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Abstract. Rigid meromorphic cocycles are defined in the setting of orthog-
onal groups of arbitrary real signature and constructed in some instances via

a p-adic analogue of Borcherds’ singular theta lift. The values of rigid mero-

morphic cocycles at special points of an associated p-adic symmetric space are
then conjectured to belong to class fields of suitable global “reflex fields”, sug-

gesting an eventual framework for explicit class field theory beyond the setting

of CM fields explored in the treatise of Shimura and Taniyama.
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Introduction

Let (V, q) be a non-degenerate quadratic space over Q of dimension n ≥ 3 with
associated bilinear form 〈·, ·〉, satisfying 〈v, v〉 = 2q(v), and let G = SOV denote the
special orthogonal group of V , viewed as a reductive algebraic group over Q. The
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real Lie group G(R) is determined up to isomorphism by the signature (r, s) of the
real quadratic space VR := V ⊗R. In the special case of signature (r, 2), arithmetic
quotients attached to G give rise to a collection of Shimura varieties endowed with
a systematic supply of algebraic cycles of all possible codimensions which have been
the object of extensive study in recent decades. These cycles are expected to arise,
notably, as the Fourier coefficients of modular generating series with coefficients in
the arithmetic Chow groups of orthogonal Shimura varieties, following a general
program initiated by Kudla [26].

The present work proposes a conjectural framework for extending some of this
arithmetic theory to the setting of arbitrary real signatures, when the Archimedean
symmetric spaces attached to G are no longer necessarily endowed with a complex
structure. This framework rests on the notion of rigid meromorphic cocycles for
p-arithmetic subgroups of G, whose study is initiated in this paper.

Fix a prime p for which the p-adic quadratic space VQp := V ⊗ Qp admits a
self-dual Zp-lattice Λ, i.e., the bilinear pairing 〈·, ·〉 identifies Λ with its Zp-dual, or,
equivalently, the induced Fp := Z/pZ-valued pairing on Λ/pΛ is non-degenerate.
Furthermore, fix a Z[1/p]-lattice L ⊆ V on which the quadratic form q is Z[1/p]-
valued with associated dual lattice

L# = {v ∈ V | 〈v, w〉 ∈ Z[1/p] ∀w ∈ L} ⊇ L
and discriminant module

DL := L#/L.

For any field K of characteristic different from 2, denote by G(K)+ the kernel of
the spinor norm

(1) snK : G(K)! K×/(K×)2

and let
Γ ⊆ SO(L)

be a p-arithmetic congruence subgroup that lies in the kernel of the real spinor
norm. It is a discrete subgroup of G(R)+ ×G(Qp).

Chapter 1 attaches to V certain Archimedean and p-adic symmetric spaces, de-
noted X∞ and Xp respectively. The former is a real analytic Riemannian manifold
of dimension rs equipped with an action of G(R), and the latter has the structure
of a rigid analytic space of dimension n − 2 on which G(Qp) acts naturally. The
p-arithmetic group Γ acts on both X∞ and Xp, and acts discretely on the product
X∞ ×Xp.

Chapter 2 describes special cycles on X∞ and special divisors on Xp, and the
attendant structures that arise from them. More precisely, the symmetric space
X∞ is equipped with a systematic collection of special cycles of real codimension
s, which were studied by Kudla and Millson (see [27]). These cycles admit p-
adic avatars which are of codimension one in Xp and are referred to as rational
quadratic divisors. Combining the real and p-adic objects leads to the study of
so-called Kudla–Millson divisors, namely, special classes in the s-th cohomology
of Γ with values in a module Div†rq(Xp) of rational quadratic divisors satisfying
a suitable “local finiteness” condition which is spelled out in Chapter 2. Under
the assumption that Γ acts trivially on the discriminant module DL there is—in
analogy with the theory of Heegner divisors on orthogonal Shimura varieties—a
Kudla–Millson divisor

(2) Dm,β ∈ Hs(Γ,Div†rq(Xp)) for each m ∈ Q>0 and β ∈ DL,
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admitting a representative whose values are supported on the rational quadratic
divisors attached to vectors v ∈ β satisfying q(v) = m.

Chapter 3 introduces the rigid meromorphic cocycles themselves. To this end, let
M×rq be the multiplicative group of rigid meromorphic functions on Xp with divisor

in Div†rq(Xp), equipped with the natural Γ-module structure via left translation on
the arguments:

γf(x) := f(γ−1x), for γ ∈ Γ, f ∈M×rq, x ∈ Xp.

A class in Hs(Γ,M×rq) is called a rigid meromorphic cocycle for Γ if its divisor is a
Kudla–Millson divisor. (While “rigid meromorphic cohomology class” would have
been a more accurate if slightly less euphonious name, the first author’s original
sin of misleading terminology [16] has been perpetrated again for the sake of con-
sistency.) Theorem 3.18 and Theorem 3.23 describe the construction of a p-adic
variant of Borcherds’ singular theta lift in signature (n, 0), n ≥ 0, respectively sig-
nature (3, 1) and (4, 1), having rigid meromorphic cocycles with prescribed rational
quadratic divisors as output. This implies that rigid meromorphic cocycles exist in
abundance, at least under the somewhat restrictive assumptions that are made in
these theorems.

Chapter 4 defines a notion of “special points” on the symmetric spaceXp (relative
to the action of G(Q)). These special points are meant to generalise CM points
on orthogonal Shimura varieties, but the tori that arise from their stabilisers have
more general real signatures. If r ≥ s, one can make sense of the value of a rigid
meromorphic cocycle J at a special point x, leading to an analytically defined, and
a priori transcendental, numerical quantity J [x] ∈ Cp.

The main conjecture of this work, formulated in Conjecture 4.38 of Section 4.4,
asserts that the quantities J [x] are in fact algebraic. More precisely, J [x] is pre-
dicted to lie in a class field of an appropriate “reflex field” attached to the special
point x. This conjecture suggests a program to extend the scope of the Shimura–
Taniyama–Weil theory of complex multiplication to the setting of arbitrary, not
necessarily CM, number fields. More precisely, it suggests that the algebraicity
properties of CM points on orthogonal Shimura varieties attached to quadratic
spaces of signature (n, 2) can be meaningfully extended to special points on p-adic
symmetric spaces for orthogonal groups attached to quadratic spaces of arbitrary
real signature.

Chapter 5 concludes with a discussion of rigid meromorphic cocycles in a few
of the simplest concrete settings. When V is positive definite, i.e., when s = 0,
the group Γ acts discretely on Xp, and, when r = 3 or 4, the quotient Γ\Xp can
be identified with the Cp-points of a Shimura curve or a quaternionic Hilbert–
Blumenthal surface respectively. Rigid meromorphic cocycles, which belong to
H0(Γ,M×rq), are just rational functions on these varieties, and the special points on
Γ\Xp correspond to CM points. These considerations lead to a proof of Conjecture
4.38 when s = 0 and r ≤ 5. (See the upcoming work [2] for details.) Therefore, the
focus on this chapter lies on the non-definite setting.

Section 5.1 discusses the first case going truly beyond the setting of complex
multiplication, where V is a quadratic space of signature (2, 1) and special points
correspond to real quadratic elements of the Drinfeld p-adic upper half-plane. The
study of this setting, which serves as the basic prototype for the general conjecture
of this paper, was initiated in [16] and a great deal of evidence, both experimental
and theoretical, has been amassed in its support (cf. for instance [14], [19], [22],
[15]).
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Section 5.2 ends with a discussion of the first non-trivial setting not covered
by these prior works, that of a quadratic space of signature (3, 1) where the as-
sociated p-arithmetic group is a congruence subgroup of the Bianchi group Γ :=
SL2(OK [1/p]), with K an imaginary quadratic field. The resulting “Bianchi co-
cycles” play the role of meromorphic Hilbert modular forms arising as Borcherds
lifts of weakly holomorphic modular functions. Their “values” at special points
of Γ\(Hp ×Hp) belong conjecturally to abelian extensions of quadratic extensions
of real quadratic fields with a single complex place and can be envisaged as the
counterpart of CM values of Hilbert modular functions.

Acknowledgements. The work on this article began while Lennart Gehrmann
was visiting McGill University, supported by Deutsche Forschungsgemeinschaft,
and he thanks both of these institutions. The other two authors were supported
by NSERC Discovery grants. The authors are grateful to the Centre de Recherches
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a congenial and stimulating atmosphere for the elaboration of this article. More
recently, Lennart Gehrmann has received funding from the Maria Zambrano Grant
for the attraction of international talent in Spain.

1. Symmetric spaces

1.1. Archimedean symmetric spaces.

1.1.1. Definition. The real symmetric space attached to VR is the manifold, denoted
X∞, parametrizing maximal negative-definite subspaces of VR. Note that X∞ is
also in natural bijection with the set of maximal positive definite subspaces of VR,
under the map Z 7! Z⊥.

The real Lie group G(R) acts transitively on X∞. The stabiliser of a point
Z ∈ X∞ in OV (R) is identified with the maximal compact subgroup

OZ⊥(R)×OZ(R) ' O(r)×O(s) ⊂ OV (R).

Hence the inverse of the map γ 7! γZ gives an identification

(3) X∞ = OV (R)/(O(r)×O(s)).

Since the orthogonal group of a non-degenerate quadratic form of rank n has di-
mension n(n−1)/2, it follows from (3) that the dimension of the real manifold X∞
is given by

dimX∞ = rs.

Alternately, X∞ is an open subset of the Grassmannian of s-dimensional subspaces
in VR, and the tangent space to X∞ at Z is canonically identified with

TZ(X∞) = Lie(G(R))/Lie(StabG(R)(Z))(4)

∼= HomR(Z, VR/Z) ∼= HomR(Z,Z⊥),

the penultimate isomorphism being obtained by restricting an endomorphism of
VR to Z and composing it with the natural surjection VR ! VR/Z. The inclusion
OZ⊥(R) × OZ(R) ↪! OV (R) induces an isomorphism on the groups of connected
components, and the space X∞ is therefore connected.

Every arithmetic subgroup Γ◦ ⊆ G(Q) acts discretely on X∞ and the quotient
space Γ◦\X∞ has finite volume, and is compact if and only if V is anisotropic.
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1.1.2. Examples. We collect some general remarks about X∞ for small values of s.
Let us first note that in case VR is positive or negative definite, the group G(R) is
compact and the space X∞ consists of a single point.

Signature (r, 1). When s = 1, the space X∞ is given by the set of points (x1 : · · · :
xr : xr+1) ∈ Pr(R) satisfying the inequality

x2
1 + · · ·+ x2

r − x2
r+1 < 0,

and can be identified with the open unit ball in r-dimensional euclidean space,
endowed with its natural hyperbolic structure.

Signature (r, 2). The case s = 2 plays a special role in the theory. Firstly, it
represents essentially the only setting where X∞ has the structure of a complex
hermitian domain, possessing a complex structure. Secondly, X∞ admits a conve-
nient description which motivates the definition of the p-adic symmetric space Xp

taken up in §1.2.
Let Q be the smooth quadric over Q whose points over a field K of characteristic

zero are identified with the set of isotropic lines in VK := V ⊗Q K:

Q(K) := {v ∈ VK−{0} | q(v) = 0} /K× ⊆ PV (K).

Letting [v] denote the class in Q(K) of the non-zero isotropic vector v ∈ VK , we
define

(5) X̃∞ := {[v] ∈ Q(C) | 〈v, v̄〉 < 0},
where v 7! v̄ denotes the complex conjugation on VC. The hermitian symmetric
space X̃∞ has two connected components which are interchanged by [v] 7! [v̄]. The
map sending the line [v] ∈ Q(C) spanned by v = v1 + iv2, with v1, v2 ∈ VR, to the
negative definite two-dimensional subspace spanned by v1 and v2 gives a two-to-one
map X̃∞ ! X∞ and identifies each of the connected components with X∞. The
orthogonal complement of {v1, v2} in VR is positive definite. In particular, it does
not contain any isotropic vectors. It follows that

(6) X̃∞ ⊆ {[v] ∈ Q(C) | 〈v, w〉 6= 0, for all [w] ∈ Q(R)}.
This is in fact an equality except if r = 2. In signature (2, 2), the right hand side of

(6) has four connected components: two of them are given by X̃∞, while the other
two correspond to positive definite planes in VR.

We now specialise further to discuss indefinite quadratic spaces of dimensions 3
and 4, in which VR and X∞ admit useful concrete descriptions:

Signature (2, 1). When VR is of signature (2, 1), it can be identified with the sub-
space of trace zero elements M0

2(R) of the space of real 2×2 matrices, endowed with
the determinant quadratic form. The special orthogonal group G(R) is identified
with PGL2(R) and g ∈ G(R) acts on VR by conjugation:

g · v := gvg−1.

Isotropic vectors in VC correspond to certain linear endomorphisms of C2 of rank 1
and trace 0. They are are all, up to scaling, nilpotent matrices of the form

Mτ :=

(
τ
1

)
(1,−τ) =

(
τ −τ2

1 −τ

)
, τ ∈ C ∪ {∞}.

The image and kernel of Mτ are spanned by the column vector (τ, 1), and the line

spanned by Mτ belongs to X̃∞ if and only if this vector is not defined over R, i.e.,
if τ belongs to the union of the complex upper and lower half planes. The map
τ 7!Mτ therefore identifies H with the connected component X∞ of X̃∞:

(7) X∞ = H := {τ ∈ C | Im(τ) > 0}.
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The action of G(R)+ on X∞ corresponds to the usual action of PSL2(R) on H by
Möbius transformations via this identification.

Signature (2, 2). When VR is of signature (2, 2), it can be identified with the space
M2(R) of 2 × 2 real matrices endowed with the trace form. The group G(R)+ is
identified with (SL2(R)× SL2(R))/{±1} and acts on VR by left and right multipli-
cation:

(8) (γ1, γ2).v := γ1vγ
−1
2 .

Isotropic vectors in VC correspond to linear endomorphisms of C2 of rank one, which
are of the form

Mτ1,τ2 :=

(
τ1
1

)(
1 −τ2

)
=

(
τ1 −τ1τ2
1 −τ2

)
, τ1, τ2 ∈ C.

The complex lines spanned by the vectors

(
τ1
1

)
and

(
τ2
1

)
generate the image

and kernel of Mτ1,τ2 respectively. Hence, the line spanned by Mτ1,τ2 belongs to X̃∞
if and only if τ1, τ2 /∈ R, i.e., if both τ1 and τ2 belong to the union of the complex
upper and lower half planes. The map (τ1, τ2) 7! [Mτ1,τ2 ] identifies H×H with one

connected component X∞ of X̃∞:

X∞ = H×H.
Under this identification the action of G(R)+ on X∞ corresponds to the natural
action of SL2(R)×SL2(R) on H×H by Möbius transformations on each coordinate.

Signature (3, 1). When VR is of signature (3, 1), it can be identified with the space

{v ∈ M2(C) | v′ = −v̄}, q(v) = −det(v),

where v′ denotes the principal involution on M2(C) satisfying vv′ = det(v), and v̄
is the complex conjugate of v. The special orthogonal group G(R) is identified with
PGL2(C) and acts on VR by twisted conjugation:

γ.v := γ · v · γ̄−1.

The isomorphism

X∞ ∼= H(3) := C× R>0,

of the symmetric space with hyperbolic three-space is given via the assignment(
z t
1 −z̄

)
7! (z,−t− zz̄).

The case of signature (3, 1) is noteworthy for representing the first scenario in
ranks 3 or 4 where X∞ does not admit a complex structure. It will be discussed at
greater length in §5.2.

1.2. p-adic symmetric spaces.

1.2.1. Definition. Recall from the introduction that p is assumed to be an odd
prime for which VQp admits a self-dual lattice Λ. When n ≥ 3, the non-degenerate
quadratic Fp-space Λ/pΛ is isotropic, i.e., contains a non-zero isotropic vector, and
the same is thus true for VZp by Hensel’s lemma. It follows that VQp is isotropic as
well: in fact, the Witt index of VQp (the dimension of a maximal isotropic subspace)
is essentially maximal: equal to (n−1)/2 if n is odd, and greater or equal to (n−2)/2
if n is even.

The description of X∞ (or rather, of its double cover X̃∞) given in (6) in the
special case of signature (r, 2) motivates the following definition of the p-adic sym-
metric space Xp, which shall be adopted for all signatures:

(9) Xp := {[v] ∈ Q(Cp) for which 〈v, w〉 6= 0, for all [w] ∈ Q(Qp)}.
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The running assumption on VQp implies that the boundary Q(Qp) of Xp is non-
empty.

1.2.2. Rigid analytic structure. Like the real symmetric space X∞ of (5) in sig-
nature (r, 2), the space Xp admits a natural analytic structure: in this instance, a
rigid analytic structure obtained by expressing Xp as an increasing union of affinoid
subsets, as will now be described.

The choice of a self-dual Zp-lattice Λ ⊆ VQp extends the projective space PVQp

over Qp to a smooth proper model PΛ over Spec(Zp). Since Λ is self-dual, the zero
locus of q in PΛ extends the quadric QQp to a smooth integral model over Spec(Zp).
By the valuative criterion for properness,

Q(Qp) = QΛ(Zp) and Q(Cp) = QΛ(OCp).

In more concrete terms, put ΛOCp
= Λ⊗Zp OCp and let

Λ′ := Λ−pΛ, Λ′OCp
:= ΛOCp

−mOCp
ΛOCp

denote the sets of primitive vectors in Λ and ΛOCp
respectively. Each ξ ∈ Q(Qp)

(resp. Q(Cp)) can be represented by an isotropic vector vξ in Λ′ (resp. in Λ′OCp
)

which is well-defined up to multiplication by Z×p (resp. O×Cp) and extends ξ to a

point of QΛ over Zp or OCp respectively.
For each integer k ≥ 0 and every self-dual lattice Λ ⊆ VQp , the attached basic

affinoid subset X≤kp,Λ ⊆ Xp is defined to be

X≤kp,Λ = {ξ ∈ Q(Cp), with ordp(〈vξ, w〉) ≤ k for all w ∈ (Λ′)0} ,

where the subscript 0 denotes the set of isotropic vectors.

Lemma 1.1. The space Xp is the increasing union of the X≤kp,Λ.

Proof. It suffices to prove the inclusion of sets( ∞⋃
k=0

X≤kp,Λ

)c
⊆ Xc

p

inside the projective space PV (Cp). If ξ belongs to
⋂

(X≤kp,Λ)c, then for each k ≥ 1

there is a vector wk ∈ Λ′0 satisfying

〈vξ, wk〉 ≡ 0 mod pkOCp .

By the compactness of Λ′0, the sequence (wk)k≥1 contains a convergent subsequence,
whose limit is an element w ∈ Λ′0 satisfying

〈vξ, w〉 = 0.

It follows that ξ belongs to Xc
p, as was to be shown. �

Remark 1.2. It is easily checked that the covering X≤0
p,Λ ⊆ X

≤1
p,Λ ⊆ X

≤2
p,Λ ⊆ . . . fulfils

the conditions of [23, Definition 2.3]. Hence, the p-adic symmetric space Xp is a
rigid analytic Stein space.
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1.2.3. Low-dimensional examples of Xp. Assume for this section that VQp is split,
i.e., there is a basis such that the corresponding Gram matrix is of the form 1

. .
.

1

 .

Let Qadm be the connected rigid analytic space over Qp for which

Qadm(Cp) = {ξ ∈ Q(Cp) | ξ ∩DCp = 0 for all totally isotropic D ⊆ VQp}.

By definition, the p-adic symmetric space Xp is an admissible open subspace of
Qadm. In dimensions n ≤ 4, the two spaces agree and admit familiar descriptions,
as will be explained below. On the other hand, for n ≥ 5 the inclusion Xp ⊆ Qadm
is strict.

Remark 1.3. The rigid analytic space Qadm naturally appears in the theory of local
Shimura varieties as a p-adic period domain. To any triple (H,µ, b) consisting of

• a connected reductive group H over Qp,
• a miniscule cocharacter µ : Gm,Qp ! HQp and

• an element b ∈ G(Q̆p), where Q̆p denotes the completion of the maximal
unramified extension of Qp,

one can attach the weakly admissible period domain Fwa(H,µ, b) ([12, §2]) and the
admissible period domain Fa(H,µ, b) ⊆ Fwa(H,µ, b) (see Definition 3.1 of [12]).
They are open rigid analytic subvarieties of the Flag variety F(H,µ) attached to
the pair (H,µ), that are stable under the action of the Frobenius stabilizer Jb of b in
H. Now let H be the special orthogonal group of the split n-dimensional quadratic
form, µ the standard cocharacter given by z 7! diag(z, 1 . . . , 1, z−1) and b = 1. Then
Jb is equal to H, the admissible and weakly admissible period spaces agree and are
equal to Qadm (cf. [36, Appendix A]). In particular, the local reductive group GQp
should be viewed as the Frobenius stabilizer Jb of some different orthogonal group.

Example 1.4. [Three-dimensional quadratic spaces] The dimension of a totally
isotropic subspace of a three-dimensional quadratic space is at most one. Hence,

Xp = Qadm = Q(Cp)−Q(Qp).

An explicit model for the split quadratic space of dimension 3 over Qp is given by
the space of 2×2-matrices with trace zero. Just as in the discussion of real quadratic
spaces of signature (2, 1), one obtains an identification of G(Qp) with PGL2(Qp).
The same reasoning that led to (7) leads to the analogous identification

(10) Xp
∼= P1(Cp)−P1(Qp) =: Hp

of Xp with the Drinfeld p-adic upper half plane Hp, on which G(Qp) = PGL2(Qp)
acts via Möbius transformations.

Example 1.5. [Four-dimensional quadratic spaces] Let ξ = [vξ] be an element of
Q(Cp) that is not contained in Xp, i.e. for which there is an element [w] ∈ Q(Qp)
with 〈w, vξ〉 = 0. The two-dimensional regular quadratic space V ′ = w⊥/ span(w) is
split over Qp. Hence, the image of vξ in V ′Cp is a multiple of a Qp-rational isotropic

vector. Let w′ ∈ VQp be a preimage of this isotropic vector. By construction, w and
w′ span a totally isotropic subspace D ⊆ VQp and vξ is an element of DCp . Thus, v

is not an element of Qadm, and it follows that

Xp = Qadm.
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An explicit model for the split quadratic space of dimension 4 over Qp is given
by setting

(11) VQp = M2(Qp) with 〈A,A〉 = det(A).

The group SL2(Qp)× SL2(Qp) acts on Vp via (8), just as in the real case, inducing
an isomorphism

(12) G(Qp)+ = (SL2(Qp)× SL2(Qp))/{±1},
as well as an identification

Xp = Hp ×Hp
of rigid analytic varieties. The action of G(Qp)+ on Xp is by componentwise Möbius
transformations under these identifications.

1.2.4. GIT characterization of Xp. We now turn to a description of the points in
Xp in the spirit of “geometric invariant theory”, characterizing them in terms of
their stabilisers and their orbits under the action of split tori in G(Qp).

