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Abstract

In this thesis we study the so-called big Heegner points introduced and first studied by
Ben Howard [How07b]. By construction these are global cohomology classes, with values
in the Galois representation associated to a twisted Hida family, interpolating in weight 2
the twisted Kummer images of CM points.

In the first part, we relate the higher weight specializations of the big Heegner point
of conductor one to the p-adic étale Abel-Jacobi images of Heegner cycles. This is based
on a new p-adic limit formula of Gross—Zagier type obtained in the recent work [BDP13]
of Bertolini-Darmon—Prasanna, a formula that we extend to a setting allowing arbitrary
ramification at p. As a first consequence of the aforementioned relation, we deduce an
interpolation of the p-adic Gross—Zagier formula of Nekovar over a Hida family.

In the second part, we extend some of these formulae in the anticyclotomic direction,
showing that the p-adic L-function introduced in [BDP13] can be obtained as the image
of a compatible sequence of big Heegner points of p-power conductor via a generalization
of the Coleman power series map. By Kolyvagin’s method of Euler systems, as reinvented
by Kato and Perrin-Riou, we then deduce certain new cases of the Bloch-Kato conjecture
for the Rankin—Selberg convolution of a cusp form with a theta series of higher weight, as
well as a divisibility in the Iwasawa—Greenberg main conjecture associated with this family

of motives.
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Abrégé

Cette these est consacrée aux “points de Heegner en famille” introduits par Ben Howard
dans [How07b]. Par définition, ce sont des classes de cohomologie globales & valeurs dans
la représentation Galoisienne associée a une famille de Hida, interpolant en poids 2 les
images de points CM par 'application de Kummer.

La premiere partie de cette these relie les spécialisations de la classe de Howard en poids
k > 2 aux images de certains cycles de Heegner par I’application d’Abel-Jacobi p-adique.
Notre démonstration de cette relation repose sur une formule de Gross—Zagier p-adique
obtenue dans les travaux récents [BDP13]| de Bertolini-Darmon—Prasanna, et que nous
étendons ici a un cadre permettant de travailler avec des formes modulaires de niveau
divisible par p. On déduit de nos résultats une interpolation de la formule de Gross—Zagier
p-adique de Nekovar sur une famille de Hida.

La deuxieme partie étend la définition de la classe de Howard “le long de la droite
anticyclotomique”, pour obtenir une classe de cohohomologie a deux variables. On montre
que la fonction L p-adique de Hida—Rankin, telle que décrite dans [BDP13], est I'image
de cette classe par une généralisation de l'isomorphisme de Coleman. La méthode des
systemes d’Euler de Kolyvagin, telle que réinventée par Kato et Perrin-Riou, permet d’en
déduire certains nouveaux cas de la conjecture de Bloch—Kato pour la convolution de
Rankin-Selberg d’une forme parabolique avec une série théta de poids supérieur, et une
divisibilité dans la conjecture principale de la théorie d’Iwasawa—Greenberg associée a cette

famille de motifs.
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Preface

It is a somewhat vexing fact that, to the embarrassment of many mathematicians, the
most convincing theoretical evidence in support of the Birch and Swinnerton-Dyer conjec-
ture still rests largely on the foundational works of Gross—Zagier [GZ86] and Kolyvagin
[Kol88], where the classical Heegner point construction attached to the auxiliary choice
of an imaginary quadratic field was stunningly exploited to establish the conjecture in
the case of analytic rank at most 1 for a class of elliptic curves that now, after Wiles’s
breakthrough [Wil95] culminating in [BCDTO01], is known to be rich enough to include
all rational elliptic curves.

In this thesis we aim to further scrutinize the wealth of information accounted for
by Heegner points and their p-adic variation, examining a two-variable construction by
Howard [How07b] that extends over a Hida family and over the anticyclotomic tower.

Our new results in these directions are contained in Chapters 1 and 2, which are
slightly modified versions of the papers [Cas13a] (to appear in Mathematische Annalen)
and [Cas13b] (submitted for publication), and are ultimately based on the study of an
anticyclotomic p-adic L-function introduced in [BDP13] for which the characters relevant
for the Birch and Swinnerton-Dyer conjecture lie outside the range of classical interpola-
tion. Because of this feature, the p-adic Gross—Zagier formulae of [BDP13] are certainly
a less natural analogue of the result of Gross—Zagier than the p-adic formulae proven by
Perrin-Riou [PR87b] and Nekovai [Nek95], but a posteriori they have been found to be
useful for arithmetic applications.

Starting with Leopoldt’s formula, similar formulae for the values of p-adic L-functions
outside their range of classical interpolation have been discovered and exploited in most
situations where interesting Euler systems can be shown to exist. This point of view, which
is sometimes not completely apparent in the classical literature, is stressed in [BCD113],

where the reader can see most clearly how our results fit within a broader perspective.

Francesc Castella
Montreal, 2013
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CHAPTER 1

Higher weight specializations of big Heegner points

Summary

Let f be a p-ordinary Hida family of tame level N, and let K be an imaginary quadratic
field satisfying the Heegner hypothesis relative to N. By taking a compatible sequence of
twisted Kummer images of CM points over the tower of modular curves of level T'o(N) N
I'y(p®), Howard [HowO7b] has constructed a canonical class 3 in the cohomology of a
self-dual twist of the big Galois representation associated to f. If a p-ordinary eigenform f
on I'g(NNV) of weight k& > 2 is the specialization of f at v, one thus obtains from 3, a higher
weight generalization of the Kummer images of Heegner points. In this chapter we relate

the classes 3, to the étale Abel-Jacobi images of Heegner cycles when p splits in K.



2 1. HIGHER WEIGHT SPECIALIZATIONS

Introduction

Fix a prime p > 3 and an integer N > 4 such that p{ N@(N). Let
fo=_anq" € Sp(Xo(N))
n>0
be a p-ordinary newform of even weight £ = 2r > 2 and trivial nebentypus. Thus f, is
an eigenvector for all the Hecke operators T;, with associated eigenvalues a,, and a, is a
p-adic unit for a choice of embeddings s : Q — C and Lp : Q—> Qp that will remain
fixed throughout this paper. Also let O denote the ring of integers of a (sufficiently large)
finite extension L/Q, containing all the a,,.

For s > 0, let X be the compactified modular curve of level
Fs = Fo(N) N Fl(ps),

and consider the tower
_>Xs _g_>Xsfl — 5 ..
with respect to the degeneracy maps described on the non-cuspidal moduli by

(E,ap,mg) — (E,ap,p-mE),

where ag denotes a cyclic N-isogeny on the elliptic curve E, and 7 a point of E of exact

order p®. The group (Z/p°*Z)* acts on X, via the diamond operators
<d> : <E7 OéE,T('E) — (E,OZE,d : 7TE')

compatibly with o under the reduction (Z/p*Z)* — (Z/p*'Z)*. Set T' := 1+ pZ,.
Letting J, be the Jacobian variety of X, the inverse limit of the system induced by

Albanese functoriality,
(1.0.1) o — Ta,(Js) ®z, O — Ta,(Js—1) ®z, O — -+,

is equipped with an action of the Iwasawa algebras Ao := O[[Z]] and

Let b, be the O-algebra generated by the Hecke operators Ty (¢ 1 Np), Uy := T, (¢|Np),
and the diamond operators (d) (d € (Z/p*Z)*) acting on the space Si(Xs) of cusp forms
of weight k and level I'y. Hida’s ordinary projector

. |
e” .= lim U;L‘
n—oo
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defines an idempotent of h,, projecting to the maximal subspace of by where U, acts
invertibly. We make each b, into a /N\@—algebra by letting the group-like element attached
to z € Z5 act as 2"7%(z).

Taking the projective limit with respect to the restriction maps induced by the natural

inclusion Si(Xs_1) — Sp(Xs) we obtain a K@-algebra
(1.0.2) hord — l-gleordhs

which can be seen to be independent of the weight k > 2 used in its construction.

After a highly influential work [Hid86b] of Hida, one can associate with f, a certain
local domain I quotient of ho'¢, finite flat over Ay, with the following properties. For each
n, let a,, € I be the image of T}, under the projection h*® — I, and consider the formal
g-expansion

£= 3 an € I,

n>0
We say that a continuous O-algebra homomorphism v : I — Qp is an arithmetic prime

if there is an integer k, > 2, called the weight of v, such that the composition
[ -1 — Q;

ky—2

agrees with v —— ~ on an open subgroup of T" of index p*~! > 1. Denote by X (I)

the set of arithmetic primes of I, which will often be seen as sitting inside Spf(I)(Q,,). If
v € Xain(I), F, will denote its residue field. Then:

o for every v € Xy (1), there exists an ordinary p-stabilized newform®
f, € Sk, (Xs,)

such that v(f) € F,[[q]] gives the g-expansion of f,;
e if 5, = 1 and k, = k (mod 2(p — 1)), there exists a normalized newform f? €

Sk, (Xo(N)) such that

P
(1.0.3) f,(q) = £i(q) — ——Tf(¢");
v(ay)
e there exists a unique v, € Xpin(I) such that f, = fﬂo.

In particular, after “p-stabilization” (1.0.3), the form f, fits in the p-adic family f.

'As defined in [NP0O, (1.3.7)].
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Similarly for the associated Galois representation V},: the continuous h°-linear action
of the absolute Galois group Gq on the module

(1.0.4) T:=T" @],  where T :=lime”(Tay(J;) ®z, O),
gives rise to a “big” Galois representation pg : Gq — Auty(T) such that

v(ps) = pg,

for every v € Ayien(I), where pi is the contragredient of the (cohomological) p-adic Galois
representation pg, : Gq — Aut(V%,) attached to f, by Deligne; in particular, one recovers
p}, from pg by specialization at v,.

Assume from now on that the residual representation py, is irreducible; then T can be
shown to be free of rank 2 over I. (See [MT90, Théoreme 7| for example.) Let K be an

imaginary quadratic field with ring of integers Ok containing an ideal 91 C O with
(1.0.5) Ox/N=Z/NZ,

and denote by H the Hilbert class field of K. Under this Heegner hypothesis relative to N
(but with no extra assumptions on the prime p), the work [How07b] of Howard produces
a compatible sequence U, - X, of cohomology classes with values in a certain twist of
the ordinary part of (1.0.1), giving rise to a canonical “big” cohomology class X, the big
Heegner point (of conductor 1), in the cohomology of a self-dual twist TT of T. Moreover,

if every prime factor of N splits in K, it follows from his results that the class
3 = Corg/k(X)

lies in Nekovai’s extended Selmer group H }(K , T1). In particular, for every v € Xy (1)
with s, = 1 and k, = k (mod 2(p — 1)) as above, the specialization 3, belongs to the
Bloch-Kato Selmer group H (K, Vi (k,/2)) of the self-dual representation T @ F, =
Vis (k,/2). The classes 3, may thus be regarded as a natural higher weight analogue of the
Kummer images of Heegner points, on modular Abelian varieties (associated with weight
2 eigenforms).

But for any of the above f#, one has an alternate (and completely different!) method of
producing such a higher weight analogue. Briefly, if k, = 2r, > 2, associated to any elliptic
curve A with CM by Ok, there is a null-homologous cycle A}Xfﬁ, a so-called Heegner cycle,
on the (2r, —1)-dimensional Kuga—Sato variety W, giving rise to an H-rational class in the

Chow group CH™ ™ (W,,)o with Q-coefficients. Since the representation Vit (ry) appears
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in the étale cohomology of W, :
2r,—1(Ti7 "t}
Hét Y (Wﬁn Qp)(rl/) — ‘/fﬂ(rv)7
by taking the images of the cycles A:‘fié under the p-adic étale Abel-Jacobi map
O : CHY Y (W, )o(H) — H'(H, Hy* (W, Q)(r0))
and composing with the map induced by 7 on H 1’5, we may consider the classes
B (A)®) = Corpyx (mgs P (ALTE))-

By the work [Nek00] of Nekovar, these classes are known to lie in the same Selmer

group as 3,, and the question of their comparison thus naturally arises.

MAIN THEOREM (Thm. 1.4.12). Assume that p splits in K = Q(v/—D) and that the
class 3 is not I-torsion. Then for all but finitely many v € Xain(I) of weight k, = 2r, > 2
with k, = k (mod 2(p — 1)) and trivial character, we have

oy (B (A, B (A
W2(4D)r ! ’

Gz =(1-1

v(ay)

where (,) i is the cyclotomic p-adic height pairing on Hi(K, Vi (r,)), and u = [O|/2.

Thus assuming the non-degeneracy of the p-adic height pairing, it follows that the étale
Abel-Jacobi images of Heegner cycles are p-adically interpolated by 3. We also note that
3 is conjecturally always not I-torsion ([HowO07b, Conj. 3.4.1]), and that by [HowO07a,
Cor. 5] this conjecture can be verified in any given case by exhibiting the non-vanishing of
an appropriate L-value (a derivative, in fact). But arguably the main interest of the above
result is to be found in connection with p-adic L-functions, as we indicate below.

Let ¥,, be the Galois group of the unique Zf)—extension of K. In their recent proof
[SU13] one divisibility in the Iwasawa Main Conjecture for GLg, Skinner and Urban
construct an element L£,(f ® K) € I[[%]] which interpolates a certain two-variable p-
adic L-function £,(f, ® K) € O,[[%~]] attached to the specializations f,. For any v as
in the above Main Theorem, the work [Nek95] of Nekovar proves a p-adic analogue of
the Gross—Zagier formula for L¢, x. Combined with the existence of an I-valued “height

pairing” (, )7t on f[}(K , TT), we can easily deduce the following.

COROLLARY (Thm. 1.5.1). Let Lt ;- be the linear term in the expansion of Lgr re-

stricted to the cyclotomic line. Under the assumptions of the Main Theorem, we have

tc(Lx) =(3,3) ki (mod I%).
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This paper is organized as follows. Section 1.1 is aimed at proving an expression for the
formal group logarithms of ordinary CM points on X using Coleman’s theory of p-adic
integration. Our methods here are drawn from [BDP13, §3], which we extend in weight 2
to the case of level divisible by an arbitrary power of p, but with ramification restricted to
a potentially crystalline setting. Not quite surprisingly, this restriction turns out to make
our computations essentially the same as theirs, and will suffice for our purposes.

In Section 1.2 we recall the generalised Heegner cycles and the formula for their p-adic
Abel-Jacobi images from loc.cit., and discuss the relation between these and the more
classical Heegner cycles.

In Section 1.3 we deduce from the work [Och03] of Ochiai the construction of a “big”
logarithm map that will allow as to move between different weights in the Hida family.

Finally, in Section 1.4 we prove our results on the arithmetic specializations of the big
Heegner point 3. The key observation is that, when p splits in K, the combination of
CM points on X, taken in Howard’s construction appears naturally in the evaluation of
the critical twist of a p-adic modular form at a canonical trivialized elliptic curve. The
expression from Section 1 thus yields, for infinitely many v of weight 2, a formula for the
p-adic logarithm of the localization of 3, in terms of certain values of a p-adic modular
form of weight 0 associated with f, (Theorem 1.4.9). When extended by p-adic continuity
to an arithmetic prime v of higher even weight, this expression is seen to agree with the
formula from Section 1.2, and by the interpolation properties of the big logarithm map it
corresponds to the p-adic logarithm of the localization of 3,. The above Main Theorem
then follows easily from this.

We also note that an extension “in the anticyclotomic direction” of some of the results in
this paper leads to a number of arithmetic applications arising from the connection between
Howard’s big Heegner points and a certain p-adic L-function introduced in [BDP13]. This

connection appears implicitly here and is developed in [Cas13b].

Acknowledgements. 1t is a pleasure to thank my advisor, Prof. Henri Darmon, for
suggesting that I work on this problem, and for sharing with me some of his wonderful
mathematical insights. I thank both him and Adrian Iovita for critically listening to me
while the results in this paper were being developed, and also Jan Nekovar and Victor
Rotger for encouragement and helpful correspondence. It is a pleasure to acknowledge the
debt that this work owes to Ben Howard, especially for pointing out an error in an early

version of this paper, and for providing several helpful comments and corrections. Finally,
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1.1. Preliminaries

1.1.1. p-adic modular forms. To avoid some issues related to the representability
of certain moduli problems, in this section we change notations from the Introduction,
letting X be the compactified modular curve of level I'; := I'1(Np®), viewed as a scheme
over Spec(Q,). Let 7 : & — X, be the universal elliptic curve over the complement
XS C X, of the cuspidal subscheme Z; C X, and let wy_ be the invertible sheaf X, given
by the extension of m.Q, ¢ to the cusps Z; as described in [Gro90, §1], for example.

Algebraically, H O(Xs,g?}f) gives the space of modular forms of weight 2 and level I’y
(defined over Q). Consider the complex

(1.1.1) O%./q,(l08Z,) : 0 — Ox, 5 Q% g (log Z,) — 0
of sheaves on X;. The algebraic de Rham cohomology of X

Hog (Xs/Qp) = H' (X, 0%, jq, (log Zy))

is a finite-dimensional Q,-vector space equipped with a Hodge filtration

0 C HO(XMQ%Q/QP(IOgZS)) - HéR(XS/Qp>7

and by the Kodaira-Spencer isomorphism g?}f = ka /Qp(log Zs), every cusp form f €

So(X) (in particular) defines a cohomology class w; € Hig (Xs/Q,)-
Let X be the complete modular curve of level I'1(V), also viewed over Spec(Q,), and

consider the subspaces of the associated rigid analytic space X"
X C Xayen) © Xapypen) C© X

To define these, let Xz, be the canonical integral model of X over Spec(Z,), and let
Xr, = X xgz, F), denote its special fiber. The supersingular points SS C XFp<Fp) is
the finite set of points corresponding to the moduli of supersingular elliptic curves (with
[’y (N)-level structure) in characteristic p.

Let E,_1 be the Eisenstein series of weight p — 1 and level 1, seen as a global section
of the sheaf g?}(p -, (Recall that we are assuming p > 5.) The reduction of E,_; to XF,
is the Hasse invariant, which defines a section of the reduction of g?}(p D with SS9 as its

locus of (simple) zeroes. If z € X(Q,), let Z € Xg,(F,) denote its reduction. Each point
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T € S5 is smooth in Xy, and the ordinary locus of X
xrd=x"< | J Ds
zess

is defined to be the complement of their residue discs Dz C X*". The function |E,_;(z)|,
defines a local parameter on Dz, and with the normalization [p|, = p~, X<1/(41) (resp.
X<p/(p+1)) is defined to be complement in X*" of the subdiscs of Dz where |E,_(x)[, <
p~ V@) (vesp. |E, i (x)], < pP/®*V)) for all 7 € SS.

Using the canonical subgroup Hg (of order p) attached to every elliptic curve E corre-

sponding to a closed point in X_,/,+1), the Deligne-Tate map

Po : Xc1/p+1) — Xep/(p+1)

is defined by sending £ — E/Hp (with the induced action on the level structure) under
the moduli interpretation. This map is a finite morphism which by definition lifts to
characteristic zero the absolute Frobenius on Xg,. (See [Kat73, Thm. 3.1].)

For every s > 0, the Deline-Tate map ¢g can be iterated s — 1 times on the open rigid
subspace X p2-s /41y of X where |E,_i(z)[, > p P /) Letting ay : Xy — X be
the map forgetting the “I';(p®)-part” of the level structure, define

Wi (p®) C X"

to be the open rigid subspace of X whose closed points correspond to triples (F, ag, 7g)
whose image under «; lands inside X _,2-s(,41) and are such that 7z generates the canonical
subgroup of E of order p® (as in [Buz03, Defn. 3.4]).

Define Wy (p®) C X is the same manner, replacing p*~*/(p + 1) by p'=*/(p + 1) in
the definition of W;(p®*). Then we obtain a lifting of Frobenius ¢ = ¢, on X making the

diagram

Wa(p*) —— Wi (p*)

-k
%0

Xepr=spr1) —= Xz (p11)-
commutative by sending a point x = (E,ag,1p) € Wh(p®), where 15 : p,e — E[p°] is
an embedding giving the T';(p®)-level structure on E, to ' = (¢poE, poap, 1), where oy
is determined by requiring that a,(z') lands in X_j2-s/(,11) and for each ¢ € p,o — {1},
1o (C) = 60Q if 15(C) = pQ. (Cf. [Col97h, §B.2].)
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Let I, :={veQ : 0<v<p*@/(p+1)}, and for v € I define the affinoid subdomain
Xs(v) of X2 inside W (p®) whose closed points = satisty |E,_1(z)|, > p~". Then X,(0) is
the connected component of the ordinary locus of X, containing the cusp oc.

Denote by wyan the rigid analytic sheaf on X" deduced from wy and fix k € Z. The
space of p-adic modular forms of weight k and level I'y (defined over Q,) is the p-adic
Banach space

ME(X,) = HO(X,(0), wih),
and the space of overconvergent p-adic modular forms of weight k and level I, is the p-adic

Fréchet space
M;zig(Xs) = @HO(XSW)’Q?}?‘)’

where the limit is with respect to the natural restriction maps as v € I, increasingly
approaches p?~*/(p + 1). By restriction, a classical modular form in H°(Xj, g?}f) defines
an (obviously) overconvergent p-adic modular form of the same weight an level. Moreover,
the action of the diamond operators on X gives rise to an action of (Z/p*Z)* on the spaces
of p-adic modular forms which agrees with the action on H(X,,w%") under restriction.
We say that a ring R is a p-adic ring if the natural map R — @R/p”R is an
isomorphism. For varying s, the data of a compatible sequence of embeddings p,. — F
as R-group schemes, amounts to the data of an embedding p,.c — E[p™] of p-divisible

groups, and also to the given of a trivialization of E over R, i.e. an isomorphism
g E — Gm

of the associated formal groups. The space M(N) of Katz p-adic modular functions of
tame level N (over Z,) is the space of functions f on trivialized elliptic curves with I'y (IV)-
level structure over arbitrary p-adic rings, assigning to the isomorphism class of a triple
(E,ap,1p) over R a value f(E,ap,1z) € R whose formation is compatible under base
change. If R is a fixed p-adic ring, by only considering p-adic rings which are R-algebras,
we obtain the notion of Katz p-adic modular functions defined over R, forming the space
M(N)®z, R which will also be denoted by M(N) by an abuse of notation.

