-scheme Shi (Gr) whose complex points are canonically isomorphic
to GP(Q)\(ﬁi)IF x Gp(A(®) /K. When K = U(NOf) for some integer N it is possible
to describe the Galois action of G(Q({y)/Q)) on E as follows. Let ¢ € Z* and 0, €
G(Q(fn)/Q)) the corresponding Galois automorphism, then for [A, A, 7] € Eu(m)(S) one
finds ([Hid04], Section 4.2.1)

[A A" =[AAGoy)]  for %-(S 2) (3.2)

Hecke operators

Let’s consider the Shimura varieties Shy = Shy(,e)(Gr) and Sha(p) = Shg(paysnk(p) (GF),
where K(p*)& = ¢~ 'K(p*)g for g the diagonal matrix with non-zero entries g1; = p and
22 = 1. There are two natural projections @1 : Shy41 — Shy, @2 : Shy11 — Shy given by
[x,h] — [x,h] and [x,hg~!] on the complex uniformizations. These maps can be factored as

Shy i1 Shy 1
AN N
iz z
Sha(p) > Sha, Sha(p) > Sha,

where p : Shy1 — Shy(p) is the natural Galois cover with Galois group
[K(p*) NK(p")]/K(p* D OF, = [K(p") N Ko (p*™ )] /K(p* ) OF,

for O, the group of global units congruent to 1 (mod p*). Then the Hecke correspon-
dences at p can be defined as U*(p) = my,. 715, U(p) = mo. 7t} ((Hid04], Section 4.2.5). There is
also a group of diamond operators naturally acting on level structures of the tower {Shy }4>1,
thery are given by

GH(K) = Ko(p)OF /K(p)OF,  Gr(K) = lim G} (K).
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If we set Z§(K) = KrOp /Kp(p*)OF, for Kp = KN AETOO)’X, then there is an isomorphism
~ a b
GY(K) 5 ZE(K) x (Op/p™)*, (C d) — (a,a,dp). (3.3)

Lemma 3.1.2. Set ﬁﬁ-l(K) = ker (G¥™(K) — G%(K)), then the natural inclusion
[K(p*) N Ko(p*™ )] /K(p" T OF , = TEHH(K)

is an isomorphism.

Proof. It follows applying the snake lemma and using the canonical isomorphisms

K(p* D OF /K(p* ) OF, = O /O, = [K(p*) N Ko(p™ )] OF / [K(p") 1 Ko(p™*1)].

3.1.1 Hirzebruch-Zagier cycles

Let L/Q be a real quadratic field, K < Gy (Ago)) a sufficiently small compact open subgroup
and K’ = KN Gg(Aq). For every & > 1 we choose inductively a smooth toroidal compacti-
fication Sy of Shy () (GL) by requiring that the degeneracy maps of Section 3.1 extend. Since
any rational map from a smooth projective curve to a projective variety extends uniquely to
a morphism of schemes, we can choose X, the smooth compactification of Shy(,«)(Gq) for
every a > 1, and define the codimension 2 cycle Ag C Sp x Xp by

Xo — Ag C Sg x Xo

[A, A, 7] ([A@OL,A®1,17®1], [A,)'wﬂ)-

We denote by A, the pull-back of Ag under @? : Sy x Xo — Sp X Xo. If X(p*) denotes
the smooth compactification of a geometrically connected component of the modular curve
Shy(pe) (Gq) defined over Q(gpe ), then for each (dy,d2) € Gfj | (K) x Gfj o (K') the morphism

Playdy) - X(PY) — Ba C Sa X X

(A A7) = ((A@OL,M@L (n®1)od), (A4, <nodz>))-

defines a codimension two cycle Aq[d1, da] = @4, 4,)(Xa) € CH?(Sy x X,). The diago-
nal embedding of the subgroup G{ o (K’ )4et of matrices with determinant congruent to 1
(mod p*) acts trivially on the cycle A, [d1, d2], because such matrices preserve X(p*). Hence,
the cycle Ay[d1, d2] depends only on the image [dq, dp] of (d1,d>) in

I = MG oK)\ [G 1 (K) x Gfjo(K')].