In dimension 3 and 4, the symmetric space Xp consists of exactly the points in
Q(Cp) that are not stabilized by a Qp-split torus in GQp . The following illustrative
example shows that in higher dimensions it is necessary to remove more points from
Q(Cp).

Example 1.6. Let VQp be the split quadratic space of dimension 5. Write VQp as
the orthogonal direct sum

VQp = H ⊕ U
of a hyperbolic plane H and a three-dimensional split quadratic space U . Let
0 6= wH ∈ H be an isotropic vector, wU ∈ UCp an isotropic vector such that

〈wU , u〉 /∈ Qp ∀u ∈ U−{0},
and put v := wH +wU . It is easy to check that v⊥ ∩VQp = Qpw. In particular, the
image ξ = [v] of v in Q(Cp) does not belong to Xp.

Suppose that T ⊆ GQp is a Qp-split torus that stabilizes the line ξ = [v], and let

VQp =
⊕

χ∈X∗(T )

VQp,χ

be the eigenspace decomposition of the vector space VQp with respect to the action
of T . Since T acts via orthogonal transformations, it follows that

• dimQp VQp,χ = dimQp VQp,χ−1 for every character χ ∈ X∗(T );

• VQp,χ1
⊥ VQp,χ2

for all characters χ1, χ2 ∈ X∗(T ) with χ1 6= χ−1
2 .

Thus, dimVCp,0 must be odd, hence VQp,0 6= 0. On the other hand, since GQp ,
and hence T, acts faithfully on VQp we must have that VQp,χ±1 6= {0} for some

non-trivial character χ ∈ X∗(T ). It follows that dim v⊥ ∩ VQp ≥ 2. Indeed:

• Since T stabilizes ξ = [v], the vector v is an eigenvector for the action of T. If
v ∈ VCp,0, then it is perpendicular to VQp,χ⊕VQp,χ−1 , which has dimension
at least 2. If v ∈ VCp,χ±1 on the other hand, then v is perpendicular to
VQp,0 ⊕ VQp,χ±1 , which has dimension at least 2

Since v⊥ ∩ VQp = Qpw is only one-dimensional, the above gives a contradiction.
Thus, the stabilizer of ξ contains no Qp-split torus.

Let us fix a one-parameter Qp-subgroup

µ : Gm,Qp ! GQp ,

i.e, a non-trivial homomorphism of algebraic groups over Qp, and a point ξ ∈ Q(Cp).
As before, we fix a lift vξ of ξ to VCp . Let us recall that ξ is called stable with respect
to µ if
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• the stabilizer of vξ in Gm,Cp is finite and
• the Gm,Cp -orbit of vξ is Zariski-closed in VCp .

The action of Gm,Qp on VQp induces an eigenspace decomposition

VQp =
⊕
n∈Z

VQp,n.(13)

Here we used the canonical identification X∗(Gm) = Z. As Gm,Qp acts via orthogo-
nal transformations we see that VQp,n and VQp,m are perpendicular unless n = −m.
In particular, VQp,n is an isotropic for all n 6= 0. It is easy to see that ξ is stable
with respect to µ if and only if vξ is neither contained in

VCp,≥0 =
⊕
n≥0

VCp,n

nor in

VCp,≤0 =
⊕
n≥0

VCp,n.

In particular, if x is fixed by Gm,Cp , then x is not stable.

Proposition 1.7. Let ξ be an element of Q(Cp). The following conditions are
equivalent:

• ξ ∈ Xp and
• ξ is stable with respect to every one-parameter Qp-subgroup of GQp .

Proof. Suppose there exists an one-parameter Qp-subgroup µ : Gm,Qp ↪! GQp such
that ξ is not stable with respect to µ. After possibly replacing µ by −µ we may
assume that vξ is an element of the non-negative part VCp,≥0 of the eigenspace
decomposition (13) induced by µ. Let n0 < 0 be an integer with VCp,n0

6= 0, which
exists as µ is non-trivial. Then 〈w, vξ〉 = 0 for all w ∈ VQp,n0

and, hence, ξ is not
an element of Xp.

Conversely, suppose that there exists an isotropic vector w ∈ VQp such that
〈w, vξ〉 = 0. There exists a isotropic vector w′ ∈ VQp with

〈w,w′〉 = 1.

Let U be the orthogonal complement of span{w,w′}. This yields a one-parameter
Qp-subgroup µ : Gm,Qp ! GQp as follows: for t ∈ Q×p we put

µ(t)(w) = t · w, µ(t)(w′) = t−1 · w′ and µ(t)(u) = u for all u ∈ U,

i.e. there is an eigenspace decomposition of the form

VQp = VQp,1 ⊕ VQp,−1 ⊕ VQp,0 with VQp,1 = Qpw.

Because w and vξ are perpendicular we see that vξ ∈ VCp,1 ⊕ VCp,0 and, therefore,
ξ is not stable with respect to µ. �

Remark 1.8. In [39] Totaro shows that the weakly admissible period domain at-
tached to a triple (H,µ, b) is given by the subspace of the Flag variety F(H,µ)
consisting of those points that are stable with respect to all one-parameter Qp-
subgroups of Jb. Given a generalized flag variety F for some split reductive group
J over Qp. Voskuil and van der Put analysed when the space of points that are
stable respectively semistable with respect to all one-parameter Qp-subgroups of J
agree (cf. [41]).
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2. Kudla–Millson divisors

This chapter introduces the key notion of Kudla–Millson divisors. In the theory
of rigid meromorphic cocycles, they play the role of Heegner divisors on orthogonal
Shimura varieties.

2.1. Homological algebra notation. Some notations and conventions regarding
homological algebra are collected in this section.

Let R be a (not necessarily commutative) ring. A chain complex of R-modules
is a chain complex of left R-modules concentrated in non-negative degree, i.e., a
complex of the form

. . .
d3−−! A2

d2−−! A1
d1−−! A0

d0−−! 0
d−1−−−! 0

d−2−−−! . . .

The category of such chain complexes is denoted by Ch≥0(R). For a chain complex
A• ∈ Ch≥0(R) and an integer t ≥ 0, write A•[−t] for the chain complex given by

Aq[−t] = Aq−t.

The canonical t-truncation of τ≥tA• of A• is the subcomplex given by

(τ≥tA)q =


0 if q < t,

Ker(dq) if q = t,

Aq if q > t.

By construction the homology of the t-truncation is given by

Hq (τ≥tA•) =

{
0 if q < t,

Hq(A•) if q ≥ t.

A left R-moduleM will often be viewed as a chain complex concentrated in degree 0.
A resolution of M is a chain complex A• ∈ Ch≥0 together with a quasi-isomorphism
f : A• !M . It is called a projective resolution if each Aq is a projective R-module.

Given a group G and a commutative ring R, write R[G] for the group ring of G
over R. Given a G-set I, let I denote the category whose objects are the elements
of I, with morphisms given by

Hom(i, j) := {g ∈ G with gi = j}.

An R-linear representation of I is a functor form I to the category of R-modules.
More concretely, an R-linear representation of I consists of

• a collection of R-modules Mi indexed by i ∈ I,
• for each g ∈ G and i ∈ I, an R-linear homomorphism

g : Mi −!Mgi

satisfying the properties implicit in functoriality: the neutral element of G
represents the identity transformation from Mi to Mi for each i, and the
following diagram commutes, for all i ∈ I and g, g′ ∈ G:

(14) Mi
g //

g′g

&&
Mgi

g′ // Mg′gi.

Given an R-linear representation M = (Mi)i∈I of I, both the direct sum ⊕i∈IMi

and the product
∏
i∈IMi are equipped with a G-module structure via

g.(mi)i∈I = (gmg−1i)i∈I .



12 HENRI DARMON, LENNART GEHRMANN, AND MICHAEL LIPNOWSKI

Likewise, a chain complex M• of R-linear representation of I is a functor from I to
the category of complexes of R-modules, i.e., a collection of chain complexes M•,i

of R-modules indexed by i ∈ I, together with homomorphisms of complexes

g : M•,i −!M•,gi

for all g ∈ G and i ∈ I, for which the analogue of (14) commutes.

2.2. Special cycles on X∞.

2.2.1. Definitions. A vector v ∈ VR is said to have positive length if q(v) > 0.
Denote by VR,+ (resp. V+) the subset of VR (resp. V ) of vectors of positive length.
Given a vector v ∈ VR,+, let ∆v,∞ ⊆ X∞ be the real cycle defined by

∆v,∞ = {Z ∈ X∞ | v ⊥ Z} .

The cycle ∆v,∞ is identified with the Archimedean symmetric space attached to
(Rv)⊥, a quadratic space of signature (r−1, s). Hence ∆v,∞ is of dimension (r−1)s
and defines a cycle of real codimension s in X∞. Alternately, let

τ := {(w,Z) | w ∈ Z} ⊆ VR × Z

be the tautological rank s vector bundle over X∞ whose fibre over Z (relative to
the second coordinate projection) is the vector space Z itself. A positive vector
v defines a section sv : X∞ ! τ sending Z to (vZ , Z), where vZ is the orthogonal
projection of v onto Z. The cycle ∆v,∞ is the zero locus of this section.

2.2.2. Orientations. We recall some of the generalities concerning orientation on
special cycles ∆v,∞ as defined in [27, pp. 130-131].

An orientation on a real vector space W of dimension d is a choice of a connected
component o ⊂ ∧dW −{0} ' R−{0}. A basis (w1, . . . , wd) of W is then said to be
positively oriented, or simply positive, if w1∧· · ·∧wd belongs to o. An orientation on
W induces one on its dual W ∗, by declaring that the dual basis of any positive basis
for W is positive. Given oriented real vector spaces W1 and W2 with positive bases
{w1,1, . . . , w1,k} and {w2,1, . . . , w1,`}, the basis {w1,i ⊗ w2,j | 1 ≤ i ≤ k, 1 ≤ j ≤ `}
ordered lexicographically from right to left is a positive basis for W1⊗W2. The space
HomR(W1 ⊗RW2) ∼= W ∗1 ⊗RW2 is oriented accordingly. Note that if dimRW2 = 1,
changing the orientation on W2 changes the orientation on W1 ⊗W2 if and only if
dimW1 is odd.

Fix an orientation on VR once and for all. Because X∞ is contractible, the real
vector bundle τ ! X∞ is orientable. An orientation on one of the fibres of τ thus
equips each maximal negative-definite subspace of VR with a consistent choice of
orientation, compatible with the natural action of G(R)+. With these two choices
of orientation in hand, a basis for a maximal positive-definite subspace W ⊆ VR is
said to be positively oriented if completing it by a positive basis of W⊥ yields a
positive basis of VR.

Let ∆v,∞ be the special cycle attached to v ∈ V , and let Z ∈ ∆v,∞. The
subspace U ⊆ VR generated by v is oriented by saying that {v} is a positive basis.
Following the reasoning in (4), there are canonical isomorphisms

TZ(X∞) ≡ HomR(Z,Z⊥), νZ(X∞) ≡ HomR(Z,U),

where νZ(X∞) denoted the normal space of ∆v,∞ at Z. These isomorphisms lead
to orientations on both the tangent and normal spaces of X∞ at Z. In other words,
the tangent space TZ(∆v,∞) is oriented by the convention that a positive basis of
TZ(∆v,∞) completed by a positive basis of νZ(∆v,∞) is a positive basis of TZ(X∞).
The cycle ∆v,∞ is equipped with the induced orientation. The spaces ∆v,∞ and
∆−v,∞ carry the same orientation if s is even, while they carry opposite orientations
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when s is odd. One immediately deduces that the action of g ∈ G(R)+ preserves the
chosen orientation on the cycles ∆v,∞, i.e., there is an equality of oriented cycles

g∆v,∞ = ∆g·v,∞.

2.2.3. Homology of complements of special cycles. Given a topological space X,
denote by C•(X) the singular chain complex of X with integral coefficients, i.e.,
Cq(X) is the free abelian group generated by all continuous maps from the standard
q-simplex to X. If A is a subspace of X, write

C•(X,A) = C•(X)/C•(A)

for the relative singular chain complex with associated relative homology groups
Hq(X,A) for q ≥ 0.

Proposition 2.1. Let v be an element of VR of positive length. Then

Hq(X∞, X∞−∆v,∞) ∼=

{
Z if q = s

0 otherwise.

Proof. We may assume that s ≥ 1, the case s = 0 being trivial.
Then the assertion is a consequence of the long exact sequence for relative homol-

ogy and the following claim: X∞−∆v,∞ is homotopy equivalent to an (s−1)-sphere.
Indeed, since ∆v,∞ is a totally geodesic submanifold of the symmetric space X∞
the exponential map induces a diffeomorphism

exp: TZ(X∞)−TZ(∆v,∞)
∼=−−! X∞−∆v,∞

for every Z ∈ ∆v,∞. But for any finite dimensional R-vector space V the com-
plement of a proper subspace W ( V of codimension s is homotopy equivalent to
(V/W )−{0}, which in turn is homotopy equivalent to an (s− 1)-sphere. �

The chosen orientation of ∆v,∞ determines a generator of Hs(X∞, X∞−∆v,∞),
giving rise to an identification

Hs(X∞, X∞−∆v,∞) = Z.(15)

Lemma 2.2. If γ ∈ G(R)+ fixes v, then the induced map

γ∗ : Hq(X∞, X∞−∆v,∞) −! Hq(X∞, X∞−∆v,∞)

is the identity.

Proof. Let W be the orthogonal complement of v in VR. Then the stabilizer of v
in G(R)+ is the group of elements in SO(W ) that have trivial spinor norm. Since
this group is connected, the claim follows. �

2.2.4. Kudla-Millson cycles intersecting a compact region in X∞.

Lemma 2.3. Let C ⊆ X∞ be a compact subset and d > 0 a fixed real number.
Then the set

K := {v ∈ VR | q(v) = d, ∆v,∞ ∩ C 6= ∅ }
is compact.

Proof. Consider the set

Ω :=
{

(Z, v) ∈ C × VR | Z⊥ 3 v, 〈v, v〉 = d
}
,

and let p1 : Ω ! C and p2 : Ω ! VR be the two coordinate projections. The map
p1, whose fibres are spheres of radius d in r-dimensional Euclidean space, is proper,
hence Ω is compact, and the same follows for K = p2(Ω). �

2.3. Quadratic divisors on Xp.
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2.3.1. Definition. A vector v ∈ VQp is said to be anisotropic if q(v) 6= 0. The
quadratic divisor on Xp attached to such a v is the subset ∆v,p ⊆ Xp given by

∆v,p = {ξ ∈ Xp | v ⊥ ξ} .
In case v ∈ V+, the divisor ∆v,p is called rational quadratic. By definition,

(16) γ ·∆v,p = ∆γv,p

for all γ ∈ G(Qp) and all anisotropic vectors v ∈ VQp .

Remark 2.4. Suppose n = 3. Then ∆v,p = ∅ if and only if the orthogonal comple-
ment of v in VQp is a hyperbolic plane. If VQp is the split 3-dimensional quadratic
space, this is equivalent to q(v) being a square in Q×p . For n ≥ 4 the divisor ∆v,p

is always non-empty. (See Lemma 2.6 below.)

2.3.2. Quadratic divisors intersecting affinoids. Let Λ ⊆ VQp be a self-dual Zp-
lattice. Given a non-zero vector v ∈ VQp there exists an integer n and a primitive
vector v0 ∈ Λ′ such that v = pm · v0. The order of v with respect to Λ is

ordΛ(v) = m ∈ Z

and the isotropy level of v with respect to Λ is given by

isoΛ(v) := ordp(q(v0)) ∈ Z≥0 ∪ {∞}.
They are independent of the choice of v0.

Recall that the Zp-lattice Λ ⊆ VQp leads to an expression for Xp as an increasing
union of affinoids,

Xp =

∞⋃
m=0

X≤mp,Λ .

The following p-adic counterpart of Lemma 2.3 relates this filtration to the isotropy
level.

Lemma 2.5. Let Λ ⊆ VQp be a self-dual Zp-lattice and v ∈ VQp an anisotropic
vector. Then:

isoΛ(v) > m ⇒ ∆v,p ∩X≤mp,Λ = ∅.
In particular, for every d ∈ Q×p and every integer m ∈ Z the set

K := {v ∈ VQp | q(v) = d, ∆v,p ∩X≤mp,Λ 6= ∅ }

is contained in p−kΛ for k ≤ m−ordp(d)
2 .

Proof. We may assume that v ∈ Λ′ and thus that d := isoΛ(v) = ordp(q(v)). We
note that q(v) = 0 modulo pd, and hence the image of the vector v in P(Λ/pdΛ) lies
on the quadric QΛ(Z/pdZ). Since this quadric is smooth, Hensel’s Lemma implies
that there is an isotropic vector ṽ ∈ Λ′ satisfying

ṽ ≡ v mod pdΛ.

This implies that if z ∈ Λ′OCp
is orthogonal to v, then

ordp(〈z, ṽ〉) ≥ d > m,

and therefore that [z] /∈ X≤mp,Λ . �

There is also the following converse statement to the previous lemma:

Lemma 2.6. Let Λ ⊆ VQp be a self-dual Zp-lattice and v ∈ VQp with q(v) 6= 0 such
that the orthogonal complement of v in VQp is not a hyperbolic plane. Then:

isoΛ(v) ≤ m ⇒ ∆v,p ∩X≤d3m/2ep,Λ 6= ∅.
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Proof. As before, we assume that v ∈ Λ′ and hence d := isoΛ(v) = ordp(q(v)).
Let V1 be the orthogonal complement of v in VQp and write π : VQp −! V1 for the
orthogonal projection onto V1. Then the projection π(Λ) is the dual lattice of the
intersection Λ1 = Λ∩V1. Moreover, the quotient π(Λ)/Λ1 is cyclic of order pd. The
fact that v is not isotropic modulo pd+1 implies that for every primitive isotropic
vector w ∈ Λ′0 there exists an element u ∈ Λ1 with

〈u,w〉 6= 0 mod pd+1Zp.
In particular, we see that

π(w) ∈ π(Λ)−pd+1π(Λ).(17)

We may find a self-dual OCp -lattice Λ̃1 ⊆ (V1)Cp such that

(Λ1)OCp
⊆ Λ̃1 ⊆ π(Λ)OCp

.

Moreover, each quotient of subsequent lattices in the chain above is annihilated by
pdd/2e. By (17) we may write

π(w) = pmw w̃

with w̃ a primitive vector of Λ̃1 and r ≤ d. Since Λ is compact, it follows that the
set {w̃ mod mOCp

Λ̃1 | w ∈ (Λ′)0} ⊆ Λ̃1/mOCp
Λ̃1 is finite. Let QΛ̃1

⊆ P(Λ̃1) be the

smooth quadric cut out by q = 0. The Fp-valued points of Q are not contained in
any finite union of hyperplanes. Thus, by Hensel’s Lemma there exists a primitive
vector z̃ ∈ Λ̃1 such that

q(z̃) = 0 and ordp(〈z̃, w̃〉) = 0.

for every w ∈ (Λ′)0. There exists a rational number mz ≤ d/2 such that z = pmz z̃
is primitive in ΛOCp

. Thus,

ordp(〈z, w〉) = mz +mw ≤ 3d/2

for all w ∈ (Λ′)0, i.e., the class [z] lies in the intersection ∆v,p ∩X≤d3d/2ep,Λ . �

Remark 2.7. Similar arguments as in the proof of Lemma 2.6 show the following:
Let v1, v2 ∈ VQp with q(vi) 6= 0 and ∆vi,p 6= ∅ for i = 1, 2. Then ∆v1,p = ∆v2,p if
and only if there exists a ∈ Q×p with v1 = a · v2.

2.3.3. Locally finite, rational quadratic divisors.

Definition 2.8. A formal sum

∆ :=
∑
v∈V+

av ·∆v,p

of rational quadratic divisors on Xp is said to be locally finite if it satisfies the
following equivalent conditions:

(1) For each affinoid subset A ⊆ Xp, the formal sum

∆ ∩ A :=
∑

∆v,p∩A6=∅

av ·∆v

is a divisor, that is a finite linear combination.
(2) For one (and thus for each) self-dual lattice Λ ⊆ VQp and each m ≥ 0, the

formal sum ∆ ∩X≤mp,Λ is a divisor.

Write Div†rq(Xp) for the module of locally finite, rational quadratic divisors. The

group G(Q) naturally acts on Div†rq(Xp). The equivalence of (1) and (2) follows
from Lemma 1.1.

The most common construction of locally finite divisors rests on the following
lemma:
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Lemma 2.9. Let C be a compact subset of X∞, let d be a rational number, and A
be an affinoid subset of Xp. Then the set

X = {v ∈ L | q(v) = d, ∆v,∞ ∩ C 6= ∅, and ∆v,p ∩ A 6= ∅}

is finite.

Proof. Let Λ ⊆ VQp a self-dual Zp-lattice. Since any affinoid subset is contained

in one of the form X≤np,Λ, we may assume that A = X≤np,Λ without loss of generality.
By Lemma 2.3, X is contained in a compact subset of VR, and by Lemma 2.5, it is
contained in p−kΛ∩L for some k ∈ Q, a discrete subset of VR. The finiteness of X
follows. �

2.3.4. Compactly supported products. Let O ⊆ V+ be a finite union of Γ-orbits,
such as the set of all v ∈ L satisfying q(v) = d for a given d. Lemma 2.9 motivates
the following definition:

Definition 2.10. Let M = (Mv)v∈O be a Z-linear representation of O. The com-
pactly supported product of the abelian groups Mv is the Γ-submodule of

∏
v∈OMv

given by

∏′

v∈O
Mv =

{
(mv) ∈

∏
v∈O

Mv

∣∣∣∣∣ there exists C ⊆ X∞ compact
such that ∆v,∞ ∩ C = ∅ ⇒ mv = 0

}
.

Let (Z)v∈O be the representation of O, whose objects are all equal to Z and
whose arrows attached to γ ∈ Γ are the identity maps. After multiplying O with
a positive rational number we may assume that O is contained in L. Lemma 2.9
implies that the natural Γ-equivariant homomorphism

Z :
∏′

v∈O
Z −! Div†rq(Xp), (av)v∈O 7−!

∑
v∈O

av ·∆v,p

is well-defined.
For later purposes let us discuss an important feature of compactly supported

products. The compactly supported product of a chain complex (M•,v)v∈O of O-re-
presentations is the subcomplex∏′

v∈O
M•,v ⊆

∏
v∈O

M•,v

defined by taking the compactly supported product in each degree. One easily de-
duces that taking compactly supported products commutes with taking homology:

Lemma 2.11. For all q ≥ 0,

Hq

(∏′

v∈O
M•,v

)
=
∏′

v∈O
Hq(M•,v).

2.4. Kudla–Millson divisors. Suppose for the moment that s = 0 and that Γ is
torsion-free. Then Γ acts discretely on the p-adic locally symmetric space Xp and
the quotient Γ\Xp is a smooth rigid analytic variety. We may identify Div†rq(Xp)

Γ

with the space of those divisors on Γ\Xp whose pullback to Xp is a (locally finite)
rational quadratic divisor.