The action of z € Z on a trivialization gives rise to an action of Z) on M(N):

<z>f(E7OéE7ZE) = f(E7aE7 Zil ' ZE)?

and given a character y € Homcont(Z;, R*), we say that f € M(N) has weight-nebentypus
xif (2)f = x(2)f for all z € Z). If k is an integer, denoting by 2¥ the k-th power character
on Z, the subspace M (Np®, e) of M™d(X,) consisting of p-adic modular forms with
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nebentypus € : (Z/p*Z)* — R* can be recovered as
(1.1.2) MI(Np® e) =2 {f € M(N) : (2)f = 2"¢(2)f, forall z € 7}

Since it will play an important role later, we next recall from [Gou88, §II1.6.2] the
definition in terms of moduli of the twist of p-adic modular forms by characters of not nec-
essarily finite order. Let R be a p-adic ring, and let (E, ap, 1) be a trivialized elliptic curve
with I';(N)-level structure over R. For each s, consider the quotient Ey := E /Zgl(ups),
and let ¢y : E —» Ej denote the projection. Since p 1 N, ¢y induces a I';(N)-level
structure ag, on Ep, and since ker(wp) = s, the dual ¢y : Ey — E is étale, inducing
an isomorphism of the associated formal groups. Thus (with a slight abuse of notation)
1E, = 15 O Qg Eo = C}m is a trivialization of Ej, and since we have an embedding

Z/p°Z = ker(pg) — Ey[p®], we deduce an isomorphism
Eo[p°] = py ©Z/p°Z

which we use to bijectively attach a p®-th root of unity (o to every étale subgroup C' C
Eq[p®] of order p®, in such a way that 1 is attached to ker(¢y).
Now for f € M(N) and a € Z,, define f ® 1,447, to be the rule on trivialized elliptic

curves given by
1 —a
(1.1.3) f®Laypz, (B, ap,ip) = p Z (" [(Ey/C,ac 1)
c

where the sum is over the étale subgroups C' C Fy[p®] of order p*, and where a¢ (resp.
1c) denotes the I'y (IV)-level structure (resp. trivialization) on the quotient Ey/C naturally

induced by ag, (resp. ig,).
LEMMA 1.1.1. The assignment
a+p'Zy, ~ (fr— [®lapz,)
gives rise to an EndgM (N )-valued measure figoy on Zy,.

PROOF. Let ) a,q" be the g-expansion of f,i.e. the value that it takes at the triple
(Tate(q), Qeans tean) = (Gm/q%, CNs Hopoo G,./q%) over the p-adic completion of R((q)).
By the g-expansion principle, the claim follows immediately from the equality

f & ]la—i-pSZp(Q) - Z anqna
n=a mod p°

which is shown by adapting the arguments in [Gou88, p. 102]. O
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DEFINITION 1.1.2 (Gouvéa). Let f € M(N) and x : Z, — R be any continuous
multiplicative function. The twist of f by x is

ron= ([ (o)) (1) € MO,

P

This operation is compatible with the usual character twist of Hecke eigenforms:

LEMMA 1.1.3. Let x : Z; — R* be a continuous character extended by zero on pZy,.
If f € M(N) has g-expansion ), a,q", then f ® x has q-ezpansion Y x(n)a,q", and if
[ has weight-nebentypus x € Homey (25, R*), then f @ x has weight-nebentypus x°k.

PROOF. See [Gou88, Cor. I11.6.8.i] and [Gou88, Cor. II1.6.9]). O
In particular, twisting by the identity function of Z, we obtain an operator
d:M(N) — M(N)

whose effect on g-expansions is qd%. For every k € Z, we see from (1.1.2) and Lemma 1.1.3,

that this restricts to a map
d: MP(X,) — MPh(X,)

which increases the weight by 2 and preserves the nebentypus. Moreover, for £ = 0, the
arguments in [Col96, Prop. 4.3] can be adapted to show that d gives rise to a linear
map My®(X,) — M3%(X,), viewing M} #(X,) as a subspace of M(X,) via the natural

restriction map.

1.1.2. Comparison isomorphisms. Let (; be a primitive p°-th root of unity, and
let F' be a finite extension of Q,((;) over which X, acquires stable reduction, i.e. such that
the base extension X, xq, F' admits a stable model over the ring of integers Op of F'. For
the ease of notation, from now on we will denote X xq, F' (as well as the associated rigid
analytic space) simply by X;.

Let Z; be the minimal regular model of X, over O, and denote by Fy the maximal
unramified subfield of F'. The work [HK94] of Hyodo-Kato endows the F-vector space
Hli(X,/F) with a canonical Fy-structure

(114) Hllog—cris(‘%fs) — Hc}R(XS/F)

equipped with a semi-linear Frobenius operator .
After the proof [Tsu99] of the so-called semistable conjecture of Fontaine—Jannsen,

these structures are known to agree with those attached by Fontaine’s theory to the p-adic
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G p-representation
(1.1.5) Ve = HL (X, Q).

More precisely, since X, has semistable reduction, V; is semistable in the sense of
Fontaine, and there is a canonical isomorphism Dg (V) — Hy, . (25), inducing an

isomorphism
(1.1.6) Dar(Vy) — Hip(X,/F)

as filtered p-modules after extending scalars to F.
Consider the étale Abel-Jacobi map CH'(X,)o(F) — H'(F,V,(1)) constructed in

[Nek00], which in this case agrees with the usual Kummer map
§p : Jo(F) — H'(F,Q, ® Ta,(J,)),

where J, = Pic’(X,) is the connected Picard variety of X,. (See [loc.cit., Example(2.3)].)

Let g € S2(X;) be a newform with primitive nebentypus, denote by V, the p-adic Galois
representation associated to g, which is equipped with a Galois-equivariant projection
Vi — Vg, and let V" be the representation contragredient to Vy, so that V(1) and V' are
in Kummer duality. Also, let L, be a finite extension of Q, over which the Hecke eigenvalues

of g are defined. By [BK90, Example 3.11], the image of the induced composite map
(1.1.7) St Jo(F) 25 HY(F, V(1)) — H'(F,V,(1))

lies in the Bloch-Kato “finite” subspace H(F,Vy(1)), and by our assumption on g, the

Bloch-Kato exponential map gives an isomorphism

~ Dqr(Vy4(1))
(1.1.8) KPRV, (1) ; Fil’ Dyr (V,(1))

whose inverse will be denoted by logpy, ().

— Hy(F,Vy(1))

Our aim in this section is to compute the images of certain degree 0 divisors on X
under the p-adic Abel-Jacobi map 5;{’ l)p, defined as the composition

logrvy)  Dar(Vy(1))
Fil’ Dar (V(1))

(1L19)  L(F) 25 HY(F,V,(1) 5 (Fil°Dan(V}))"

g
where the last identification arises from the de Rham pairing

(1.1.10) (, Jar : Dar(Vy(1)) X Dar(Vy) — Dar(Qp(1)) ®q, Ly = F ®q, Ly



1.1. PRELIMINARIES 13

with respect to which Fil’Dgg(V, (1)) and FilODdR(Vg*) are exact annihilators of each other.
A basic ingredient for this computation will be the following alternate description of the
logarithm map logpy, 1)-

Recall the interpretation of H'(F,V,(1)) as the space Extﬁep(GF)(Lg, V,4(1)) of exten-
sions of V(1) by L, in the category of p-adic G p-representations. Since F' contains Q,((;),
Vj, is a crystalline G p-representation in the sense of Fontaine, and under that interpretation
the Bloch—Kato “finite” subspace corresponds to those extensions which are crystalline (see
[Nek93, Prop. 1.26], for example):

(1.1.11) H(F, V(1)) = Ext%{ﬂcris(GF)(Lg, V,(1)).
Now consider a crystalline extension
(1.1.12) 0— V(1) — W — L, — 0.
Since Deis(V4(1))?=! = 0 by our assumptions, the resulting extension of ¢-modules
(1.1.13) 0 — Deis(Vy(1)) — Deris(W) — Fy ®q, Ly — 0

admits a unique section si?® : Fy ®q, Ly — Denis(W) with sii?°(1) landing in the -
invariant subspace Deis(W)?=!. Extending scalars from Fy to F' in (1.1.13) and taking
Fil’-parts, we take an arbitrary section s, : F ®q, Ly — Fil’ Dgr(W) of the resulting

exact sequence of F-vector spaces
(1.1.14) 0 — Fil’Dar(V,(1)) — Fil’Dgr(W) — F ®q, Ly — 0

and form the difference
b = sfib(1) — si2b(1),

which can be seen in Dyg(V,(1)), and whose image modulo Fil’Dgg (V, (1)) is well-defined.
LEMMA 1.1.4. Under the identification (1.1.11), the above assignment
0= V,(1) =W =L, =0 ~ ty mod Fil’Dag(V,(1))

defines an isomorphism which agrees with the Bloch—Kato logarithm map

~_ Dar(V,(1))
1 CHY(F, V(1) = Tk
orv,w  Hy (Vo) = o )

PROOF. See [Nek93, Lemma 2.7], for example. O

Let A € J4(F) be the class of a degree 0 divisor on X, with support contained in the
finite set of points S C X (F'). The extension class W = Wx (1.1.12) corresponding to
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d4,7(A) can then be constructed from the étale cohomology of the open curve Y, := X N5,
as explained in [BDP13, §3.1]. We describe the associated sfj, and sji.
By [Tsu99] (or also [Fal02]), denoting g-isotypical components by the superscript g,

there is a canonical isomorphism of Fy ®q, Ls-modules

(1.1.15) Denis(Vy) = H,

log—cris

(Z5)
compatible with o-actions and inducing an F' ®q, Lg-module isomorphism
(1.1.16) Dar(V,) & Hig(X,/F)?

after extension of scalars.

Writing A = ZQes ng.Q for some ng € Z, we assume from now on that S contains
the cusps, and that the reductions of the points () € S are smooth and pair-wise distinct.
We also assume that the reduction of S in the special fiber is stable under the absolute
Frobenius. Like H}g(X,/F), the F-vector space Hz(Ys/F) is equipped with a canonical

Fo-structure
(1117> Hl%)g—cris(@s) — HéR(YS/F)’

a Frobenius operator still denoted by ¢, and a Hecke action compatible with that in (1.1.4).
Thus for W = W, the exact sequence (1.1.13) is obtained as the pullback

p

(1118) CI‘lS )%‘ DCI‘1S<WA) FO ®Qp Lg

H | |

Dresq
Hlog crls (1)Cﬁ Hlog crls(%)g(l) (FO ®Qp L )@S
of the bottom extension of ¢-modules with respect to the Fy ®q, Lg-linear map sending
1 — (ng)ges, where the subscript 0 indicates taking the degree 0 subspace.
On the other hand, after extending scalars from Fj to F' and taking Fil’-parts, (1.1.14)
is given by the pullback?

(1.1.19) Fil’ Dyg (V,(1)) & Fil®Dar (Wa) F ®q, L,

N

®
Fil' Hi (X./F)? = Fil' By (Yo F)? 2 (F @q, L,)5®

of the bottom exact sequence of free F'®q, Ly-modules with respect to the F'®q, Ly-linear
map sending 1 — (ng)ges-

2Notice the effect of the Tate twist on the filtrations.
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Let ¢ = g4, - 5§p ) be the nebentypus of g, decomposed as the product of its “wild”
component ¢,, on (Z/p°Z)* and its “tame” component e? on (Z/NZ)*. Let g* € S2(X5)
be the form dual to g, defined as the newform associated with the twist ¢ ® .1, and let

g7p7
wy € HO(X, Q%S/F) be its associated differential, so that
Fil’ Dar(V,") = (F ®q, Lg).wg-.
The image of the functional 6;? }(A) is thus determined by the value

(1.1.20) 5;?27(A) (Wg*) - <tWA7w9*>dR

of the pairing (1.1.10), which corresponds to the Poincaré pairing on Hjg (Xs/F) under the
identification (1.1.16). Using rigid analysis, we will now give an expression for the latter
pairing that will make (1.1.20) amenable to computations.

Let X, be the canonical balanced model of X, over Z,[(s] constructed by Katz and
Mazur. The special fiber X xz (c,] F) is a reduced disjoint union of Igusa curves over F,
intersecting at the supersingular points, with exactly two of them isomorphic to the Igusa
curve Ig(T'y) representing the moduli problem ([I';(N)], [['1(p®)]) over F, (see [KMS85,
§13]); we let I be the one that contains the reduction of W (p®) xq, Q,((s), and let Iy
be the other. (We note that these components are the two “good” components in the
terminology of [MW86].)

By the universal property of the regular minimal model, there exists a morphism

(1121) 3{:9 — XS XZPKS] OF

which reduces to a sequence of blow-ups on the special fiber. Letting s be the residue field
of F', define W,, C X (resp. Wy C X;) to be the inverse image under the reduction map
via Z of the unique irreducible component of 2 X, x mapping bijectively onto Ic X, K
(resp. Iy xg, k) in Xy Xz, & via the reduction of (1.1.21). Similarly, define & C X, by
considering the irreducible components of X, Xz (¢,) & different from I, x¥, x and Iy Xp, k.
Letting S.S denote (the degree of) the supersingular divisor of Ig(I'y), one can show that
U intersects W, (resp. W) in a union of S'S supersingular annuli.

Since they reduce to smooth points, the residue class Dy of each () € S is conformal
to the open unit disc D C C,,. Fix an isomorphism hg : Dg — D that sends @ to 0, and
for a real number rg < 1 in pQ, denote by Vg C D¢ the annulus consisting of the points
x € Dg with rg < |hg(z)], < 1.

Attached to any (oriented) annulus V), there is a p-adic annular residue map

Resy : Q)l/ — C,
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defined by expanding w € O}, as w = >, a,T ”dTT for a fixed uniformizing parameter
T on V (compatible with the orientation), and setting Resy(w) = ag. This descends to a
linear functional on Q3,/dOy,. (See [Col89, Lemma 2.1].)

For any basic wide-open W (as in [Buz03, p. 34]), define

(1.1.22) H!

rig(W) = Hl <W7 Q.(log Z)) = Qll/\//dOW7
where Q°(log Z) denotes the complex of rigid analytic sheaves on W deduced from (1.1.1)

by analytification and pullback, and consider the basic wide-opens

Wao = Wao N U(DQ\VQ) Wo = Wo ~ U(DQ\VQ).
QeS Qes

The space Hiz(X,/F) is equipped with a natural action of the diamond operators,

and following [Col97a, §2] we define Hl(X,/F)P"™ to be the subspace of Hiz(X,/F)

spanned by (the pullbacks of) the classes in Hlz(X,/F), for 0 < r < s, with primitive

nebentypus at p. Also, we define H'(Y,/F)P"™ to be the image of Hl(X,/F)P"™ under

the natural restriction map Hlg(X,/F) — Hiz(Y;/F). Finally, let H}ig()f/\\//oo)* be the

subspace of HL (W) consisting of classes w with resy, (w) = 0 for all supersingular annuli

rig ik
V, and resy,, (w) = 0 for all Q € S, and define H,(Wp)* in the analogous manner.

LEMMA 1.1.5 (Coleman). The natural restriction maps induce an isomorphism

Hag (Yo F)P™ — H;

L OV @ HE W),

rig

and if n and w are any two classes in Hig(X/F)P™, their Poincaré pairing is given by

(1.1.23) (mwhar = Y Resv,(Furpy, “Mool) + Y Resy, (Fuypy, - molv.),
zeSUSS zeSUSS

where for each annulus V,, F.,,, denotes any solution to dF,,, = wy, on V.

PROOF. By an excision argument, the first assertion follows from [Col97a, Thm. 2.1],
and the second is shown by adapting the arguments in [Col96, §5] for each of the two
components, as done in [Col94a, Prop. 1.3] for s = 1. (See also [Col97a, §3].) O

1.1.3. Coleman p-adic integration. Coleman’s theory of p-adic integration provides
a coherent choice of local primitives that will allow us to we compute (1.1.20) using the
formula (1.1.23). The key idea is to exploit the action of Frobenius.

Recall the lift of Frobenius ¢ : Wh(p®) — Wi(p®) described in Section 1.1.1, where
W;(p®) are the strict neighborhoods of the connected component X;(0) of the ordinary
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locus of X, containing the cusp oo described there. Recall also the wide open space W,

described in the preceding section, which also contains X(0) by construction.

PROPOSITION 1.1.6 (Coleman). Let g = > _,b,q™ € S3(X;) be a normalized newform

n>0
with primitive nebentypus of p-power conductor, so that b, is such that Uy,g = b,g. There

exists a unique locally analytic function F,, on Wy, with the following three properties:

o dF,, = wy on Wy,

by 1« T
o I, — ?qﬁ F,, € My®*(X,), and
e [, vanishes at oo.

PRrROOF. This follows from the general result of Coleman [Col94b, Thm. 10.1]. Indeed,
a computation on g-expansions shows that the action of the Frobenius lift ¢ on differentials
agrees with that of pV/, with V the map acting as ¢ — ¢ on g-expansions, in the sense
that ¢*w, = pwy, on W, := ¢~ (W N Wi (p®)). Since the differential Wylnl = Wy — bpwyg

attached to
g[p] — Z bnq"
(n,p)=1
becomes exact upon restriction to W._, this shows that the polynomial L(T") =1 — %”T is
such that L(¢*)w, = 0. Finally, since g has primitive nebentypus, b, has complex absolute
value p'/2, and hence [Col94b, Thm. 10.1] can be applied with L(T) as above. U

Attached to a primitive p*-th root of unity ¢, there is an automorphism w of X, which
interchanges the components Wy, and W. (See [BE10, Lemma 4.4.3].)

COROLLARY 1.1.7. Set ¢' := weopowe. With hypotheses as in Proposition 1.1.6, there
exists a unique locally analytic function F;g on Wy with the following three properties:
o dF, =wy on Wy,
o I, — %”((b’)*FO’Jg is rigid analytic on a wide-open neighborhood W} of weX4(0) in
Wy, and

e F, wvanishes at 0.

PROOF. Proposition 1.1.6 applied to the differential w;, := ww, gives the existence
of a locally analytic function F, with F‘:g = w¢ly, having the desired properties. The

uniqueness of Fég follows immediately from that of F, . O

We refer to the locally analytic function F,, (resp. FO’JQ) appearing in Proposition 1.1.6
as the Coleman primitive of g on Wy, (resp. W).
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Let g = >,.0bng" be as in Proposition 1.1.6. The g-expansion Z(n,p)ZI %’”‘q" corre-
sponds to a p-adic modular form ¢’ vanishing at oo and satisfying d¢’ = ¢!, where d is
the operator described at the end of Section 2.1, which here corresponds to the differential
operator Oy, — O, for any subspace W C X,. Set d~'glP) := ¢’

COROLLARY 1.1.8. If F,,  is the Coleman primitive of g on Wy, then
b
Fuy = 9" Foy =d7'g"

PROOF. Since d~'gPP! is an overconvergent rigid analytic primitive of Wi, and the
operator L(¢*) = 1 — ;"gzﬁ acting on the space of locally analytic functions on W, is
invertible, we see that L(¢*)~'(d~'g"”)) satisfies the defining properties of F,, . Since d~'gl¥!
vanishes at 0o, the result follows. O

We can now give an explicit formula for the p-adic Abel-Jacobi images of certain degree

0 divisors on X,. Note that this formula it is key in all what follows.