Recall that Gfj | (K) x Gfjo(K') = Z§ | (K) x (OL/p*)* x Z§o(K') x (Z/p*)* with the iso-
morphism explicitly given by

l(i: Z:) / (Z z>] > ((llo,a;_ld;), (a,a;ldp)>,
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From now on, we will denote elements of Gfj; (K) x G (K') both as pairs of matrices
(a1,a;) and pairs of 2-tuples ((z°,a°), (z,a)) according to what is most convient. Note that
it is possible to describe Gf , (K’ )9¢t as the kernel of the group homomorphism Z§o(K') x
(Z/p*) — (Z2/p*)*, (z,a) — zlzga. Now, we present two lemmas describing the behavior
of Hirzebruch-Zagier cycles under Hecke operators and Galois automorphisms.

Lemma 3.1.3. For all diamond operators (a1, a2) € G§| (K) x Gf(K')
Ay[dy, do)(ar,a2) = Ao[dy - ay,da - ag].
Moreover, for all ¢ € Z. corresponding to the Galois automorphism 0. € G(Q({p)/Q),
Anldr, do]™ = Daldr - ye, da - vl
Ifoc € G(Q(Cpr)/Q(p)) then
Aaldy, ) = Aqldy, dy)((c, 1), (c,1))'/2.

Proof. The first claim follows directly from the definitions. For the second claim, we recall
that the Galois action is explicitly given by Ay[dy,d2]% = An[d1, d2] (e, c), see (3.2). Fur-
thermore, if 0 € G(Q({p)/Q(Zp)), we have

(rerve) = ((c"2,e,1), (2,6, (e, 1), (e, 1)
for (c'/2, c;l) € <[36‘/Q(K’)Olet and the Lemma follows. O
Lemma 3.1.4. Forall « > 1and all [d},d}] € F,1 whose image in .7 is [dq, da],
(@) Barldy, dy] = p° - Baldr,da],  (@3)sBaia[dy, di] = (U(p) x U(p)) - Auldy, da).

The cycles Ay[dy, dy| satisfy the distribution relations

Y Aaraldy-ar,dy - ap) = (@) Aaldy, da),

<H1ra2>
the sum over 3% T (K) x jgbl(K’), the kernel of G§ T (K) x Gg‘E (K") = G§ . (K) x G§ o (K').
Proof. By the commutativity of the diagram

Pl 5
X(p“+1> I Slirl X th+1

lwl lw%
P(dy.dy)

X(p*) ————————— S x Xy

it is enough to compute the degree of @1 : X(p**1) — X(p*) which is p3.
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The map 1?2 o Py X(p**1) < Su(p) x Xu(p) is a closed embedding, hence the
diagram

2
M O(P(d’l,dé)

X(p*t1) Sa(p) x Xa(p)

iwl lﬂ%
P(dy.dy)

X(p*) Sa X Xg

is cartesian because the horizontal maps are closed embeddings and the vertical maps have

the same degree. The push-pull formula gives
(1) o[y, dp] = (77)* Ba[dy, d2), (3.4)
and by pushing forward the equality with 775 we get
(@3)«Basa[di, da) = (U(p) x U(p)) - Au[dr, do].
The distribution relation follows by noting that

Yo Awsaldycar,dh - ap] = (WP)* () Basa[dl, d5] = (@F)*Aldy, do),

(ll],ﬂ2>

where the second equality comes from (3.4) and the first equality follows from the fact that
(42) is a Galois cover with Galois group 3% (K) x 32‘;1 (K'), (Lemma 3.1.2). O

For any number field D, the p-adic etale Abel-Jacobi map
AJS': CH?(Su x Xa)o(D) — H (D, H3((Su X Xu)g,O(2)))

sends null-homologous cycles to Galois cohomology classes. In order to make Hirzebruch-

Zagier cycles null-homologous, we introduce an auxiliary Hecke operator 0.