For general s the “Archimedean components” of rational quadratic divisors define
real codimension s cycles on the Archimedean locally symmetric space X∞. This
suggests studying classes in Hs(Γ,Div†rq(Xp)). We will attach to every subset O ⊆
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V+ that is a finite union of Γ-orbits a class DO ∈ Hs(Γ,Div†rq(Xp)). Roughly
speaking, DO should arise from the assignment

Cs(X∞) −! Div†rq(Xp), c 7−!
∑
v∈O

(c ∩∆v,∞) ·∆v,p(18)

where c is a s-chain on X∞ and (∆v,∞ ∩ c) is the signed count of intersection
points of c and ∆v,∞. The main obstacle to making this rigorous is arises from the
possibility that c and ∆v,∞ might not intersect transversally. In what follows, this
difficulty is overcome by constructing a G(Q)-invariant subcomplex C• ⊆ C•(X∞)
for which

• the inclusion C• ↪! C•(X∞) is a quasi-isomorphism and
• every c ∈ Cs intersects every Archimedean cycle ∆v,∞ nicely.

2.4.1. A subcomplex of the singular chain complex. Every γ ∈ G(Q) induces homo-
morphisms

γ : C•(X∞) −! C•(X∞),

as well as homomorphisms

γ : C•(X∞, X∞−∆v,∞) −! C•(X∞, X∞−∆γv,∞)

for each v ∈ V of positive length, which fulfil relation (14). Hence (C•(X∞, X∞−
∆γv,∞))v∈V+

is a representation of the Γ-module V+. The product of the quotient
maps

C•(X∞) −! C•(X∞, X∞−∆v,∞)

defines a G(Q)-equivariant homomorphism

r• : C•(X∞) −!
∏
v∈V+

C•(X∞, X∞−∆v,∞)

of chain complexes.
By Proposition 2.1 the homology of the chain complex

C•(X∞, X∞−∆v,∞)

is concentrated in degree s. Therefore, the inclusion

τ≥sC•(X∞, X∞−∆v,∞) −! C•(X∞, X∞−∆v,∞)

of the canonical s-truncation is a quasi-isomorphism. Since taking homology com-
mutes with products, the inclusion

ι• :
∏
v∈V+

τ≥sC•(X∞, X∞−∆v,∞) −!
∏
v∈V+

C•(X∞, X∞−∆v,∞)

is a quasi-isomorphism as well.
Define

C• ⊆ C•(X∞)

to be the pullback of
∏
v∈V+

τ≥sC•(X∞, X∞−∆v,∞) along r•. More concretely,

Cq =

{
Cq(X∞) for q > s,

Cq(X∞−
⋃
v∈V+

∆v,∞) for q < s,

and

Cs =
{
c ∈ Cs(X∞)

∣∣∣ ds(c) ∈ Cs−1(X∞−
⋃
v∈V+

∆v,∞)
}
.

Proposition 2.12. The inclusion

C• −! C•(X∞)

is a quasi-isomorphism. In particular, C• is a resolution of the constant Z[Γ]-module
Z.
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Proof. Since countable unions of proper closed submanifolds have measure zero, it
follows that there exists a point

Z ∈ X∞−
⋃

v∈V,q(v)>0

∆v,∞.

Thus, surjectivity on homology follows from the fact that X∞ is contractible. In-
jectivity on homology follows from the next general lemma on chain complexes. �

Lemma 2.13. Let f• : A• ! B• be a quasi-isomorphism of chain complexes and
g• : C• ! B• a homomorphism of chain complexes. Then the pullback

f̃ : A• ×B• C• −! C•

of f along g induces injective maps on homology.

Proof. Let (x, y) ∈ An ×Bn Cn be a cycle, i.e., assume that

dx = 0, dy = 0 f(x) = g(y).

Suppose that the image of (x, y) in the homology of Cn is equal to zero. That means

that there exists z ∈ Cn+1 such that f̃(x, y) = y = dz for some z ∈ Cn+1. Since
f(x) = g(y) = g(dz) = d(g(z)) is a boundary and f is a quasi-isomorphism, we see
that x is a boundary as well. Thus there exists an element u ∈ An+1 such that
x = du. It follows that d(u, z) = (x, y) is a boundary, which proves the claim. �

2.4.2. Divisor valued cohomology classes attached to Γ-orbits. Let O ⊆ V+ be a
finite union of Γ-orbits. By definition the image of the Γ-equivariant map

rO• : C•(X∞) −!
∏
v∈O

C•(X∞, X∞−∆v,∞)

is contained in the compactly supported product. Thus, restricting this map to C•

gives a homomorphism

rO• : C• −!
∏′

v∈O
τ≥sC•(X∞, X∞−∆v,∞).

The natural quotient map to homology induces a Γ-equivariant quasi-isomorphism

h• :
∏′

v∈O
τ≥sC•(X∞, X∞−∆v,∞) −!

∏′

v∈O
Hs(X∞, X∞−∆v,∞)[−s].

Moreover, the identification (15) induces a Γ-equivariant isomorphism

t :
∏′

v∈O
Hs(X∞, X∞−∆v,∞)

∼=−−!
∏′

v∈O
Z.

The composition

Z ◦ t ◦ h• ◦ rO• : C• −! Div†rq(Xp)[−s]

defines a morphism from Z to Div†rq(Xp)[−s] in the derived category of Z[Γ]-modules
or, in simpler terms, a class

DΓ
O ∈ Hs(Γ,Div†rq(Xp)).

Let us unravel this construction. It is convenient to introduce the following
signed intersection number for c ∈ Cs and ∆v, v ∈ VR,+: by definition

ds(c) ∈ Ker(ds−1 : Cs−1(X∞−∆v,∞)! Cs−2(X∞−∆v,∞)).

The intersection number c ∩∆w,∞ is the image of ds(c) in the reduced homology

group H̃s−1(X∞−∆v,∞) that we identify with Z by (15). If c is a smooth and does
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intersect ∆v,∞ transversely, this is simply the signed count of intersection points of
c with ∆v,∞. Now the class DΓ

O is in fact given by the s-cocycle

Cs −! Div†rq(Xp), c 7−!
∑
v∈O

(c ∩∆v,∞) ·∆v,p.

2.4.3. Restriction to a subgroup. Let Γ′ ⊆ Γ be a finite index subgroup and

res : Hs(Γ,Div†rq(Xp)) −! Hs(Γ′,Div†rq(Xp))

the restriction map on cohomology. The group Γ′ fulfils all the conditions that were
imposed on Γ. Moreover, the set O is also a finite union of Γ′-orbits. Thus, we can
define the class

DΓ′

O ∈ Hs(Γ′,Div†rq(Xp)).

The following proposition follows directly from the construction.

Proposition 2.14. Let Γ′ ⊆ Γ be a finite index subgroup. Then

res(DΓ
O) = DΓ′

O .

Since the class DΓ
O does not depend on the group Γ preserving O, we adopt the

abbreviation
DO := DΓ

O.

Remark 2.15. If O decomposes into the union of Γ-orbits O1, . . . ,Oh, then

DO =

h∑
i=1

DOi .

Moreover, DaO = sign(a)s · DO for every a ∈ Q×. If V is three-dimensional and
O consists of a single Γ-orbit, the class DO is obviously zero if ∆v = ∅ for one
(and thus any) v ∈ O. It is natural to wonder whether the latter relations generate
all relations between the divisors attached to Γ-orbits in V+.. This is known in
signature (3, 0) and (2, 1). The case that V is the split three-dimensional quadratic
space and Γ = SL2(Z[1/p]) is implicitly treated in [16]. For the general case see
[19].

2.4.4. Kudla–Millson divisors attached to Schwartz functions. The class DO at-
tached to a Γ-orbit O ⊆ V+ should be viewed as an analogue of the connected
cycles on orthogonal Shimura varieties introduced by Kudla in [25, Section 3]. In
the following we introduce the analogue of weighted cycles in the sense of [25, Sec-
tion 5]. Let Apf denote the ring of finite adeles away from p, that is, the restricted

product over all completions Q` for all rational primes ` 6= p. Put VApf := V ⊗Q Apf
and write

S(VApf ) := {Φ: VApf ! Z | f locally constant with compact support}

for the space of Z-valued Schwartz functions on VApf with its natural G(Apf )-action.

The group G(Q) acts on S(VApf ) via the diagonal embedding G(Q) ↪! G(Apf ). Let

Φ ∈ S(VApf ) be a Γ-invariant Schwartz function and m a positive rational number.

For every non-zero integer r the set O(m,Φ, r) := {v ∈ V | q(v) = m, Φ(v) = r} is
a finite union of Γ-orbits. Moreover, it is empty for all but finitely many r. Thus,
the cohomology class

Dm,Φ :=
∑

r∈Z−{0}

r ·DO(m,Φ,r)

is well-defined. Its definition is inspired by the formula for the restriction of a
weighted cycle to a connected component of an orthogonal Shimura variety (cf. [25,
Proposition 5.4]).
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Definition 2.16. The space of Kudla–Millson divisors of level Γ is the subspace

KM(Γ) ⊆ Hs(Γ,Div†rq(Xp))

generated by the classes Dm,Φ with m ∈ Q>0 and Φ ∈ S(VApf )Γ.

2.4.5. Kudla–Millson divisors attached to cosets. The following class of Kudla–
Millson divisors features prominently in the construction of p-adic Borcherds prod-
ucts in Section 3.3. Assume for the moment that Γ acts trivially on the discriminant

module DL. Let L̂ be the completion of the lattice L inside VApf . Then β + L̂ is a

Γ-invariant compact open subset of VApf and, thus, the characteristic function 1β+L̂

is a Γ-invariant Schwartz function.

Definition 2.17. The Kudla–Millson divisor Dm,β ∈ KM(Γ) is defined as

Dm,β := Dm,1β+L̂
.

Denote by OL(m,β) the set of vectors v ∈ β + L such that q(v) = m. The
equality

Dm,β = DOL(m,β).

follows directly from the definition. If v ∈ β, then clearly −v ∈ −β. Since q(v) =
q(−v), the equality

Dm,β = (−1)sDm,−β

follows. Moreover, a simple calculation shows that Kudla–Millson divisors are p-
ordinary in the following sense:

Proposition 2.18. For all β ∈ DL and all positive rational numbers m :

Dp2m,pβ = Dm,β .

2.5. Explicit cocycles for small values of s. By unravelling the definition we
see that in case s = 0 the class DO is simply the Γ-invariant divisor

DO =
∑
v∈O

∆v,p.

In particular, it is non-zero whenever ∆v,p 6= ∅ for one (and thus for all) v ∈ O.

2.5.1. Transversal base points. When s ≥ 1, the complex C• is rather big. For both
computational and theoretical purposes it is desirable to replace it by something
more manageable.

Definition 2.19. A transversal base point is a pair (P•, p•) consisting of a projective

resolution P•
ε
−! Z of the trivial Γ-module Z and a Γ-equivariant quasi-isomorphism

p• : P• −! C•

that induces the identity on Z.

Let P• be a projective resolution of Z. By Proposition 2.12 the chain complex
C• is a (non-projective) resolution of Z. Thus, by [42, Theorem 2.2.6], there exists
a Γ-equivariant quasi-isomorphism

p• : P• −! C•

inducing the identity on Z. Moreover, any two such maps are homotopic.
Let (P•, p•) be a transversal base point. For c ∈ Ps and v ∈ VR,+, define the

intersection product
c ∩p• ∆v,∞ = ps(c) ∩∆v,∞.

Then for s ≥ 1 a cocycle representing the class DO is given by the map

Ps −! Div†rq(Xp), c 7−!
∑
v∈O

(c ∩p• ∆v,∞) ·∆v,p.
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2.5.2. Barycentric simplices. A natural candidate for P• is the bar resolution B(Γ)•

of Z given by

B(Γ)q = Z[Γq+1]

and

dq([γ0, . . . , γq]) =

q∑
i=0

(−1)i[γ0, . . . , γ̂i, . . . , γq].

Every point x ∈ X∞ gives rise to a map of chain complexes of Z[Γ]-modules

bx• : B(Γ)• −! C•(X∞)

sending (γ0, . . . , γq) ∈ B(Γ)q to the barycentric simplex [γ0x, . . . , γqx] with corners
γ0x, ..., γqx. Let us briefly recall the construction of barycentric simplices: let

∆q := {(t0, t1, . . . , tq) s.t. 0 ≤ tj ≤ 1, t0 + t1 + · · ·+ tq = 1} ⊆ Rq+1

denote the standard q-dimensional simplex in Rq+1. The choice of a (q + 1)-tuple
of points (x0, x1, . . . , xq) in X∞ determines a map

Φx0,...,xq : ∆q −! X∞

sending (t0, t1, . . . , tq) to the unique minimum1 of the real-valued function g : X∞ !
R defined by

g(x) := t0d(x, x0)2 + t1d(x, x1)2 + · · ·+ tqd(x, xq)
2.

The map Φx0,...,xs maps the vertices of ∆q to the points x0, . . . , xq, and we set

[x0, . . . , xq] := Φx0,...,xq ∈ Cq(X∞).

The boundary of this q-dimensional simplex is given by

∂([x0, . . . , xq]) =

q∑
i=0

(−1)i[x0, . . . , x̂i, . . . xq],

where [x0, . . . , x̂i, . . . xq] denotes the (q − 1)-dimensional simplex in X∞ obtained
by removing the i-th vertex from [x0, . . . , xq].

2.5.3. Transversal base points in signature (r, 1). It is natural to ask whether there
exists a point x ∈ X∞ for which the map bx• is a transversal base point, i.e., factors
over C•. This question can be answered affirmatively if s = 1. Indeed, in that case
the only condition required of x is that it not be an element of the union of all
∆v,∞, v ∈ O, and it was already observed in the proof of Proposition 2.12 that
such points exist. So in case s = 1 we may chose x as above and get the following
description of the class attached to the orbit of v: the space X∞−∆v,∞ decomposes
into two connected components H+

v and H−v for all v ∈ O, where the choice of H+
v

is determined by the chosen orientations. Then the intersection product is given by

[γ0, γ1] ∩bx• ∆v,∞ =


0 if γ0x and γ1x both belong to H+

v or H−v ;

1 if γ0x ∈ H+
v and γ1x ∈ H−v ;

−1 if γ0x ∈ H−v and γ1x ∈ H+
v .

(19)

1The function g is proper and strictly convex on X∞. Thus, it achieves its minimum value at
exactly one point.
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2.6. Modular symbols. Assume that the signature of V is (r, 1). The locally
symmetric space Γ◦\X∞ is not compact for one (and therefore any) arithmetic
subgroup Γ◦ ⊆ G(Q) if and only if Q(Q) 6= ∅, i.e., V has an isotropic vector. In
this case all maximal isotropic subspaces of V are one-dimensional, i.e., given two
distinct elements [w1], [w2] ∈ Q(Q) we have

〈w1, w2〉 6= 0.

For the remainder of this section the assumption Q(Q) 6= ∅ is made. Note that by
Meyer’s theorem this is automatic in case r ≥ 4.

The group Γ acts on the set Q(Q) via the inclusion Γ ⊆ G(Q). Therefore, it acts
naturally on the free abelian group Z[Q(Q)] generated by Q(Q) and its subgroup

Z[Q(Q)]0 :=
{∑

n` · ` ∈ Z[Q(Q)]
∣∣∣ ∑n` = 0

}
.

Definition 2.20. Let M be any Γ-module. The space of M -valued modular symbols
is the Γ-module

MS(M) := HomZ(Z[Q(Q)]0,M).

Let

δ : MS(Div†rq(Xp))
Γ −! H1(Γ,Div†rq(Xp))

be the boundary map of the long exact sequence obtained by applying the functor
Hom(−,Div†rq(Xp)) to the short exact sequence

0 −! Z[Q(Q)]0 −! Z[Q(Q)] −! Z −! 0(20)

and taking Γ-invariants.
We now discuss how certain Kudla–Millson divisors can be lifted to Γ-invariant

modular symbols. This bridges the gap to the formulation of the theory in terms
of modular symbols as formulated in [16]. It also gives a criterion for showing
that Kudla–Millson divisors are non-zero. The following lemma shows that the
associated modular symbol, if it exists, is unique.

Lemma 2.21. The map

δ : MS(Div†rq(Xp))
Γ −! H1(Γ,Div†rq(Xp))

is injective.

Proof. Analyzing the long exact sequence induced by the short exact sequence (20)
we see that it is enough to show that

HomZ(Z[Q(Q)],Div†rq(Xp))
Γ = 0.

The stabilizer of each element w ∈ Q(Q) defines a parabolic subgroup Pw ⊆ G.
Let Uw ⊆ Pw be its unipotent radical. We put Γw = Pw(Q) ∩ Γ. By [8, Theorem
7.3], the group Γ acts on Q(Q) with finitely many orbits Γw1, . . . ,Γwh. Thus it is
enough to show that

HomZ(Z[Γwi],Div†rq(Xp))
Γ = 0

for every i = 1, . . . , h.
For each w ∈ Q(Q), the Z[Γ]-module HomZ(Z[Γw],Div†rq(Xp)) can be identified

with the coinduction of Div†rq(Xp) from Γw to Γ. Thus, by Shapiro’s Lemma, we
see that it is enough to prove that

Div†rq(Xp)
Γw = 0.

The parabolic Pw naturally acts on the Qp-variety

Qw := QQp−w⊥.



RIGID MEROMORPHIC COCYCLES FOR ORTHOGONAL GROUPS 23

We claim that Qw is a principal homogeneous Uw-space. This would immediately
imply that

Div†rq(Xp)
Uw(Qp) = 0

and, as strong approximation holds for unipotent groups, that

Div†rq(Xp)
Γw∩Uw(Qp) = 0.

The claim can be deduced from the Bruhat decomposition. In the following we
sketch an elementary proof of the claim.

The parabolic group Pw acts on the space V ′ = w⊥/ span{w}. It is not hard to
see that the unipotent radical Uw consists of all elements in the kernel ker(Pw !
GL(V ′)) that act trivially on w. Let us fix an isotropic vector w′ with

〈w,w′〉 = 1

and put W = span{w,w′}⊥. Let K be any field extension of Qp. We may write
any vector v ∈ VK uniquely as v = a ·w+b ·w′+u with a, b ∈ K and u in WK . The
condition that v is not in the orthogonal complement of w is then equivalent to b
being non-zero. So every ξ ∈ Qw(K) is represented by a unique element of the form
vξ = a · w + w′ + u. Moreover, since the line ξ is isotropic we see that a = −q(u).
Conversely, the line spanned by −q(u)w+w′+ u is an element of Qw(K) for every
u ∈ WK . Thus, we may identify Qw with the affine space associated to W . What
remains is to construct a unique transformation fu ∈ Uw(K) such that

fu(w′) = −q(u)w + w′ + u.

Remember that such a transformation necessarily has to fulfil f(w) = w. Therefore,
it remains to define the restriction of fu to WK . There are two cases: first assume
that q(u) 6= 0. Then we put fu(u) = u + q(u)w and fu(x) = x for all x ∈ WR

perpendicular to u. Secondly, if u is isotropic, we choose an isotropic vector u′ ∈WR

such that

〈u, u′〉 = 1

We put fu(u) = u, fu(u′) = u′ + w and fu(x) = x for every x perpendicular to
span(w,w′, u, u′). In both cases fu is an orthogonal transformation that fixes w and
acts trivially on V ′K . �

2.6.1. Modular symbols and intersections with geodesics. Given distinct isotropic
lines `−, `+ ∈ Q(Q) we let Π(`−, `+)R ⊆ VR denote the R-plane spanned by `− and
`+. The set

[`−, `+] = {Z ∈ X∞ | Z ⊆ Π(`−, `+)}

defines a one-dimensional flat subspace of X∞. Note that X∞ consists of the
negative lines of VR. In particular, there is a natural embedding of X∞ into P(VR).
We may compactify X∞ by adding Q(R) as the boundary. Let X∞ be the resulting
closed subspace of P(VR). Then the closure of [`−, `+] in X∞ is just the geodesic
from `− to `+ and we equip it with the induced orientation.

Let v ∈ V be a vector of positive length such that its orthogonal complement in
V is anisotropic. This implies that the cycles ∆v,∞ and [`−, `+] intersect transver-
sally and we write (∆v,∞ ∩ [`−, `+]) for its signed intersection number. By the

assumption that v⊥ is anisotropic over Q, the closure ∆v,∞ of ∆v,∞ in X∞ does

not intersect Q(Q). The complement of ∆v,∞ in X∞ decomposes into two con-

nected components H
+

v and H
−
v . The intersection number is zero if and only if `−

and `+ are on the same connected component. Choosing generators w− and w+ of
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`− and `+ with 〈w−, w+〉 < 0 this happens if and only if 〈v, w−〉 and 〈v, w+〉 have
opposite sign. Concretely the intersection number can be computed by

∆v,∞ ∩ [`−, `+] =


0 if `−, `+ ∈ H

+

v or `−, `+ ∈ H
−
v

1 if `− ∈ H
+

v , `+ ∈ H
−
v

−1 if `− ∈ H
−
v , `+ ∈ H

+

v

(21)

2.6.2. Finiteness of intersections.

Lemma 2.22. Fix a pair of distinct elements [w−], [w+] ∈ Q(Q). We may assume
that 〈w−, w+〉 = −1. Fix a rational number d > 0 and a Z-lattice L◦ in V . There
are only finitely many vectors v ∈ L satisfying:

• q(v) = d,
• 〈v, w−〉, 〈v, w+〉 are both non-zero and have opposite sign.

Proof. Let Π be the subspace generated by w− and w+. The plane Π is hyperbolic
and the restriction of 〈·, ·〉 to Π is non-degnerate. So there is an orthogonal decom-
position V = Π⊕Π⊥ and Π⊥ is positive definite. We may write v = v|| + v⊥ with
respect this decomposition. The projection v|| equals

v|| = − (〈v, w+〉w− + 〈v, w−〉w+) .

We calculate:

d = q(v)

= q(v⊥) + q (− (〈v, w+〉w− + 〈v, w−〉w+))

= q(v⊥) + (〈v, w+〉 · 〈v, w−〉 · 〈w−, w+〉)

= q(v⊥)− 〈v, w+〉 · 〈v, w−〉

= q(v⊥) + |〈v, w+〉| · |〈v, w−〉| ,

where the last equality follows because 〈v, w−〉 and 〈v, w+〉 have opposite signs.
There is some integer N such that Nw−, Nw+ ∈ L. Then

−N2 · v⊥ = 〈v,Nw+〉Nw− + 〈v,Nw−〉Nw+ ∈ L.

So

dN4 = q(−N2 · v⊥) +N2 · |〈v,Nw+〉| · |〈v,Nw−〉|

=⇒ dN4 ≥ q(−N2 · v⊥) and N2 · |〈v,Nw+〉| · 〈v,Nw−〉| ,

since both summands are positive. There are only finitely many possibilities for
the vector v⊥ since rN2 · v⊥ is a vector in the lattice L◦ ∩ Π⊥ equipped with the
quadratic form Q which is positive definite on Π⊥.