PROPOSITION 1.1.9. Assume that s > 1. Let g € S2(Xs) be a normalized newform with

primitive nebentypus of p-power conductor, let P be an F-rational point of X, factoring

through X4(0) C Xs, and let A € J4(F) be the divisor class of (P) — (00). Then
(1.1.24) OPH(A) (wg) = Fu,. (P),
where ng* is the Coleman primitive of wg- on Wy

PROOF. By (1.1.20), we must evaluate (ty,,wg+)dr, where (with a slight abuse of
notation) tw, = sfy, — sjiy> with
o il € Fil' Dggr(Wa) is such that p(sfi, ) =1 in (1.1.19), and

o si> € Deyig(Wa)#=! is such that p(s fmb) =1in (1.1.18).
By Lemma 1.1.5, we see that these can be represented, respectively, by

e 1A a section of QY /p over Y with simple poles at P and co and with
o ReSP(ﬁgl) =1,
- Resoo(nil) =-1,
— Resg(nil) =0 forall Q € S — {P,0};
° 77frob (77(f>1;ob7 77frob) c Ql X QL with
(P () ) = (p - P 4 dGaop - 7fE + dGo) with Guy and Gy rigid
analytic on ¢~ W, and (¢/)~ W, respectively,
— Resy, (n°P) = 0 for all supersingular annuli V,, and
— Resy, (NR°") = Resg(n) for all Q € S.
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The arguments in [BDP13, Prop. 3.21] can now be straightforwardly adapted to deduce
the result. Indeed, using the defining properties of the Coleman primitives F,, . and Fu’,g*
of wg= on Wy, and Wy, respectively, one first shows that

(1.1.25) Z ReSVI(ng* 'Uifb) =0 and Z ReSVI(FO’Jg* .mf)rob) =0
z€SUSS z€SUSS

as in [loc.cit., Lemma 3.20]. On the other hand, using the same primitives, one shows as
in [loc.cit., Lemma 3.19] that
(1.1.26) Z Resy(F,,. -nA) = F,,.(P) and Z Resy (Fy, , - = 0.
z€SUSS zESUSS
Substituting (1.1.26) and (1.1.25) into the formula (1.1.23) for the Poincaré pairing
(and using that s > 1, so that there is no overlap between the supersingular annuli in Woo

and the supersingular annuli in WO), the result follows. O

1.2. Generalised Heegner cycles

Let X;(N) be the compactified modular curve of level T'1(N) defined over Q, and let
£ be the universal generalized elliptic curve over X;(N). (Recall that N > 4.) For r > 1,
denote by W, the (2r — 1)-dimensional Kuga—Sato variety®, defined as the canonical desin-
gularization of the (2r — 2)-nd fiber product of £ with itself over X;(/N). By construction,
the variety W, is equipped with a proper morphism

o W, — X1(N)

whose fibers over a noncuspidal closed point of X; (V) corresponding to an elliptic curve
E with I'y(V)-level structure is identified with 2r — 2 copies of E. (For a more detailed
description, see [BDP13, §2.1].)

Let K be an imaginary quadratic field of odd discriminant —D < 0. It will be assumed
throughout that K satisfies the following hypothesis:

AssuMPTIONS 1.2.1. All the prime factors of N split in K.

Denote by O the ring of integers of K, and note that by this assumption we may
choose an ideal 9t C Ok with
Ox/MN=Z/NZ

that we now fix once and for all.

3Perhaps most commonly denoted by Wa,_; cf. [Zha97] and [Nek95], for example.
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Let A be a fixed elliptic curve with CM by Ok. The pair (A, A[D]) defines a point Py
on Xo(N) rational over H, the Hilbert class field of K. Choose one of the square-roots
V=D € Ok, let I' /=5 C A x A be the graph of v/—D, and define

Tie’ig = P\/j X (Til) X F\/j
viewed inside W, by the natural inclusion (A x A)"~! — W, as the fiber of 7, over a
point on X (V) lifting P4. Let ey be the projector from [BDP13, (2.1.2)], and set

(1.2.1) AT = ey T,

which is an (r—1)-dimensional null-homologous cycle on W, defining an H-rational class in
the Chow group CH"(W,.)y (taken with Q-coefficients, as always here) which is independent
of the chosen lift of Pj,.

These cycles (1.2.1) are the so-called Heegner cycles (of conductor one, weight 2r),
and they share with classical Heegner points many of their arithmetic properties (see
[Nek92, Nek95, Zha97]).

We next recall a variation of the previous construction introduced in the recent work
[BDP13] of Bertolini, Darmon, and Prasanna. Let A be the CM elliptic curve fixed above,
and consider the variety?

X, =W, x A* 2,

For each class [a] € Pic(Ok), represented by an ideal a C Ok prime to N, let A, :=
A/Ala] and denote by ¢, the degree Na-isogeny

Va1 A— A,

The pair a * (A, A[N]) = (Aq, Aq[91]) defines a point P4, in Xo(N) rational over H.
Let Ffpu C A, x A be the transpose of the graph of ¢,, and set
(2r—2)

ida)

Th = T8 T X T O (A x A = AR A et

Pa,T "

X?”?

where 1, is the natural inclusion A2"~? — W, as the fiber of 7, over a point on X;(N)
lifting P4,. Letting €4 be the projector from [BDP13, (1.4.4)], the cycles

(1.2.2) Ag‘jﬁﬂ = eAeWngﬁﬂ

define classes in CH* "*(X,)o(H) and are referred to as generalised Heegner cycles.

We will assume for the rest of this paper that K also satisfies the following:

4Notice that our indices differ from those in [BDP13].
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ASSUMPTIONS 1.2.2. The prime p splits in K.

Let g € S5 (Xo(N)) be a normalized newform, and let V;, be the p-adic Galois repre-

sentation associated to g by Deligne. By the Kiinneth formula, there is a map
Hyl (X7, Qp(2r — 1)) — HE (W, Qp(1)) ® Sym™ *He, (4, Qu(1)),

which composed with the natural Galois-equivariant projection

g ®7FNT7 1

HéQtT_l(Wh Qp(l)) ® Sym2ri2ﬂé}t(z7 Qp(l)) Vg(T)

induces a map
Tyne—t s HY(F, HY (X, Qu(2r — 1)) — HY(F, V(1))

over any number field F. In the following we fix a number field F' containing H.

Now consider the étale Abel-Jacobi map
Of : CH (X, )o(F) — H'(F Hg (X, Qp)(2r — 1))

constructed in [Nek00]. Let F}, be the completion of 2,(F'), and denote by loc, the induced
localization map from G to Gal(QP/Fp). Then we may define the p-adic Abel-Jacobi map
AJg, by the commutativity of the diagram

T locy,

(1.2.3) CH (X, )o(F) - HY(F,,V,(r))

U

H}(Fmvg(r))

l logr, vy (r)
Fil' Dar (V, (r — 1))V,

where the existence of the dotted arrow follows from [Nek00, Thm.(3.1)(i)], and the
vertical map is given by the logarithm map of Bloch-Kato of V,(r) as G'r, -representation,
similarly as it appeared in (1.1.9) for r = 1. Using the comparison isomorphism of Faltings

[Fal89], the map AJp, may be evaluated at the class wy, ® e?’"’l, with e¢ an Fj,-basis of

Dar(Qy(1)) = Fp.
The main result of [BDP13] yields the following formula for the p-adic Abel-Jacobi

images of the generalised Heegner cycles (1.2.2) which we will need.
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THEOREM 1.2.3 (Bertolini-Darmon-Prasanna). Let g = > b,q" € So(Xo(N)) be a

normalized newform of weight 2r > 2 and level N prime to p. Then

(L=t +p7") Y Na'™7 - AJp (AXP) (wy @ ")

[u}GPiC(OK)
= (0=t Y d M (ax (A ARY),
[u}GPic(OK)
where glP! = Z(n,p):l b,q"™ is the p-depletion of g.
PROOF. See the proof of [BDP13, Thm. 5.13]. O

We end this section by relating the images of Heegner cycles and of generalised Heegner
cycles under the p-adic height pairing. (Cf. [BDP13, §2.4].) Consider II, := W, x A™!
seen as a subvariety of W, x X, = W, x W, x (A?)""! via the map

(idyy, , idw, , (id4, V—=D)"1).

Denoting by my and mx the projections onto the first and second factors of W, x X,., the

rational equivalence class of the cycle 11, gives rise to a map on Chow groups
I, : CH*Y(X,) — CH"™ (W,)
induced by II.(A) = mw . (1L, - 7% A).
LEMMA 1.2.4. We have

. N _ bd bd
(AR AR, = (D) (A AT ),

where {,Vw, and (,)x, are the p-adic height pairings of [Nek93] on CH™*'(W,), and
CH*1(X,)o, respectively.

PROOF. The image @%(A}Afig) remains unchanged if we replace the cycle I' 5 by the
modification

Za =T 75— (Ax{0})—D({0} x A)
(see [Nek95, §11(3.6)]). Since clearly Z, - Z4 = —2D, we thus see from the construction
of II, that

(1.24) E(ANE) = (—2D)" - ORI (AYP)).

ida,r

On the other hand, if (,)4 denotes the Poincaré pairing on Hjy(A/F), we have

(V=D)'w,(v=D)'w'a =D - (w,w')4,
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for all w,w’ € Hiz(A/F). By the definition of the p-adic height pairings {, ), and (,)x
(factoring through ®%), we thus see that

T

(125) <A?ddj),r7 Aibddj,r>Xr - DT—l ’ <HT<A})dd,f,r)7 HT(Aikz:ldf,r)>Wr‘
Combining (1.2.4) and (1.2.5), the result follows. O

1.3. The big logarithm map

Let

f = a.q" eIl

n>0
be a Hida family passing through (the ordinary p-stabilization of) a p-ordinary newform

fo € Sp(Xo(NV)) as described in the Introduction. We begin this section by recalling the
definition of a certain twist of f such that all of its specializations at arithmetic primes of
even weight correspond to p-adic modular forms with trivial weight-nebentypus.

Decompose the p-adic cyclotomic character eqy as the product
ecyczw-e:Gq—>Z; =p, 1 XTI

Since k is even, the character w*~2 admits a square root W' Gq — m,_;, and in fact
two different square roots, corresponding to the two different lifts of k —2 € Z/(p — 1)Z

to Z/2(p — 1)Z. Fix for now a choice of w2 , and define the critical character to be
(1.3.1) O:=w'z [V Gg — A%,
where €'/2 : Gq — I' denotes the unique square root of € taking values in I'.

REMARK 1.3.1. As noted in [How07b, Rem. 2.1.4], the above choice of © is for most
purposes largely indistinguishable from the other choice, namely w%@, where

p—1

VT GalQ(VP)/Q) S {£1} (= (—1)" 7 p).

Nonetheless, for a given f, as above, our main result (Theorem 1.4.12) will specifically

apply to only one of the two possible choices for the critical character.

The critical twist of T is then defined to be the module
(1.3.2) TH =T I

equipped with the diagonal Gg-action, where I = I(©7!) is the free I-module of rank one
-1
equipped with the Gg-action via the character Gq o, A5 — T%.
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LEMMA 1.3.2. Let ppi : Gq — Auty(T) be the Galois representation carried by TT.
Then for every v € Xaim(l) of even weight k, = 2r, > 2 we have

v(prt) = pry @ €%

where £ is a character twist of £, of weight k, and with trivial nebentypus. In other words,

defining Vi, := T @1 F,, and letting Vi, be the representation space of pg, we have
(1.3.3) Vi = Vi (),
and in particular V1 is isomorphic to its Kummer dual.

PRroOF. This follows from a straightforward computation explained in [NP0O, (3.5.2)]
for example (where TT is denoted by T)). O

Let 6 : Z — AS be such that © = o gcyc. It follows from the preceding lemma that
the formal g-expansion

fl=f@0" =) 0" (n)a,g" €I[q]
n>0

(where we put #7!(n) = 0 whenever p divides n) is such that, for every v € X (1) of
even weight, V7 is the Galois representation attached to the specialization f, ® 6! of fT,
which by Lemma 1.1.3 is a p-adic modular form of weight 0 and trivial nebentypus.

We next recall some of the local properties of the big Galois representation T. Let
I, C D, C Ggq be the inertia and decompositon groups at the place w of Q above p
induced by our fixed embedding 1, : Q — Qp. In the following we will identify D,
with the absolute Galois group Ggq,. Then by a result of Mazur and Wiles (see [Wil88,
Thm. 2.2.2]) there exists a filtration of I[D,]-modules

(1.3.4) 0—Z/T—T—ZF,T—0

with Z=T free of rank one over I and with the Galois action on %, T unramified, given
by the character o : D,,/I,, — I* sending an arithmetic Frobenius o, to a,. Twisting
(2.2.1) by ©7! we define ZLT' in the natural manner.

Let T* := Homy(T,I) be the contragredient® of T, and consider the I-module
(1.3.5) D= (FFT Sy, Z0") 5,
where ZT* := Homy(%#, T,I) C T*, and 2;“ is the completion of the ring of integers of

the maximal unramified extension of Q, in Q,,.

580 that T* @ F, = Ve, for every v € Xapien (D).
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Fix a compatible system ¢ = ({;)s>o of primitive p®-th roots of unity (; € Qp, and let
e¢ be the basis of Dyqr(Q,(1)) corresponding to 1 € Q, under the resulting identification

Dar(Qp(1)) = Qp.

LEMMA 1.3.3. The module D is free of rank one over 1, and for every v € Xuin(I) of

even weight k, = 2r, > 2 there 1s a canonical isomorphism

~, _Dar(V, (1))
(1.3.6) D, ® Dar(Q,p(ry,)) — FiP Dan (Ve (r)))

PROOF. Since the action on % T* is unramified, the first claim follows from [Och03,
Lemma 3.3] in light of the definition (2.2.3) of D. The second can be deduced from [Och03,
Lemma 3.2] as in the proof of [Och03, Lemma 3.6]. O

With the same notations as in Lemma 1.3.3, we denote by (, )4qr the pairing
(1.3.7) (. )ar : Dy ® Dar(Qp(ry)) x Fil' Dag (Vs (r, — 1)) — F,

deduced from the usual de Rham pairing

Dar(V%,(ry))
Fil®Dyr (Vg (12,))

via the identification (1.3.6) and the isomorphism V' = V. (k, — 1).

x Fil’Dar (Vg (1 —1,)) — F,

THEOREM 1.3.4 (Ochiai). Assume that the residual representation py, is irreducible,

fix an I-basis n of D, and set \ := a, — 1. There exists an I-linear map
Logl, + H(Qy, Z4T) — TA~Y]

such that for every Y € HY(Q,, ZSTT) and every v € Xaum (L) of even weight k, = 2r, > 2
with k, = k (mod 2(p — 1)), we have

(1.3.8)
-1\ 71 v(ay ’ .
S (1-255) (1 —42) flogys (D).mban if b, = 1
v(Logy (D)) = =11
G0, (422h) " (logys (D), )an if 0, # 1,
where

° logvffy 1s the Bloch—Kato logarithm map for the representation Vfi over Q,,
e 1), € Fil' Dyr (Vz: (r, — 1)) is such that (n, ® ec™ my)ar = 1 under (1.3.7),
o ¥V, : LY — F) is the finite order character z — 0,(z)z' "™,

e s, > 0 is such that the conductor of ¥, is p*, and
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o G(V,') is the Gauss sum Y, 9, (2)¢C®

x mod psv “v Sy *

PROOF. Let A(Cy) := Z,[[Cx]], where C is the Galois group of the cyclotomic Z,-
extension of Q,, and let Ay be the module A(C.) equipped with the natural action of
Gq, on group-like elements. Also, let ~, be a topological generator of U and define

Z:=(\v —1),

seen as an ideal of height 2 inside I®z, A(Cw) 2 I[[Cu]]-
Consider the I®z A(Cx)-modules
D =Dz A(Cs), FiT = F T @Ay @w 7,
the latter being equipped with the diagonal action of Gq,. By [Och03, Prop. 5.3] there

exists an injective ]I@)sz(COO)—linear map
Expsire 1 ID — HY(Qp, Z5T7),

with cokernel killed by A, which interpolates the Bloch—Kato exponential map over the
arithmetic primes of I and of A(Cy).
Asin (1.3.1),let €/2 : Coc — T' C Z be the unique square-root of the wild component

of the p-adic cyclotomic character €.y, and let
Tw': I[[Cs]] — I[[Cs]]

be the T-algebra isomorphism given by Tw'([y]) = ex! >(7)[] for all v € Cs. Then letting

Z+TT be the 1[[Cy]]-module .Z; T* with the C-action twisted by €'/2, there is a natural

projection Cor : ZTT — Z+TT induced by the augmentation map I[[Cy]] — L
Setting D' := ID®7, I[[Ca]]/(€*/%(70)[70] — 1), the composition

(Twh)—1 Cor

HY(Qy, Z4T) 25 HY(Q,, Z1TT) <5 HY(Q,, 77T,

R
\

D > ID

factors through an injective I-linear map
(1.3.9) Exp siq : D' — H'(Q,, 7, T")
making, for every v € X, (1) as in the statement, the diagram

Exp gt

Dt Hl(Qp,quTT)
Sp, lSpV

Dar(FfVy) —= HY(Q,, FVY)
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commutative, where the bottom horizontal arrow is given by
i W SR if 9, = 1;
~ Vay) T ) SPyp BV =L
(=)™, = 1! x
<%> expyy it 9, 41,

with exp,; the Bloch-Kato exponential map for VfT, which factors as
f, v

DdR(VfD ~ P P, 1 g+t 1 1
R — DdR(‘/w ‘/fl,) — H (Qp"/w ‘/fy) — H (QW‘/&)'
Fil DdR(‘/;‘V)

Now if 9) is an arbitrary class in H'(Q,,, #,/TT), then X -9) lands in the image of the
map Exp z+qi and so
Logyi(9) = A~" - Exp_ (A - )
is a well-defined element in I[A™'] @y Df. Thus defining Log?, (2)) € I[A~!] by the relation

Logri () = Logy () -n® 1,

the result follows. O

1.4. The big Heegner point

In this section we prove the main results of this paper, relating the étale Abel-Jacobi
images of Heegner cycles to the specializations at higher even weights of the big Heegner
point 3 (whose definition is recalled below). Their proof is based on two key ingredients:
the properties of the big logarithm map deduced from the work of Ochiai as explained in
the preceding section, and the local study of (almost all) the weight 2 specializations of 3

taken up in the following.

1.4.1. Weight two specializations. As in Section 1.2, let K be a fixed imaginary
quadratic field in which all prime factors of N split, equipped with an ideal 9t C Ok such
that Ok /M = Z/NZ. We also assume that p splits in K, and let p be the prime of K above
p induced by our fixed embedding ¢,, and by p the other. Finally, A is a fixed elliptic curve
with CM by Ok defined over the Hilbert class field H of K, and recall that in Section 1.3
we fixed a compatible system ¢ = ({s)s>0 of primitive p*-th roots of unity (; € Qp.

Let Ry = Zgr be the completion of the ring of integers of the maximal unramified
extension of Q,, which we view as an overfield of H via 2,. Since p splits in K, A admits
a trivialization

14 A— G,
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over Ry with z;l(ups) = Alp°] for every s > 0. Letting as be the cyclic N-isogeny on
A with kernel AN, the triple (A, aa,24) thus defines a trivialized elliptic curve with
Lo(N)-level structure defined over Ry.

Set Ay := A/A[p*] and let (A, aa,,24,) be the trivialized elliptic curve deduced from
(A, cq,14) via the projection A — Ay. Let C' C Ag[p®] be any étale subgroup of order p*,
and set As := Ay/C. Finally, let (As, aa,,24,) be the trivialized elliptic curve with I'g(N)-

level structure deduced from (Ag, ava,,24,) via the projection Ag — Ay, and consider

(1.4.1) hs = (As, a,,14,(G5)),

which defines an algebraic point on the modular curve Xj.

Write p* = (—1)%]), and let ¥ be the unique continuous character

such that ¥? = Ecye- Notice the inclusion Gy, C G for any s > 0, where H,s denotes
the ring class field of K of conductor p®.

LEMMA 1.4.1. The curve As has CM by the order Oy of K of conductor p®, and the

point hy is rational over Lys := Hys (). In fact we have
(1.4.3) he = (9(0)) - hs
for all 0 € Gal(Lys/Hps).

PrOOF. The first assertion is clear, and immediately from the construction we also see
that a4, is the cyclic N-isogeny on Ag with kernel A;[9T1 N O,:]. It follows that the point
(1.4.1) gives rise to precisely the point hy; € X (C) in [How07b, Eq. (4)]. The result thus
follows from [loc.cit., Cor. 2.2.2]. O

If v is an arithmetic prime of I, we let 1, denote its wild character, defined as the
composition of v : I — Qp with the structure map I' = 1 + pZ, — I, which we view
as a Dirichlet character of p-power conductor in the obvious manner. The nebentypus of
f, is then given by

&g, = Y,
where w : (Z/pZ)* — p,,_; C Z} is the Teichmiiller character.

Recall the critical characters © and 6 from Section 1.3, and for every v € Xy (1) of

weight 2, consider the F‘-valued Hecke character of K given by

(1.4.4) Xv (1) = O, (artq(Nk/q(2)))
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for all z € A%. Notice that since x, has finite order, it may alternately be seen as character
on Gy via the Artin reciprocity map arty : Ay — G2

For every v € Xyim(D), after fixing an embedding F,, — Qp, the form f, € S, (Xs,)
defines a p-adic modular form f, € M(N). Finally, recall the dual form f defined as in
the paragraph before (1.1.20).

LEMMA 1.4.2. Let v € Xpin(I) have weight 2 and non-trivial wild character, and let
s > 1 be the p-power of the conductor of ¥,,. Then

“1ex[p] _ . u § : “1(5\ . g-Lgxlpl(po
(145) d f,/ ®9V(A7&A7ZA) - G(‘g_l) Xv (U) d fV (hs)7
o€Gal(Hps /H)

where u = |Okgl/2, G(0,") = 30, nodps 0y (2)CF is a usual Gauss sum, and for every

o€ Gal(Hy/H), ¢ is any lift of o to Gal(L,s/H).

REMARK 1.4.3. Since v has weight k, = 2, we have 6, = 9, where ¥, is the finite

order character in the statement of Theorem 1.3.4.