Lemma 3.1.5. Let q be a rational prime not dividing the level of K', then the operator ; = 1®
(Ty — (q +1)) annihilates the cohomology group Hg((Sa % Xu)g, O(2))-

Proof. The correspondence T, acts as multiplication by (g + 1) on Hi (X 2o O(1)) fori =0,2
and H3,(S 2o O(1)) = 0 because the connected components of S, are simply connected
([Gee88], Theorem 6.1, page 81). O

Thus, the modified Hirzebruch-Zagier cycles Ag[dq,dy] = 6;A4[d1, d2] are homologically
trivial and give rise cohomology classes in the appropriate Kunneth component

keldi, do] = AT5(A31d1, da]) € H (Q(Ep ), Ha (S, g, O(1)) ® Hae(X, 5, O(1))).-

We would like to patch all these classes together, but they are defined over the increas-
ingly larger fields Q({p«) as a grows. We recall that Lemma 3.1.3 expressed the Galois action
of G(Q(Zp=)/Q(¢p)) on Hirzebruch-Zagier cycles in terms of diamond operators, therefore,
in order to descend the field of definition, we replace the O[J3*][I'q]-module

H>! (Sy x Xo)(2) 1= Hg(S

O(1)) ® Her(X, g, O(1))

x,Q’ x,Q’

by a twist over Q(,n), where 3* = ker (G ; (K) x G§o(K') = G 1 (K) x Gj o (K')).
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Definition 3.1.6. We denote by O[3*]" the free O[3%]-module of rank one on which the Galois group
Lq(,) acts via its quotient G(Q(Zpx)/Q(Lp)), the element o acting as multiplication by the group-
like element ((c,1), (c,1))~1/2.

There is a canonical Galois-equivariant O[J*|-hermitian bilinear pairing
(Ve HP(Sq x Xo) (2)T x H (Sy x Xy ) (1)F — O[3%] (3.5)
given by the formula

(zvha= ) (z-(a,a2)v), [(m,a)]

(a1,a2)€T%

where (, ), is the Poincaré pairing. The pairing (3.5) identifies H>!(S, x X,)(2)" with
Homg5e) (H>! (o X X4 )(1)F,0[3%]), hence we can define %, [d}, d2] by declaring that for all
0 € T, and all & € H?'(Sy x Xo)(1)",

Kald1, 2] (0)(Ca) = ((kald1, d2] (), Ea))a-

Lemma 3.1.7. The class x,[d1,dy] is the restriction to ) of a class

xa[d1,da) € HY(Q(p), H¥ (Sa x Xa)(2)").

Furthermore, for all o € G(Q({)/Q), xa[d1, d2]% = xald1 - Yo, do - 7]

Proof. Let Ay[[d1,d2]] € CH?(Su x X4)(Q(Zp)) be the inverse image of AJ[d, da] in Sy x Xa
and consider the extension of O[J%] [FQ(gp)]-modules

0 ——=H>(S, x X,)(2)F E, O[3 0 (3.6)
obtained from the excision sequence
HZ ((Sa % Xa)g, 0(2)) = HZ ((Sa x Xa)g \ Az[ld1, 2], 0(2)) — H(AZ[[d1, d2]], O)o,

by pull back along
j: O[3*] 7" = Ha(a7ld1, da]], O)o,

push out along Hy; ((Sx X Xa)g, O(2)) — H>! (S x X4)(2) and twist by t. The map j is the
Fq(g,)-equivariant inclusion defined on group-like elements by

j({a1,a2)) = clet(Ag[dy - a1, da - az]).
The cohomology class ¢ € H(Q(Z,), H*} (S, x X4)(2)") corresponding to (3.6) satisfy

“ITq(g,) ~ e [, o]
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3.1.2 Big cohomology classes

For any [d,ds] € S = lim, , %, we managed to obtain a collection of classes {x,[d1, d2] }«
defined over the same field Q({,). However, they are not compatible under the natural trace
maps (@?), in cohomology (Lemma 3.1.4) and the naive approach to fix the problem intro-
duces unwanted denominators. Fortunately, Darmon and Rotger found a way to elegantly
solve the problem. Consider the map p,+1 : O[3**1] — O[3%] induced by the natural map
between groups.