Also, |〈v,Nw+〉| and |〈v,Nw−〉| are positive integers (they are non-zero by as-
sumption), and their product has bounded size. Thus there are only finitely many
possibilities for both of 〈v, w−〉 and 〈v, w+〉 and hence only finitely many possibili-
ties for v||. Hence, there are only finitely many possibilities for v = v||+v⊥, proving
the Lemma. �

2.6.3. Lifting Kudla–Millson divisors to modular symbols.

Proposition 2.23. Let O be a Γ-orbit of vectors of positive length in V such that
the orthogonal complement in V of one (and thus every) v ∈ O is anisotropic. For
every pair of rational isotropic lines `−, `+ ∈ Q(Q) the formal sum∑

v∈D̃O

(∆v,∞ ∩ [`−, `+]) ·∆v,p ∈ Div†rq(Xp)
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is locally finite. Furthermore, the assignment

D̃O : Q(Q)×Q(Q)! Div†rq(Xp)

(`−, `+) 7!
∑
v∈O

(∆v,∞ ∩ [`−, `+]) ·∆v,p

defines a Γ-invariant Div†rq(Xp)-valued modular symbol that lifts the divisor DO,
i.e.,

δ(D̃O) = DO.

If in addition O 6= −O and the orthogonal complement in V of one (and thus
every) v ∈ O is not a hyperbolic plane, then the divisor valued cohomology class
DO is non-zero.

Proof. Replacing Lemma 2.3 by Lemma 2.22, local finiteness of the divisor follows

as before. That D̃O defines a Γ-invariant modular symbol is a formal calcula-
tion reducing to equivariance of intersection numbers and of Kudla-Millson cycles.
Comparing the two different intersection products (19) and (21) yields the equality

δ(D̃O) = DO. In order to show that DO is non-zero, it is enough to show that

D̃O is non-zero by Lemma 2.21. Remark 2.7 implies that ∆v1,p 6= ∆v2,p for all
vectors v1, v2 ∈ O with v1 6= v2. Thus, it is enough to prove the existence of v ∈ O
and `−, `+ ∈ Q(Q) such that ∆v,∞ ∩ [`−, `+] 6= 0. But this is obvious from the
description (21) of the intersection product. �

Whether the orthogonal complement of v is anisotropic or not only depends on
q(v) by Witt’s cancellation theorem. This leads to the following definition

Definition 2.24. A positive rational number m ∈ Q>0 is called compact with
respect to (V, q) if the orthogonal complement of one (and thus all) v ∈ V with
q(v) = m is anisotropic.

Proposition 2.23 immediately implies:

Corollary 2.25. Assume that Γ acts trivially on DL. Let m ∈ Q>0 be compact
with respect to (V, q) and β ∈ DL. Then there exists a Γ-invariant modular symbol

D̃m,β ∈ MS(Div†rq(Xp))
Γ such that

δ(D̃m,β) = Dm,β .

Remark 2.26. The discussion above is only applicable in small dimensions. Indeed,
by Meyer’s theorem there are no vectors v ∈ V of positive length whose orthogonal
complement in V is anisotropic if r ≥ 5. On the other hand in dimension 3 the
Kudla–Millson divisor DO of every Γ-orbit O can be lifted to a modular symbol
since, if the orthogonal complement of v in V contains an isotropic vector, then
∆v,p is empty anyway.

3. Rigid meromorphic cocycles and p-adic Borcherds products

This chapter introduces the notion of rigid meromorphic cocycles and constructs
an analogue of Borcherds’ singular theta lift under certain restrictive assumptions
on the signature of V .

3.1. Rigid meromorphic cocycles.
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3.1.1. Definitions. LetM×rq be the multiplicative group of rigid meromorphic func-

tions on Xp that are defined over Qp and whose divisor belongs to Div†rq(Xp). The
G(Qp)-equivariant homomorphism

div : M×rq −! Div†rq(Xp)

induces the divisor map

div∗ : Hs(Γ,M×rq) −! Hs(Γ,Div†rq(Xp)).

Definition 3.1. A rigid meromorphic cocycle of level Γ is a class in J ∈ Hs(Γ,M×rq)
whose image under the divisor map is a Kudla–Millson divisor. Let

RMC(Γ) = div−1
∗ (KM(Γ))

denote the space of rigid meromorphic cocycles.

3.1.2. Lifting obstructions. By definition, there is an exact sequence of G(Qp)-
modules

0 −! A× −!M×rq
div−−! Div†rq(Xp),

with A being the ring of rigid analytic functions on Xp that are defined over Qp.

Proposition 3.2. The map div is surjective, i.e., the sequence

0 −! A× −!M×rq
div−−! Div†rq(Xp) −! 0(22)

is exact.

Proof. Let

D :=
∑
v∈V

av ·∆v,p ∈ Div†rq(Xp)

be a locally finite, rational quadratic divisor. Fix a self-dual Zp-lattice Λ ⊆ VQp .
By Lemma 2.6 the locally finite divisor D can be written as a sum

D =

∞∑
m=0

Dm, Dm :=
∑

isoΛ(v)=m

av∆v,p

of finite divisors Dm. Let v be a vector that contributes to Dm. One may suppose
that v is primitive, and choose an isotropic vector ṽ ∈ Λ′ satisfying

(23) ṽ ≡ v mod pm.

Fix a primitive representative vξ ∈ Λ′OCp
for every ξ ∈ Xp. By definition of Xp, the

expression 〈ṽ, vξ〉 is non-zero for all ξ ∈ Xp. The function

(24) fv(ξ) :=
〈v, vξ〉
〈ṽ, vξ〉

is independent of the choice of vξ and defines a rigid meromorphic function of

ξ ∈ Xp with divisor ∆v. If n < m, then the restriction of fv to X≤np,L is analytic

and (23) implies that

|fv(ξ)− 1| ≤ pn−m for all ξ ∈ X≤np,L.

It follows that the rational functions

fDm(ξ) :=
∏

v∈p−mΛ′

fv(ξ)
av

with divisor Dm converge uniformly to 1 on any affinoid. The infinite product

fD(ξ) :=

∞∏
m=0

fDm(ξ)
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therefore converges to a rigid meromorphic function on Xp with divisor D . The
lemma follows. �

Remark 3.3. Note that the rigid meromorphic function fD constructed in the proof
is far from unique since it depends on the choice of a system of isotropic vectors
{ṽ}v∈V . A different choice would multiply fD by an element of A×.

The short exact sequence of Proposition 3.2 induces a long exact sequence in
cohomology. Let

[ ] : Hs(Γ,Div†rq(Xp))! Hs+1(Γ,A×)

be the induced boundary homomorphism. It measures the obstruction of lifting a
divisor-valued cohomology class to a cohomology class with values in meromorphic
functions. Thus, its image should be viewed as an analogue of the divisor class
group.

The Gross–Kohnen–Zagier theorem of Borcherds (cf. [5]) states that generating
series of Heegner divisors in the divisor class group on an orthogonal Shimura
variety is a modular form. This leads naturally to the following question: Assume
that Γ acts trivially on DL. Let eβ , β ∈ DL, denote the standard basis of Z[DL]
corresponding to β. What modularity properties does the formal Fourier series

ZL(τ) :=
∑
β∈DL

∑
m∈Z>0

(p)

[Dm,β ] · e2πi·mτ · eβ(25)

have? Note that Proposition 2.18 suggests that it is enough to consider only those
m ∈ Q>0 that lie in Z(p), that is, those that satisfy ordp(m) ≥ 0. We will partially
answer this question in Section 3.3.

3.1.3. The cycle class map. For higher dimensional orthogonal Shimura varieties
the kernel of the cycle class map from the divisor class group to the second singular
cohomology group is frequently torsion. This is used in the proof of [43, Theorem
1.3] to deduce the modularity of the generating series of Heegner cycles in the
Chow group from Kudla and Millson’s modularity theorem for topological cycles.
The analogue of the cycle class map in the current setup is the homomorphism

cyc: Hs+1(Γ,A×)! Hs+1(Γ,A×/Q×p ).

Remark 3.4. If n = 3 and s = 0 one can identify H1(Γ,A×) with the Picard group
of the Mumford curve Γ\Xp, while H1(Γ,A×/Q×p ) is canonically isomorphic to Z,
and the homomorphism cyc agrees with the usual degree map. See [17, Appendix
A] for a discussion of this case and its parallel with rigid meromorphic cocycles in
signature (2, 1).

Similarly, as in the setting of orthogonal Shimura varieties the kernel of cyc tends
to be torsion frequently:

Proposition 3.5. Let n ≥ 4 and r ≥ s. If n = 4, assume that VQp is split and
that G is almost Q-simple. Then the kernel of cyc is finite in the following cases:

• s is even
• s = 1
• s ≡ 1 mod 4 and r is odd

Moreover, in the case s = 0 the exponent of ker(cyc) divides p− 1.

Proof. It is enough to show that the group Hs+1(Γ,Q×p ) is finite. Since Γ is a
p-arithmetic group, it is of type (VFL) by [35, no 2.4, Theorem 4]. The remark
on page 101 of loc.cit. implies that for every finitely generated abelian group A the
cohomology groups Hi(Γ, A), i ≥ 0, are finitely generated and that

Hi(Γ, A) = Hi(Γ,Z)⊗Z A
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for every flat Z-module A and every i ≥ 0. Thus, it is enough to prove that
Hs+1(Γ,C) = 0. For n 6= 4 the group G is almost Q-simple. Thus, in all cases, one
may apply the main theorem of [4] that describes Hi(Γ,C) in terms of automorphic
forms. To be more precise let rp denote the Qp-rank of GQp . One may decompose

(26) Hi(Γ,C) ∼= Hi
Stbg(Γ,C)⊕Hi

const(Γ,C).

The first summand is generated by cuspidal automorphic representations, whose
local factor at p is a twist of the Steinberg representation of G(Qp), and which
contribute to the cohomology in degree i − rp of some locally symmetric space
attached to G. By a theorem of Vogan–Zuckerman (see [40, Theorem 8.1]), there is
no cuspidal cohomology in degrees below s. The existence of a self-dual Zp-lattice
in VQp forces the Weil index of VQp to be greater or equal to 2 if n ≥ 5. Hence
rp ≥ 2 in all cases, which implies that

Hs+1
Stbg(Γ,C) = 0.

The second summand in (26) can be described via G(R)-invariant differential i-
forms on X∞. These are in one-to-one correspondence with classes in Hi(X∨∞,C),
where X∨∞ denotes the compact dual of X∞. More precisely, X∨∞ is the Grassman-
nian of oriented s-planes in Rr+s. If s is even, the rational cohomology of X∨∞ is
concentrated in even degrees (see [7]). In case s = 1, the oriented Grassmannian
X∨∞ is just the r-sphere and, thus, its cohomology is concentrated in degree 0 and
r. Finally, if r and s are both odd, then the cohomology of X∨∞ is generated by
Pontryagin classes of the tautological bundles over X∨∞, whose degrees are by defi-
nition divisible by 4, and a class in degree r+ s−1 (cf. [38]). Thus, we deduce that
Hs+1

const(Γ,C) = 0 in all cases. �

Remark 3.6. In the definite case, that is, s = 0, the vanishing of the first cohomology
group of Γ also follows from Margulis’ normal subgroup theorem (see [29, Chapter
VIII, Theorem 2.6]).

Remark 3.7. In case of signature (3, 1) the group GR is almost R-simple and, there-
fore, G is almost Q-simple.

3.2. Vector-valued modular forms. We give a reminder on the Weil represen-
tation attached to finite quadratic modules and vector-valued modular forms and
introduce a Up2-operator on vector-valued modular forms. We state the modularity
of theta series of definite quadratic forms as well as Funke and Millson’s theorem
on the modularity of intersection numbers of special cycles with modular symbols.

3.2.1. The Weil representation attached to a finite quadratic module. Let H ⊆ C
denote the complex upper half plane and GL2(R)+ ⊆ GL2(R) the subgroup of
matrices with positive determinant. The group GL2(R)+ acts on H via Möbius
transformation, that is, (

a b
c d

)
.τ =

aτ + b

cτ + d
.

For g =
(
a b
c d

)
∈ GL2(R)+ we let

j(g, ·) : H −! C, τ 7−! cτ + d,

be the usual automorphy factor. The metaplectic two-fold cover G̃L2(R)+ of
GL2(R)+ is the group of pairs (g, φ(τ)) with g ∈ GL2(R)+ and φ : H ! C a
holomorphic function satisfying φ(τ)2 = j(g, τ). The multiplication is given by the
law

(g, φ(τ))(g′, φ′(τ)) = (gg′, φ(g′.τ)φ′(τ)).
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Let Mp2(Z) be the preimage of SL2(Z) in G̃L2(R)+. It is generated by the two
elements

T =

((
1 1
0 1

)
, 1

)
and S =

((
0 −1
1 0

)
,
√
τ

)
.

A finite quadratic module (D, qD) is is a finite group D together with a function

qD : D −! Q/Z
such that

• qD(nx) = n2qD(x) for all x ∈ D, n ∈ Z and
• the function BD(x, y) = qD(x+ y)− qD(x)− qD(y) is a perfect symmetric

pairing on D.

The level ND of D is the smallest positive integer such that ND · qD(x) = 0 for all
x ∈ D. It is clearly bounded by the exponent of D. Its signature sign(D) ∈ Z/8Z
is defined by the formula

e2πi·sign(D)/8 =
1√
|D|

∑
y∈D

e2πi·qD(x).

Let us recall the Weil representation

ρD : Mp2(Z)! EndC(C[D])

attached to D. We denote by ex, x ∈ D, the standard basis of C[D]. The Weil
representation is determined by the action of the two generators:

ρD(T )(ex) = e2πi·qD(x) · ex,

ρD(S)(ex) =
σw(D)√
|D|
·
∑
y∈D

e(−BD(x, y)) · ey,

where σw(D) is the Witt-invariant of D, that is,

σw(D) =
1√
|D|
·
∑
y∈D

e−2πi·qd(x) = e−2πi·sign(D)/8.

3.2.2. Explicit actions. In case sign(D) ≡ 0 mod 2, the action of Mp2(Z) on ρD
factors through SL2(Z). Moreover, it is trivial on the principal congruence subgroup
Γ(ND). If sign(D) ≡ 1 mod 2, then 4 divides ND. In particular, sign(D) is even
if 2 - |D|. The explicit formula for the action of T together with [6, Theorem 5.4],
implies the following well-known description of the action of Γ0(ND) on ρD.

Lemma 3.8. Suppose that 2 - |D| and let x be an element of D. Then

ρD(γ)(ex) = e2πi·bd·qD(x)

(
d

|D|

)
· edx ∀γ =

(
a b
c d

)
∈ Γ0(ND).

3.2.3. Decomposition of Weil representation. The finite quadratic module D de-
composes canonically as the direct sum

D =
⊕
`

D`,

over all primes `, where D` := D[`∞] denotes the submodule of `∞-torsion elements.
Each D` is also a finite quadratic module. The Weil representation of D decomposes
accordingly:

Proposition 3.9 ([44], Proposition 3.2). Let {`−, . . . , `k} be a finite set of distinct
primes containing all prime divisors of |D|. The canonical map

k⊗
i=1

C[D`i ] −! C[D], (exi)1≤i≤k 7−! ex1+···+xk
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is an isomorphism of Mp2(Z)-representations.

In particular, one may decompose D = Dp ⊕ D(p), where D(p) = ⊕` 6=pD` and
get the following decomposition of finite Weil representations:

(27) ρD = ρDp ⊗C ρD(p) .

3.2.4. Finite quadratic modules from lattices. Let L◦ ⊆ V be an even Z-lattice,

that is, q(w) ∈ Z for all w ∈ L◦. Let L#
◦ be the dual lattice of L with respect to

〈·, ·〉 and denote by DL◦ := L#
◦ /L◦ its discriminant module. Then the function

q̃ : DL◦ −! Q/Z, β 7−! q(β) mod Z

makes DL◦ into a finite quadratic module. Moreover, the equality

sign(DWZ) = r − s mod 8

holds by Milgram’s formula. We are mostly interested in lattices of the form L◦ =
L∩ptΛ with Λ ⊆ VQp a self-dual Zplattice and t ≥ 0. By identifying Q/Z[1/p] with
the prime to p-part of Q/Z the quadratic form q induces a map

DL ! Q/Z[1/p] ↪! Q/Z,

which makes DL into a finite quadratic module. Moreover, there is a canonical
isomorphism

D(p)
L∩ptΛ

∼= DL
of finite quadratic modules. Similarly, the canonical homomorphism Q/Z! Qp/Zp
induces an isomorphism between the p∞-torsion submodule of Q/Z and Qp/Zp.
Thus, the quadratic form q makes DptΛ = p−tΛ/ptΛ into a finite quadratic module
and there is a canonical isomorphism

DL∩ptΛ,p ∼= DptΛ
of finite quadratic modules. Thus, (27) gives the decomposition

ρDL∩ptΛ = ρDL ⊗C ρDptΛ .

Moreover, self-duality of Λ implies that

ordp(NDL∩ptΛ) = ordp(NDptΛ) = 2t

and

ordp(|DL∩ptΛ|) = ordp(|DptΛ|) = 2nt.

3.2.5. Extending the Weil representation. Fix a finite quadratic module D. Follow-
ing Bruinier and Stein (cf.[10]) we extend the action of Mp2(Z) on ρD to a larger
group in order to define Hecke operators on ρD-valued modular forms. To that end
let Z(ND) be the localization of Z away from ND, that is, we invert all primes not
dividing ND. We define

H(ND) := {g ∈ GL2(Z(ND))| det(g) > 0, det(g) is a square mod Nd}.

and

Q(ND) := {(g, r) ∈ H(ND))× (Z/NDZ)× | det(g) ≡ r2 mod Nd}.

In [10, §4,5], Bruinier and Stein construct a projective, unitary representation of
Q(ND) on C[D]. In case that sign(D) is even, this is a honest representation. In
general, there exists a central extension Q1(ND) of Q(ND) by {±1} and a unitary
representation of Q1(ND) on C[D] that will also denote by ρD. The following
explicit description of the action will be an important ingredient in the study of
the Up2 -operator.
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Lemma 3.10 ([10], Lemma 3.6). For every integer m with (m,ND) = 1 the formula

ρD

((
1 0
0 m2

)
,m,±1

)
(ex) = ±emx

holds.

Let H̃(ND) be the preimage of H(ND) in G̃L2(R)+. The group Q2(ND) is

defined to be the group of all tuples (g, φ, r, t) such that (g, φ) ∈ H̃(ND) and
(g, r, t) ∈ Q1(ND) with multiplication induced from the canonical embedding

Q2(ND) ↪−! H̃(ND)×Q1(ND).

It acts on C[D] via its projection onto Q1(ND).
Let
√
· denote the principal branch of the holomorphic square root. The injection

LD : Mp2(Z) −! Q2(ND), (g,±
√
j(g, ·)) 7−! (g,±

√
j(g, ·), 1,±1),

defines a group homomorphism that satisfies

ρD(LD(γ)) = ρD(γ) ∀γ ∈ Mp2(Z).

We often view Mp2(Z) as a subgroup of Q2(ND) via the embedding LD.

3.2.6. Slash operator and Fourier expansions. Let D be a finite quadratic module

and k ∈ 1
2Z a half-integer. The metaplectic group G̃L2(R)+ acts on functions

f : H! C from the right via

f |k,(g,φ)(τ) := det(g)k/2φ(τ)−2kf(g.τ) ∀(g, φ) ∈ G̃L2(R)+.

This induces an action of the group Q2(ND) via the projection Q2(ND)! H̃(ND).
Any function f : H! C[D] can be uniquely written as a sum f =

∑
x∈D fx · ex for

some functions fx : H! C. Given such a function and γ ∈ Q2(ND), we define

f |k,γ =
∑
x∈D

fx|k,γ · ρD(γ)−1(ex).

Let w ≥ 1 be an integer and suppose that f satisfies f |k,Tw = f or, in other

words, fx(τ + w) · e−2πi·wq(x) = fx(τ) for all x ∈ D. Then the function τ 7!
fx(τ)e−2πi·wq(x)τ is periodic with period w and, thus, f has a Fourier expansion of
the form

f(τ) =
∑
x∈D

∑
m∈Q

af (m,x) · e2πi·mτ · ex.

Moreover, in case w = 1 the Fourier coefficients af (m,x) vanish unless m ∈ q(x)+Z.

3.2.7. Vector-valued modular forms. Let G ⊆ Q2(ND) be a subgroup that is com-
mensurable with L(Mp2(Z)). A vector-valued modular form of weight k, type ρD
and level G is a function

f : H −! C[D]

such that

(i) f |k,γ = f for all γ ∈ G , τ ∈ H,
(ii) f is holomorphic and
(iii) f is holomorphic at the cusps, that is, for every γ ∈ Mp2(Z) the Fourier

coefficients of f |k,γ satisfy:

af |k,γ (m,x) = 0 ∀m < 0.
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A modular form f is uniquely determined by its Fourier expansion. We denote by
Mk,D(G ) the vector space of C[D]-valued modular form of weight k and level G .
Let N be any positive integer. We denote by G0(N) ⊆ Mp2(Z) the preimage of the
congruence subgroup Γ0(N) under the quotient map Mp2(Z)! SL2(Z). Note that
if sign(D) 6= 2k mod 2, then Mk,D(G0(N)) = {0}.

More generally, let A be an abelian group. A formal power series

f =
∑
x∈D

∑
m∈Q

a(m,x) · e2πi·mτ · ex, a(m,x) ∈ A,

is a modular form of weight k, type ρD and level G if for every homomorphism
ψ : A! C the formal power series

ψ(f)(τ) =
∑
x∈D

∑
m∈Q

ψ(a(m,x)) · e2πi·mτ · ex

is the Fourier expansion of a modular form of weight k, type ρD and level G .

3.2.8. Evaluation maps. Let f : H ! C[D] be a function an µ =
∑
xp∈Dp axp · exp

and element of C[Dp]. The function Eµ(f) : H! C[D(p)] is defined via

Eµ(f)x(p) :=
∑
x∈Dp

ax · f(x(p),xp) ∀x(p) ∈ D(p).

The following lemma is an immediate consequence of (27).

Lemma 3.11. Let G ⊆ Mp2(Z) be a finite index subgroup, f ∈ Mk,D(G ) and
µ ∈ C[Dp]. Then Eµ(f) ∈Mk,D(p)(Gµ), where Gµ denotes the stabilizer of µ in G .

Let Λ ⊆ VQp be a self-dual Zp-lattice, t ≥ 1 an integer, and ` ∈ QΛ(Z/ptZ) an
isotropic line, that is, ` is a free Z/ptZ-module on which q(v) ≡ 0 mod pt. Consider
the set

P (Λ, `) := {xp ∈ DptΛ | xp generates `}

and put

µ(Λ, `) :=
∑

xp∈P (Λ,`)

exp ∈ C[DptΛ]

Corollary 3.12. Let Λ ⊆ VQp be a self-dual and Zp-lattice and ` ∈ QΛ(Z/ptZ) an
isotropic line. Then:

Eµ(Λ,`)(f) ∈Mk,DL(G0(p2t)) ∀f ∈Mk,DL∩ptΛ .