PROOF. We begin by noting that the expression in the right hand side of (1.4.5) does
not depend on the choice of lifts 6. Indeed, as explained in [How07a, p. 808] the character
Xow = Xl A% Seen as a Dirichlet character in the usual manner, is such that x, =62

But since the weight of v is 2, we have
02 = e, = e,

(see [How07a, p. 806]), and our claim thus follows immediately from (1.4.3).
To compute the above value of the twist d~'f;” @ 6, we follow Definition 1.1.2. The
integer s > 1 in the statement is such that 6, factors through (Z/p°Z)*, therefore

AP @ 0,(A, aa,14) = Z 0,(a) (/ d,uGou(x)) (A7) (A, aa,14)
a+psZy

a mod p*

1

(1.4.6) == 3 0,0t d P (A/Cacc),
p a mod p* C

where as before Ay := A/1'(n,s) = A/A[p] and the sum is over the étale subgroups

C' C Ap[p®] of order p°. Letting s be a generator of Z/p°Z, these subgroups correspond

bijectively with the cyclic subgroups C, = (({.7s) C p,s X Z/p°Z, with u running over the

integers modulo p°®, and we set (¢, = (7.
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Since 6, does not factor through (Z/p*~'Z)*, we have >, . 0,(a)(;"* = 0 whenever
u ¢ (Z/p°Z)*. Continuing from (1.4.6), we thus obtain

1
dflf;k[p]®9u(A,aA,ZA)=Z; Yo 0 Y G dT ' EY(Ac, a0, 00,)

a mod p* u mod p?®
1
- _8 Z d_lf:[p] (Acu7 OéCu? Zcu) Z QV(CL)CS_UCL
p u€(Z/p3Z)* a mod p*
1 -1 —1lex*
u€(Z/psZ)*
with the last equality obtained by a change of variables. The result thus follows from the
relation
Z 0;1(u) ’ d_lf:[p](ACuv ac,, ZCu) =u Z X;l(&) ) d—lf:[]?](hg)’
ue(Z/p3Z)* o€Gal(Hps /H)
where v = |Of|/2, and for each 0 € Gal(H,:/H), ¢ € Gal(L,:/H) lifts o. O

Keeping the above notations, let As € Js(Lys) be the divisor class of (hs) — (00), and
consider the element in J;(L,:) ®z F, given by

(1.4.7) Qu =y, Alax'(6),
o€Gal(Hys /H)

where for every o € Gal(H,:/H), & is any lift to Gal(L,«/H).
Let F; be the completion of 1,(L,s), and consider the p-adic Abel-Jacobi map 587 ,)Fs
defined in (1.1.9) which we extend by F)-linearity to a map

05, + Ju(Ly) ®z F, — (Fil' Dan(Vi;))"-

PROPOSITION 1.4.4. Let v € Xpien(l) and s > 1 be as in Lemma 1.4.2. Then

(1.4.8) Yo 0) AT = 60 Q) (wrs).
o€Gal(Hys /H)

PRrROOF. The integer s > 1 in the statement is so that the nebentypus ¢, of f, is
primitive modulo p*. Moreover, since p splits in K, we see from the construction that the
point hg lies in the connected component X(0) of the ordinary locus of X containing the

cusp oo. Thus Proposition 1.1.9 applies, giving

6§f,)Fs (AS)(WfJ) = wa; (h5)7
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where wa* is the Coleman primitive of wg: from Proposition 1.1.6, and by linearity

(1.4.9) ST XN E)  Fuy, () = 0 (Q ) (e )-

o€Gal(H,s /H)

Since ¢ lifts the Deligne-Tate map to X, we see that ¢hg is defined over the subfield
Hps-1((s) C Lys. If b, denotes the U,-eigenvalue of £, by Corollary 1.1.8 we obtain

S0 08 = 26 H6) R 1) - SN 6) Py (01
_ZX ) wf* hU)

where all the sums are over o € Gal(H,:/H), and the second equality follows immediately
from the fact 6, is primitive modulo p®. The result thus follows from (1.4.9). O

Still with the same notations, recall Hida’s ordinary projector (1.0.2) and set y, :=
e h, which naturally lies in €4 J,(L,s) (see [HowOTb, p.100]). Equation (1.4.3) then
amounts to the fact that

(1.4.10) y? =0O(0) - ys

for all ¢ € Gal(L,s/H,s), where O is the critical character (1.3.1). Denoting by Jo9(L,s)T
the module e°™.J,(L,s) with the Galois action twisted by ©~!, and by y! the point y, seen

in this new module, (1.4.10) translates into the statement that
?Jl € HO(HPS7 Jsord(Lﬁ)T)'
LEMMA 1.4.5 (Howard). The classes
(1.4.11) = Corp . /i (yl) € HO(H, J&(Ly)')

are such that

s = Up - x4, for all s >0

under the Albanese maps induced from the degeneracy maps o : X1 — X.
PRroOOF. This is shown in the course of the proof of [How07b, Lemma 2.2.4]. O

Abbreviate by Ta2™(.J,) the module ¢”4(Ta,(.J,) ®z, O) from the Introduction, and
denote by Tagrd(Js)T this same module with the Galois action twisted by ©~!. By the

Galois and Hecke-equivariance of the twisted Kummer map

Kum, : H(H, J&Y(Ly)") — H'(H, Ta2" (J,)")
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constructed in [HowO07b, p. 101], Lemma 1.4.5 implies that the cohomology classes X, :=
Kumg(zs) are such that a,. X, = U, - X, for all s > 0.

DEFINITION 1.4.6 (Howard). The big Heegner point of conductor one is the cohomology
class X given by the image of
hm U, - X,

under the natural map induced by the h"4[Gq]-linear projection Hm Ta?™(J,)T — T'.
Our object of study is in fact the big cohomology class

(1.4.12) 3 := Corpy/k (%),

which is predicted to be non-trivial by [How07b, Conj. 3.4.1].
CONJECTURE 1.4.7 (Howard). The class 3 is not I-torsion.

Recall from [How07b, §2.4] that the strict Greenberg Selmer group Selg,(K,TT) is
defined to be the subspace of H'(K, T') consisting of classes ¢ which are unramified outside

the places above p and such that loc,(c) lies in the kernel of the natural map

HY(K,,T") — H'(K,, Z, T

w

for all v|p.
For every v € Xuin(l) of weight 2, let L(s,f,, x,) be the Rankin—Selberg convolution
L-function of [How09, §1]. In the spirit of the classical Gross—Zagier theorem, one has

the following criterion for the non-triviality of (the specializations of) 3.

THEOREM 1.4.8 (Howard). The class 3 belongs to Selg, (K, T'), and if there is some
V'€ Xain(I) of weight 2 and non-trivial nebentypus such that L'(1,f,,x,) # 0, then
Congecture 1.4.7 holds.

PROOF. The first assertion is shown in [How07b, Prop. 2.4.5]. The second is shown

in [HowO07a, Prop. 3] and follows from the equivalence
(1.4.13) SV/ 7§ 0 «— L,(l, fl,/, X,/) 75 0

combined with the freeness of Selg, (K, TT) ®; O, ([Nek06, Prop. 12.7.13.4(iii)]) for any
v € Xarign (D). UJ

The following result shows that Proposition 1.4.4 may be reformulated as giving an
explicit formula, for all but finitely many v € Xen(l) of weight 2, for the image of the

classes 3, under the inverse of the Bloch-Kato exponential map.
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For any class [a] € Pic(Ok), taking a representative a C O prime to Np, define

* (A> OfA,ZA) = (Aa,CVAa,ZAu),

~ gt

where A, = A/AN], a4, = AN, and 14, is the trivialization A, 2 A % G,, induced
by the projection ¢, : A — A,.

THEOREM 1.4.9. Let v € Xyien(I) have weight 2 and non-trivial wild character 1, and
let s > 1 be the p-power of the conductor of v,. Then

_ _ v(a,)®
(1414) Y P @6 (ax (A auu) = G((ef’)l)logs,vfym<locp<3y>><wf;>,

[a] EPiC(OK)

where u = |Ok|/2, and G(0;) is the Gauss sum Y 4,0 0, ()T

PROOF. Since clearly
d P ot =d e @,

letting F; be the completion of #,(L,s) it suffices to establish the equality

ek a
(1.4.15) AP ©0,(A ap,04) = G((Qp) >10gFS v, (1) (10¢y (X)) (wey ).

Combining the formulas from Lemma 1.4.2 and Proposition 1.4.4, we have

u

(1.4.16) A @ 0,(A, 0,14) = D 0 r, (Qv.):

Now the integer s > 1 is such that the natural map T — V, can be factored as
(1.4.17) T — Tad(J,) — V,,

and we have V:f, 2V, as G Lps—modules. Tracing through the construction of X, we see
that the image of Uy - X, in H Y(Lys, V1) agrees with the image of @xu under the composite
map (where the unlabelled arrow is induced by (1.4.17))

Jo(Ly) @7 F, S HY(L,, Tap(Jy) ®z F)) s HY Ly, TaZ(J,) ®7 F,) —>
(1.4.18) — HY(Lys,V,) = HY(L,s, V).
Since U, acts on VI as multiplication by v(a,), we thus arrive at the equality
(1.4.19) Kum,(e™Q,,) = v(a,)® - res, . u(X,) € H' (L, V,).

By [Rub00, Prop. 1.6.8], this shows that the restriction to loc,(X,) to G, is contained in
the Bloch-Kato finite subspace H}(F;,V,) = H}(FS,VZ). Since the map 5&)},5 is defined
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by the commutativity of the diagram

(2.3.17) locy

we thus see that (1.4.15) follows from (1.4.16) and (1.4.19). O

COROLLARY 1.4.10. Assume that there is some V' € Xoim(L) of weight 2 and non-
trivial nebentypus such that L'(1,£,, x,/) # 0. Then, for all but finitely many v € Xarien(L),

the localization map
(1.4.20) loc, : Selg, (K, V!) — HY(Q,, V)
18 1njective.
ProoFr. By Howard’s Theorem 1.4.8, our nonvanishing assumption implies that 3 is
not [-torsion, and hence by the exact sequence
HYK,T),

I — H}(K,VI) — H}(K,T),[v] — 0
v- H}(K,T),

(see [HowO07b, Cor. 3.4.3]), combined with the finite generation over I of ﬁ[}(K ,Tt) and
[How07b, Lemma 2.1.6], it implies that the image of 3 in H(K,V]) is nonzero for almost
all v € Xyien(D); in particular, for all but finitely many v of weight 2 and non-trivial neben-
typus, 3, # 0 in ﬁff(K, V1) 2 Selg, (K, V) (see [HowOTb, Eq. (22)] for the comparison).
Now, by [How07b, Cor. 3.4.3] it follows that Selq, (K, T') has rank one, and hence

(1.4.21) Selg (K, Vi) =3,.F,
for almost all v € X1 (I). Thus to prove the result it suffices to show that the implication

3#0 = log(3,) #0

holds for every v € Xyien(l) of weight 2 and non-trivial nebentypus. (Indeed, by (1.4.21)
this will show that the localization map (1.4.20) is injective at infinitely many v, and by
[How07b, Lemma 2.1.7] it will follow that the kernel of the localization map

loc, : H}(K, T — H'(Q,, T")
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must be I-torsion, hence supported only at a finite number of arithmetic primes.)
Let v € X (D) and s > 1 be as in Theorem 1.4.9, and assume that 3, # 0. Since the
restriction map
resy,
HY (K, V) —2% HY(L,,V!) = H'(L,,V,)
is injective, the class resg , (3,) is non-zero, and it arises as the image of a necessarily

non-torsion point in Jy(L,s) under the composite map (cf. (2.3.17))
(1.4.22) Jo(Lyps) — H'(Lps, Ta2™(J,)) — H' (L, V),

where the first arrow is the Kummer map composed with the ordinary projector e®™d. Let
L, be the completion of 4,(L,:) C Q,. Then both the natural map

Js(Lps) @ Q — J5(Lp) ® Q,
and the local Kummer map
To(Lys) © Qp — H'(Lys, Tap(J) ®z, Qp)
are injective, and hence by the commutativity of the resulting diagram

(2.3.21)®Q

Js(Lys) ® Q HY(L,,V,)
l llocp
JS(‘CPS) ® Qp Hl(ﬁps,VV),

it follows that locy(resy, . (3.)) = resc,. (locy(3,)) # 0, whence loc,(3,) # 0 as desired. [

1.4.2. Higher weight specializations. Now we can prove our main result. Recall
from the introduction that f, is a p-ordinary newform of level N prime to p, even weight
k > 2 and trivial nebentypus, and that f =% _ a,¢" € I[[¢]] is the Hida family passing
through the ordinary p-stabilization of f,. Let v, be the arithmetic prime of I such that
f,, is the ordinary p-stabilization of f,, and let T! = T ® ©~! be the critical twist of T
such that 9, is the trivial character (as opposed to wp%l.)

If f, is the ordinary p-stabilization of a p-ordinary newform f? of even weight 2r, > 2
and trivial nebentypus, the Heegner cycle A}Xfff has been defined in Section 1.2 (attached
to a suitable choice of an imaginary quadratic field K'), and by [Nek00, Thm. (3.1)(i)] the
class

(1.423) Vi s (A7) 1= Coryae (95, (ATD))

lies in the Bloch-Kato Selmer group H (K, Vi (r,)).
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On the other hand, by [HowO07b, Prop. 2.4.5], the big Heegner point X lies in the
strict Greenberg Selmer group Selg.(H,TT) (defined in [loc.cit., Def. 2.4.2]), and since
Sele:(K, V) = H}{(K,V}) as explained in [How07b, p. 114]) and V] = Ves(ry) by
Lemma 1.3.2, the class

31/ = COIH/K(-%V)

naturally lies in H} (K, Vis (1)) as well. Our main result relates these two classes.

ASSUMPTIONS 1.4.11. (1) The residual representation py, is absolutely irreducible,
(2) P,lcq, has non-scalar semi-simplication,
(3) The prime p splits in K,
(4) Every prime divisor of N splits in K.

THEOREM 1.4.12. Together with Assumptions 1.4.11, suppose that there exists some
V'€ Xaien(l) of weight 2 and non-trivial nebentypus such that
(1424) L/(l,fyl,XV/) 7é 0.

Then for all but finitely many v € Xain(I) of weight 2r, > 2 with 2r, = k (mod 2(p— 1)),

we have

) 45 8

(1.4.25) (3v:3v)k = <1 -2z w2 (4D)r 1 !

v(ap)
where (,)x is the cyclotomic p-adic height pairing on H}(K,Vi(r,)), u = |Okl/2, and
—D < 0 1s the discriminant of K.

ProoOF. By [How07b, Prop. 2.4.5] the class 3 lies in the strict Greenberg Selmer group
Selg (K, TT) (note that under our assumptions we may take A = 1 in Howard’s result),

and hence its restriction loc,(3) at p lies in the kernel of the natural map
HY(Q,, T") — H'(Qp, 7, T')

induced by (2.2.1) (twisted by ©~1). Since H°(Q,, #, T") = 0 by [How07b, Lemma 2.4.4],
the class locy(3) can therefore be seen as sitting inside H'(Q,, %, TT). Thus upon taking
an I-basis ¢ of I, we can form

[,grith(fT) :=u - Logh: (locy(3)) € T[TV (A:=a,—1).

On the other hand, consider the continuous function on Spf(I)(Q,) given by

L) v > dTP 6, (ax (A a4,14)).
[a]€Pic(Ok)
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(Its continuity can be checked by staring at the g-expansion of a7 @ 6! and appealing
to the results in [Gou88, §1.3.5], for example.)

By the specialization property (1.3.8) of the map Logfﬁ, we immediately see that Theo-
rem 1.4.9 can be reformulated as follows: For every v € X,in(I) of weight 2 and non-trivial

wild character, there exists a unit 27 € O such that

(1.4.26) v(LEY(E7)) = Q- v (L370(£T)).
In fact,
(1.4.27) O = (n, ®el™, wes )ar

under the pairing (1.3.7), so that wg: = Q7 - i)/, with 7], as defined in Theorem 1.3.4. (That
Q" which a priori just lies in F),, is indeed a unit is shown in [Och06, Prop. 6.4].) Since
both £ (fT) and 220 (£1) are continuous functions of v, (1.4.26) shows that the map
v — Q1 is continuous, and hence the relation (1.4.27) is valid for all v € Xyen (D).

Now let v € Xuin(I) be as in the statement. Then 6,(2) = 2™ 19,(z) = 2! as

characters on Z, from where if follows that

v(Lv () = Y dTP @0, (ax (A aa,14))

[G}EPiC(OK)
(1.4.28) = ) d P (ax (A, AM)).
[a]ePic(Ok)
By Theorem 1.2.3, setting
(1.4.29) A= Y Nal'T-AMP e CHM (X, )o(K),
[a]€Pic(Ok)

the equation (1.4.28) can be rewritten as
(1!
-1

1)TV 1

r, —1)!

E,(r,) = (1 - 5(&1;)) L&) = <1 - %) ,

and <I>§,§ K = Tgh N1 © @ with notations as in the diagram (1.2.3) defining AJq,.

(LN (ET) = £,(r,)E) (ry) 757 - Adq, (A)™P) (wg @ €™ )

(ry
(1.4.30) =& (7”1/)5*(7”1/)2 logvi(100p(®i§,K(AEfp)))(wfu ® e®”_1),

where
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On the other hand, by the specialization property of the map Logfﬁ we have

L) e ) o o (3,01

Comparing (1.4.31) and (1.4.30), we thus conclude form (1.4.26) that

(1.4.31) v (LN (ET)) = u

_ 1 p i
log,1 (locy(3,)) (wgr ® el h = a&,(r,,)Q -logys (locp(q)fE,K(AEfp)))(wfg ® e h.

Since FillDdR(Vfg (r, — 1)) is spanned by wet ® e?r”*l, it follows that

1 )

logy; (1ocy(3,)) = ~&,(r)* - logyy (locy(®f , (AZF))),

and since logw is an isomorphism, that

1 )
(1.4.32) loc,(3,) = ES,,(?“V)Z : locp(<b§E’K(A$fp)).

Our nonvanishing assumption (1.4.24) implies by Corollary 1.4.10 that the localization
map loc, on Selg, (K, V) = Selg, (K, Vis (1)) is injective for almost all v, and hence

1 ,
(1.4.33) 3y ==E(r)" B (A)

for all but finitely many v € Xyien(l) of weight k, = 2r, as in the statement. In particular,

we each such v we have

1 . .
(30 3u)k = & (r)" - (B (AYF), D (AXP))

L (PR OR 0 (AT

u2 v (4D)TV—1 ’
where the last equality follows from Lemma 1.2.4 in light of (1.4.23) and (1.4.29). The
result follows. m

REMARK 1.4.13. As shown in the course of the proof of Theorem 1.4.12, we deduce in

fact the equality (1.4.33) of global cohomology classes for almost all v as in the statement.

1.5. I-adic Gross—Zagier formula
Let ¢, be the Galois group of the unique Zg—extension of K, and denote by
L,(f®K) € l][¥%]]

the “three-variable” p-adic L-function attached to f over K constructed in [SU13, §12.3].
Letting Do (resp. Cy) denote the Galois group of the anticyclotomic (resp. cyclotomic)
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Z,-extension of K, we identify I[[%]] with I[[Cw]] where I, := I[[D..]], and choosing a

generator v, of C., we may thus expand
(1.5.1) L,(f®K) = Lex + Lo g —1) + L{ (70— 1) + -+

with coefficients Et(f)K € l.

Recall that the big Heegner point 3 lies in the strict Greenberg Selmer group Selg, (K, TT),
and that (as explined in [HowO07b, p. 113] for example) this group identified with Nekovai’s
extended Selmer group ﬁ}(K ,TT).

By [NekO06, §11], there exists an [-bilinear “height pairing”

< ) >K7’]TT : ﬁ}(K7 TT) X f—jjlc(K7 TT) — 1
such that
(1.5.2) v ((9.9) k1) = (D0, D))k
for all v € Xpien(I) and 9,9’ € H}(K, T1).

THEOREM 1.5.1. With notations and assumptions as in Theorem 1.4.12, if L¢ o € I

is the linear term in the expansion (1.5.1), then
,fK(]lK) = <3’3>K,11‘T
up to a unit in T*.

PROOF. For every v € Xyien(l) of even weight as Theorem 1.4.12, the work [Nek95] of
Nekovar produces a two-variable p-adic L-function £,(f, ® K') € F,[[%~]]. After expanding

L,(f, @ K)=Ls x+Le (Vo= 1)+ LE (o —1)*+ -+
similarly as in (1.5.1), [SU13, Thm. 12.3.2(ii)] implies on the one hand that
(1.5.3) v(Le k(1)) = L, x(1k)

up to a unit in O;, and on the other the main result of [Nek95] can be rewritten as the

p-adic Gross—Zagier formula

ét hee ét hee
(1.5.4) C o) = (1- prm I\ P (AR8), Dt (AR®))
5. £, Kk LK s D)

Combining (1.5.2) applied to 3 with (1.5.3) and (1.5.4), the result follows immediately
from Theorem 1.4.12. O






CHAPTER 2

p-adic L-functions and the p-adic variation of Heegner points

Summary

Let f be a newform of weight £ > 2 and trivial nebentypus, let K be an imaginary
quadratic field, and let y be an anticyclotomic Hecke character of K of infinity type (¢, —/)
with ¢ > k/2. Denote by V; the restriction to G of the self-dual Tate twist of the p-
adic Galois representation associated to f. Specialized to V; ® x, the general Bloch-Kato
conjectures predict the equality between the rank of certain Galois cohomology groups
associated to V; ® x and the order of vanishing of the associated L-function L(f,x ™', s)
at the central critical point s = k/2. In this chapter! we prove the Bloch-Kato conjecture
when L(f,x ', k/2) # 0 under certain assumptions, including that p is a prime of good
ordinary reduction for f which splits in K, and that K satisfies the Heegner hypothesis.