Lemma 3.1.8. Forall & > 11let &yq € H>1(Sypq x Xop1) (1)  and &, € HZ1(S, x X,)(1)F be
compatible elements, (@%)+(Eq11) = Cu. Then for all [dy,d;] € S and every o € T'q@,)

Pa+1 (sz+1 [dlde](‘T)(gaH)) = Kaldy, d2](0) (8u).

Proof. Firstly, we note that «,1[dq,d2|, x4[d1, d] naturally give rise to cohomology classes

m
H'(Q(Gp), Homguery (H*! (Saq1 X Xor1) (1), 0[3%)).

Foro € I'g we compute

Cpa+1 )

Pait (Kar1ldr, d2)(0) (Eas1)) = ) (@) kaldr - a1, d2 - 22)(0), Car1),, - [{a1,22)]

(a1,a2)€T%

= X <kﬂc[d1‘alrdz‘“2}(0)/(@%)@“1)“'[<ﬂ1,ﬂz>]

(a1,82)€3%

= ((ka[d1, d2](0), Ca))a = Kald1,d2](0)(En),

where the first equality follows from the distribution relations of Lemma 3.1.4. Therefore, the

lemma follows form the inflation-restriction exact sequence and the fact that the T'q(; . ,)-
plX

invariants of

Homg a1 (H! (Sat1 X Xor1)(1)F,0[3%]) 2= H¥ (Sy11 % Xa11)(2)" @gpgast) O[]
> H>1 (S, x Xy)(2)F

are trivial. O

Therefore, if we denote by
H2 (S X Yoo) (1) = 13211{2/1(5“ x X )(D)F
the projective limit obtained from the traces (7)., there is a class
Keola, b] € H'(Q(p), Homopy (H*! (Seo x Xo0)(1)",0[3]))

for every element [a,b] € 7. By taking nearly-ordinary parts, a generalization of Ohta’s
pairing ([Oht95], Theorem 4.2.5) gives an isomorphism

eh.0H! (Seo X Yeo)(2)T & Homgs) (¢ 0 H*! (Seo % Xeo) (1), O[3])

giving classes k%> [a,b] € H' (Q(Z), €} o H*! (Soo X Xoo)(2)") for all [4,b] € S
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Remark 3.1.9. The key point is that the pairing used to define the classes x[d,d>] at finite level is
not compatible with push-forwards along 1, while the generalization of Ohta’s pairing is.

Lemma 3.1.10. Let [a,b] € S and x : GL(K)tor — @;, P Go(K )or — 6; be characters
such that XQ- P =1, then

Koo [a,b]yp = Y. x(a1) " p(az) "k [a- a1, b - ag]
(ﬂlru2)€GL(K)torXGQ(K/)for

belongs to H (Q, e}, , H>! (Seo x Xo0)(2)1).

Proof. The order of G(Q({)/Q) is invertible in O, thus
HY(Q e H (S x Xo)(2)') = H(QUZp), 0 HY (Seo x Xeo) (2)1) 196119,

The claim follows by computing that for o. € G(Q({,)/Q)

(15> [a, bxtli) = ) x(m) p(an) M [a - a1ye, b a2y
ﬂlﬂz
Yo x(arve) M(anye) kRO [a - arye, b ary]
(a1,82)
=xx>[a, b]x,l/,.

O

Finally, let ¢4 be an Iy-adic Hida family of Hilbert cuspforms over L and .# an 1z-
adic Hida family of elliptic cuspforms of respective characters x : Gp(K)ior — @; , P

Go (K )tor = @; satisfying Xo ¢=1

Definition 3.1.11. For every [a,b] € Jo we define the big Hirzebruch-Zagier class
xy,7[a,b] € H'(Q VY 5)

attached to the pair (¢, %) of Hida families as the projection of xo;% [a, b] .y under the natural map
en o H?! (Seo X Xoo) ()" = V, 5.
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