Proof. The action of Mp2(Z) on DptΛ factors through SL2(Z). Let xp ∈ DΛ be
any class that is represented by a vector in Λ. Then, Lemma 3.8 together with the
discussion in Section 3.2.4 implies that

ρDΛ
(γ)(exp) = ed·xp ∀γ =

(
a b
c d

)
∈ Γ0(p2t).

Thus, the operator ρDΛ
(γ) permutes the elements in {exp | xp ∈ P (Λ, `)}, which

implies that it stabilizes the element µ(Λ, `). The assertion follows from Lemma
3.11. �
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3.2.9. Hecke operators. For any subgroup G ⊆ Q2(ND) as above and any α =
(g, φ, r, t) ∈ Q2(ND) the double coset GαG decomposes into a finite union of left
cosets:

GαG =
⋃
i

G ξi

The Hecke operator

TGαG : Mk,D(G ) −!Mk,D(G ), f 7−! det(g)k/2−1
∑
i

f |k,αi

does not depend on the choice of coset representatives ξi. We are only interested
in the case p - ND and the special element

αp :=

((
1 0
0 p2

)
, p, p, 1

)
∈ Q2(ND).

Let A be an abelian group. Given a formal Fourier series

f(τ) =
∑
x∈D

∑
m∈Q≥0

af (m,x) · e2πi·mτ · ex, af (m,x) ∈ A,

we define

Up2(f)(τ) :=
∑
x∈D

∑
m∈Q≥0

af (p2m, px) · e2πi·mτ · ex.

Proposition 2.18 implies that the formal Fourier series defined in (25) satisfies

(28) Up2(ZL)(τ) = ZL(τ).

This Up2-operator satisfies the following analogue of the classical level lowering
property of the Up-operator on scalar-valued modular forms of integral weight (cf. [1,
Lemmas 6,7], and [28, Lemma 1]):

Proposition 3.13. Let D be a finite quadratic module with p - ND and t ≥ 1 an
integer. Then:

Up2(f) = TG0(pt)αpG0(pt)(f) ∀f ∈Mk,D(G0(pt))

In particular, one has Up2(f) ∈Mk,D(G0(pt)) for all f ∈Mk,D(G0(pt)). Moreover,
if t ≥ 3, then

Up2(f) ∈Mk,D(G0(pt−2)).

Proof. Consider the element

βp :=

((
1 0
0 p2

)
, p

)
∈ H̃(ND).

Lemma 4.7 and Lemma 4.8 of [10] imply that if

G0(pt)βpG0(pt) =
⋃
i

G0(pt)βpγi ⊆ H̃(ND)

with γi ∈ G0(pt) is a decomposition into disjoint left cosets, then

G0(pt)αpG0(pt) =
⋃
i

G0(pt)αpγi ⊆ Q2(ND)

is also a disjoint decomposition into left cosets. In particular, we may choose

γi =

((
1 0
i 1

)
, p

)
, 0 ≤ i < p2.

The desired equality of operators then directly follows from the last computation
in the proof of [10, Theorem 4.10].
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Now let t ≥ 3. Given integers N,M ≥ 1 we let G0(N,M) be the preimage in
Mp2(Z) of the congruence subgroup

Γ0(N,M) =

{(
a b
c d

)
∈ SL2(Z)

∣∣∣∣ c ≡ 0 mod N, b ≡ 0 mod M

}
Lemma 4.8 of loc.cit implies that

f |k,αp ∈Mk,D(Γ0(pt−2, p2)) ∀f ∈Mk,D(Γ0(pt)).

Averaging a modular form in Mk,D(Γ0(pt−2, p2)) over the elements γi gives a form
of level Γ0(pt−2). �

Remark 3.14. Proposition 3.13 combined with equation (28) suggests that the for-
mal power series ZL is a modular form of level G0(p).

Corollary 3.15. Let Λ ⊆ VQp be a self-dual Zp-lattice, ` ∈ Q(Z/ptZ) an isotropic
line, and f ∈Mk,DL∩ptΛ . There exists a modular form g ∈Mk,DL(G0(p)) such that

ag(m,β) =
∑

xp∈P (Λ,`)

af (p2tm, (ptβ, xp)) ∀m > 0, β ∈ DL.

Proof. Corollary 3.12 together with Proposition 3.13 implies that the modular form
g = (U tp2 ◦ Eµ(Λ,`))(f) has level G0(p). By construction it has the desired Fourier
coefficients. �

3.2.10. Modularity of theta series. Let us suppose for the moment that s = 0, that
is, the quadratic form q is positive definite. Let L◦ ⊆ V any Z-lattice such that
q(L◦) ⊆ Z. Since q is positive definite the set OL◦(m,x) := {v ∈ x | q(v) = m} is
finite for any x ∈ DL◦ and any m ∈ Q≥0. We put rL◦(m,x) := |OL◦(m,x)|. It is
well known that the theta series

ϑL◦(τ) :=
∑
x∈DL◦

∑
m∈Q≥0

rL◦(m,x) · e2πi·mτ · ex

is an element of Mn/2,DL◦ . The following hyperbolic analogue when s = 1 is due to
Funke and Millson (see [18, Theorem 1.7])

Theorem 3.16 (Funke–Millson). Assume that s = 1 and that Q(Q) 6= ∅. For
every Z-lattice L◦ ⊆ V such that q(L◦) ⊆ Z and every pair of rational isotropic
lines `−, `+ ∈ Q(Q) there exists a modular form

ϑL◦,(`−,`+) ∈Mn/2,DL◦

such that

aϑL◦,(`−0,`+)
(m,β) =

∑
v∈OL0

(m,β)

[`−, `+] ∩∆v,∞

holds for all (m,β) with m compact with respect to (V, q).

3.3. Modularity theorems. For the remainder of this chapter we assume that Γ
acts trivially on the discriminant module DL. We state the main theorems on the
existence of lifts of linear combinations of Kudla–Millson divisors to rigid meromor-
phic cocycles. To this end, for any ring R consider the R-module

CDL(R) :=
⊕

m∈Z>0
(p)

⊕
β∈DL

R.

We attach to an element c = (cm,β) ∈ CDL(Z) the Kudla–Millson divisor

Dc :=
∑

m∈Z>0
(p)

∑
β∈DL

cm,β ·Dm,β .
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Moreover, we define FDL(R) to be the module of formal q-series of the form

f(q) =
∑
β∈DL

∑
m∈Z>0

(p)

af (m,x) · e2πi·mτ · ex, af (m,x) ∈ R.

For every ring R the canonical pairing

FDL(R)× CDL(R) −! R, (f(q), c) 7−! c(f(q)) :=
∑
β∈DL

∑
m∈Z>0

p

cm,β · af (m,β)

is non-degnerate. The homomorphism

Mk,DL(G0(N)) −! FDL(C)

that maps a modular form to the positive part of its Fourier expansion is injective.
We consider Mk,DL(G0(N)) as a submodule of FDL(C) via this embedding. Since
Mk,DL(G0(N)) is finite-dimensional it is equal to its double orthogonal complement
with respect to the pairing above. By [30] Mk,DL has a basis of modular forms
whose Fourier expansion have rational coefficients. The same arguments show that
Mk,DL(G0(N)) has such a basis for every integer N ≥ 1, which implies that

Mk,DL(G0(N)) = (Mk,DL(G0(N))⊥ ∩ CDL(Z))⊥.(29)

3.3.1. Main theorems in the definite case.

Theorem 3.17. Assume that s = 0. Let c ∈ CDL(Z) such that

c(f) = 0

for every f ∈Mn/2,DL(G0(p)). Then there exists Ĵ ∈ H0(Γ,M×rq/Z×p ) such that

div∗(Ĵ) = Dc.

Proof. The proof of this theorem will be given in Section 3.4. �

Theorem 3.18. Let n ≥ 4 and s = 0. If n = 4, assume that VQp is split and that
G is almost Q-simple. Let c ∈ CDL(Z) such that

c(f) = 0

for every f ∈ Mn/2,DL(G0(p)). There exists a rigid meromorphic cocycle J ∈
RMC(Γ) such that

div∗(J) = (p− 1) ·Dc.

Proof. Theorem 3.17 implies that cyc([Dc]) = 0. As the kernel of the cycle class map
is finite of exponent dividing p−1 by Proposition 3.5, it follows that [(p−1)·Dc] = 0.
Thus, the claim follows. �

Theorem 3.19. Let n ≥ 4 and s = 0. If n = 4, assume that VQp is split and that

G is almost Q-simple. There exists a0 ∈ H1(Γ,A×)⊗Q such that the formal power
series

a0 + ZL(τ) = a0 +
∑
β∈DL

∑
m∈Z>0

(p)

[Dm,β ] · e2πi·mτ · eβ

is a modular form of weight n/2, type ρDL and level G0(p).

Proof. Let ψ : H1(Γ,A×) ! C a homomorphism of abelian groups. Theorem 3.18
implies that

ψ(ZL)(τ) ∈ (Mk,DL(G0(N))⊥ ∩ CDL(Z))⊥.

Thus, the claim follows from (29). �
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Remark 3.20. Crucial in this argument is the finiteness of the kernel of the cycle
class map. This fails in dimension three. Indeed, the kernel of the cycle class map
is the Jacobian of the Mumford curve Γ\Xp. In the forthcoming work [3] Theorem
3.19 is proven in signature (3, 0) via a study of p-adic deformations of theta series
attached to the definite quadratic space V .

Remark 3.21. If the signature is (4, 0) and VQp is split, one can identify the quotient
Γ\Xp with a quaternionic Shimura surface. Under this identification Kudla–Millson
divisors and Heegner divisors match up. Thus, Theorem 3.19 gives a p-adic analytic
proof of the Gross–Kohnen–Zagier theorem for these Shimura surfaces. (For more
details see the upcoming article [2]).

3.3.2. Main theorems when s = 1. There are analogous results in some hyperbolic
cases where s = 1. Assume that Q(Q) 6= ∅. We call an element c = (cm,β) ∈ CDL(R)
compact with respect to (V, q) if cm,β = 0 for allm that are not compact with respect
to (V, q). Let c = (cm,β) ∈ CDL(Z) be compact with respect to (V, q). By Corollary
2.25 we may lift the Kudla–Millson divisor Dc to a Γ-invariant Div†rq(Xp)-valued

modular symbol D̃c.

Theorem 3.22. Let s = 1, Q(Q) 6= ∅ and c ∈ CDL(Z) compact with respect to
(V, q). Under the condition that

c(f) = 0

for every f ∈Mn/2,DL(G0(p)) there exists Ĵ ∈ MS(M×rq/Z×p )Γ such that

div∗(Ĵ) = D̃c.

Proof. The proof of this theorem is the content of Section 3.5. �

Theorem 3.23. Let n ≥ 4, s = 1, Q(Q) 6= ∅ and and c ∈ CDL(Z) compact with
respect to (V, q). If n = 4, assume that VQp is split. Suppose that

c(f) = 0

for every f ∈ Mn/2,DL(G0(p)). There exists a non-zero integer c ∈ Z and a rigid
meromorphic cocycle J ∈ RMC(Γ) such that

div∗(J) = c ·Dc.

Proof. Since δ(Ĵ) ∈ H1(Γ,M×rq/Z×p ) is a lift of Dc it follows that cyc([Dc]) = 0. As
in the proof of Theorem 3.18 we conclude by using Proposition 3.5. �

Remark 3.24. As mentioned before, the existence of positive rational numbers that
are compact with respect to (V, q) forces the dimension of V to be less or equal
than 5. In particular, Theorem 3.23 is only applicable in signature (3, 1) and (4, 1).
Theorem 3.23 for the split three-dimensional quadratic space is proven in [17].

3.4. Proof of modularity in the definite case. The aim of this section is to
prove Theorem 3.17 and Theorem 3.22 by constructing explicit infinite p-adic prod-
ucts that are reminiscent of Borcherds products.

3.4.1. Convergence of infinite p-adic products. Let Λ ⊆ VQp be a self-dual lattice.
The p-adic Borcherds products will be given by products of functions of the form

ξ 7!
〈ξ, v1〉
〈ξ, v2〉

:=
〈vξ, v1〉
〈vξ, v2〉

,

where vξ ∈ VCp is any representative of ξ. The next lemma gives a criterion for
the convergence of such products. Its proof is a slight modification of the proof of
Proposition 3.2.

Lemma 3.25. Let Λ ⊆ VQp be a self-dual Zp-lattice. Suppose v1, v2 ∈ Λ′ satisfy
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• v1 ≡ α · v2 mod pkΛ for some α ∈ Z×p and

• q(vi) = 0 mod pkZp.

Then for every n ≤ k and every ξ lying in the standard affinoid X≤np,Λ,∣∣∣∣ 1α · 〈ξ, v1〉
〈ξ, v2〉

− 1

∣∣∣∣
p

≤ pn−k.

In particular, if a sequence of pairs vi1, v
i
2 ∈ Λ′ satisfies

• vi1 ≡ αi · vi2 mod pkiΛ for some αi ∈ Z×p ,

• q(vi) = 0 mod pkiZp.
• ki ! +∞,

then the product
∞∏
i=1

〈ξ, vi1〉
〈ξ, vi2〉

converges to an element of M×rq/Z×p .

Proof. Suppose ξ is represented by a primitive vector vξ ∈ Λ′OCp
. The inequality

|〈vξ, v2〉|p ≥ p
−n

holds for all ξ ∈ X≤np,Λ since k ≥ n. Thus, we can compute∣∣∣∣ 1α · 〈ξ, v1〉
〈ξ, v2〉

− 1

∣∣∣∣
p

=

∣∣∣∣ 〈vξ, v1 − α · v2〉
〈vξ, v2〉

∣∣∣∣
p

≤ pn−k

for all such ξ, which proves the first claim. The second claim is a direct consequence
of this. �

3.4.2. Convergence. Assume for the remainder of this section that s = 0. Fix
elements β1, . . . βl ∈ DL, positive rational numbers m1, . . . ,ml ∈ Z>0

(p), and integers

cm1,β1
, . . . , cml,βl ∈ Z such that

l∑
i=1

cmi,βi · af (mi, βi) = 0

for all modular forms f ∈Mn/2,DL(G0(p)). Consider the Kudla–Millson divisor

Dc =

l∑
i=1

cmi,βi ·Dmi,βi .

Note that since the quadratic form q is definite the set OL(mi, βi) ∩ Λ is finite
for every Zp-lattice Λ ⊆ VQp . The following lemma states the convergence of p-adic
Borcherds products.

Proposition 3.26. For every self-dual Zp-lattice Λ ⊆ VQp the infinite product

(30) Ĵc,Λ(ξ) := lim
k!∞

l∏
i=1

∏
v∈OL(mi,βi)
ordΛ(v)≥−k

〈ξ, v〉cmi,βi

converges in M×rq/Z×p . Moreover, the following equality holds:

div(Ĵc,Λ) = Dc.
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Proof. After scaling by appropriate powers of p we get the equality

Ĵc,Λ(ξ) =

∞∏
t=0

Ĵc,Λ,t(ξ)

in M×rq/Z×p , where the factors are given by

ĴΛ,0(ξ) :=

l∏
i=1

∏
v∈OL(mi,βi)

ordΛ(v)≥0

〈ξ, v〉cmi,βi

and

ĴΛ,t(ξ) :=

l∏
i=1

∏
OL(p2tmi,p

tβi)
ordΛ(v)=0

(p−t · 〈ξ, v〉)cmi,βi

for t ≥ 1. The conditions q(v) = mip
2t and v is primitive in Λ imply in particular

that v generates an isotropic line in Λ/ptΛ. It is then natural to decompose Jt
further as a product over isotropic lines:

ĴΛ,t =
∏

`⊆Λ/pnΛ isotropic

ĴΛ,t,`

where Ĵt,` is the sub-product of Ĵt determined by insisting that the image of v mod
ptΛ generates `.

We claim that the total sum of exponents in the product expression for ĴΛ,t,`

equals 0. The desired sum of exponents equals

l∑
i=1

cmi,βi · ami,βi , where ami,βi :=
∣∣{v ∈ (ptβi) ∩ P (Λ, `) | q(v) = p2tmi

}∣∣ .
Corollary 3.15 applied to the theta series of the definite quadratic lattice L ∩ ptΛ
implies that ami,βi is the (mi, βi)-Fourier coefficient of a modular form of weight
n/2, type ρDL and level G0(p). Therefore, the claim follows by the hypothesis made
on the integers cmi,βi .

By Lemma 3.25, it follows that the product ξ 7!
∏∞
t=0 ĴΛ,t(ξ) converges. The

last assertion is an immediate consequence of the construction of Ĵc,Λ. �

3.4.3. Action of the p-arithmetic group. One easily deduces the following transfor-
mation law of Ĵc,Λ ∈ M×rq/Z×p under the action of the p-arithmetic group Γ from
the construction.

Lemma 3.27. Let Λ ⊆ VQp be a self-dual Zp-lattice and γ ∈ Γ. The equality

γ.Ĵc,Λ = Ĵc,γΛ

holds.

3.4.4. Independence of lattice at p. We show that the function Ĵc,Λ is independent
of the choice of lattice at p. The proof relies on the properties of p-neighbouring
lattices, which we are going to recall first. Remember that two Zp-lattices in VQp
are called p-neighbours if their intersection is of index p in each of them. All
p-neighbours of a self-dual lattice are also self-dual. The following alternative de-
scription of p-neighbours of self-dual lattices is well-known (see for example the
discussion after [13, Lemma 4.3]):
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Lemma 3.28. Let Λ1,Λ2 ⊆ VQp be self-dual Zp-lattices, which are p-neighbours.
Then there exists a primitive isotropic vector w ∈ Λ′1 such that

Λ2 =
1

p
Zpw + {u ∈ Λ1 | 〈u,w〉 ≡ 0 mod p} .

The following important property of p-neighbours goes back to the seminal work
of Kneser (cf. [24]):

Lemma 3.29. Any two self-dual Zp-lattices in VQp can be connected by a finite
chain of self-dual Zp-lattices in which any two consecutive lattices are p-neighbours.

Lemma 3.30. Let Λ1,Λ2 ⊆ VQp be self-dual Zp-lattices. The equality

Ĵc,Λ1
= Ĵc,Λ2

holds in M×rq/Z×p .

Proof. By Lemma 3.29 we may assume that Λ1 and Λ2 are p-neighbours. Thus, by
Lemma 3.28 there exists a primitive isotropic vectors w ∈ Λ′1 such that

Λ2 =
1

p
Zpw + {u ∈ Λ1 | 〈u,w〉 ≡ 0 mod p} .

From the definition one immediately gets that

(31)
Ĵc,Λ1

Ĵc,Λ1

= lim
k!∞

l∏
i=1

∏
v∈OL(mi,βi)
ordΛ1 (v)≥−k
ordΛ2 (v)<−k

〈ξ, v〉cmi,βi ×
l∏
i=1

∏
v∈OL(mi,βi)
ordΛ2 (v)≥−k
ordΛ1

(v)<−k

〈ξ, v〉−cmi,βi

Suppose that ordΛ2(v) ≥ −k. Then we can write:

v =
1

pk

(
a

p
w + u

)
where a ∈ Zp and u ∈ Λ1 satisfies 〈u,w〉 ≡ 0 mod p. Then ordΛ1

(v) < −k if and
only if

(i) ordΛ2
(v) = −k and

(ii) p does not divide a.

Let `w/p,k be the isotropic line in Λ2/p
kΛ2 generated by 1/p ·w. Conditions (i) and

(ii) are equivalent to pkv being primitive in Λ2 and generating `w/p,k. In particular,

the second term in (31) is equal to Ĵ−1
Λ2,k,`w/p,k

. As in the proof of Proposition 3.26,

we deduce that ĴΛ2,k,`w/p,k converges to 1 in M×rq/Z×p . By symmetry of the p-

neighbour relation, the first term in (31) also converges to 1. �

3.4.5. Proof of Theorem 3.17. Let Λ ⊆ VQp be any self-dual Zp-lattice. By Lemma
3.30 the function

Ĵc := Ĵc,Λ ∈M×rq/Z×p .
is independent of the choice of Λ ⊆ VQp . Moreover, it is Γ-invariant by Lemma 3.27
and, by construction, its divisor is equal to Dc. Hence, Theorem 3.17 follows.

3.5. Proof of modularity in the hyperbolic case. The proof of the main the-
orem in the hyperbolic setting is very close to the one in the definite setting. We
will only indicate the main differences. Throughout this section we assume that
s = 1 and Q(Q) 6= ∅. we fix elements β1, . . . βl ∈ DL, positive rational numbers
m1, . . . ,ml ∈ Z>0

(p), and integers cm1,β1
, . . . , cml,βl ∈ Z. Moreover, we assume that

each mi is compact with respect to (V, q).
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3.5.1. Convergence in the hyperbolic case. Let us fix rational isotropic lines `−, `+ ∈
Q(Q). The set {vOL(mi, βi) ∩ Λ | ∆v,∞ ∩ [`−, `+] 6= 0} is finite by Lemma 2.22.
Replacing the modularity of theta series of definite quadratic lattices by Theorem
3.16 in the proof of Proposition 3.26 yields the following:

Proposition 3.31. For every self-dual Zp-lattice Λ ⊆ VQp the infinite product

Ĵc,Λ(`−, `+)(ξ) := lim
k!∞

l∏
i=1

∏
v∈OL(mi,βi)
ordΛ(v)≥−k

〈ξ, v〉cmi,βi ·(∆v,∞∩[`−,`+])

converges in M×rq/Z×p . Moreover, the following equality holds:

div(Ĵc,Λ(`−, `+)) = D̃c(`−, `+).

3.5.2. Properties. From the construction one immediately deduces the following:

Lemma 3.32. For every self-dual Zp-lattice the assignment

Q(Q)×Q(Q) −!M×rq/Zp×, (`−, `+) 7−! Ĵc,Λ(`−, `+)

defines an M×rq/Zp×-valued modular symbol. Moreover,

γ.Ĵc,Λ(`−, `+) = Ĵc,γΛ(γ.`−, γ.`+)

for every γ ∈ Γ.

Again, by replacing the modularity of theta series of definite lattices by Theorem
3.16 the same arguments as in the proof of Lemma 3.30 give the following:

Lemma 3.33. Let `−, `+ ∈ Q(Q) be rational isotropic vectors and Λ1,Λ2 ⊆ VQp
self-dual Zp-lattices. The equality

Ĵc,Λ1
(`−, `+) = Ĵc,Λ2

(`−, `+)

holds in M×rq/Z×p .

To summarize, for every every self-dual Zp-lattice Λ ⊆ VQp the assignment

(`−, `+) 7−! Ĵc(`−, `+)

defines a Γ-invariant M×rq/Z×p -valued modular symbol, whose divisor is given by

D̃c, which proves Theorem 3.22.