'Revised in August 2013.
41
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Introduction

Let p be an odd prime and let f € Si(I'o(N)) be a normalized newform of weight k& > 2
and level N prime to p. Let py : Gq —> Aut (V) be the self-dual Tate twist of the p-adic
Galois representation associated with f, defined over a finite extension L/Q, with ring of
integers O, let Ty C V; be a Gg-stable O-lattice, and denote by p; the (semi-simple) mod
p representation obtained by reducing the resulting p; : Gq — Autp(Tf) modulo the
maximal ideal of O.

Let K be an imaginary quadratic field of odd discriminant. If x is any anticyclotomic
Hecke character of K with values in O, the representation Vy, := (Vi|g,) ® x is conjugate
self-dual, i.e. V¢ (1) = VF | where V{ (1) denotes the Kummer dual of V,, and VF, the
conjugate of Vy, by the non-trivial automorphism of K. Motivated by Dirichlet’s class
number formula and the celebrated Birch and Swinnerton-Dyer conjecture, which they are
expected to generalize, the Bloch-Kato conjectures (see [BK90]|, [FPR94]) predict the
equality

ordsr o L(f, X", ) - dimpSel(K, V§ ).

Here Sel(K, V7, ) is the Bloch-Kato Selmer group, and L(f,x™ ', s) = L(V},,s) is the
Rankin-Selberg L-function of f with the theta series associated to y~!. This L-function
satisfies a functional equation relating its values at s to those at s — k, so that s = k/2 is
the central critical point.

Assume that K satisfies the following Heegner hypothesis:
(heeg) every prime factor of N splits in K,
and fix an integral ideal M1 C Ok with O /M = Z/NZ. Then if we restrict above to

characters y of conductor dividing 9, the sign ¢ = 41 in the functional equation of
L(f,x',s), and hence the parity of ords_y»L(f,x ', s), depends only on the behaviour
of x at oco: if x has infinity type (¢, —¢) with ¢ > 0, then e = —1 for ¢ < k/2, whereas
e =41 for £ > k/2.

THEOREM. Suppose k =2 (mod p—1), and let x be an O-valued anticyclotomic Hecke
character of K of conductor dividing M and infinity type (¢, —0) with £ > k/2 and £ =0
(mod p — 1). In addition to (heeg), assume

(ord) f is ordinary at p,
(spl) p splits in K,
(ram) p does not divide the class number of K,
)

(irr) pslay is irreducible.
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If L(f,x"1 k/2) #0, then Sel(K,VE,) = 0.

The proof of this Theorem (Theorem 2.4.6 in the paper) is based on the study of a
certain anticyclotomic p-adic L-function; we devote the rest of this introduction to describe
in some detail the main ingredients that enter into the proof.

Fix a choice of embeddings 7, : Q — Qp and 725, : Q — C, and let p C Ok be the
prime above p induced by 1,. By the work [BDP13] of Bertolini, Darmon and Prasanna,
there exists a p-adic L-function .Z,(f) interpolating the square-roots of (the algebraic
part of) the central critical values L(f, x™ !, k/2) for varying x as in the statement of the
Theorem above.

Let K,,/K be the anticyclotomic Z,-extension of K, and let TT be a self-dual twist of
the big Galois representation associated with a Hida family with coefficients in I. Howard’s
construction [HowO07b| of big Heegner points produces a “big” cohomology class 3.
with values in T interpolating in weight 2 the Kummer images of Heegner points over
K. /K. Extending Cornut and Vatsal’s proof of Mazur’s conjecture on the nonvanishing
of Heegner points, it is shown in loc.cit. that 3. is nontorsion over the Iwasawa algebra
[[[Gal(Ko/K)]].

Since f satisfies (ord), there is a Hida family f € I[[g]] passing through it. Theo-
rem 2.3.1, which is the technical core of the paper, shows that a “big” p-adic L-function
Z,(f1), extending %, (f) over a certain twist of f, is the image of 3., under a generalization
of the Coleman power series map. This map is constructed in Theorem 2.2.8, and relies
crucially on the assumption (spl)? If vl — Q; is the O-algebra homomorphism such
that v;(f) recovers f, and if x be as above, it then follows from the “explicit reciprocity
law” of Theorem 2.3.11 that the nonvanishing of L(f, x!, k/2) controls the nonvanishing
of the twist of v¢(34) by x. The proof of the Theorem above then follows easily from
Fouquet’s extension of Kolyvagin’s methods, which proves under mild assumptions one of
the divisibilities predicted by the two-variable main conjecture of [How07b, §3.3].

Following similar arguments, we also obtain one of the divisibilities in the Iwasawa-

Greenberg main conjecture for the representation V, (see Corollary 2.4.10).

The organization of this paper is as follows. In the next section we briefly recall the
construction of the class 3., and of the big p-adic L-function %, (f7). In Sect. 2.2, by
combining the work of Ochiai with some ideas from the recent work of Loeffler—Zerbes, we

deduce a variant of Perrin-Riou’s regulator map adapted to the local situation at p that

2As the construction of %, (f) in [BDP13] does. Note however that Howard’s construction of 3, requires
no assumption on the behaviour of p in K.
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arises in our setting. Sect. 2.3 is devoted to the proof Theorem 2.3.1, relating 3., and
Z,(f7) via the big p-adic regulator map of Sect. 2.2. Finally, in Sect. 2.4 we deduce the

preceding arithmetic applications.

Acknowledgements. It is a pleasure to thank Henri Darmon, Ben Howard, Ming-Lun Hsieh,
and Antonio Lei for enlightening conversations and correspondence related to this work.
Some of the results in this paper were first outlined at the workshop on the p-adic Langlands
program held at the Fields Institute of Toronto in April 2012, and we thank the Fields
Institute and the organizers of the workshop for their hospitality and support.

Unless otherwise stated, it is assumed throughout the article that f and K are as above.

2.1. Big Heegner points

2.1.1. Critical twist of a Hida family. Let f = Y - a,¢" € I[[¢]] be the Hida
family passing through f, where I is a complete noetherian local ring finite flat over O[[1+
pZ,]], and let

pe : Gq — Auty(T)

be the big Galois representation associated with f in [Hid86a, Thm. 2.1]. We say that
a continuous O-algebra homomorphism v : T — Q: is an arithmetic prime of I if there
is an integer k, > 2 such that the composition I' := 1 + pZ, — I* 2 Q; is given by
v — b, ()y* =2 for some finite order character v, : ' — Q; ; we then say that k, is the
weight v and that 1), is the wild character of v. Denote by Xin (1) the set of arithmetic
primes of I, and for each v € X1 (1), let F, be its residue field (which is a finite extension
of Q,), and O, denote its ring of integers. By [Hid86a, Cor. 1.3], for each v € Xyien(l)
there is an ordinary p-stabilized newform f, of weight k, whose g-expansion is given by
v(f) € F,[[q]]. Moreover, if s, > 1 is such that v, is trivial on I'** C T, then f, has
level Np*» and nebentypus ¢, = 1, w* % where w : (Z/pZ)* — Z) is the Teichmiiller
character.

Decompose the p-adic cyclotomic character ey : G — Z; as the product €iame * €wild

of its tame and wild components, and define the critical character

k—
(2.1.1) O 1= e I [e2] 1 Gq — O[] — I¥,
where eg:;f)/ . Gq — (Z/pZ)* is any of the two possible square-roots of ef-2 and eiv/ﬂQd

is the unique square-root of eyq with values in I'. Let If be the free I-module of rank 1

equipped with the Gq-action via the character ©, and define the critical twist of T to be
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(cf. [HowO0Tb, Def. 2.1.3])

T := T(1) @ I
equipped with the diagonal Gq-action, where T(1) = T@zpzp(l) is the Tate twist of T.
For each v € X,in(D), let V), be the p-adic Galois representation associated with f, by
Deligne. Then by [Hid86a, Thm. 2.1], 7, := v(T) is a Gq-stable O,-lattice in V,,, and by
construction V| := T} @z Q, is a self-dual twist of V.

2.1.2. Review of Howard’s big Heegner points. Recall the cyclic ideal 91 C O
of norm N fixed in the introduction. For each integer s > 0, let Js be the Jacobian of the
modular curve X, of level I'y(N) N T'y(p®), and for each ¢ > 0 let H,+1 be the ring class
field of K for the order Opr1 C Ok of conductor p'™. Denote by hye1 s € X(C) the

point corresponding to the triple (Ape+1 g, N+t g, Tpe+1 5), where

o Apt+175(C) == C/Opt+1+s,
[ ] np“'l,s = Apt+1,s[‘)’t M Opt+1+s],
o 7,41 generates the kernel of the cyclic p*-isogeny C/Opi+14s — C/Opet1.

For each residue class @ modulo p — 1, let e; be the projector to the wi-isotypical
component of O[[Z)]]. By [How07b, Cor. 2.2.2],

d
Ypt+1 g i = €k_2€0r hpt+17s

defines a point on Jo®' rational over Hpi+1+s, where JOT = ¢4 J1 is the ordinary part
of J; with its natural Galois action twisted by ©~'. Let &,+1 be the Galois group of
the maximal extension of H,+: unramified outside the primes above Np. By [loc.cit,

Lemma 2.2.4], the image X1 5 of y,r+1 ; under the composite map

Hpt+1+s
or
pt+1

T (F ) Kum,, Hl(@le,TaOrd,T(Js))’

JOE(Hoperas) o
satisfies a,Xpi1 3 = Up - Xpet1 -1, Where

ay t HY (S, Ta2 1 (J,)) — H' (S i1, Tad ™ (J,_1))
is induced by the degeneracy map X, — X,_; given by (E,C,7) — (E,C,p-7) on

non-cuspidal points.

DEFINITION 2.1.1. The big Heegner point of conductor p'™ is the cohomology class

:fpt+1 - Hl (Hpt+1 , TT)
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defined as the image of l&qs U, ® - Xpt+1,5 under the composite map

HY (@01, lim Tag™ () — H (Speer, TH) =5 H'(Hypr, TT).

Let K /K be the anticyclotomic Z,-extension of K, and let K; C K be the subfield of
degree p* over K, so that K; C Hy+1 by (ram). Set Do 1= Gal(K/K), and I, := I[[Dw]].

THEOREM 2.1.2 (Howard). Let t > 0 be an integer.

(1) The big Heegner point X141 belongs to the strict Greenberg Selmer group

SelGr<Hpt+1 , TT) C Hl(Hpt+1 , TT>,
and satisfies
Coert+1/Hpt (xpt+1) = Up : xpt.
(2) Setting 3y := Cory ., /i, (Xpe+1), the class

3o i= T&HUP_t -3¢ € ﬁ},IW<KOO7 TT) = l'&nf[}(Kt, TT)
¢

t

1s not Iy -torsion, where f[}(Kt, TT) is Nekovdr’s extended Selmer group.

PROOF. See [How0T7b, Prop. 2.4.5, Prop. 2.3.1] for (1), and [loc.cit., Thm. 3.1.1] for
(2), noting that
H}(K,, Tt 2 Selg, (K, T7)
after [loc.cit., Lemma 2.4.4]. O

2.1.3. Big p-adic Rankin L-series. Fix an elliptic curve A with CM by O, defined
over the Hilbert class field H of K. By (spl), A has ordinary reduction at the prime of H

above p induced by 1, : Q—> Qp, and hence we may fix a trivialization
wm: A Gy
as formal groups over 2;1", the completion of the ring of integers of the maximal unramified
extension Q" of Q,. Fix a I';(V)-level structure
agc py — AN,

and consider the triple (A, a4,24). For each class [a] € Pic(Ok), represented by an Ok-
ideal a C K prime to Dp, define

ax (A aa,14) = (Ag, Qg © 4,24 0 95;1)7
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where ¢, : A — A, := A/Alq] is the natural projection and ¢, : A =5 A, denotes the
isomorphism induced by ¢, on the associated formal groups.

If g is a p-adic modular form with ¢g-expansion ) b,¢", the g-expansions

g = Z b.q", dlg=d'gW = Z n b, q"
(n,p)=1 (n,p)=1

correspond to p-adic modular forms that will abusively be denoted by ¢! and d~'g¢ in the
following. Let reck : K*\Ajg — G and rec, : Q) = K — G% be the global and
local-at-p reciprocity maps of class field theory. Then if ¢ : D, — Q: is a continuous
character and [a] € Pic(O), define ¢, : Z) — Q: by ¢a(z) = ¢(recy(x)reck(a)).

Two-variable construction. The critical character © defined in (2.1.1) factors through
Gal(Q(p,~)/Q), and we let ¢ : ZX — I* be such that © = ecyc 0 0. If v € Xyn(I) has
even weight k, = 2r, > 2, then

0,(2) = 219, (z)

for all z € Z7,

[HowOT7a, p. 808]). Thus the formal g-expansion

where 0, : Z; — Q; is a finite order character such that eg, = 92 (see

£ = 307 (wang” € 1[lg]

has the property that for every v € X (1) of even weight, v(ff) € F,[[¢]] gives the ¢-

-1

~+, which is a p-adic modular form of weight 2 with

expansion of the twist f] := f, ® 0

trivial nebentypus.

DEFINITION 2.1.3. The big anticyclotomic p-adic L-function %,(f") associated to fT is
the generalized measure on Do, X Xaign(I) (in the sense of [Hid88, §3]) given by

vi— 4 (£])

for all v € Xyign (1), where ,%(fj) is the integral measure d“fJ on D, given by

HE0) = | o)y @)
= > o @e (Na) - d ] @ galak (A au,14))

[Cl]EPiC(OK)

for all ¢ € Homeys(Dao, Q).
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This terminology is justified by recent works of Bertolini, Darmon and Prasanna
[BDP13], Brakocevi¢ [Brall], and Hsieh [Hsil2], among others. The next result just

gives the coarse form of their result that will be used here.

THEOREM 2.1.4. Let v € Xain(I) be an arithmetic prime of weight k, = 2r, > 2 with
r, = k/2 (mod p — 1) and trivial wild character, and let ¢ be an anticyclotomic Hecke
character of K of conductor dividing M and infinity type (¢, —¢) with ¢ > r, and { = 0
(mod p—1). Then
LE)(0)#£0 = L, 07" n) #0,
where L(f,, ¢, r,) is the central critical value for the Rankin—Selberg convolution of f,
with the theta series of ¢~1.

PROOF. Our assumptions on v are so that 9, = 1, and since ¢ has conductor prime
to p, it follows that
A7 @ ¢ = dTElP,
where d is the Atkin—Serre f-operator qdiq acting on p-adic modular forms. Setting j :=
¢ —r, >0, we thus see that

LED@) = Y o (ONa - @ (ax (A aa,14)),
[G]GPiC(OK)
and since the Hecke character ¢IN" has infinity type (k, + j, —j), the result follows from
the combination of [BDP13, (5.2.4)] and [loc.cit., Thm. 5.9]. O

2.2. p-adic regulator maps

In [Och03], Ochiai constructs a map interpolating the cyclotomic regulator of Perrin-
Riou over the arithmetic specializations of a Hida family. Using ideas from the recent work
of Loeffler—Zerbes [LZ11], in this section we show how to assemble Ochiai’s construction
at each of the finite layers in the unramified Z,-extension of Q,, deducing a two-variable

regulator map for the critical twist of a Hida family.

2.2.1. Twisted nearly-ordinary deformations. Let f be a Hida family with as-
sociated Galois representation pr : Gq — Auty(T). By a result of Mazur and Wiles
([Wil88, Thm. 2.2.2)), if D,, C Gq is the decomposition group of a place w of Q above p,
there exists an exact sequence of I[[D,,]]-modules

(2.2.1) 0— ZHT) —T— Z,(T) —0
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with each ZX(T) free of rank 1 over I, and with the action of D,, on %, (T) given by an
unramified character o : D,, — I sending a geometric Frobenius Frob, to a, € I*, the
p-th coefficient of f. In the following, we will take w to be the place of Gp above p induced
by our fixed embedding 1, : Q— Qp, and identify the associated D,, with the absolute
Galois group Gq, := Gal(Qp/Qp).

Denote by I'cy := Gal(Qo/Q) the Galois group of the cyclotomic Z,-extension of Q,
and let Acyc be the free A(Icyc) := Zp[[Ieyc]]-module of rank 1 equipped with the natural

Gq-action on group-like elements.

DEFINITION 2.2.1. The nearly-ordinary deformation of T is the Z := H@sz(FCyC)—
module

T == T®z,Acye

equipped with the diagonal Ggq-action. It comes equipped with the exact sequence of
Z[[Dy]]-modules

(2.2.2) 0—F(T)—T—Z,(T)—0

obtained by tensoring (2.2.1) with Ay..

DEFINITION 2.2.2. The big Dieudonné module of T is the [-module
D := (F(T)Sg,Z8") %,

and we let D := }D)@sz(Fcyc) be the corresponding Z-module associated with the nearly-

ordinary deformation 7.

Specialization maps. Recall that I" denotes the group of 1-units in Z, and let € be the

isomorphism
(2.2.3) €:lye — T

induced by the p-adic cyclotomic character ecye : Gq — Z,;. Similarly as X, (), define
Xarith (A(T'eye)) to be the set of continuous characters o : I'eye — Q; such that for some
integer £, > 0, called the weight of o, the character oy := o - €% has finite order.

Every pair (v,0) € Xaien (L) X Xarigh (A(T'eye)) defines a continuous homomorphism 7 —
O,, where O, is the ring obtained by adjoining to O, the values of 0. Tensoring with

O, over T via this map, we set

Tl/,a = T®I Oy,oa C9:1:5:(7;/,0) = gli;t(T) Xz Ol/,cﬂ
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and define V,,, := T,,[1/p| and ZE(V,,) = ZZ(T,,)[1/p]. Then T,, = T,(c), where

T,(o) denotes the cyclotomic twist of T, by the character o.

For every finite unramified extension F/Q,, let

(2.2.4) Sp,., : H'(F,.Z5(T)) — H'F, Z}(T,,)) — H'(F, Z} (V,,))

w w w

be the induced maps on cohomology.

In parallel to (2.2.4), attached to every pair (v, o) there are specialization maps
(2.2.5) Spy.y : D ®z, Op — DS(FE(Vis))

dependent upon the choice of a compatible system ((s)s>o of primitive p*-th roots of unity
(s € Q,, and where D((Q(ﬁ,lj(vy,a)) = (Z4(Vyy) ®q, Bar)C" is the de Rham Dieudonné

w

module associated with the p-adic G'p-representation V, ,. Since

DYUFE (Voo)) = Dan(Fid (Vi) @3z, O,

w

the definition of the maps (2.2.5) is reduced to the case where F' = Q,, for which see
[Och03, Def. 3.12]. (Note that the definition of these maps will not be needed in the

following.)

2.2.2. Going up the unramified Z,-extension. Let F,, be the unramified Z,-
extension of Q,, and denote by O its ring of integers. Identify U := Gal(F/Q,) with
Z, by sending a geometric Frobenius Frob,, to 1, and for every n > 0, let F;, be the subfield
of F, with Gal(F,/Q,) = Z/p"Z.

Let O, be the ring of integers of F,. Setting U, := Gal(Fy/F,), the group ring
O,[U/U,] is equipped with two natural commuting actions of U, one on the coefficients
and the other on the group-like elements, and we let S,, be the Z,-submodule of O,,[U/U,)]

where these two actions agree. Thus
S, = { Z ag.0 € O,|U/U,] : Ta, = a;-1, forall 7€ U}.
oceU/Up

If 2, € On, the element y,(z,) = >,/ 29 .o lies in S, and the resulting map
Yn : O, — S, is easily seen to be an isomorphism of Z,[U/U,]-modules. These maps fit
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into commutative diagrams

Ons1 M Snt1 € Onna [U/Un+1]
Tan+1/Fn l l
O, ik Sn c On[U/UN]’

where the right vertical arrow is induced by the projection U/U, 1 —» U/U,,.

LEMMA 2.2.3 (Loeffler—Zerbes). The Yager module S, := l'ﬁln S, is free of rank 1

over Z[[U]]. More precisely, the maps y,, induce an isomorphism
Im O, = S
of Z,[[U]]-modules.
PROOF. See [LZ11, Prop. 3.3] and the discussion in [loc.cit., §3.2]. O

COROLLARY 2.2.4. The module Do, := D&3z,S~ is free of rank 1 over I, = Z[[U]].

PROOF. By Lemma 2.2.3, we have D, = lgln(D ®z, Oy ), where the limit is taken with
respect to the maps 1®@Trp, /. Since D is free of rank 1 over Z by [Och03, Lemma 3.3],
the result follows. ]

The Z2-extension of Qp. Let Qp o be the cyclotomic Zp-extension of Qp, and let Ly
be the compositum Fi,Qp ., so that

G = Gal(L/Q,) = Z:.

By local class field theory, L, contains many distinguished Z,-extensions obtained
from the torsion points of height 1 Lubin-Tate formal groups over Q,. More precisely,
if kw/Q,p is a ramified Z,-extension contained in L., and if w € Z, is a generator of
the group of universal norms of the extension ke (p,)/Q,, there is a height 1 Lubin-Tate
formal group §, over Q, (associated with a “lift of Frobenius” ¢ € Z,[[X]] corresponding
to w) such that

kn(“p) = Qp(&p[wn])
for all n > 0, where k,, C ko is the n-th layer of ko /Q, (so that Gal(k,/Q,) = Z/p"Z),

and §,[w"] denotes the w"-torsion of F,. Upon fixing an isomorphism

n:F, — G,
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over Q;r, we may then define a basis (;)s>0 of the w-adic Tate module of §, corresponding
to (Cs)s>0 by setting & = 1 (¢;—1), where o, € GaI(Q;r/Qp) is an arithmetic Frobenius.
This induces the horizontal isomorphisms

Gal(koo(1,)/Qp) Gal(Qy(kpp<)/Qp)

¢ ¢

T, = Gal(keo/Q,) — Gal(Q.00/Qp) = Teye,

~

and we let
(2.2.6) ko © Gal(koo(pt,)/Qp) — 2 (resp. k: Iy — 1)

be the composition of the top (resp. bottom) isomorphism with ey (resp. (2.2.3)).

Set A(I'y) := Z,[[I'5]]. Similarly as Xaien(A(Leye)), define Xyion(A(I'w)) to be the set
of continuous characters ¢ : 'y, — Q; such that for some integer ¢, > 0, called the
weight of ¢, the character ¢y := ¢ - k% has finite order.

Define the modules

D, := DRz, A(l'), To = T®gz, A,

where A is the free A(I';)-module of rank 1 equipped with the natural action of Ggq,.
Then, in analogy with (2.2.4) and (2.2.5), we may define specialization maps

Spu,qs Dy — DdR(ggqj(Vu,qﬁ))
and

SPug t H'(Qp 7, (T)) — HU(Qp, .,y (Vis))

w

for every pair (v, ¢) € Xarignh(I) X Xarien (A(T'w))-
For an abelian extension K/Q, with Gal(K/Q,) = Zg, and a Z,-module M equipped
with a continuous linear action of Gq,, we set
(K, M) 1= Y H (K, M),
7
where the limit is over the finite subextensions K’/Q, contained in K with respect to
corestriction. We then continue to denote by Sp, , the composition of the preceding
specialization maps with the natural projections Dy, — Do, and H} (Lo, 7.5 (T)) —
HY(Q,, #.(Tx)), the latter arising from the identification

Hyy(Loo, 75 (T)) — Hyy(Fa, 7,5 (7))

w
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given by Shapiro’s lemma.

2.2.3. Construction of big p-adic regulator maps. For F'/Q, a finite extension,

and V' a p-adic Gq,-representation, let
exppy : DR (V) — HY(F,V)

be the Bloch-Kato exponential map, and let H!(F,V) C H'(F,V) denote its image. This
map through D((Q(V) / FilODéQ(V), and when the induced map is an injection we let

logpy = exppl : HY(F,V) — DS (V)/Fi’ DR (V)

be the logarithm map of Bloch—Kato. As usual, we use the notational abbreviations
Dar(V), expy and log,, when F = Q,,.

DEFINITION 2.2.5. We say that an arithmetic prime v € Xyin (1) is exceptional if it
has weight k, = 2, v(a,) = £1, and the wild character v, of v is trivial.

Let & := limy, o al" € p, ;(I¥) be the Teichmiiller lift of a,, and define the ideal of
Z[[U]] = 1[[¢]]
joo = (& - 17’70 - 1)7

where 7, € 'y is any fixed topological generator.

THEOREM 2.2.6. Fiz a compatible system ((s)s>o of primitive p*-th roots of unity. There

exists an injective I[[G]]-linear map

ExpG g+ ToeDoo — Hiy(Loo, 7,5 (T))

w

with pseudo-null cokernel and with the following property: If ke /Q, is any ramified Z,,-
extension contained in Lo, then for every pair (v,¢) € Xanth(I) X Xanin(A(lw)) with
1 </ly < k,, the diagram

Exp€®
Pedm

JooPoo Hiy(Loo, 7,5 (T))

w

l Spy,q& l Spu,¢

Dar(F o (Vig)) HYQy, Z.5 (Vi)

w
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commutes, where the bottom horizontal arrow is given by

=t v(ap) -1 .
<1 B u(ap)p> (1 [ > exXp Zf ¢0 = ]17

(1) (b — 1) x
v(a —to .
(o) " exp if 60 # 1.

with tg > 0 the p-order of the conductor of ¢y, and exp the Bloch-Kato exponential map.

REMARK 2.2.7. If (v, ¢) € Xarien(I) X Xarien (A(T'w)) is a pair as in Theorem 2.2.6, there

is a commutative diagram

€
Pz, s

Dap(F5 (Vuo)) H (Qp, 7 (Vi)

l exp v, ° l

Dar(Vy,e) /Fil’ Dar (Vi) HA(Qp, Vi),

where the vertical maps are induced by the inclusion % (V, ) C V, 4, and the left one

is shown to be an isomorphism as in [Och03, Lemma 3.2]. Hence in the statement of
Theorem 2.2.6 we let exp denote either of the horizontal maps in the preceding diagram.

(Note that the same remarks apply with Q, replaced by any finite unramified extension

F/Qp.)

PROOF OF THEOREM 2.2.6. For every n > 0, consider the height 2 ideal of Z
Tn = (a(Froby|g,), 70 — 1) = (agn — 1,7 —1).

By [Och03, Prop. 5.3] (which is stated over Q,,, but the same arguments work over the un-
ramified extensions F,/Q,, changing Frob, to Frob,|r, = Frob?"), there exists an injective
Z-linear map

Exp ) ) 0 Jol(D @z, On) — H'(Fo, Z1(T))
with pseudo-null cokernel and such that for every (v,0) € Xurith(I) X Xaritn (A(Leye)) with
1 </, <k, the diagram

(n)

Exp
FHT)

jn(D ®Zp On)
L Spu,a Spu,o

DENZEWV,,)

w v,
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commutes, where the bottom horizontal arrow is given by the map

o —1
(1 . M) (1 . @) exp®™ if gg = 1,

v(ap) pe

(b)) exp® i oy £ 1,

with s, the p-order of the conductor of oy and exp™ the Bloch-Kato exponential map
(n)

F&

over F,, (see Remark 2.2.7). The map Exp - is obtained by multiplying by 7, the

restriction

R R Gr, Hl(Qnr Acye) ~ Grn
7 ([Ceyel| B, F(T _><p—’y® %jﬂ‘)
(Z (o) Bz, 7)) w7 0n % (D)

to the G, -invariants of the Z-linear isomorphism of [loc.cit., Prop. 5.11], obtained in turn
by taking the formal tensor product @zp Z.(T) of the large exponential map of Perrin-Riou

[PR94, Thm. 3.2.3] for the representation Q,(1) of Ggp-
Now define

EXP;J(T) = l'&nEngMﬂ : ToDoo — Hi (Fao, F5(T)) & H} (Loo, Z,5(T)),

using the identification @nD ®z, On = Do(:= D@ZPSOO) from Lemma 2.2.3. By the
discussion in [LZ11, §6.4.3], we see that for every v € X,ien (1) the specialization at v of the

map Exp;$ () 50 constructed interpolates over Fl, the large exponential map of % (V)

T)
for any ramified Z,-extension k.,/Q, contained in L, and hence the result follows. O

Recall from §2.1.1 the definition of the critical twist T! of a Hida family, and set
Ai=a,— 1

THEOREM 2.2.8. Fiz an [-basis n of D and a compatible system ((s)s>o0 of primitive
p°-th roots of unity. Let koo /Q, be a ramified Z,-extension contained in Lo, and assume

ko # Qpoo- There exists a I[[I'5]]-linear map
Log" ¢ iy ¢ Hi (oo, Zuf (T1)) — T[[T]] @7 IA ]

with the following property: For any non-exceptional v € Xayun(I) of even weight k, =
2r, > 2, and any ¢ € Xopun(A(I's)) of weight €, = 0 (mod p — 1) with £y < 1, if
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Voo € HE (koo, FF(TT)) then

(_1)7‘1,7[(2571
v(Log7% ) (D)) (@) = =ty —1)!
(1-2) (1 2222 Glogyy (D)), )am if b0 = 1
l/(ap)w% prv Vu,¢ oo s 'y /dR 0 ;
X
Go") " (H222) " (logyy (#(De)?), ) if 60 # 1,

where ty, > 0 is p-order of the conductor of ¢y,

G )= > & ()¢

v mod pt¢+1

V(QDoo)? :=5p,,4(Doo), and 1), € FilODdR(VJ(/{;%)) is the dual to 77:5,% under the de Rham
pairing

Dan(Vyf(520))
Fil° Dar (Vi (k22))

x Fil' Dar (Vi (k2 ?)) — F,.

v

(2.2.7)

PRrROOF. The proof is similar to that of [Cas13a, Thm. 3.4]. Let 11 € Gal(Q,/Q,)
be such that eqy.(71) = 1+ p, and set

D' =D ®r /(3 — (1+p)lea(n)])-
Consider the map Twe, : I[[G]] — [[[G]] defined by the commutativity of the diagram

Twe,

(2.2.8) ijtel)

iiel]

wild

i yrlesdia ()Y i

The bottom horizontal map is an I-linear isomorphism, and since ks # Q, o, the map
Twe, is [[[['w]]-linear. Use the same notation to denote the induced I[[I';]]-module iso-

morphism Tweg, | JwDoo — JooDoo and let
Twe : Hyy(Loo(py), Zof (T)2 — Hiy(Loo(p,), Z4 (TF)2
be the result of taking the A := Gal(Q,(n,)/Q,)-invariants of the composite map

Y (Lo (1), F5 (T) Z55 H (Loolps,) F(T)) @ T HY(Loo(,), F5(T)

w

(see [Rub00, Prop. 6.2.1(i)] for a proof of the last isomorphism).
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Let pr_, : H (Loo(p,), ZF(TV) — Hi, (koo(p,), Z.5 (T1)) be the projection induced
by I[[G]] — I[[T'x]], and define

TIDY = T Do @iy WG/ (o — (1 + p)ei(n)]) @1y LT=]).

By the interpolation property of the map Expgz+ (1) of Theorem 2.2.6, the composition

T""cj)1 EXPG@*’(T)
S HY (Lo, ZH(T)™ 229 HE (Loo(p,), Fi (TH)A

= Hiy (koo (1), Zo (T1) 22 H, (Ko, 7,5 (T1))
is easily seen to factor through an injective I[[["]]-linear map
Bxp g (o) + T DL — Hyy (oo, 55 (T))
such that for every pair (v, @) € Xarien(I) X Xaritn(A(T'w)) as in the statement, the diagram

FXP gt ot

JLDL Hyy (koo 7,5 (T1))

l SPu,¢ l Spu,¢

Dan(F£(V],) HY(Qy, Z(V],))

commutes, where the bottom horizontal arrow is given by

Ty — via. we -1 :
<1— ! )(1——(;’2” ¢> exp if ¢9 =1,

V(ap)w%

(=)t (r, — Ly — 1)! x

¢ —t
(He=t) " exp if 6o # 1,
where t4 > 0 is the p-order in the conductor of ¢,.
Now if Qo € HL (Koo, Z,5(TT)) then X - Q). is in the image of Exp 7+ (pt) and so

Log 7 (x)(Dc) = A7 Exp 2y 1 (A Do)

is a well-defined element in I[]A™'] @ JIDI C I[]A7'] ®; DL. Finally, the chosen I-basis 7
of D induces an I[[',;]]-basis 77 of DL, and defining Log;ﬂm)@)m) to be the element in

w?

I[[T]] ®r I[[A~!] determined by the relation

the result follows. 0
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2.2.4. Explicit reciprocity formula. By construction, the big p-adic regulator map
Log" F (T of Theorem 2.2.6 interpolates the Bloch-Kato logarithm maps logvf in a range
where ¢, < k,/2. However, the arithmetic applications in Section 2.4 will be entirely
concerned with cases where ¢, > k, /2, and hence knowing the interpolation property of
the map LogZ[Jr

w (T1)
of the next result, based on the work of Shaowei Zhang [Zha04] adapting Colmez’s work

in this extended range will be important for us. This is the content

[Col98] on the p-adic regulator map of Perrin-Riou to a general height 1 Lubin—Tate formal
groups over Z,.

Recall that if V' is a p-adic representation of Gq, with coefficients in a finite extension
L/Q,, the Bloch-Kato dual exponential map

expyey) : H'(Qp, V) — Fil’ Dag (V)

is defined by the commutativity of the diagram

HY(Qp, V) < HY(Q,, V(1))

exp"‘/*<1) l Texpv*u) H

10 Dar (V*(1)) L an
Fil'Dgr (V) FilOER(V*(l)) L

where (, ) is the local Tate pairing.

COROLLARY 2.2.9. Let the notations be as in Theorem 2.2.8. For any non-exceptional
v € Xuin(l) of even weight k, = 2r, > 2, and any ¢ € Xaien(A('w)) of weight {5 = 0
(mod p — 1) with Ly > 1y, if Voo € HY, (keo, Z,5(TT)) then

W(Log', oy (Do))(®) = (la— 13!
(1 B V(I;:):%)_l (1 B V(ag%%> (exp*(¥(Deo)?), M )ar if ¢o =1,

X
) ‘o b * ) / .
Gog") ™ (250 ) ™ (o™ (D)), M if 60 # 1.
REMARK 2.2.10. Dualizing (the twist by ¥, of) the diagram in Remark 2.2.7, we obtain
T exp;a(vj¢7l) :
DdR(yJ(Vy,d))) Hl(QP? L92\1114_(‘/1/,4)))

l eXp i j

DdR(VVf o) /FﬂODdR(v,j o) HY(Q,, vj o)-
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Hence, similarly as in Theorem 2.2.6, in the statement of Corollary 2.2.9 we let exp* denote

either of the horizontal maps in the preceding diagram.

PROOF OF COROLLARY 2.2.9. From the combination of [Zha04, Thm. 3.6] and [loc. cit.,
Thm. 6.4] there exists an O,[[[',]]-linear map

€%y Hiwlhioo, Z (V) — O[N]

such that for any ¢ € Xpin(A(I's)) of weight £, =0 (mod p — 1):
(¢) if £y > r,, then

£ (D)) = (0 = 1)
() (1) o0t 0=

v(ap)w w
X
1y (vl N, 6\ -
G(dg ) ( ST ) <eXp-%(Vi¢_1)(V(@°°) ) 1) ar if ¢o # 1,

(1) if ¢4 < r,, then

(et
T

£:K*+ Vﬁ ( (2)00))(¢0 - (TV . €¢ . 1)!

ry—1 -1 v(ay, w€¢ .
(1 - y(zp)w%) (1 - (apf)v ) <10g§;{(vj,¢)(l/(@oo)¢)a771//>dR if oo =1

— — via. w[ t¢ .
Glo") ™ (M=) " (log 5y 1) (VD)) o aw if gy # 1.

Comparing these with the formulae in Theorem 2.2.8 for the map Log"g;ur (i) We see

that the map Log” pa defined by the commutativity of the diagram

S

Log"
gyJ@h

(2.2.9) Hy, (oo, 7.5 (T1)) I[Fx]] @ 1A~

Log’?u

1 Z+(yt 7 () ~1
HIw(kOm Jw (VV )) OVHFWH ®Ou OV[)\V ]

is such that Log™ srh = =g since both maps have the same interpolation properties

) a‘+(VT)7
at all ¢ € Xarlth(A(F )) of weight £y =0 (mod p — 1) with ¢, < r,, and these are enough

to uniquely determine either of them. By the interpolation properties of the map £§ v

in the range where ¢4 > r,, the result follows. O
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2.3. Main result

Recall that K.,/K denotes the anticyclotomic Z,-extension of K, and let K , be the
completion of K, at the unique prime above p. Since K satisfies the hypotheses (ram) and
(spl) from the Introduction, the field K, is a totally ramified Z,-extension of K, = Q,,.
Moreover, if 7 € Ok is a generator of the principal ideal p"% (hy := #Pic(Ok)), it follows

from local class field theory that the uniformizer

of Ok, = Z, is a universal norm of K ,/Q,. As explained in §2.2.2, it follows that the
Z)-extension K ,(p,)/Qp can be obtained from the torsion points of a height 1 Lubin—
Tate formal group over Z, associated with w, and hence attached to this local situation

we have a big p-adic regulator map
Log’ oy, * H (e, Z5(TH) — T[T ] @I

as constructed in Theorem 2.2.6. Also, in the following we will repeatedly use the resulting
identification D, = I'y,, so that the local component at p of an anticyclotomic Hecke
character ¢ of K of infinity type (¢, —¢), with £ > 0, will be identified with an arithmetic
prime ¢ € Xyitn(A(I'w)) of weight .

Recall the big cohomology class 3., € f_j}’IW<KOO7 T") constructed from Howard’s big
Heegner points, as in Theorem 2.1.2, and the big p-adic Rankin L-series .%,(f") of Propo-
sition 2.1.4. Since f[}’IW(KOO, TT) = Selg, (K;, T) as recalled before, the image of 3., under
the localization map at p lies in H{, (Koo p, Zif (TT)).

In this section we prove the following result.

THEOREM 2.3.1. Fiz an [-basis n of D and a compatible system ((s)s>o of primitive

p°-th roots of unity. There exists a unit o, € I* such that the composite map

L n
S de

~ loc _
Hj 1y (Koo, T') = Hyy (Koo, 7 (T1)) I[[Ce]] @r IAT]

sends au, - 3o to Z(f1).

PROOF. Denote by ng&i o(I) the set of arithmetic primes of I of weight 2 and non-
trivial wild character. (Recall that if v € X,n(I) has weight 2, then the corresponding
p-stabilized newform f, has nebentypus e¢, = 1, w2 = 92, where 1, is the wild character
of v.)

We divide the proof of Theorem 2.3.1 into the following three steps:
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I: For each v € Xagr?f}‘liz(]l), there exists a class 37, , € H} (K, Vi) such that
Loger(VT (IOCP (SZO,V)> = "%(fj)7

where Log is the O,-linear map (2.2.9) obtained from Log . by special-

ZE W
ization at v.
IT: The classes 37, , from Step I can be patched together, i.e. there exists a class

30 € I:jfw(Koo, TT) such that
v(3%) = 3%,
for all v € X500 (I).

arith,2
III: There exists a unit o, € I* such that 37 = «, - 3.

Their proof is given in the next three subsections, respectively.

2.3.1. Step I: Weight 2 specializations. For each v € X, (I) of weight 2, denote
by f; the primitive form associated with the twist f, @ € ! so that ff = £ ® ¢, and for
each class [a] € Pic(Ok), set z(a) := a* (A, aa,14), where (A, aa,14) is the trivialized
elliptic curve with I'y (N)-level structure fixed in §2.1.3.

PROPOSITION 2.3.2. Let v € X500 ,(I), let ¢ = ¢y € Xurien(A(T'w)) have weight 0, and
assume that ty, > s,, where ty (resp. s,) is the p-order of the conductor of ¢o (resp. V,).

Then

_ ~ _ v(a,)
> ¢ (a)¢ " (Na) - d 7] @ ¢a(a(a)) = £
[a]€Pic(Ox) ’ G(¢o)

where £ = V,(-1), G(¢y") = X, mod plé+1 gbal(v)ft’;ﬂ, is the Gauss sum of ¢,*, and
w;* € Fil’Dyr (V) is the class associated with the twist £ @ V,.

(log1 (1ocy(#(30c))*) b,

PRroOOF. This follows from a calculation similar to [Cas13a, §5.1], and all the references
in this proof are to that paper. In order to avoid a too clustered notation, we set s = s,
and t = ¢4 in the following.

By Definition 2.2,

(2.3.1) A7) @ ¢a(x(a)) = m > o ZCH d'£f(x(ap'™)/H(a)),

v mod ptt+1

where the second sum is over the étale cyclic subgroups H(a) C Agpe+1[p'] of order p't!
and for each H(a), (pq is the primitive p'*'-st root of unity determined as follows. The

trivialization 14, defines an inclusion g1 — Aq[p'™'] whose image (which gives the
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canonical subgroup of A, of order p'*1, in the sense of [Buz03, Def. 3.4]) is identified with
Aglp'™] € Au[ptt]. Since Agyr+1 = Aq/Aa[p"™1], it follows that the kernel of the dual 741

to the projection mq 41 @ Aq — Agpe+1 gives an inclusion
(2.3.2) Jaas1 P L)L — Agpeea [p]

whose image is identified with Agpe1 [p'] C Agper1 [p']. Since 74441 is étale, it induces

e e s . n ~ N 1A ~ .. . . .
the trivialization Agyer1 — Ay —— G,;,, giving rise to an inclusion

(2.3.3) lajg+1 - Mpr+1 — Aapt“[PtH]

normalized so that 2q411(G11) = Tarr1 (), With ag € Agyer [p'T1] such that
ept+1 o(Qa, Jag1(m)) = ¢y for all m € Z/p"*'Z,

where epei1 g 1 Agoert [P] X Aggeat [p] — paie is the Weil pairing, and (e is our fixed
(in the statement of Theorem 2.3.1) primitive p*'-st root of unity. The combination of

(2.3.2) and (2.3.3) gives an isomorphism
(2.3.4) Popir X Z/p™ L — Ag [p"].