4. Special points and singular moduli

This chapter introduces the notion of special points on Xp and defines the value
of a rigid meromorphic cocycle at such a point. Since a special point is an element
of Xp whose stabiliser in G contains a suitable kind of maximal torus, a general
discussion in Section 4.1 of maximal tori in orthogonal groups precedes the definition
of special points, which is given in Section 4.2. Section 4.3 describes a Galois action
on special points akin to the Galois action on CM points of Shimura varieties, which
is the basis of a Shimura reciprocity law for special values of rigid meromorphic
cocycles.

As in the previous chapters, V is a quadratic space over Q of signature (r, s) and
dimension n = r + s. It is assumed throughout this chapter that r ≥ s, and the
algebraic closure Q is considered as a subfield of Cp via a fixed chosen embedding.

Given a field K with a fixed algebraic closure K, the absolute Galois group of K is
denoted by GK = Gal(K/K).
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4.1. Maximal tori in orthogonal groups. A Q-rational torus T ⊆ G is maximal
in G if

dim(T ) =

{
n
2 if n is even,
n−1

2 if n is odd.

The Lie algebra Lie(T ) ⊆ EndQ(V ) of T is a dim(T )-dimensional vector space of
commuting, skew-adjoint endomorphisms of V . It follows from [11, Proposition 3.3]
that the subring generated by Lie(T ) is an étale Q-algebra of dimension 2 dim(T ),
denoted ET . This algebra is endowed with an involution σ obtained by restricting
the involution on End(V ) sending T to its adjoint T ∗. The subalgebra FT := EσT
of σ-fixed points is an étale algebra over Q of dimension dim(T ).

4.1.1. Description of V in terms of T . When dim(V ) is odd, ET acts trivially on a
non-degenerate one-dimensional subspace of V and acts faithfully on its orthogonal
complement, denoted VT . When n is even, ET acts faithfully on VT := V . In both
cases, VT is a free ET -module of rank one and a free FT -module of rank two.

Lemma 4.1. There are unique hermitian bilinear pairings (relative to σ)

〈 , 〉ET : VT × VT ! ET , 〈 , 〉FT : VT × VT ! FT ,

satisfying

〈λv1, v2〉 = TrETQ (λ〈v1, v2〉ET ), for all λ ∈ ET ,
and likewise with ET replaced by FT .

Proof. The étale algebra ET is canonically identified with its Q-linear dual via the
trace form. For any v1, v2 ∈ VT , the Q-valued functional λ 7! 〈λv1, v2〉 on ET can

therefore be represented as λ 7! TrETQ (λx) for a unique x ∈ ET , depending on v1

and v2. Setting 〈v1, v2〉ET := x, it is readily checked that the resulting ET -valued
function on VT × VT has the asserted bilinearity properties. The same argument
works with ET replaced by FT . �

For any non-zero vector v in the one-dimensional ET -vector space VT , the quan-
tity

ν := 〈v, v〉FT = 2〈v, v〉ET ∈ F×T
is well-defined up to norms from E×T , hence its image in F×T /N

ET
FT

(E×T ) is a well-
defined invariant of the torus T .

Lemma 4.2. The quadratic space VT is isomorphic to ET equipped with the qua-
dratic form

qν(λ) = TrFTQ (ν ·NET
FT

(λ)).

Proof. The choice of a ET -module generator v ∈ VT determines a Q vector space
isomorphism

ιv : ET ! VT , λ 7! λv.

Under this identification, the original pairing on VT is transported to the pairing
〈〈 , 〉〉 on ET given by

〈〈λ1, λ2〉〉 = 〈λ1v, λ2v〉 = TrETQ (λ1λ
σ
2 〈v, v〉ET ) = TrFTQ ((λ1λ

σ
2 + λσ1λ2)〈v, v〉ET ),

so that in particular

〈〈λ, λ〉〉 = TrFTQ (λλσ〈v, v〉F ) = TrFTQ (νλλσ).

The lemma follows. (cf. also [11, Proposition 3.9]). �
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Lemma 4.2 leads to a useful description of the quadratic space V . If n is odd,
the orthogonal complement of VT in V is one-dimensional and non-degenerate, with
quadratic form given by qα(x) = αx2 for some α ∈ Q× which is uniquely determined
up to squares. As quadratic spaces over Q, one has

(32) (V, q) ∼=
{

(ET , qν), if n is even,
(ET ⊕Q, qν ⊥ qα), if n is odd,

The torus T ⊆ G is identified with the unitary group

U(ET , σ) = {a ∈ E×T for which aaσ = 1},

acting on ET via multiplication under the identification (32). (Cf. [11, Proposition
3.3], for instance.)

4.1.2. Aside: spinor norms. This section recalls a well-known formula for the spinor
norm of elements of U(ET , σ). A typical such element is of the form a/aσ for some
a ∈ E×T , by Hilbert’s Theorem 90.

Fix a field k of characteristic different from 2.

Lemma 4.3. Let l/k be a quadratic étale algebra and denote by σ the non-trivial
k-automorphism of l. Fix an element ν ∈ k× and consider the k-vector space l with
the quadratic form given qk := ν · Nl

k. Then for every a ∈ l× the spinor norm of
multiplication with a/aσ is equal to Nl

k(a) mod (k×)2.

Proof. Without loss of generality we may assume that ν = 1 since the spinor norm
of elements in SO(qk) is independent of scaling the quadratic form. The reflection
τa at a is given by

τa(λ) = λ− aλσ + aσλ

aaσ
· a = −a/aσ · λσ ∀λ ∈ l.

In particular, the equality τa ◦ τ1 = a/aσ holds. By definition the spinor norm of
τa is equal to ql(a) = Nl

k(a) and, thus, the claim follows. �

The following lemma describes the behaviour of spinor norms under restriction
of scalars.

Lemma 4.4. Let l/k be a finite étale algebra. Let (W, q`) be a non-degenerate

quadratic space over l. Then W equipped with qk := Trlk ◦ql defines a non-degnerate
quadratic space over k. There is a canonical embedding SO(ql) ⊆ SO(qk) and the
following diagram involving the spinor norms snql and snqk associated to ql resp. qk
is commutative:

SO(ql) SO(qk)

l×/(l×)2 k×/(k×)2

snql snqk
Nl
k

Proof. In case l is a field, this is [34, Chapter 2, Lemma 5.5] and [34, Chapter 9,
Example 3.7]. The proof carries over verbatim to the more general case. �

Combining the two lemmas above one deduces:

Corollary 4.5. Let k1/k be a finite étale algebra, ν an element of k×1 and l/k1

a quadratic étale algebra with involution σ. Equip the k-vector space l with the
non-degnerate quadratic form qk(λ) = Trlk1

(ν ·Nk1

k (λ)). For every a ∈ l× the spinor

norm of multiplication with a/aσ is equal to Nl
k(a) mod (k×)2.
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4.1.3. Maximally R-split tori. Under the identification T ∼= U(ET , σ), every arith-
metic subgroup of T (Q) is a finite index subgroup of the group O×ET /FT of relative

units of ET /FT , which fits into the exact sequence

1! O×ET /FT −! O
×
ET

N−−! O×FT ,

in which the last map has finite cokernel.
The connected component of the commutative real Lie group T (R) is isomorphic

to

T (R)0 ' Rt × (S1)dim(T )−t,

where S1 = C×1 is the unit circle. The integer t is the real rank of T . The Z-rank
of every arithmetic subgroup of T (Q) is less or equal than t by Dirichlet’s unit
theorem for algebraic tori. (See for example [37].) It is equal to t if and only if T
does not have a Q-split subtorus.

Proposition 4.6. For every maximal torus T ⊆ G of real rank t one has t ≤ s.
Moreover, equality holds if and only if FT is totally real and admits exactly s real
places that split into pairs of real places of ET .

Proof. Let a be the number of real places of FT that lie below a complex place of
ET , let b be the number of real places of FT that lie below two real places of ET ,
and let c be the number of complex places of FT , so that a+ b+ 2c = dim(T ).

Let ν ∈ FT be as in Lemma 4.2. The signature of the quadratic form qν can
be read off directly from the invariants a, b, and c above. More precisely, write
a = a+ + a−, where a+ is the number of real places v of FT that lie below a
complex place of ET and for which v(ν) > 0, and a− is the number of those places
for which v(ν) < 0. A direct calculation shows that

(r, s) = a+(2, 0) + a−(0, 2) + b(1, 1) + c(2, 2) = (2a+ + b+ 2c, 2a− + b+ 2c),

while the real rank of T (R) is given by

t = b+ c.

Comparing the equations for s and t shows that t ≤ s, with equality if and only if
a− = c = 0. The proposition follows. �

Proposition 4.6 motivates the following:

Definition 4.7. A maximal torus T ⊆ G for which the equality t = s is satisfied
is called a maximally R-split torus in G.

4.1.4. Weight spaces and fixed points. Let T ⊆ G be a maximal torus and let
X∗(T ) be its character group. It is a free Z-module of rank dim(T ) endowed with a
canonical action of GQ. The Q-vector space VQ admits a weight space decomposition

VQ =
⊕

χ∈X∗(T )

Vχ,

in which each Vχ is at most one-dimensional and Vχ is non-zero if and only if Vχ−1

is. Moreover, Vχ and Vχ′ are orthogonal unless χ′ = χ−1. If χ 6= 1 and Vχ 6= {0},
the weight χ is said to be non-trivial. The set WT ⊂ X∗(T ) of non-trivial weights
is a finite GQ-set of cardinality 2 dim(T ), on which the involution σ acts by sending
χ to χ−1.

For all χ ∈ WT , the weight space xχ := Vχ is isotropic and, thus, defines a point

in Q(Q). Moreover, the direct sum Hχ := xχ ⊕ xχ−1 is a hyperbolic plane, and

VT,Q =
⊕

χ∈WT /σ

Hχ(33)
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expresses VT,Q as an orthogonal direct sum of hyperbolic planes over Q.

Conversely, let x be a point of Q(Cp) whose stabiliser contains T (Cp). Then x
is the weight space of a unique non-trivial weight χx and thus x is algebraic, that
is, x lies in the subset Q(Q) ⊆ Q(Cp). Thus, the map

NT
∼−−!WT , x 7−! χx,

sets up a GQ-equivariant bijection from the set NT ⊆ Q(Q) of isotropic eigenlines
of T to WT . This bijection induces an action of σ on NT satisfying

(34) χσ(x) = χ−1
x .

Lemma 4.8. Let T ⊆ G be a maximal torus. Then

χτ(x) = τ ◦ χx ◦ τ−1

holds for every point x ∈ NT and every τ ∈ GQ.

Proof. Given v ∈ `χx and t ∈ T (Q) we compute

χτ(v)(t) · τ(v) = t.τ(v) = τ(τ−1(t).v) = τ(χx(τ−1(t)) · v) = τ(χx(τ−1(t))) · v,

which proves the claim. �

Lemma 4.8 and equation (34) immediately imply:

Corollary 4.9. Let T ⊆ G be a maximal torus. Then

σ(τ(x)) = τ(σ(x))

holds for all τ ∈ GQ and all x ∈ NT .

The weight space decomposition of a maximal torus T ⊆ G can be described
in terms of the étale algebra ET ⊂ End(V ) with involution associated to T . Let
x ∈ NT be a fixed point of T (Cp). The action of Lie(T ) on the isotropic line
spanned by x determines a ring homomorphism

ϕx : ET −! Q ⊆ Cp
whose restriction to U(ET , σ) ⊆ E×T agrees with χx. These algebra homomorphisms
are distinct and thus they exhaust the set of all Qp-algebra homomorphisms from

ET to Q. The bijection

NT
∼−−! Hom(ET ,Q), x 7−! ϕx,

is GQ-equivariant. In particular, two points x, x′ ∈ NT lie in the same GQ-orbit if

and only if ker(ϕx) = ker(ϕx′). Moreover, the relation

ϕσ(x) = ϕx ◦ σ

holds.

4.1.5. Fixed points in Xp. The ring homomorphism ϕx induces a Qp-algebra ho-
momorphism

ϕx,p : ET ⊗Q Qp −! Cp.
Two points x, x′ ∈ NT lie in the same GQp -orbit if and only if ker(ϕx,p) = ker(ϕx′,p).
In case n is odd, we extend ϕx,p by zero to a homomorphism ϕx,p(ET ⊕Q)⊗QQp !
Cp. The following lemma clarifies when a fixed point of T (Cp) belongs to Xp.

Lemma 4.10. Let T ⊆ G a maximal torus and x ∈ NT a fixed point of T (Cp).

(a) Assume that n is even. Then x belongs to Xp if and only if the subspace
ker(ϕσ(x),p) ⊆ ET ⊗ Qp contains no non-zero isotropic vectors (relative to the
quadratic form qν).
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(b) Assume that n is odd. Then x belongs to Xp if and only if the subspace
ker(ϕσ(x),p) ⊆ (ET ⊕ Q) ⊗ Qp contains no non-zero isotropic vectors (relative
to the quadratic form qν ⊥ qα.)

Proof. Under the identification V ∼= ET respectively V ∼= ET ⊕ Q the orthogonal
complement of the isotropic line x is given by the kernel of ϕσ(x). Thus, the lemma
follows from the definition of Xp. �

Corollary 4.11. Let T ⊆ G be a maximal torus. Assume that ET ⊗Qp is a field.
Then every fixed point x ∈ NT belongs to Xp.

Proof. The claim follows from the preceding lemma since since every Qp-algebra
homomorphism ϕ : ET ⊗Qp ! Cp is injective. �

Definition 4.12. A point x ∈ Xp is called a toric fixed point if it is stabilized by
T (Cp) where T ⊆ G is a maximal torus. In that case (x, T ) is called a toric pair.

Remark 4.13. Given a toric fixed point x ∈ Xp there are in general several maximal
tori T ⊆ G that stabilise x. But under the assumption that the étale algebra ET
is a field, T is uniquely determined by x. Indeed, all the fixed points of T (Cp) in
Q(Cp) are GQ-conjugated in this case. In particular, if g ∈ G(Q) stabilizes one fixed
point, it stabilizes all of them. The common stabilizer of all fixed points in G(Cp)
is given by T (Cp), which proves the claim.

In general, the algebra ET associated to a maximal torus T ⊆ G does not have
to be a field. But the existence of a fixed point in Xp has strong implications on
the splitting behaviour of p-adic places in the extension ET /FT :

Lemma 4.14. Let (x, T ) be a toric pair. Then every p-adic place of the étale Q-
algebra FT is non-split in ET . Moreover, y and σ(y) lie in the same GQp-orbit for
all y ∈ NT .

Proof. Let Sp be the set of p-adic places of FT . The étale Qp-algebra FT ⊗ Qp
decomposes into the product over the completions Fp, p ∈ Sp. For p ∈ Sp we put
Ep = ET ⊗FT Fp. The involution σ induces an Fp-linear involution on Ep. We may
decompose TQp as follows:

TQp
∼= U(ET ⊗Qp, σ) ∼=

∏
p∈S

U(Ep, σ).

Assume that there exists a place p ∈ Sp that is split in ET . Then Ep
∼= Fp × Fp

and thus, the unitary group U(Ep, σ) is isomorphic to the Weil restriction of Gm,Fp

from Fp to Qp. In particular, it contains a Qp-split subtorus. Proposition 1.7 now
implies that no fixed point of T (Cp) lies in Xp. This proves the first claim. The
second claim is a direct consequence of the first one. �

Lemma 4.14 implies that for every toric pair (x, T ) the subspace of VQ generated
by the GQ-conjugates of x is a direct sum of hyperbolic planes and, in particular,
it is non-degenerate. By construction, it is the base change of a (non-degenerate)
rational subspace Vx ⊆ V that is stable under the action of T . Let T ! SO(Vx)
be the induced homomorphism, whose image is a maximal torus in SO(Vx) that
we denote by Tx. The inclusion SO(Vx) ↪! SO(V ) restricts to a homomorphism
Tx ↪! T . It follows that Tx is a factor of T . By construction, the étale Q-algebra
ETx (with involution σ) associated to the torus Tx is a field. Applying Remark 4.13
to the quadratic space Vx and the torus Tx we see that Tx does not depend on the
choice of T . In particular, the assignment x 7! σ(x) is independent of the choice
of the torus T stabilizing x. There is an equality ϕx(ET ) = ϕx(ETx) of subfields of
Cp.
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4.2. Special points and values of rigid meromorphic cocycles. After defin-
ing oriented special points and the value of a rigid meromorphic cocycle at such a
point a crude form of the algebraicity conjecture on these special values is formu-
lated.

4.2.1. Special points.

Definition 4.15. A point x ∈ Xp is said to be special if there exists a maximal
R-split torus T ⊆ G such that T (Cp) stabilizes x. In that case (x, T ) is called a
special pair.

Let (x, T ) be a special pair. When V is three-dimensional, the étale algebra ET
with involution is a quadratic field in which p is non-split. It is imaginary when
s = 0, and real when s = 1.

When V is four-dimensional, the algebra ET can be of one of the following types:

(1) A quadratic extension of a real quadratic field with exactly 2s real embed-
dings. The étale Qp-algebra ET ⊗ Qp is either a field, or a direct sum of
two quadratic extensions of Qp.

(2) A direct sum E1 ⊕ E2 of quadratic fields in which the prime p does not
split, and where exactly s of the fields are real quadratic.

In all of these cases, the torus T is equal to the stabilizer of x in G.
For general V of rank n, there is a decomposition

ET ⊗Qp = E1 ⊕ E2,

where E1 is a field and E2 an étale algebra over Qp of rank ≤ 4 when n is even,
and rank ≤ 2 when n is odd. In particular,

dimE1 ≥

{
n− 3 if n is odd,

n− 4 if n is even.

Only when equality is attained in these inequalities does the stabiliser of x contain
more than one maximal torus.

4.2.2. Oriented special points. The following proposition controls the rank of p-
arithmetic subgroups of the stabilizer of special points of Xp.

Proposition 4.16. Let (x, T ) be a special pair. The rank of every p-arithmetic
subgroup of T (Q) is equal to s.

Proof. By Proposition 1.7 the base change of T to Qp does not contain any Qp-split
subtorus. In particular, T does not contain any Q-split subtorus. Hence, the Z-rank
of every p-arithmetic subgroup of T (Q) is equal to the real rank of T by Dirichlet’s
S-unit theorem for tori (see [37]). The claim now follows from the definition of
special points. �

In particular, the subgroup ΓT = Γ ∩ T (Q) is a finitely generated abelian group
of rank s. Thus,

Hs(ΓT ,Z) ' Z× finite abelian group.

This motivates the following:

Definition 4.17. An oriented special point (of level Γ) is a triple ~x = (x, T~x, o~x)
consisting of a special pair (x, T~x) together with a homology class o~x ∈ Hs(ΓT~x ,Z).

In the present context, oriented special points play the role of special points in
the classical theory of Shimura varieties.

Remark 4.18. Since the order of torsion elements in G(Q) is bounded from above,
it follows that the torsion in Hs(ΓT ,Z) is bounded from above, where (x, T ) ranges
over all special pairs.
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4.2.3. Regularity. A meromorphic function f ∈M×rq is said to be regular at a point
ξ ∈ Xp if ξ does not lie in the support of the divisor of f . Let ~x be an oriented
special point and J ∈ Hs(Γ,M×rq). Restriction to ΓT~x followed by taking cap
product with the orientation o~x yields a homomorphism

Hs(Γ,M×rq)
res−−! Hs(ΓT~x ,M

×
rq)

∩o~x−−−! (M×rq)ΓT~x

and we write J~x for the image of J under this map.

Definition 4.19. A class J ∈ Hs(Γ,M×rq) is said to be regular at the oriented

special point ~x if the homology class J~x ∈ (M×rq)ΓT~x
admits a representative J̃~x ∈

M×rq that is regular at x.

Remark 4.20. In the case where ET is a field and n is even, any function in M×rq
is automatically regular at every special point x, since no non-zero vector in V is
orthogonal to x.

For a Γ-invariant subset S ⊆ Xp, let (M×rq)S denote those rigid meromorphic
functions on Xp which are regular at all ξ ∈ S. Suppose that a class J has a
lift to Hs(Γ, (M×rq)Γx), then it is clearly regular at (~x, T ). Note that the p-adic
Borcherds products constructed in Theorem 3.18 and 3.23 naturally define classes
in Hs(Γ, (M×rq)S) where S are certain unions of rational quadratic divisors.

4.2.4. Values of cohomology classes at oriented special points.

Lemma 4.21. Let J be a class in Hs(Γ,M×rq) that is regular at ~x and let J̃~x, J̃
′
~x ∈

M×rq be two representatives of J~x that are regular at x. Then

J̃~x(x) = ±J̃ ′~x(x).

Proof. We start with the following simple observation: let g be an element of G(Q)
and v ∈ V , q(v) 6= 0, an eigenvector of g with eigenvalue λ. Then λ is either equal
to 1 or −1 since

q(v) = q(gv) = q(λv) = λ2q(v).

Thus there exists a set R ⊆ V+ of vectors of positive length with the following
properties:

• any two distinct elements in R are linearly independent,
• any vector v ∈ V+ with x ∈ ∆v,p is a rational multiple of an element in R

and
• if v is an element of R and t ∈ T (Q), then either tv or −(tv) is an element

of R.

We define an action T (Q) of R by setting t ∗ v := ±tv, which in turn induces a
linear action on the module

⊕
R Z. Fix an auxiliary element v0 ∈ V+ of positive

length such that x /∈ ∆v0,p and consider the map⊕
v∈R

Z −!M×rq, a = (av) 7−! fv0
a (ξ) :=

∏
v∈R

(
〈v, ξ〉
〈v0, ξ〉

)av
.

By construction,

div(fv0
a ) =

∑
v∈R

av ·∆v,p.

Moreover, every meromorphic function f ∈M×rq can uniquely written as a product

(35) f = fv0
a · h
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with a ∈
⊕
R Z and h ∈ M×rq regular at x. If ṽ0 is a different choice of auxiliary

element, the quotient

f ṽ0/v0
a := f ṽ0

a /fv0
a =

∏
v∈R

(
〈v0, x〉
〈ṽ0, x〉

)av
is clearly regular at x. A straightforward calculation shows that for every t ∈ T (Q),

(36) f tv0/v0
a (x) = 1.

Moreover, it follows directly from the defintions that the equality

(37) t.fv0
a = ±f tv0

t∗a

holds for every t ∈ T (Q). We may write the quotient J̃~x/J̃
′
~x in the form

J̃~x/J̃
′
~x =

m∏
i=1

ti.(f
v0
ai · hi)

fv0
ai · hi

=

m∏
i=1

ti.f
v0
ai

fv0
ai

·
m∏
i=1

ti.hi
hi

with ti ∈ Γx, hi ∈M×rq meromorphic functions that are regular at x and a1, . . . , am
tuples as above. As the functions hi are regular at x, it follows that

ti.hi(x)

hi(x)
=
hi(t

−1
i x)

hi(x)
=
hi(x)

hi(x)
= 1

for all i = 1, . . . ,m. Using (37) we may rewrite the remaining term as follows:

m∏
i=1

ti.f
v0
ai

fv0
ai

= ±
m∏
i=1

f tiv0
ti∗ai
fv0
ai

= ±
m∏
i=1

fv0
ti∗ai
fv0
ai

·
m∏
i=1

f
tiv0/v0

ti∗ai .