In particular, applied to the unit ideal a = Ok, we may use (2.3.4) to define a bijection
between the above cyclic subgroups H(Og) C Ap+1[p't!] and the invertible elements
u € (Z/p"™Z)*, so that

CHu(0x) = Gi1-
For an arbitrary class [a] € Pic(Of), the subgroups H(a) C Agye+1[p't!] are the image of
the subgroups H(Ok) under the Na-isogeny ¢q : Apr+1 — Agye+1. Since

et+1,a(aa>]a,t+1 (m)) = €t+1,a<90a<05(’);<>> Soa(]OK,tJrl (m)))

= 141,01 (A0, JOr 41 (M),

we see that 1q,11(C1) = 10,001 (CNS ), where the inverse Na~! is computed in (Z/p*'Z)*,

and hence

Na— 1!
G{Ha

CHy () =
We have thus defined the units (z () appearing in (2.3.1). Moreover, if b C K is a fractional
ideal such that (Ag+1/H(a))(C) = C/b, it is easy to see that b is a proper O,+1-ideal
such that bOx = ap*!, and we let z(b) = z(ap'™')/H(a) denote the trivialized elliptic
curve with I'; (IV)-level structure deduced from (Aq, ava,,24,) after first dividing by A, [p*™!]

and then the resulting quotient by H(a).
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Putting everything together, we thus see that (2.3.1) may be rewritten as

— ¢(a) —up-Na~ L. —
A7) @ ¢(a(a)) = e dooolw) D> G T dE (a(b))
v mod ptt+1 [b}GPiC(OPtJrl)
bOK:ClﬁH_l

¢(a)9(Na) - -
_ #lajoiNa) 6 (uy) - ] ((0)),
G(¢ ) [b]ep%wn b

bOKZGﬁH'l

where the second equation follows from the relation G(¢)G(¢™!) = ¢(—1)p'™, and where
up € (Z/p"™Z)* is such that b corresponds to H,, (a) as described above. Summing over
the classes [a] € Pic(Ok), we thus arrive at

(2.3.5)
Z o Ha)o ' (Na) - d ] ® ¢q(z(a) = G(;l) & Hup) - A7 (2(b)).
[a]€Pic(Ok) [6]€Pic(O ;41)

If v =(E,ag,1g) is a trivialized elliptic curve with I'; (IV)-level structure, define

Frob(z) := (E/i;' (1), Mg © ag, Mg oig),

where \p : £ — F /@l(p,p) is the natural projection. The Frobenius operator Frob
on the space M(N) of p-adic modular forms of tame level N is then defined by setting
Frob(g)(x) := g(Frob(z)) for all g € M(N).

Now fix a class [b] € Pic(Op+1), and let x(b) = (Ap, , %) be the corresponding
trivialized elliptic curve with I'y (IV)-level structure. Again by Definition 2.2 of the character
twist, but applied to d—1f] = d % 9, we have

(236) (o) = D0 ) 3G Frob* () a(6)/Co).
u mod p* Chp

where the second sum is over the étale cyclic subgroups Cy, C Ap[p®] of order p°. Similarly as
before, these subgroups are in one-to-one correspondence with the elements w € (Z/p°Z)*,

and we set

(2.3.7) Cop = G5

if Cy corresponds to w.

Let F,,. be the Coleman primitive of wg: which vanishes at oo and satisfies

(2.3.8) Fopy — @Frob(z%) =d 'l
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(See Corollary 2.8.) Using this relation, it is immediately seen that the equalities U, o
Frob = id as operators on M(N) and UpF,. = ”(;p)wa; imply that

(2.3.9) Frob® (d—*£:P) (z(6)/Cy) = V(Zs)sd—lf;w(x(b)/cb).

Writing (Ap/C)(C) = C/c for a fractional ideal ¢ C K, we see that ¢ is a proper Ope+1+:-
ideal such that ¢cOt+1 = b.

Writing x(b)/C, = x(cy,) if Cy corresponds to w, and substituting (2.3.7) and (2.3.9)
into (2.3.6), we thus arrive at

ORI O DI A CCR)

u mod p?® we(Z/psZ)>
v,
(2.3.10) :iG(Z > 0 w) - d P (a(ew)),
@) e iz

where + = 49,(—1).

For ¢ = Optt1+s, we have
dilf:[p} (@(Optr145)) = dilf:[p}(hpt“,s)v

where hy1, € X (C) is the CM point with I'g(N) N I'y(p°)-level structure appeared in
§2.1.2, which by [How07b, Cor. 2.2.2] is rational over Lyi1 s := Hpyer1s(py,s). Let Fy be
a finite extension of the closure of 4,(Lt+1 ) C Qp such that the base change X, xq, F;
admits a stable model. The calculation in Proposition 2.9 applies to the pair f; and
Apis1 g i = (hpe1 5) — (00) € J4(Fy), yielding the formula

(2.3.11) lngf* (Athrl’s) = waff (th»l’S).

Let S;41 C Gal(Lpt+17s/Hpt+1) be a set of lifts of Gal(Hpt+1+s/Hpt+1) fixing (5. Then,
for b = OpH—l?
(2.3.12) {d7' 8V (2(c,)) : we (Z/p°Z) } = {d'EP (W)« 0 € Spya

for an arbitrary [b] € Pic(O,u+1), taking a proper Oe+1+s-ideal ¢ C K with ¢Op+1 = b and
defining phy+1 5 € X5(C) by the triple (pApe+1 g, Wit g it ,) where

[ ] bAptqtl,s(C) = C/C,
o, =ker(C/e— C/(MNc)Y),
® T .1, generates the kernel of the cyclic p*-isogeny C/c¢ — C/b,
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the analogue of (2.3.12) with hye+1 ; replaced by phyt+1 5 holds, and hence (2.3.10) may be

rewritten as

(2.3.13) dlfj(x(b)):ii(j”)z Z X, (o) - d P (6h ).
P/ seSi

Moreover, it is easily seen that
(2314) FI‘Ob(bh,pH-l’S) == bhpt,s-
Now for each class [b] € Pic(Ope+1) define

(2-3'15) b ;ftil’s = Z bAgtJrlﬁ ® X;l(a) € JS(Lp”l,s) ®z Fy,

0ESt11

where pApi+1 5 := (php+1 5) — (00). Combining (2.3.5) and (2.3.13), we obtain

¢~ (@)™ (Na) - 7] @ da(2(a))

[G}EPiC OK)
:iy(a,))—sg(—ﬁ”f) Yoo D> ¢ o) - dT P (k% )
(¢ 0ESt+1 [b}EPiC(OpH.l)

G(v, _ - o

— ta) T S o) S 6 o) By (e )
G(¢ ) 0ESt+1 [b}EPiC(Opt+1) ’
G(v, -

(2.3.16) = iy(ap)_sG((gb—l)) Z ¢~ (o) -log,,. (6@ ),

[b]€Pic(O,t41)

where the second equality follows from the combination of (2.3.8) and (2.3.14), since ¢ has
conductor p'*t1, and the last equality follows from (2.3.11).

Letting T* := Homy(T,I) be the contragredient of T, the map T* — V* can be
factored as

T* — Ta2(J,) — V/,

and tracing through the definitions we see that the image of [,Q;ft”ﬂ ., under the induced

map
eord
(2.3.17) Jo(Lyi1 ) @z F, S J"Y( Ly ) @z F,

% Hl(Lpt+17s7 Taord(JS) Kz F,,)

p

— H'(Ly15, V) = H (L 6, V),

v
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is the same as the image of Uy - v(X71) in H'(Lyi+1 s, V1) under restriction, and hence
log,,., (6Qp4: ;) = (logys (Kum, (e (6Q%1 ), we; Jar
(2.3.18) = v(a,)® - (logys (locy (V(X]i1))), wes )ar-

Substituting (2.3.18) into (2.3.16) we conclude that
S o @)¢ (Na) - d '] @ dula(a)

[a] EPiC(OK)

G 19,/ — Op
-+ (V,) Z »(op) <10gvj (1OCP(V(%pt+1)))7 wey )dR
[b]€Pic(O,t+1)

v(ap)"

- iG(g;il) (logy1 (U locy(v(Zyr1))?, wly )ar

v(a,)

N iW]i)l)<10gVJ¢(100p(V(3t))¢v )k,

where the last equality follows from the construction of 3; (see Theorem 2.1.2). Proposi-
tion 2.3.2 follows. O

DEFINITION 2.3.3. Let 1 be an I-basis of D, and let n' denote its image in Df. For
each v € Xy (1), define the p-adic period Q7 € F* to be the value

(2.3.19) Q= (nf, whar
under the de Rham pairing (2.2.7) (with ¢, = 0).

REMARK 2.3.4. The period 27 depends on the choice of a compatible system of prim-
itive p-power roots of unity, since the definition of the specialization maps (2.2.5) depend

on such choice.

REMARK 2.3.5. For v € Xy (1) of weight 2 and trivial nebentypus, it can be shown
that Q7 is a p-adic unit. (See [Och06, Prop. 6.4].)

COROLLARY 2.3.6. Fiz an I-basis n of D, and let v € Xagr?f}iQ(]I). The class
3, = F0 - v(30),
where £ = 9,(—1), is such that
Log™, . (lo6y(3L,)) = (£]).

PRrROOF. From the specialization properties of the map Loggﬁr () of Theorem 2.2.8 and
the formula (2.1.3) for the values of %, (f]), we see that Proposition 2.3.2 amounts to the
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fact that for all but finitely many ¢ € X,n(A(Fy)) of weight 0, the values at ¢ of either
of the two sides of the purported equality are the same. Since an element in O,[[['5]] is

determined by these values, the equality follows. 0

2.3.2. Step II: A patching argument. The following result will be a key ingredient

in the argument.

LEMMA 2.3.7. Fiz a non-exceptional v € Xyin(I). Then for all but finitely many
¢ € Xaritn(A(Dys)) of weight 0, the localization map

Sele: (K., V,),) — D H' (K., V)
vlp

1S 1njective.

PROOF. This is similar to [Cas13a, Cor. 5.10], but we give here a complete argument.
We will show that the map loc, : Selg, (X, Vi¢) — HY(K,, VJ(Q is injective, the argument
for loc being the same.

By [How07b, Cor. 3.1.2], the class v(3.) € ﬁ}JW(K, T1) is not O,[[De]]-torsion,
and hence the image of v(34,)? in Selg, (K, V,I ) is nonzero for all but finitely many ¢ €
Xaritn(A(Dy)). For ¢ of weight 0, the proof of [Hsi1l3, Thm. 6.1] shows® that the latter

nonvanishing implies that
Sele. (K, V,),)) = Fos - v(3x)°,

where F, , is the field extension of F), generated by the values of ¢. Thus upon fixing
¢ € Xaritn(A(Dy)) of weight 0, it suffices to show that

(2.3.20) V(3)? #0 = loc,(¥(3)?) # 0.

Let s (resp. t) be the p-order of the conductor of ¥, (resp. ¢), so that V,I¢ >~ V* as

G'L .1 -representations, where Ly s = Hprvivs(py, ). The restriction map

reSL i |
HY (K, V) —"% HY Ly, V) 2 HY Ly, V)

is easily seen to be injective. By construction, the class resy, ., (¥(3)?) agrees with the

image of (a non-zero F,-multiple of) a point Qu+1 5 € Js(Ly+1 ;) under the composite map

t+175) m} Hl(Lsz'l’S, Ta;rd(JS)) — Hl(Lpt+178, V*)

v

kst Js(Ly
3Note that loc.cit. works in fact with the Bloch-Kato Selmer group H}(K , sz, ¢), but since v is non-

exceptional, Selq, (K, Vlj(b) = Hi(K, VII¢).
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as described in (2.3.17), and hence
(2.3.21) V(3)? #£0 = Qu+1,®1#0€ J(Lyr,)®Q.
Letting Ft+1 ; denote the completion of zp(me,s) C Qp, the composite map
Aot Jy(Lyrst ) @ Q — Jy(Fy ) @ Q ~— H'(Fpper 5, Ta2™(J,) ®7, Q)

is an injection, where d, is the local Kummer map. Together with the commutativity of

the diagram

KRs

JS(Lpt+l7s) ®Q Hl(Lpthl’s,Vy*)
j)\s llocp
HY(Fyei1 g, Ta;;fd(JS) ®z, Qp) —= H (Fp1,4, V),

we deduce that

Qs ®1#0 — As(th+1,s ®1)#0
= locp(reSLthrlys(V(SOO)d))) 7é 0,

and combined with (2.3.21), we arrive at

v(3)" #0 = resy ., (locy(v(3)?)) # 0.

By the injectivity of the map res Ly, this shows that the implication (2.3.20) holds, as
was to be shown. OJ

For our later reference, we record here the following immediate consequence.

COROLLARY 2.3.8. For any non-ezxceptional v € Xain (1), the kernel of the localization
map
Selar (Koo, Tf) — €D H' (Koo, Z5 (1))
vlp
is O,[[Dwo]]-torsion.

PROOF. Let Z be the kernel of this localization map. Since v(3+) is not O,[[Du]]-
torsion, v(3.)? # 0 for all but finitely many ¢ € Xin(A(Ds)), and hence in particular
Selg, (K, T, j ¢) is torsion-free. By Lemma 2.3.7, it follows that the image of Z under the map
Sel: (Koo, i) — Selg (K, Tli ») 1s trivial for infinitely many ¢, and hence Z is necessarily

O, [[Ds]]-torsion, as was to be shown. O
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PROPOSITION 2.3.9. Let S C Xagr?f}iz(]l) be a finite subset, and set
T! =T @ I/n,  n:=Nyesker(v).
There exists a class 37, , € ﬁ},m(-Koo,TI) such that

(2.3.22) Log’, i (e, (v(3L,)) = % (E),  forallv €5,

where v(31, ) is the image of 37, , under the natural map induced by ']I‘TS — VI

PROOF. We argue by induction on the cardinality of S, following the proof of [Och06,
Thm. 6.11] very closely. The base case |S| = 1 is the content of Corollary 2.3.6. Assume
that the proposition holds for a fixed S as in the statement; for any fixed v/ € Xi‘i}f}i SIS,
we will show that the proposition holds for S U {v'} as well.

Setting n’ = ker(1/), there is an exact sequence

0 — HE (Koo, ') =2 HE (Koo, T @ HE (Koo, TH) 25 HYL (Koo, T ),

nnn/

where

a: Vo — (Yuaw mod 1, Y mod 1),
B: (DuY)— (Yymodn@®n') — (Y, modndn).

Let ¢ € Xurith(A(Doo)) have weight 0. Then by the definition (2.1.3) of %, (f,/), we
have on the one hand that by Corollary 2.3.6 there exists a class 3207,1/ such that

(2323)  Loglt, o (g3, ))(@) = > o7 (@)o” (Na) - d't], @ 0ula(@)

[O]EPiC(OK)

and on the other hand by assumption there exists a class 37, , such that

(23.24)  LogZ, s (locy(v(3%.,4))(¢) = Y. ¢ (@ (Na)-d '] @ gulw(a),

74
[a]€Pic(Ok)

for all v € S. Since the g-expansions of the twists d '] ® ¢, and d_lfj/ ® ¢, are congruent
to each other modulo ker(v) 4 ker(¢'), the same is true for their values at the ordinary CM
points appearing in (2.3.23) and (2.3.24), and hence the class (¢ o 5)(37 7)) lies in

oco,n) Yoo,n/

the kernel of the composite map

loc (log(=).m)
Selar(K, T} ) = H'(Ky, (T} ) — H'(K,, ZH(V),)) ——"= F,,.

Since this map clearly factors through Selg, (K, T VT s) — Selar (K, VII 4), by Lemma 2.3.7

it follows that B(37 Zom,) = 0, and hence by the exactness of the above sequence, there
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exists a class 3" € HL (K, T!_ ) such that

hiaht
( Zo,n’ Zo,n’) :Oé( Zo,nﬂn’)'

By construction, this class satisfies

Log’s, 1 (106 V(34 o)) = Z (£

for all v € SU{v'}, and the result thus follows by induction. O

2.3.3. Step III: End of proof of Theorem 2.3.1. Denote by 2 the collection of
all finite subsets of Xiﬁf}‘i »(I) ordered by inclusion, and for each S € 2, let 37 ) be the
class constructed in Proposition 2.3.9. Note that if S C S’ in 2, there is a natural map

Hllw(Kom Ti(sg) — Hllw(va Ti(s)%

and that by construction the class 3o n(sr) is sent to 3. (s) under this map.

Setting
(2.3.25) 30 = I'%HBZO,,I(SV

for S running over an infinite strictly ascending chain in 2, we thus obtain a class 37 €
H{ (K., Tt) such that, for infinitely many v € X290, (I),

(2.3.26) v(37%) € H} 1, (Koo, V),
and
(2.3.27) LogEJ(VJ)(IOCp(V(S&))) = Z(£).

In the proof of [How07b, Prop. 2.4.5] it is shown that the inclusion (2.3.26) for infinitely
many v € Xien(I) implies! that 37 € f[}vlw(Koo, TT) and from (2.3.27) it follows that

LOgZzJ(Tf)(locp(Sgo)) = iﬂp(ﬁ)a
as was to be shown. O
COROLLARY 2.3.10. Fiz an I-basis n of D. There exists a unit oy, € I* such that
LOgZZJ(TT)(IOCP(O‘TI $ ) = D%(fT)-

PROOF. Since 3 is not I-torsion by Theorem 2.1.2(2), IP-VI}JW(KOO, TT) is torsion-free
of rank 1 over I, by [Foul3, Thm. 6.3], and hence the class 37 of Theorem 2.3.1 is

4With the notations of loc.cit., we have A = 1 by our assumption (heeg) from the Introduction.
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such that 37 = «, - 3o for some «, lying in Frac(l.) a priori. Since the construction
(2.3.25) of the class 37 shows that v(a,) is a unit in O) for some v € Xyn(I) (see
Remark 2.3.5 and Corollary 2.3.6), we see that in fact a, lies in I, and the result follows
from Theorem 2.3.1. 0

2.3.4. Explicit reciprocity law. We can now deduce from Theorem 2.3.1 a result

that will be one of the key ingredients to the arithmetic applications of Section 2.4.

THEOREM 2.3.11. Let v € Xyin(L) be a non-exceptional arithmetic prime of weight
k, = 2r, > 2 with r, = k/2 (mod p — 1) and trivial wild character, and let ¢ be an
anticyclotomic Hecke character of K of conductor dividing 2t and infinity type (¢, —¢) with
¢>r, and =0 (mod p—1). Then

locy(V(300)?) #0 <= L(f,, ¢ *,7,) #0.

PRroOOF. This follows from the combination of Corollary 2.2.9 and Corollary 2.3.10, not-

ing that since v is non-exceptional, neither of the factors <1 — %) or <1 - l'(;+)jw[)
appearing in the former result vanishes, and that since ¢ > r,, the map exp* (see Re-
mark 2.2.10) is bijective. O

2.4. Arithmetic applications

In this section we bound the sizes of certain Selmer groups associated to the Rankin—

Selberg convolution of a cusp form with a theta series of higher weight.

2.4.1. Bounding Selmer groups. Let f € Si(I'((/N)) be a normalized p-ordinary
newform of weight £ > 2 and trivial nebentypus, and let ps : Gq — Aut(V}) be the
self-dual twist of its associated Galois representation. Let x be an anticyclotomic Hecke
character of K of conductor dividing 9t and of infinity type (¢, —¢) with ¢ > k/2, denote

by 0, its associated theta series, and set
Vi =V ® Vo )lax = Vilax ® x-
Since x is anticyclotomic, the representation Vi, is conjugate self-dual, i.e.
fox(l) = Vfc,x’

where Vi denotes the conjugate of V, by the non-trivial automorphism of K.
Let Ty C V} be a Gq-stable lattice, set Ty, = T¥|q, @ X, and define A;, by the

exactness of the sequence

(2.4.1) 0— T — Vi — Apy — 0.
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DEFINITION 2.4.1. For every finite extension /K define

. (Ko, VE,)
(242) SGlp(IC, Vf:X) ker (Hl (/C fo — @ ]’Il(lc—‘/jx)>
vy X

where v runs over all places of K. Here for v { p we put
Hi(Ky, Vi) =ker (H'(K,, Vi) — H'(KY,VF,)),

whereas for v { p,

HY(K,, Vi) if vlp,

1 c
Hf (]Cy, Vf7X> =
0 if v|p.
Replacing H}(K,, V7, ) by their images in H'(KC,, A, ) (vesp. preimages in H'(KC,,T7%,))

under the map induced by (2.4.1), define Sel, (KC, A5 ) € H'(K, A5, ) (resp. Sel,(K,Tf,) C
HY(K,Tt,)¢) by the corresponding analogue of (2.4.2).

In particular, the classes in Sel, (X, fox) are unramified outside p, satisfy no specific
local condition at p, and they have trivial restriction at p.

For v|p, the above local subspaces H}(ICv, Vi) agree with
Hi(Ky, Vi, ) == ker (H(K,,Vf,) — H'(Ky, Vi, @ Baxis))
and hence Sel, (IC, Vﬁx) is the same as the Bloch-Kato Selmer group for the Gx-representation
Vi
CONJECTURE 2.4.2 (Bloch-Kato). ordy—/sL(f, x~", s) = dimzSel, (K, Vf ).

Using our results in Section 2.3, we are going to show how certain “rank 0” cases of

Conjecture 2.4.2 follow from the following result.
THEOREM 2.4.3. If vy(30)X # 0, then Sela, (K, T}y ) is free of rank 1 over O.
PROOF. Since vy is non-exceptional, this follows from [Foul3, Cor. 5.21]. O

Consider the following modifications of the preceding Selmer groups, obtained by chang-

ing the local condition at the prime above p. If v|p, let
HY(K,, Viy) if a =10,
H)(Ky, Viy) =1 HYK,, ZS(Viy)) if a=Gr,
0 ifa=0,
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and define

HY (K HY(K;
Sclaa(. Vi) o= ber (HYGR . V3) — e @) Tl )

where G%Vp ) is the Galois group of the maximal extension of K unramified outside the
primes above Np. Define Sel, (K, T}, ) and Sel, (K, Ay, ) using (2.4.1) similarly as before,

and if a = b set Sel, (K, M) = Sel, (K, M). The same construction may be applied starting
with V¢, so that Sel, (K, V§, ) = Seloo(K, VF,).

PROPOSITION 2.4.4. If loc,(vf(300)X) # O then Sel, (K, V§, ) = 0.
We will first need the following lemma.

LEMMA 2.4.5. There is a noncanonical isomorphism of O-modules

SelGr,@(K, TJ?,X) =206 Selo,Gr(K, Tf’X>‘

PRrROOF. Denote by ® the quotient field of O, and let 7 € O be a uniformizer. Similarly

as in [AHO6, Prop. 1.2.3], for every i > 0 we have a noncanonical isomorphism
(2.4.3) Selarp(K, AS)[m'] = (®/O) 1] & Seloar (K, Apy)[7'],
where the integer r is given by

coranko H' (K5, 7.5 (A; ) + coranko H' (K5, Ay ) — coranko H (K., Ay )

in light of the Poitou-Tate duality as formulated in [Wil95] (see also [DDT94, §2.3]),
and where v denotes the unique archimedean place of K. Hence r = 1. Since the groups
Sely (K, T) are the m-adic Tate module of Sel, (K, A, ) taking the projective limit in
(2.4.3) as i — oo the result follows. O

PROOF OF PROPOSITION 2.4.4. It suffices to see that Sel, (K, T ) is finite. The non-
vanishing assumption clearly implies that v;(3.)X # 0, and hence Sele, (K, T},) = O by
Theorem 2.4.3. Also by the assumption, v¢(3.)X ¢ Selp a: (K, Tt ) and since v¢(3.0)X €
Sela, (K, Tt ), we see that Sely (K, T, ) is necessarily finite. By Lemma 2.4.5, it follows
that Sela, g(K, T, ) has O-rank 1.

The class v¢(35,)X " lies in Selg, (K, Tf®x ') = Sela: (K, Tf, ), and by the “functional
equation” [How0T7b, Prop. 2.3.5] we see that

1

locy(vf(300)¥) #0 = locy(vp(35)* ) # 0.
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Thus by our nonvanishing assumption v (3;)X_1 lies in the complement of Sely o (K, T5 )
in Sele, (K, TF,) C Selarp(K,T%, ), and since we have shown that the latter group has O-
rank 1, it follows that Selgg(K,T5, ) is finite. O

THEOREM 2.4.6. Let f € Sp(I'o(N)) be a normalized p-ordinary newform of weight
k > 2 with k = 2 (mod p — 1) and trivial nebentypus, and let x be an anticyclotomic
Hecke character of K of infinity type (£, —C) with £ > k/2 and { =0 (mod p — 1) and of
conductor dividing N. If L(f,x ™", k/2) # 0 then Sel,(K,Vf,) = 0.

ProOF. This is the combination of Corollary 2.3.11 and Proposition 2.4.4. 0

2.4.2. Iwasawa theory. Let f and ps be asin §2.4.1. Let f € I[[¢]] be the Hida family
of f, and let vy € Xyien(I) be the arithmetic prime such that v¢(f) gives the ordinary p-
stabilization of f. Then there are induced O-linear specialization maps I, — A :=
O[[Dw]] and H}y, (Koo, TF) — H}p, (Koo, Vy), both also denoted by vy in the following.

By Theorem 2.3.1, the “big” anticyclotomic p-adic L-function of Definition 2.1.3 is
given by an element %, (f7) € I, ®;I[A7"]. In this section we give an interpretation of the
p-adic L-function

L(F) = v (Z(Eh)

in terms of Iwasawa theory.

For a,b € {0,Gr, 0}, consider the finitely generated A-modules

Sa,b(f) = @1 Sela,b(Kt7 Tf)a Xa,b(f) = HomZp (hg Selb*,a* (Kta A?‘)a Qp/zp)7
t t

where the groups appearing in the right-hand sides are defined as in § 2.4.1, setting 0* = (),
Gr*=Grand 0* =0. If a = b, set Xo(f) := Xop(f) and S,(f) := San(f)-

The following conjecture is suggested by the generalization of Iwasawa theory developed
by Greenberg in [Gre94]. If X is a finitely generated A-module, we let chary(X) C A

denote its characteristic ideal, with the convention that char, (X) = 0 if X is not A-torsion.
Set Xp(f) := Xoo(f)-

CONJECTURE 2.4.7 (Iwasawa-Greenberg). X,(f) is A-torsion, and
chara (X,(f)) = (L (f)?)
m Qp ®zp A.

On the other hand, Howard’s extension of the Heegner point main conjecture of Perrin-
Riou [PR87a] predicts (cf. [How0Tb, Conj. 3.3.1]):
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CONJECTURE 2.4.8 (Perrin-Riou-Howard). Sg;(f) has A-rank 1, and

chary (Xar(f)tors) = chary (ASS;—E];L))

in Qp ®Zp A

Following the work of Mazur—-Rubin [MRO04]| and Howard [How04a], Fouquet has ex-
tended Kolyvagin’s methods to the context of Nekovai’s Selmer complexes, deducing one of
the divisibilities predicted by Conjecture 2.4.8. After Theorem 2.3.1, we can relate Conjec-
ture 2.4.7 to Conjecture 2.4.8, thus deducing from Fouquet’s result one of the divisibilities

predicted by the former conjecture.

THEOREM 2.4.9. X, (f) is A-torsion, and

chary (X, (f)) 2 (L4(f)?)
in Qp ®z, A.

PROOF. By Theorem 2.1.2(2), v¢(3.0) is not A-torsion, and hence by [Foul3, Cor. 6.19],
Sar(f) has A-rank 1, and

charp (Xar(f)tors) 2 chary <8Gr—(f))2 in Q, ®z, A.
A vp(3e0) ’
By elementary properties of the characteristic ideal, it follows that
e L
(2.4.4) chary (Xo,cr(f)tors) 2 chary (%) in Q, ®z, A.

Arguing as in [AHO06, Thm. 1.2.2] (see also Lemma 2.4.5) we find

(2.4.5) ranka (Sp.cr(f)) = ranka (Xgac(f))
=1 —+ I‘aIlkA<X07Gr(f)) =1 + rankA(S()?Gr(f)).

By Theorem 2.1.2(2) and Corollary 2.3.8, the class locs(vf(340)) is not A-torsion. Since
Sar(f) C Sp.ar(f) is torsion-free of A-rank 1, it follows from (2.4.5) that ranks (So.c:(f)) =
0 and that Xoc:(f) = Xo.cr(f)tors-

Poitou—Tate duality gives rise to the exact sequence

SGr,@ (f) locy

(2.4.6) 0— —So,w(f) s

Hyy (Koo, 7, (T5)) — X,(f) — Xoe(f) — 0.
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Again by Theorem 2.1.2(2) and Corollary 2.3.8, loc,(vf(3~)) is not A-torsion, and
hence from (2.4.6), it follows that Spg(f) = 0. Thus we arrive at the exact sequence

Scro(f) locy Hllvv(KOO:p7 T (Ty))
A vp(3c0) A -locy (v5(3s0))
which shows that X,(f) is A-torsion, and together with (2.4.4) it implies that

Hy, (Koop, 74 (T
A -locy(vy(300))

Finally, by Theorem 2.3.1 the p-adic regulator map Loggi W sends loc, (vf(300)) (times

0— — Xp(f) — Xoa:(f) — 0,

(2.4.7) chary (X,(f)) 2 chary ( ))) in Q, ®z, A.

a unit in A) to %, (f), thus inducing a A-linear isomorphism
Hyy (Koo, Zi (T5) ~ A
Adocy(vs(3e)) A (f)
and combining (2.4.7) with (2.4.8), Theorem 2.4.9 follows. O

(2.4.8)

Let x be as in §5.1, and let Tw,-1 : A = A be the O-linear isomorphism given by
v = X1 (7)y for v € Dy. Define

L (f,x) = Twy-1 (Z())
and
Xo(f,x) = Homzp(lig Sel, (K4, Aj‘,x)’ Q,/Z,).
t
COROLLARY 2.4.10. X,(f,x) is A-torsion, and

chary (X, (f, X)) 2 (L(f.x)%) inQ, ®z, A

PRrROOF. The module X,(f, x) is the twist X,(f) ® x as defined in [Rub00, §6.1], and
hence chary (X, (f, x)) = Twy-1(chara(X,(f))). Thus by the commutativity of the diagram

the result follows from Theorem 2.4.9. L]



CHAPTER 3

Conclusion

Summary

In this last chapter we propose a few lines of investigation suggested by the problems
and ideas explored in this thesis, and rise a number of questions and conjectures. For some

of these, we are admittedly being rather speculative.

T
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Future directions

Many results are known on the arithmetic of Heegner points, both in the classical setting
of Gross—Zagier and in its subsequent generalizations, where the “Heegner hypothesis” (in
which we have placed ourselves throughout this thesis) is relaxed by working on Shimura
curves attached to an appropriate non-split quaternion algebra over Q. After Howard’s
construction of big Heegner points, and its extension by Longo—Vigni to the quaternionic
setting, a natural line of enquiry is the study of the extent to which these results may be
extended to their “big” counterparts over Hida families. Some key steps in this direction
were already undertaken by Howard in [HowO07b] and [How07a], and this thesis might
be seen as a further development of this study in which p-adic L-functions are introduced
in the form of two different I-adic Gross—Zagier formulae for big Heegner points, namely
Theorem 1.5.1 and Theorem 2.3.1.

In the following paragraphs we indicate some natural extensions of these results and

their potential arithmetic applications, as we would like to pursue in our future work.

3.1. Specializations at exceptional primes

The study of the specializations of the big Heegner point at exceptional primes of
the Hida family has been completely avoided throughout this thesis, but we expect that
such study will have applications to an anticyclotomic analogue of the p-adic Birch and
Swinnerton-Dyer conjecture of Mazur—Tate-Teitelbaum [MTT86] in the rank 1 case for
primes p of split multiplicative reduction. As we outline below, our approach is reminiscent
of the strategy taken in [GS93] in their proof of the rank zero case of the original (cyclo-
tomic) conjecture, with a twisted form of the I-adic Gross—Zagier formula of Theorem 1.5.1
playing the role of the “improved” p-adic L-function of Greenberg—Stevens.

Suppose for simplicity that the imaginary quadratic field K has class number 1. Let
m € Ok be a generator of the prime ideal p of K above p, and denote by ¢ and ¢ the
Hecke characters of K defined by

(a) = q, o(a) = a/a, if a = a0k,

respectively. Denote by ® : Gx — [[[Dw]]* the “universal” anticyclotomic character
sending each g € Gk to the group-like element in I[[D,]]* associated with g'/? € D,
where g is the natural image of ¢ in D, and note that if v € X, (1) has even weight
2r, > 2, then ®, = ¢ 1.

For 7 > 1, recall from Section 1.2 the generalised Heegner cycle AP € CH* (X, )o(K)
on the Kuga-Sato variety X, = W, x A% 2. For any 0 < j < r, the cycle W, x A"}, seen



3.1. SPECIALIZATIONS AT EXCEPTIONAL PRIMES 79

as a subvariety of W, x X, = W, x W, x (A?)""! via the map
(idw, , idw, , (ida,ida)?, (ida, vV=D)"'79),
induces a correspondence
I : CHZ (X, )o(K) — CH'(W,)o(K)

sending [A] — [y Al
On the other hand, if v € X4, (1) has even weight k, = 2r, > 2, the non-vanishing of
v(3) = v(300)" predicted by [How07b, Conj. 3.4.1] should hold if and only if

V(300)¢j #0, for some —r, < j <r,.

In that case, the results and methods exploited in this thesis would lead to the following
“twisted” version of Theorem 1.4.12.

PROPOSED THEOREM 3.1.1. Together with Assumptions 1.4.11, assume that
L/(l, fyl, XV/) 7é 0

for some V' € Xpin(l) of weight 2 and non-trivial nebentypus. Then for all but finitely
many v € Xaien(L) of weight 2r, > 2 with 2r, = k (mod 2(p — 1)) and trivial nebentypus,

72y —2 4 ) B , )
—V(a)> A(OF (T AYP), et (I ARP)) i,
P

where ( , )i is the cyclotomic p-adic height pairing on H}(K, Vig (*72)).

(3.11) (3L v(3E)y = (1 -

Notice that, as opposed to the p-adic multiplier appearing in (1.4.25), the factor
E,(f @ K) = <1 ™ 2)
v(ay)
appearing in (3.1.1) depends p-adic analytically on v € X (I) C Spf(I)(Q,)-
As expressed in [BDP13, §2.4], one expects that the étale Abel-Jacobi images of the
generalised Heegner cycles AP bear a relation with the p-adic L-function £,(fs, ® K) of

[Nek95] similar to that of the classical Heegner cycles in Nekovai’s p-adic Gross—Zagier

formula. In fact, under the simplifying assumptions of this section we propose the following.

CONJECTURE 3.1.2. Let f € S5.(T'o(N)) be a p-ordinary eigenform of weight 2r > 2,
and let a,(f) be the root of X* — a,(f)X + p* ' which is a p-adic unit. Then

BRI oo = (1

7*.{.27‘72

4
(I)ét H:flAlT)dp ’ (I)ét H:flAEdp 7
) @A Ak
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where (, )k is the cyclotomic p-adic height pairing on H (K, Ve (¢4 72)).

Now assume v, € Xaien(l) is exceptional with v,(a,) = 1, so that in particular k,, = 2,
and set f, := v,(f). Then
&,([f"® K) =0,

i.e. the left-hand side of (3.1.1) has an exceptional zero, and one then hopes to recover the
right-hand side of (3.1.1) from the second cyclotomic derivative of £,(f, ® K) at 1.

We believe that a proof of Conjecture 3.1.2 would follow without major difficulties from
an adaptation of the methods of [Nek95] to generalised Heegner cycles. As a consequence,

we could then show the following result.

PROPOSED COROLLARY 3.1.3. With notations and assumptions as in Theorem 1.4.12,

there is a factorization
L 5
LK) =Ef K L (f®K) (modI¥).
Moreover, the function Z;(fu ® K) is such that

V(L0 (£ @ K)) = (B 1 (A}5), D% 1 (A}®)) .

In other words, Z;(fﬁ ® K) is an “improved” derivative p-adic L-function, which one
would hope to exploit, in a similar fashion as in [GS93], to obtain progress towards an
anticyclotomic analogue of the following conjecture, deduced from the combination of the
classical Birch and Swinnerton-Dyer conjecture and its p-adic variant by [MTT86] in the

exceptional rank 1 case.

CONJECTURE 3.1.4. Let E/Q be an elliptic curve with split multiplicative reduction at
p, and assume ords—1L(E,s) = 1. There exists a nontorsion point Pr € E(Q) ® Q such
that

& — <PE’ PE>P ’
@@ATT(JCB §)|s=1 = g(fE)mL (E,1),

where LY (f, s) is the cyclotomic p-adic L-function constructed in [MTT86], ( , ), and

(, Yoo are the cyclotomic and Neron—Tate height pairings on E(Q) ® Q respectively, and
Z(fr) is the L-invariant of E/Q,.

3.2. Big Heegner points and Kato elements

Let K be an imaginary quadratic field as in the Introduction to Chapter 2, and denote

by K¢ the unique ZZ—extension of K, which can be obtained as the compositum of the
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anticyclotomic Z,-extension K., /K and the cyclotomic Z,-extension K“°/K. Set
Goo = Gal(KY/K).

We also let f, Vy, f, and T be as in the Introduction to Chapter 2, but we restrict now to
the case where the weight of f is k = 2. We begin by recalling the following conjecture,
largely motivated by the fascinating work [PR95] of Perrin-Riou.

CONJECTURE 3.2.1 (LoefflerZerbes). There is a special class ¢;o € N> HL, (KSC, V5)
such that
(Lo, NLGE ) (ero) = L,(f @ K) - (mod OF),

pvvf p7vf
where for each v|p in K, Eﬁ%}’f is the two-variable p-adic regulator map of [LZ11, Thm. 4.7],

and L,(f @ K) € OL[[Gw]] is the two-variable p-adic L-function constructed in [PR87b].

The ongoing work [LLZ13] of Lei-Loefler-Zerbes on the construction of a cyclotomic
Euler system for the Rankin—Selberg convolution of two modular forms of weight 2 is
expected to yield substantial progress towards an eventual proof of Conjecture 3.2.1.

Inspired by a conjecture of Perrin-Riou [PR93] relating the Beilinson—Kato elements
to rational points on an elliptic curve, one expects a relation between the conjectural class

Cf.00 and the Kummer images of Heegner points.

CONJECTURE 3.2.2. The class ¢f predicted by Conjecture 3.2.1 satisfies

Corgeye e, (€f.00) = V(357)

up to an explicit element in L*.
It is natural to upgrade the preceding two conjectures over the entire Hida family:

CONJECTURE 3.2.3. There exists a big special class €., € /\2 HL (K¢, T) such that
(Loggﬁr A Log%oqr)(@oo) =L,(f® K) (modI*),

where for each v|p in K, Loggﬁr s a three-variable requlator map of the proof of The-
orem 2.2.8, and L,(f @ K) € I[[G]] is the three-variable p-adic L-function of [SU13,
§12.3]. Moreover,

Corgeye /i, (Twe, (€)) = 35

up to an explicit element in I*, where Twe, is defined as in (2.2.8).



82 3. CONCLUSION

3.3. Quaternionic settings and others

Howard’s construction of big Heegner points has been generalized by Longo—Vigni
[LV11] to arbitrary quaternion algebras over Q. A remarkable feature of their work is
the ability to give constructions treating the definite and the indefinite cases on an equal
footing; as expressed by the authors themselves in loc.cit., this holds the promise of being
a first step towards an eventual development in a Hida-theoretic context of the program
carried out by Bertolini-Darmon in a series of papers’ where the interplay between the
definite and indefinite settings plays a crucial role in the arguments (cf. [HowO06)).

In an independent line of investigation, Fouquet [Foul3| has constructed an analogue
Howard’s big Heegner points for indefinite quaternion algebras over a totally real field F.
To briefly describe his construction, recall that the (2-dimensional) Galois representation
py associated to Hilbert modular eigenforms f over F'is not found in the étale cohomology
of a Hilbert modular variety, but rather on the étale cohomology of an appropriate Shimura
curve, at least when either of the following conditions is satisfied:

e [F:Q]is odd, or
e there exists a finite place v of F' such that 7(f), special or supercuspidal,

where 7(f) is the automorphic representation of GLy(Af) associated with f.

Indeed, either of these conditions guarantees that 7(f) arises a the Jacquet—Langlands
lift of an automorphic form on an indefinite quaternion algebra over F'. One can then
construct ps from the étale cohomology of the associated Shimura curves, and Fouquet’s
construction (as well as that of Longo—Vigni in the indefinite case) is obtained by taking
certain twisted Kummer images of CM points over a tower of these Shimura curves with
growing I'y(p®)-level structure, in complete analogy with Howard’s.

Let E be a CM field extension of F', and fix a CM type ¥ for E/F, i.e. a set ¥ of
embeddings F — Q with the property that

YUY = Hom(F, Q) and yNY = .

Under the assumption that X is ordinary at 1, : Q— Qp, meaning that z,00 # 1,07
for all o € ¥, 7 € ¥, the work of Hsieh [Hsil2] constructs in this level of generality an
analogue of the anticylotomic p-adic L-function Z;(f) of Theorem 2.1.4. On the other
hand, Howard has extended in [How04b] his anticyclotomic Kolyvagin system arguments
to prove an analogue of Perrin-Riou’s main conjecture for Heegner points on Hilbert mod-

ular varieties, assuming that there is a unique prime of F' above p. Thus, at least under

IStarting with [BD96], and having perhaps [BD05] as one of its most beautiful landmarks.
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this assumption on p, it seems that many of the constructions from Section 2.2 and the ar-
guments from Sections 2.3 and 2.4 may be extended to prove analogues of Theorems 2.4.6
and Theorem 2.4.9 for ordinary Hilbert modular forms of parallel weights, with Fouquet’s
big cohomology classes (or a slight modification thereof) playing the role of Howard’s big
Heegner points in this thesis.

In light of the well-known absence of a direct analogue of modular units® for Hilbert
modular varieties when F' # Q, these hopefully future developments will represent the first
(at least to our knowledge) unconditional realizations of Perrin-Riou’s approach to p-adic
L-functions (see [PR95] and [Rub00, §7]) beyond the cases where the base field is Q or
an imaginary quadratic field.

Of course, motivated by Stark’s conjectures, there are further conjectural realizations
of this approach to p-adic L-functions over a general totally real base field F'. In particular,
and not quite irrelevantly to the theme of this thesis, Darmon’s p-adic construction [Dar01]
of the so-called Stark—Heegner points attached to real quadratic fields where p stays prime
(and generalized by Matt Greenberg in [Gre09] to totally real fields with [F': Q] > 2), and
their higher dimensional analogue by Rotger—Seveso [RS12], the so-called Darmon cycles,
are expected to have a similar connection to p-adic L-functions as we have exhibited in
this thesis for classical Heegner points and Heegner cycles.

We thus feel naturally led to consider the following problem:

Give a p-adic construction of “big” Stark—Heegner points attached to Hida families,
and relate their arithmetic specializations to “classical” Stark—Heegner points and Darmon

cycles.

It seems to us that such a desirable construction will be preceded by an extension of
the constructions of [Dar01] and [RS12], which make crucial use of the special features
of the multiplicative reduction setting, to primes p of good reduction, and we would like
to believe that a study of this problem?® might lead to valuable insights into the elusive
properties that Stark-Heegner points and Darmon cycles are conjectured to share with the

objects of study in this thesis.

2And as a result, of Beilinson-Kato elements.
3And of related ones, such as the connection of these constructions to classical and p-adic L-functions.
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