As this function is regular at x and the second factor is regular at x, the uniqueness
of the decomposition (35) implies that the first factor is equal to one. The value of
the second factor at x is equal to one by (36). This proves the claim. �

Definition 4.22. Let J be a class in Hs(Γ,M×rq) that is regular at the oriented
special point ~x. The value of J at ~x is defined by

J [~x] := J̃~x(x) ∈ C×p /{±1}

where J̃~x ∈M×rq is any representative of J~x that is regular at x.

Note that the value J [~x] lies in the field of definition of x over Qp. In case s = 0,
one has H0(Γx,Z) = Z. If the orientation of ~x corresponds to the integer n under
this identification, then J [~x] is simply the n-th power of the value of the Γ-invariant
function J at x. For general s scaling the orientation defines an action of Z on the
set of oriented special points. One clearly has

J [n · ~x] = J [~x]n.

In particular, if the orientation of ~x is torsion, J [~x] is a root of unity whose order
is bounded from above by Remark 4.18.

4.2.5. Γ-invariance of special values. Let (x, T ) be a special pair and g an element
of G(Q). Then (gx, gTg−1) is also a special pair and ΓgTg−1 = gΓxg

−1. Write

cg : Hs(ΓT ,Z)! Hs(ΓgTg−1 ,Z)

for the homomorphism induced by conjugation with g. If ~x = (x, T, o) is an oriented
special point, then so is g~x := (gx, gTg−1, cg(o)). Since conjugation by γ ∈ Γ
induces the identity on Hs(Γ,M×rq) we immediately get the following:
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Proposition 4.23. Suppose that a class J ∈ Hs(Γ,M×rq) is regular at the oriented
special point ~x. Then J is regular at γ.~x for all γ ∈ Γ. Moreover, the equality

J [~x] = J [γ.~x]

holds.

4.2.6. Algebraicity of special values. In general we do not expect the values of rigid
meromorphic cocycles at oriented special points to be algebraic. Indeed, in signa-
ture (n, 0) every constant function with values in Q×p is a rigid meromorphic cocycle.
More generally, since p-arithmetic groups are of type (VFL), the homomorphism

Hs(Γ,Z)⊗Z Q×p −! Hs(Γ,Q×p )

has finite kernel and cokernel and the group Hs(Γ,Z) is finitely generated. It follows
that for every J ∈ Hs(Γ,Q×p ) there exists a finitely generated submodule ΠJ ⊆ Q×p
such that

J [~x] ∈ ΠJ

for all oriented special points ~x. Moreover, the rank of ΠJ is bounded by the rank
of Hs(Γ,Z). We now state a crude form of the algebraicity conjecture:

Conjecture 4.24. Let J ∈ RMC(Γ) be a rigid meromorphic cocycle. There exists
a finitely generated submodule ΠJ ⊆ Q×p such that

J [~x] ∈ Q×ΠJ

for every oriented special point ~x at which J is regular. Moreover, the rank of ΠJ

is less or equal to the rank of rkZH
s(Γ,Z).

By the discussion following Definition 4.22 the conjecture is vacuous for all points
whose orientation is torsion.

Remark 4.25. With similar methods as in the proof of Proposition 3.5 one can
determine the rank of Hs(Γ,Z). For example, in signature (r, 1) one deduces that
H1(Γ,Z) is always torsion and, hence, Conjecture 4.24 predicts that the special
values of rigid meromorphic cocycles are in fact algebraic.

4.3. Class group action on special points. In this section we associate to a
toric fixed point x a cocharacter µx, a reflex field Ex, and a reflex norm rx. This
leads to an action of the idele class group of Ex on the set of oriented special points
modulo Γ imitating the Galois action on CM points of Shimura varieties.

4.3.1. The cocharacter µx and its reflex field. Let T ⊆ G be a maximal torus and
x ∈ Q(Cp) a point stabilized by T (Cp). Remember that x corresponds to a non-
trivial weight χ of T and, in particular, x is algebraic. We consider x as a line in
VQ. As before, write σ(x) for the T -weight space corresponding to the weight χ−1

and consider the hyperbolic summand Hx = x⊕ σ(x) of VQ attached to x by (33).
The assignment

µx,T (t).v =


t · v if v ∈ x,
t−1 · v if v ∈ σ(x),

v if v ∈ H⊥x .
defines a cocharacter µx,T : Gm,Q ! TQ.

Assume for the moment that x is an element of Xp. Then, by the discussion
following Lemma 4.14 the point σ(x) does only depend on x and not T . Hence, the
cocharacter µx,T is independent of T and defines a homomorphism

µx : Gm,Q −! Tx,Q,

where Tx is the factor of T associated to x in Section 4.1.5.
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Definition 4.26. Let x be a toric fixed point. The reflex field Ex ⊆ Cp of x is the
field of definition of µx.

The fields of definition of the points x and σ(x) agree and, thus, the reflex field
Ex is just the field of definition of the point x ∈ Xp. It is a finite extension of Q.
More precisely, one has the following equality of fields:

ϕx(ET ) = ϕx(ETx) = Ex ⊆ Cp.
The isomorphism ϕx : ETx ! Ex induces an isomorphism

ϕx : Tx
∼=−−! U(Ex, σ)

of algebraic groups over Q.

4.3.2. Abstract reflex norm associated to a cocharacter. Let T be a torus over Q
with cocharacter lattice X∗(T ). Let µ : Gm,E ! TE be a cocharacter defined over a

finite extension E of Q. Write E× := ResE/Q(Gm,E) for the Weil restriction of the
multiplicative group Gm,E from E to Q. As explained in the proof of [33, Chapter
II, Theorem 2.4] there exists a canonical isomorphism

X∗(E
×) ∼= Ind

GQ
GEZ := {f : GE\GQ ! Z} .(38)

By Frobenius reciprocity, the GE-equivariant map of cocharacter lattices

µ : Z ∼= X∗(Gm) −! X∗(T )

induces the GQ-equivariant homomorphism

rµ : Ind
GQ
GEZ −! X∗(T ), f 7−!

∑
τ∈GE\GQ

f(τ) · τ−1.µ

We are led to the following definition:

Definition 4.27. Let T/Q be a torus and µ : Gm,E ! TE ∈ X(T ) be a cocharacter
defined over a finite extension E of Q. The reflex norm attached to the pair (µ,E)
is the unique Q-rational homomorphism

rµ : E× −! T

that induces the homomorphism rµ on cocharacter lattices.

4.3.3. Reflex norm rx attached to fixed points in Xp. The above construction can
be applied to the cocharacter µx of Section 4.3.1.

Definition 4.28. Let x ∈ Xp be a toric fixed point with corresponding cocharacter
µx and reflex field Ex. The associated reflex norm

rx : E×x ! Tx

is the abstract reflex norm associated to the pair (µx, Ex).

Lemma 4.29. Let x ∈ Xp be a toric fixed point and let g ∈ G(Q). Then g stabilizes
x if and only if g commutes with µx. In particular, if g stabilizes x, then g commutes
with the image of the reflex norm rx.

Proof. The cocharacter µx defines an action of Gm,E on VE with distinct one-
dimensional weight spaces spanned by x and σ(x). So if g commutes with µx, then
g must preserve these weight spaces and so must stabilize x and σ(x).

Conversely, by Galois conjugacy of x and σ(x) (see Lemma 4.14), g ∈ G(Q)
stabilizes x if and only if it stabilizes σ(x). Since g scales the lines spanned by
x and σ(x) and preserves the orthogonal decomposition H ⊕H⊥, where H is the
hyperbolic plane spanned by x and σ(x) it follows that g commutes with µx. If g
stabilizes x, and hence commutes with µx by the above, it follows directly that g
commutes with rx. �
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4.3.4. Cocharacter lattices of maximal tori in orthogonal groups. In the following we
will give an explicit description of the reflex norm. We first give a characterization
of the cocharacter lattice X∗(T ) of a maximal Q-rational torus T ⊆ G in terms of
the set NT of isotropic eigenlines of T . To this end, put

Xgeom
∗ (T ) := {f : NT ! Z | f(x) + f(σ(x)) = 0 ∀x ∈ NT }.

The absolute Galois group GQ of Q acts naturally on NT and so it also does on
Xgeom
∗ (T ). Given f ∈ Xgeom

∗ (T ) and t ∈ C×p we define the orthogonal operator

µf : VCp −! VCp

via µf (t)v = tf(x)v if v ∈ x, x ∈ NT and µf (t)v = v if v is orthogonal to every
x ∈ NT . One easily checks that µf (t) ∈ T (Cp) and thus µf defines a cocharacter
of T .

Lemma 4.30. Let T ⊆ G be a Q-rational maximal torus. The mapping

Xgeom
∗ (T ) −! X∗(T )

f 7−! µf

is a GQ-equivariant isomorphism.

Proof. Via this homomorphism the function fx = 1x − 1σ(x) is mapped to µx,T ..
The set of miniscule cocharacters {µx | x ∈ NT } generates X∗(T ). This proves sur-
jectivity. Bijectivity follows immediately since both modules are finitely generated
free Z-modules of the same rank. Corollary 4.9 implies that τ(fx) = fτ(x). Thus,
for proving Galois equivariance it suffices to show that

τ ◦ µx,T ◦ τ−1 = µτ(x),T

for all τ ∈ GQ, which follows along the same lines as Lemma 4.8. �

Given a toric pair (x, T ) define Nx ⊆ NT to be the GQ-orbit of x and write
Xgeom
∗ (Tx) ⊆ Xgeom

∗ (T ) for the subset of those functions, which are supported on
Nx. By Lemma 4.30 there is a canonical identification

X∗(Tx)
∼=−−! Xgeom

∗ (Tx).(39)

Since Ex is the field of definition of x, the map

Nx −! GQ/GEx , τ(x) 7−! τ,

is a well-defined isomorphism of GQ-sets, which induces the isomorphism of GQ-
modules

{f : Nx ! Z}
∼=−−! Ind

GQ
GEZ

f 7−! [τ 7! f(τ(x)) · τ−1].
(40)

By (38) the right hand side of this homomorphism can be identified with the cochar-
acter lattice of E×x . Thus, restricting (40) to Xgeom

∗ (Tx) yields the map

Xgeom
∗ (Tx) −! X∗(E

×
x ),

which is induced by the homomorphism of tori

Tx
ϕx−−! U(Ex, σ) ⊆ E×x .
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4.3.5. Concrete identification of the reflex norm. The concrete reflex norm attached
to a toric fixed point x ∈ Xp is the homomorphism

rσ : E×x −! U(Ex, σ), a 7−! a/aσ

of algebraic groups over Q.

Proposition 4.31. For every toric fixed point x ∈ Xp the equality

rσ = ϕx ◦ rx
holds. In particular, the kernel of rx is equal to the subgroup F×x ⊆ E

×
x .

Proof. For the first claim it is enough to prove that both homomorphism induce
the same map on cocharacter groups. Under the identification (39) the reflex norm
induces the following map on cocharacter groups:

rx : Ind
GQ
GEx

Z −! Xgeom
∗ (T ), f 7−!

∑
τ∈GE\GQ

f(τ) · τ−1.(1x − 1σ(x)).

Thus, the composition ϕx ◦ rx induces the map

Ind
GQ
GEx

Z −! Ind
GQ
GEx

Z, f 7−!
∑

τ∈GE\GQ

f(τ) · (τ − στ),

which is readily identified as the one induced by rσ.
The second claim follows since ker(rσ) = F×x and ϕx : Tx ! U(Ex, σ) is an

isomorphism. �

Proposition 4.31 together with Corollary 4.5 immediately implies the following:

Corollary 4.32. Let x ∈ Xp be a toric fixed point. The formula

snQ(rx(e)) = NEx
Q (e) mod (Q×)2

holds for all e ∈ E×x .

4.3.6. Class group action on toric fixed points. Denote by A (resp. Apf ) the ring of

adeles (resp. the ring of adeles away from p and ∞). If E is a finite extension of E,
put AE := A⊗Q E and IE := A×E . For an open compact subgroup Up ⊆ G(Apf ), an

open subgroup Up ⊆ G(Qp) containing G(Qp)+, and put U := UpUpG(R)+. For a
coset h ∈ G(A)/U consider the stabilizer Γh := G(Q) ∩ hUh−1 of h in G(Q). This
is a p-arithmetic subgroup that lies in the kernel of the real spinor norm. The set

ΣU := {toric fixed points on Xp} ×G(A)/U.

of adelic toric fixed points (of level U) is equipped with the diagonal G(Q)-action.
For a toric fixed point x let xU ⊆ ΣU be the set of pairs with first coordinate equal
to x and write xU := G(Q)\G(Q)xU for its image in G(Q)\ΣU . Given a point
(x, h) ∈ ΣU the reflex norm defines an action of the idele group IEx = E×x (A) on
xU :

t ? (x, h) := (rx(tp)x, rx(t) · h)

= (x, rx(t) · h).

Lemma 4.33. Let x ∈ Xp be a toric fixed point. The action of IEx on xU descends
to a well-defined action on xU .

Proof. Suppose (x, h) and (x, h′) are G(Q)-equivalent points of xU , i.e., g.(x, h) =
(x, h′) for some g ∈ G(Q). In particular, gx = x holds, which by Lemma 4.29
implies that g commutes with the image of the reflex norm. It follows that

t ? (x, h′) = t ? (g.(x, h)) = g. (t ? (x, h)) ,

which proves the claim. �
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To an adelic toric fixed point (x, h) ∈ ΣU we attach the relative class group

Cx,h := E×x IFx\IEx/r−1
x (hUh−1).(41)

Corollary 4.34. Let (x, h) be an adelic toric fixed point. The action of IEx on the
orbit of (x, h) in xU factors through Cx,h.

Proof. By Proposition 4.31 the subgroup IFx is identified with ker(rx)(A), which
acts trivially on xU and, hence, also on xU . Since rx(E×x ) is a subgroup of G(Q),
the subgroup E×x acts trivially on xU . Finally r−1

x (hUh−1) acts trivially on h by
definition. The result follows. �

4.3.7. Class group action on oriented special points.

Definition 4.35. An adelic oriented special point (~x, h) of level U a coset h ∈
G(A)/U and an oriented special point ~x of level Γh. The set of oriented adelic
special points of level U will be denoted by Σor

U .

The set Σor
U carries a natural G(Q)-action: let (~x, h) be an adelic oriented special

point given by the tuple (x, T, h, o) and g ∈ G(Q). The adelic oriented special pair
g(~x, h)) is given by the tuple (gx, gTg−1, gh, cg(o)), where as before

cg : Hs(Γh,T )! Hs(Γgh,gTg−1)

denotes the homomorphism induced by conjugation by g. Consider the subset
xor
U ⊆ Σor

U of all adelic oriented special points with first coordinate equal to x. As
in Section 4.3.6, the reflex norm induces an action of IEx on xor

U : given t ∈ IEx and
(x, T, h, o) ∈ xor

U then t ? (~x, h) is associated to the special pair (x, T ), the coset
rx(t)h and the orientation ct(o) where

ct : Hs(Γh,T )! Hs(Γrx(t)h,T )

is the homomorphism induced by conjugation with rx(t). With similar arguments
as in Lemma 4.33 and Corollary 4.34 one proves the following:

Proposition 4.36. Let (~x, h) be an adelic oriented special point. The action of
IEx on xU descend to an action on xor

U := G(Q)\G(Q)xor
U . Moreover, the action of

IEx on the orbit of the image of (~x, h) in xor
U factors through the relative class group

Cx,h.

4.3.8. Connected components.

Definition 4.37. Two cosets h, h′ ∈ G(A)/U lie in the same compononent if their
images in G(Q)\G(A)/U agree.

Assume that h, h′ ∈ G(A)/U lie in the same component and chose g ∈ G(Q)
with h = gh′. The element g is unique up to left multiplication by elements of
Γh. Let J be an element of Hs(Γh,M×rq) and (~x, h′) an adelic oriented special
point. Then g.~x is a special point of level Γh. We say that J is regular at (~x, h′)
if it is regular at g.~x. This regularity condition is independent of the choice of g.
Moreover, Proposition 4.23 implies that the special value

J [(~x, h′)] := J(g.~x)

is independent of the choice of g as well.
The product of the local spinor norm maps defined a group homomorphism

snA : G(A) −! I2Q\IQ.(42)

Since the spin group of a non-degnerate quadratic space is semi-simple and G(Qp)
is not compact, strong approximation implies that (42) induces a bijection

G(Q)\G(A)/U = Q×I2Q\IQ/snA(U) =: CU .
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Let EU/Q be the abelian extension associated to Cx,h by class field theory. The
description of the Galois action on connected components of orthogonal Shimura
varieties in [25, Section 1] suggests that the “connected components” of the space
G(Q)\(X∞ ×Xp ×G(A)/U) are “defined over EU”.

Let x ∈ Xp be a toric fixed point. The diagram

IEx G(A)

IQ I2Q\IQ

rx

NEx
Q snA

is commutative by Corollary 4.5 and Proposition 4.31. Thus, for every h ∈ G(A)/U

the norm map NEx
Q : IE ! IQ descends to a homomorphism Cx,h ! CU . We denote

its kernel by CUx,h ⊆ Cx,h. The commutativity of the diagram above implies that h

and rx(t)h lie in the same component for all t ∈ CUx,h. In particular, if (~x, h) is an

adelic oriented special point and t ∈ CUx,h, the special value J [t ? (~x, h)] is defined

for all J ∈ Hs(Γh,M×rq).

4.4. The conjectural reciprocity law. We formulate a reciprocity law regarding
the algebraicity and field of definition of the values of rigid meromorphic cocycles
at oriented special pairs, akin to the classical Shimura reciprocity law for singular
moduli on Shimura varieties. Throughout this section we fix an open subgroup
Up ⊆ G(Ap,∞) and an open subgroup Up ⊆ G(Qp) containing G(Qp)+ and put
U = UpUpG(R)+. As before, for a coset h ∈ G(A)/U put Γh := G(Q) ∩ hUh−1.
Let (~x, h) be an oriented adelic special point and Cx,h the by (41) associated relative
class group. Denote by Hx,h/Ex the abelian extension associated to Cx,h by class
field theory, that, is the Artin reciprocity map furnishes a canonical isomorphism

Cx,h
rec−−! Gal(Hx,h/Ex).

By functoriality of the Artin reciprocity map the subgroup CUx,h corresponds to
the group of those field automorphisms that act trivially on Hx,h ∩EU . Regarding
rationality properties of adelic rigid meromorphic cocycles and their values at adelic
special pairs, we are guided by the following two principles:

• The set G(Q)\Σor
U behaves like the collection of special points on a Shimura

variety with its attendant canonical model. The Shimura reciprocity law for
classical Shimura varieties then makes the following plausible: The image
of the adelic special pair (~x, h) in G(Q)\Σor

U is defined over the abelian
extension Hx,h/Ex and τ ∈ Gal(Hx,h/Ex) acts via rec−1(τ) on it.

• Rigid meromorphic cocycles J behave as though they are meromorphic
functions with divisors defined over EU on a “Shimura variety” YU whose
collection of special points coincides with G(Q)\Σor

U .

These principles lead to the following analogue of the Shimura reciprocity law:

Conjecture 4.38. Let h ∈ G(A)/U be a coset. For every rigid meromorphic
cocycle J ∈ RMC(Γh) of level Γh there exists a finitely generated submodule ΠJ ⊆
Q×p of rank less or equal to the rank of Hs(Γh,Z) such that

J [(~x, h)] ∈ Hx,hEUΠJ

for every oriented special pair (~x, h) at which J is regular. Moreover, for every
α ∈ ΠJ such that J [(~x, h)]/α ∈ Hx,hEU there exists α′ ∈ ΠJ such that

rec(t)

(
J [(~x, h)]

α

)
=
J [t ? (~x, h)]

α′
∀t ∈ CUx,h.
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5. Examples and numerical experiments

This closing chapter reports on a few numerical experiments illustrating Conjec-
ture 4.38. These experiments only scratch the surface and it would be worthwhile
to extend their scope by developing systematic, practical approaches for computing
rigid meromorphic cocycles and their special values.

Note that the case s = 0 of definite quadratic spaces represents the most tractable
setting for Conjecture 4.38. Because G(R) is compact, the p-arithmetic group Γ
acts discretely on Xp, and a rigid meromorphic cocycle is just a Γ-invariant rigid
meromorphic function on Xp whose divisor is supported on a finite union of Γ-orbits
of rational quadratic divisors. In ranks 3 and 4, the theory of p-adic uniformization
of Shimura curves and quaternionic Shimura surfaces places Conjecture 4.38 within
the purview of the classical theory of complex multiplication by reducing it to the
study of CM points on certain orthogonal Shimura varieties. (See the forthcoming
work [2] for a detailed discussion.) This setting has already been explored from a
practical, computational angle in the literature, notably in [21], [32], and [20] for
the special case of signature (3, 0), and the upcoming work [31] of Negrini describes
similar calculations in signature (4, 0). The remainder of this chapter will therefore
focus on the hyperbolic case where s = 1 and rigid meromorphic cocycles are one-
cocycles on p-arithmetic groups.

5.1. Signature (2, 1) and class fields of real quadratic fields. A prototypical
example of a three-dimensional quadratic space can be obtained by letting B be a
quaternion algebra over Q, and setting

(43) V := BTr=0, q(v) = ±Norm(v),

where Norm denotes the reduced norm. For example, when V = M2(Q), equipped
with the negative of the trace form, this quadratic space is the direct sum of a
hyperbolic plane and the form x2, and is of signature (2, 1). More generally, V is
of signature (2, 1) whenever M2(Q) is replaced by an indefinite quaternion algebra
over Q in this construction.

The exact sequence (1) with k = Q then becomes

(44) 1! {±1}! B×1 ! B×/Q× ! Q×/(Q×)2,

where the penultimate map is induced from the natural inclusion of B×1 into B×,
and the rightmost map is induced from the norm modulo squares. In particular,
one then has

G(R) = PSL2(R).

Rigid meromorphic cocycles attached to quadratic spaces of signature (2, 1) have
already been considered in the literature, notably in [16] where V is the space
of trace zero elements in M2(Z[1/p]) and Γ = SL2(Z[1/p]), and in [22] and [19],
where more general quadratic spaces arising from the trace zero elements in certain
indefinite quaternion algebras are considered. The constructions of loc.cit. are in
one sense finer than what will be described in this section because they exploit the
circumstance, peculiar to rank 3, that the rational quadratic divisor ∆v,p on Hp
attached to a vector v ∈ B is of the form

∆v,p = (τv) + (τ ′v),

where τv and τ ′v are defined over a quadratic extension of Qp and interchanged
by the Galois automorphism. With some care, it is possible to construct divisor
valued cohomology classes whose divisor involves τv but not τ ′v. Furthermore, the
collection of Γ-orbits of vectors of length d is more rich and subtle in the rank 3
settings, since it is a principal homogeneous space for the narrow class group of
(an order in) Q(

√
d). A rigid meromorphic cocycle with divisor concentrated on a
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single orbit is in some sense “defined over” the associated narrow ring class field
and does not arise in general as a Borcherds lift. A similar phenomenon occurs in
classical Borcherds theory, where not every meromorphic function on a modular or
Shimura curve with CM divisor can be realised as a Borcherds lift, although such
converse results have been proved in certain cases for quadratic spaces of higher
rank (cf. [9] for example).

Let V be the space of matrices of the form

V =

{(
−b −c
a b

)
with a, b, c ∈ Q

}
,

endowed with the negative of the trace form, for which q(v) = −det(v). The matrix

(45) v =

(
−b −c
a b

)
∈ V

corresponds to the quadratic form [a, 2b, c] of discriminant 4(b2 − ac),whose roots,

−b−
√
b2 − ac
a

,
−b+

√
b2 − ac
a

,

have opposite signs precisely when ac < 0. Let Φ be the Schwartz function on the
finite adèlic space VAf whose component Φ` at odd primes ` is the characteristic
function of M2(Z`)0, and whose component at 2 is defined in terms of the odd
Dirichlet character χ4 of conductor 4 by setting

Φ2

(
−b −c
a b

)
=

{
χ4(a) if a, b, c ∈ Z2,

0 otherwise.

Let Φ(p) be the Schwartz function on the adèlic space VA(p)
f

with the component at

p ignored. The stabiliser of this Schwarz function is the p-arithmetic analogue of
the Hecke congruence group Γ0(2):

Γ =

{(
a b
c d

)
∈ SL2(Z[1/p]) with 2|c

}
.

For each d > 0, let

∆d(0,∞) :=
∑
〈v,v〉=d
ac<0

δvΦ
(p)(v)∆v,

be the locally finite divisor on Hp attached to Φ(p) and d, where the sum is taken
over the matrices v as in (45) of length d = b2 − ac satisfying ac < 0, and δv =
sign(a). The degree of ∆d(0,∞) ∩ H≤np is equal to the dp2n-th Fourier coefficient

b(dp2n) of the modular form of weight 3/2 and level 4 given by

g(q) = θ(q)E1(1, χ4)(q) =
∑

b(n)qn,

where θ(q) =
∑
n∈Z q

n2

is the usual unary theta series and E1(1, χ4) is the weight
one Eisenstein series attached to χ4. Some of the coefficients of this generating
series are listed in the table below:

d 2 5 8 11 14 17
b(d) 3 6 3 6 12 12

When p = 3, the relevant space of modular forms of weight 3/2 and level 12 is
spanned by g(q) and g(q3). It follows that the locally finite divisors

∆5(0,∞)− 2∆2(0,∞), ∆8(0,∞)−∆2(0,∞),

∆11(0,∞)−∆5(0,∞), ∆14(0,∞)−∆17(0,∞)
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are the divisors of a rigid meromorphic period function in the sense of [16] (but on
Γ rather than on SL2(Z[1/p])). Let

J1, J2, J3, J4 ∈ H1(Γ,M×rq)

denote the rigid meromorphic cocycles with these divisors. They were calculated

with 200 digits of 3-adic accuracy and evaluated at the RM point τ11 = 1+
√

11
2 of

discriminant 44. Since the narrow Hilbert class field of Q(
√

11) is the biquadratic

field Q(i,
√

11), Conjecture 4.38 asserts that Jt[τ11] is defined over this field, for
t = 1, 2, 3, 4. Indeed, one finds that, at least to within this accuracy,

J1[τ11]
?
=

992481 + 322880 · i
17 · 292 · 73 ,

J2[τ11]
?
=

−19245079− 2983200 · i
29 · 61 · 101 · 109 ,

J3[τ11]
?
=

19229239383465 + 7867810272448 · i
134 · 172 · 292 · 41 · 73 ,

J4[τ11]
?
=

4967915642907602238905− 13926798659822783142912 · i
173 · 29 · 41 · 73 · 109 · 149 · 193 · 197 · 233 · 241 .

These Gaussian integers are all of norm one and the primes that divide their
denominators are all inert in Q(

√
11). This experiment extends the framework of

[16] ever so slightly by working with a lattice that differs from the space of all
integral binary quadratic forms. It also illustrates a feature of Conjecture 4.38,
namely that the field of definition of J [τ ] is a class field that depends only on τ and
not on J , insofar as the rigid meromorphic cocycles constructed in the orthogonal
group framework are all “defined over Q”.

5.2. Signature (3, 1) and Bianchi cocycles. Let V := Q4 be the standard ra-
tional Minkowski space, endowed with the quadratic form

q(x, y, z, t) := x2 + y2 + z2 − t2.

It admits a convenient description as a subspace of M2(K), with K := Q(i). The
matrix ring M2(K) is endowed with the standard anti-involution M 7!M∗ as well
as an involution M 7!M ′ coming from the Galois automorphism of K, defined by(

a b
c d

)∗
:=

(
d −b
−c a

)
,

(
a b
c d

)′
:=

(
a′ b′

c′ d′

)
,

and we define

V = {M ∈ M2(K) satisfying M∗ = −M ′}

=

{(
α′ −b
c −α

)
with α ∈ K, b, c ∈ Q

}
,

equipped with the quadratic form

q(M) = −det(M).

We will adopt the convenient notational shorthand

[α; b, c] :=

(
α −b
c −α′

)
, q([α; b, c]) = αα′ − bc.

The group SL2(K) operates as isometries of V by twisted conjugation,

γ ∗M := γM(γ′)−1 = γM(γ′)∗,

leading to a homomorphism

SL2(K) −! SOV (Q).
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The real symmetric space X∞ is a real 3-dimensional manifold, and is identified
with C×R>0 by the rule sending the line spanned by the vector [β;u, v] of negative
norm to

[β;u, v] 7! (z, t) = (β/v, (uv − ββ′)/v2).

The p-adic symmetric space Xp is identified with Hp ×Hp via the association(
(τ1, τ2) −1
τ1τ2 −(τ2, τ1)

)
 ! (τ1, τ2).

For any M = [α; b, c] ∈ V of positive norm, a function FM ∈ M×rq having ∆M,p as
divisor can be defined by setting

FM (τ1, τ2) = (−1, τ1)

(
α′ −b
c −α

)(
τ2
1

)
= cτ1τ2 − ατ1 − α′τ2 + b.

Consider the standard lattice

L = {M ∈ M2(Z[i][1/p]) satisfying M∗ = −M},
on which the group Γ = SL2(Z[i][1/p]) acts naturally by isometries, as above.
Concrete instances of rigid meromorphic cocycles for the Bianchi group Γ can be
described using modular symbols, as we now explain. The group Γ acts naturally on
the boundary C∪{∞} = P1(C) ofX∞ by Möbius transformations, and preserves the
subset P1(K) of K-rational points, whose stabilisers in Γ are parabolic subgroups.
Given r, s ∈ P1(K), denote by (r, s) the open hyperbolic geodesic path joining r
and s in X∞.

Given an integer d > 0, one can formally define a modular symbol with values
in M×rq by setting, for all r, s ∈ P1(K),

Jd(r, s)(τ1, τ2) :=
∏
M∈L

〈M,M〉=d

FM (τ1, τ2)(∆M,∞·(r,s))∞ ,

where FM ∈M×rq is the rational function on Xp having ∆M,p as divisor, and ∆M,∞
is the real two-dimensional cycle in the three-manifold X∞ attached to the vector
M . If these expressions converge for all r, s, then they clearly define a modular
symbol with values in M×rq. One also hopes that they satisfy some type of Γ-
equivariance property, since

FγM (γτ1, γτ2) = j(γ; τ1, τ2)FM (τ1, τ2),

where

j(γ; τ1, τ2) = (c1τ1 + d)(c2τ2 + d2), γ =

(
a b
c d

)
,

is a multiplicative factor of automorphy that depends on γ and τ but not on M .
Assuming that the assignment (r, s) 7! Jd(r, s) is Γ-equivariant, the theory of

modular symbols allows us to reduce the calculation of Jd to that of Jd(0,∞).
Following a terminology of Zagier that is taken up in [16], the function

Φd := Jd(0,∞)

is called the rigid meromorphic period function on Xp associated to Jd (or to the
integer d). The formula defining this rigid meromorphic period function is given by

Φd(τ1, τ2) =

∞∏
j=0

Φd,j(τ1, τ2),

where

(46) Φd,j(τ1, τ2) =
∏

M∈VZ,
〈M,M〉=dp2j

FM (τ1, τ2)(∆M,∞·(0,∞)).



RIGID MEROMORPHIC COCYCLES FOR ORTHOGONAL GROUPS 59

To make it more concrete, we invoke the following lemma

Lemma 5.1. Let M = [α; b, c] ∈ V be a vector of positive norm with associated
real two-dimensional cycle ∆M,∞ ⊆ X∞. Then

∆M,∞ · (0,∞) =

{
sign(c) if bc < 0;

0 if bc > 0.

Proof. The two-dimensional region attached to M = [α, b, c] is the set of (z, t) =
(β/v, (uv − ββ′)/v2) ∈ C× R>0 satisfying the equality

Tr

((
α −b
c −α′

)
·
(
β −u
v −β′

))
= 0,

that is,
αβ + α′β′ − bv − cu = 0.

This equation can be re-written in terms of the coordinates (z, t), as

αz + α′z′ − b− c(t+ zz′) = 0,

or equivalently, after dividing by −c,

(zz′ + t)− α

c
z − α′

c
z′ +

b

c
= 0.

This equation can be further re-written as(
z − α′

c

)(
z′ − α

c

)
=
αα′ − bc

c2
− t.

This two-dimensional region intersects the boundary of C × R>0 (with equation
t = 0 in the circle on the complex z-plane centred at α′/c and of square-radius
(αα′ − bc)/c2. Since this circle contains z = 0 in its interior precisely when bc < 0,
the lemma follows. �

Thanks to this lemma, equation (46) can be written as

Φd,j(τ1, τ2) =
∏

αα′−bc=dp2j

bc<0,

(cτ1τ2 − ατ1 − α′τ2 + b)sgn(c).

There are two difficulties that arise in this definition:

(1) The term sgn(c) is problematic to make sense of when c = 0, which occurs
when the two-cycle in X∞ attached to [α; b, c] intersects (0,∞) improperly.

(2) Even if such improper intersections do not occur, one has Φd,j(τ1, τ2) = ±1
for all j, because the symmetry [α; b, c] 7! −[α; b, c] forces trivial cancella-
tion in the product.

To remedy the first problem, it can simply be assumed that d is not a norm from
Z[i], i.e., is not a sum of two squares, to ensure that there are no length d vectors
[α; b, c] in the lattice with bc = 0. This holds, for instance if d is exactly divisible
by a prime which is congruent to 3 modulo 4.

To address the second problem, the sum over a full lattice needs to be replaced
by a sum over a coset of one lattice in an other (or a linear combination of such
sums) that is not preserved by multiplication by −1. For instance, let χ4 be the
odd Dirichlet character of conductor 4 and weight the factor attached to [α; b, c] in
the product defining Φd,j by a further exponent of χ4(c), by setting

(47) Φd,j(τ1, τ2) :=
∏

αα′−bc=dp2j

bc<0,

(cτ1τ2 − ατ1 − α′τ2 + b)χ4(c)sgn(c).

This further weighting by an odd character causes the factors attached to [α; b, c]
and [−α;−b,−c] to reinforce each other rather than cancelling out. The weight of
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Φd,j is defined to be the sum of the exponents appearing in the product expansion
(47). The following suggestive formula relates this weight to the Fourier coefficients
of modular forms.

Lemma 5.2. For all j ≥ 1 and all d which are not a sum of two squares, the
rational function Φd,j has weight equal to

deg Φd,j = 16σ(dp2j), where σ(n) =
∑
4-d|n

d.

Proof. By (47),

wtΦd,j =
∑

αα′−bc=dp2j

bc<0,

χ4(c) · sgn(c) = 2
∑

r2+s2+tu=dp2j

t,u>0

χ4(t)

= 2
∑
r,s∈Z

r2+s2<dp2j

 ∑
t|dp2j−(r2+s2)

χ4(t)

 .

The inner sum is readily recognised as the dp2j − (r2 + s2)-th coefficient of the
weight one Eisenstein series attached to χ4:

E1(1, χ4)(q) =
1

4
+

∞∑
n=1

∑
t|n

χ4(t)

 qn

=

∞∑
n=0

a(n)qn,

and hence we can write

wtΦd,j = 2
∑
r,s∈Z

r2+s2<dp2j

a(dp2j − (r2 + s2))

= 2
∑

m≤dp2j

r2(m)a(dp2j −m),

where r2(m) is the number of ways of representing m as a sum of two squares,
which is also the m-th Fourier coefficient of the binary theta series attached to the
quadratic form x2 + y2. This theta series is also equal to a multiple of E1(1, χ4), a
very simple instance of the Siegel-Weil formula, and thus one finds

wtΦd,j = 8
∑

m≤dp2j

a(m)a(dp2j −m)

= 8b(dp2j),

where b(n) is the n-th Fourier coefficient of 2E1(1, χ4)2. This modular form of
weight two, level 4 and trivial nebentypus character is the quaternary theta series
whose Fourier coefficients give the number of ways of representing an integer as a
sum of 4 squares. It is also the Eisenstein series of weight two and level 4 with
q-expansion given by

E2(q)− 4E2(q4) :=
1

8
+

∞∑
n=1

∑
4-t|n

t

 qn.

Hence, the equation

(48) deg Φd,j = 8b(n) = 8
∑
4-t|n

t,
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holds, as was to be shown. �

Since σ(3) = 4 and σ(7) = 8, we may let D := 2∆3 −∆7 and conclude that the
rational functions

ΦD,j(τ1, τ2) :=
Φ2

3,j

Φ7,j

are of weight 0 for all j. This weight zero condition is not sufficient in and of itself
to ensure the convergence of the infinite product

∏
j ΦD,j as a rigid meromorphic

function. Numerical calculations indeed reveal that this product does not converge,
even for p = 5, the smallest prime that is split in Q(i). The Borcherds theory
developed in the body of this paper suggests that the obstruction to this product
converging as a rigid meromorphic function on the 5-adic analytic space X5 lies in
the space M2(20) of modular forms of weight 2 and level 20. In addition to the
weight two Eisenstein series, this space contains a unique normalised cusp form

g(z) = η(2z)2η(10z)2

= q

∞∏
n=1

(1− q2n)2(1− q10n)2

= q − 2q3 − q5 + 2q7 + q9 + 2q13 + 2q15 − 6q17 − 4q19 − 4q21 + · · ·

The fact that 2a3(g) − a7(g) = −6 6= 0 explains why the product of the ΦD,j fails
to converge for this choice of D . Inspection reveals that the functional

f 7! a3(f)− a6(f) + a7(f)

vanishes identically on the cusp form g, and on the weight two Eisenstein series,
since the coefficients bn of (48) satisfy

b3 = 4, b6 = 12, a7 = 8.

This motivates setting

D := ∆3 −∆6 + ∆7,

and studying the rational functions

ΦD,j := Φ3,j ÷ Φ6,j × Φ7,j ,

as well as the infinite product

ΦD(τ1, τ2) :=

∞∏
j=0

ΦD,j(τ1, τ2),

which should - as the the p-adic Borcherds theory suggests - converge uniformly to
a rigid meromorphic function on each affinoid subset of Hp ×Hp.

The function [α; b, c] 7! χ4(c) is invariant under the action of Γ, and hence there
is a unique M×rq-valued modular symbol JD satisfying

JD(0,∞) = ΦD , JD(γr, γs)(γτ1, γτ2) = JD(r, s)(τ1, τ2), for all γ ∈ Γ.

This rigid meromorphic cocycle (or rather, its associated rigid meromorphic period
function ΦD) was calculated on the computer to an accuracy of 160 significant 5-
adic digits, using the same kind of iterative algorithms that are described in [16]
in signature (2, 1) and in [31] in signature (4, 0). The calculation took around a
week on a standard machine. The 5-adic rigid meromorphic period function ΦD is
eventually stored as a 6× 6 array of power series in two variables of degree ≤ 160
with coefficients in Z/5160Z. Once it has been computed and recorded in a file,
evaluating the associated rigid meromorphic cocycle JD at a special point typically
requires only a few seconds.

Special points on Xp = Hp ×Hp can be divided into three types:
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(a) The small RM points coming from an embedding of the multiplicative group
of an order in a real quadratic field into SL2(Z), composed with the natural
inclusion SL2(Z) ⊆ SL2(OK). These special points are of the form (τ, τ), where
τ is an RM point in Hp. The reflex field of such a points is the real quadratic
field Q(τ).

(b) The small CM points, which are of the form (τ, τ ′) where τ in an RM point in
Hp. The reflex field of such a point is the imaginary quadratic subfield of the
biquadratic field Q(τ, i) which differs from Q(i).

(c) The big special points whose reflex fields are ATR extensions of real quadratic
fields, that is, quartic extensions of Q with exactly one complex place.

We discuss the three classes in turn.

Evaluations at small RM points. Adopt the shorthand

JD [τ ] := JD [τ, τ ], τ ∈ Hp.

The following identities give a good illustration of Conjecture 4.38:

JD

[
1√
2

]
=
−289 + 480i− 204

√
2 + 340

√
−2

3 · 11
mod 5160,(49)

JD

[
1 +
√

3

2

]
=
−329 + 96i+ 188

√
3− 56

√
−3

72
mod 5160,(50)

JD

[
1 +
√

17

4

]
=

a+ b · i+ c ·
√

17 + d ·
√
−17

3 · 53 · 72 · 17 · 23
mod 5160,

with

(51) (a, b, c, d) = (8561065121,−13089950772,−2076362976, 3174779132).

The algebraic numbers on the right-hand side of these putative evaluations all be-
long to an unramified abelian extension of the reflex field Q(τ), and have norm 1
to this reflex field. More precisely, they are in the minus part (multiplicatively) for
the action of complex conjugation which lies in the center of the absolute Galois
group of Q(τ). In particular, they lie in the unit circle relative to all complex em-
beddings of Q̄. It is also worth noting that the primes that arise in the factorisation
of JD [τ ] lie above rational primes that are either inert or ramified in the reflex field.
These observations evoke patterns that were already observed in [16], and this is
no coincidence. Indeed, the points (τ, τ) are the images of the RM point τ ∈ H5

under the diagonal embedding H5 ⊆ H5 × H5, and the restriction of JD to the
diagonal gives rise to a rigid meromorphic cocycle for a subgroup of SL2(Z[1/p]),
namely, the intersection of Γ with SL2(Q), i.e., the Γ0(2)-type congruence subgroup
of SL2(Z[1/p]). Hence, the evaluations (49), (50), and (51) do not represent a truly
new verification of Conjecture 4.38 for a Bianchi cocycle, since they can be reduced
to the conjectures of [16].

Evaluations at small CM points. Values at small CM points of the form (τ, τ ′)
where τ is an RM point in H5 — for which the p-adic “CM type” has been flipped,
so that the associated reflex field is now an imaginary quadratic field — have no
counterpart in the setting of rigid meromorphic cocycles for O(2, 1), and are thus
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significantly more interesting a priori. The first numerical evaluations reveal that

JD

[
1√
2
,
−1√

2

]
= 1 mod 5160,(52)

JD

[
1 +
√

3

2
,

1−
√

3

2

]
= 1 mod 5160,(53)

JD

[
1 +
√

17

4
,

1−
√

17

4

]
=

22 · (4− i)2 · i
53

mod 5160.(54)

Comparing with (49), (50) and (51), it seems that these more exotic values tend to
be of significantly smaller height. This is confirmed by further experiments. Letting
τD ∈ H5 be an RM point of discriminant D > 0, it was observed that

JD [τD, τ
′
D]

?
= 1, for D =

32, 88, 92, 152, 168, 172, 188, 232, 248, 252,
268, 272, 308, 312, 328, 332, 348, 368,. . .

Another novel phenomenon is the relatively frequent occurrence of instances where
JD [τD, τ

′
D] cannot be evaluated because the point (τD, τ

′
D) occurs among the poles

and zeroes of the rational functions in the infinite product defining JD{r, s} with
r, s ∈ P1(Q(i)). This happens for

D = 33, 52, 73, 97, 113, 137, 177, 193, 208, 212, 217, 228, 233, 288, 292, 313, 337, . . . ,

By contrast, the diagonal restriction of JD{r, s} has zeroes and poles on a col-
lection of RM points with finitely many discriminants, and it is expected that
JD [τ, τ ] = 1 occurs only in extremely rare instances as well. In spite of their rela-
tive paucity, interesting algebraic values at small CM points do arise. For instance,
numerical evaluations of

J9·17 := JD

[
1 + 3

√
17

4
,

1− 3
√

17

4

]
, J37 := JD

[
1 +
√

37

4
,

1−
√

37

4

]
,

to 160 digits of 5-adic precision suggest that

J9·17
?
=

192 · (1 + i)8 · (1− 4i)5 · (5 + 2i)3 · (5 + 4i) · (5 + 6i)2

(1 + 2i)5 · (1− 2i)6 · (1− 6i)2 · (9− 4i)2 · (7− 8i)2 · (2− 13i)2
,(55)

J37
?
=

(2− i)4 · (3− 2i) · (2 + 5i)2 · (1 + 6i) · (5 + 8i)2 · (8 + 7i) · (12 + 7i)

35 · 74 · (2 + i)2 · (5 + 6i) · (3 + 10i)
.(56)

Unlike what happens for the small RM values, these algebraic invariants have non-
trivial norms to Q:

Norm(J9·17)
?
=

28 · 175 · 194 · 293 · 41 · 612

511 · 372 · 972 · 1132 · 1732
,(57)

Norm(J37)
?
=

52 · 13 · 292 · 37 · 892 · 113 · 193

310 · 78 · 61 · 109
.(58)

Observe that the primes that appear in the right hand sides of (57) and (58) are
all ramified or inert in the respective reflex fields Q(

√
−17) and Q(

√
−37).

The numerical evaluations in (54), (55) and (56) provide the first substantial
piece of experimental evidence for conjecture 4.38 in the case of Bianchi cocycles,
beyond what directly follows from this conjecture in the signature (2, 1) case.

Evaluations at big special points.
Non-trivial values of JD at big special points are expected to be defined over fields

of fairly large degree (abelian extensions of quadratic extensions of real quadratic
fields with a single complex place) and to be of sizeable height. A straightforward
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recognition of these values seems to lie somewhat beyond the 5-adic precision for
JD that the authors were able to calculate. A more systematic and sophisticated
approach to the computer calculation of rigid meromorphic Bianchi cocycles is
clearly required for these more ambitious tests. The second author plans to turn
to this question in an ongoing project with Xavier Guitart and Marc Masdeu.
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