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1. Introduction

Let A be an elliptic curve over the field Q of rational numbers, having semistable
reduction at an odd prime p. Denote by

CA™° € HY(Q,V(4))

the global p-adic Beilinson—-Kato element associated in [24] to (a fixed modular parametri-
sation of) A (cf. Section 1.1 below). It lies at the “bottom layer” of Kato’s Euler
system arising from p-adic families of Beilinson elements in the second K-group of a
modular curve, associated to pairs of Eisenstein series. The relevance of this global
class to the Birch and Swinnerton-Dyer conjecture stems from the close relationship
it enjoys with the Hasse-Weil L-function L(A/Q,s) of A and its p-adic avatars. More
precisely, Kato’s reciprocity law stated in equation (1) below implies that the image of
res, (¢§*%°) € H'(Q,, V,(A)) by the Bloch-Kato dual exponential is a non-zero multiple
of the central critical value L(A/Q,1). Of primary interest for this paper is the scenario
where L(A/Q,1) = 0, in which (K% belongs to the p-adic Bloch-Kato Selmer group of
A and therefore defines a local point in A(Q,) ® Q,. In [45] Perrin-Riou predicts that
this local point is a prescribed element in the natural image of the group of rational
points A(Q) ® Q. The main goal of this article is to prove the following theorem, which
settles Perrin-Riou’s conjecture.

Theorem A. Let A be an elliptic curve over the field Q of rational numbers, having
semistable reduction at an odd prime p. If the Hasse—Weil complex L-function L(A/Q, s)
of A vanishes at s = 1, then there exists a global point P in A(Q) satisfying the following
properties.

1. The point P has infinite order if and only if L(A/Q, s) has a simple zero at s = 1.
2. The following equality holds in Q, up to multiplication by a non-zero rational number:

log,, , (resp ((Eato)) = logiA (P).

Here wy is the Néron differential of a global minimal Weierstrafl equation for A and
log,,, : A(Qp) — Q, is the corresponding p-adic Lie group logarithm.
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The reader is referred to Section 1.3 for a discussion of previous partial results and of
related work.

In a more general setting, Theorem B below proves a natural generalisation of Perrin-
Riou’s conjecture for p-semistable elliptic newforms f of even weight k, > 2 and trivial
Nebentype, which recasts Theorem A when f is the newform of weight two associated
with A by the modularity theorem.

1.1. Statement of the main result

Fix a positive integer N¢, an odd prime p not dividing N, algebraic closures Q and Qp
of Q and Q,, respectively and field embeddings i : Q — Cand ip Q— Qp. Denote
by ord, the p-adic valuation on Q; satisfying ord,(p) = 1 and by ||, the corresponding
p-adic absolute value.

Let f=3_,5;an(f) - ¢" be a newform of even weight k, > 2 and level I'o(Nyp") for
some 7 < 1. Let L be the finite extension of Q, generated by px,,~ and the (images
under 7,) of the Fourier coefficients a,(f) of f. Let & = a; and § = B be the roots
of the Hecke polynomial X2 — a,(f) - X + 1,-(p) - p*o~ 1, ordered in such a way that
ord,(a) < ord,(3). (Here 1,, is the trivial Hecke character modulo m.) We assume that
the form f is p-regular, viz. the roots o and j are distinct. Let f, = f(q) — 5 - f(¢P) be
the p-stabilisation of f with Up-eigenvalue o and let

Ly(fa) = La(f,8) € OOW)

be the cyclotomic p-adic L-function associated with f, and the choice of complex Deligne
periods ij, where O(W) is the ring of analytic functions on the p-adic weight space
W = Homeont (Z;,, C;) over Qp,. We normalise L, (f,) as in Theorem 16.2 of [24], so that
L,(fa,s — p) is an explicit multiple of the algebraic number

L(f7 Hs 5)/(_27”')8719}‘:

for each integer 1 < s < k, — 1 and each finite order character u : Z; — Q; satisfying
(=1)*"tu(—1) = £1. (We use the additive notation for the product of characters in
)/V(Qp)7 so that s — p is a shorthand for the continuous character x° - = ! : Zy, — Q;
with x the inclusion of Zy in Qj.)

According to the work of Kato [24] (see in particular Theorem 16.6 and Part 2 of
Theorem 12.4) there exists a unique global Iwasawa cohomology class

¢ € Hiy(Qlup=), V(f))

satisfying the explicit reciprocity law

(Logy (res, (C?ato))v”% = Lyp(fa; 1+ 8), (1)
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where the notations are as follows. Let Y = Y;(Nsp") be the affine modular curve of
level T'y (Nyp") over Q. Assume for simplicity N¢p" > 4, so that Y represents the functor
sending a Q-scheme S to the set of isomorphism classes of elliptic curves over S with a
point of exact order Nyp”. Consider the p-adic sheaves

Lo = TSym" ?RYE — Y),Z,(1) and ., o = Symm* 2RYE — Y).Z,

on Y, where E — Y is the universal elliptic curve, and TSym’- and Symm®. denote
respectively the submodule of symmetric tensors and the symmetric quotient of the i-th
tensor power of -. Set Yg =Y ®@q Q and define

Hi(Ya, Lk, —2)(1) @z, L — V(f)

to be the maximal L-quotient on which the dual Hecke operator T, acts as multiplication
by a,(f) for each n > 1. Dually define
V*(f) — H (Ya, Sk,—2) ®z, L

to be the maximal L-submodule on which T, acts as multiplication by a,(f) for each
positive integer n. (See [24, Section 2] or [17, Section 2] for detailed definitions.) The Gq-
representation V*(f) is the Deligne representation of f and Poincaré duality identifies
V(f) with the dual of V*(f). The group H} (Q(up=),V(f)) is the global cyclotomic
Iwasawa cohomology of V(f), viz. the Q,-linear extension of the inverse limit of the
groups H'(Q(upn),V(f)), for any Gg-invariant Op-lattice V(f) in V(f). The map res,
is restriction from the global Iwasawa cohomology to the similarly defined local Iwasawa
cohomology H{, (Qp(pp=),V(f)). To define the Perrin-Riou logarithm Log; and the de
Rham class 7§, we distinguish two cases.

Assume first that p does not divide the conductor of f, so that V"(f) (where - denotes
either () of %) is crystalline at p. Then

Log; : Hi,(Qp(ptp=), V(f)) — O(W) ®q, Veris(f)

is the Perrin-Riou logarithm associated in [46] with the restriction (via i,) of V(f)

to the decomposition group Ggq,. Here V;,(f) is the crystalline Dieudonné module
H(Qp, Bexis ©@q, V' (f)) of V'(f). The pairing

(5) + Veris(F) ©1 Vo (F) — L

is the one induced by Poincaré duality and we use again the same symbol for its O(W)-
linear extension. The Faltings comparison isomorphism between the étale and the de
Rham cohomology of Yq, yields a canonical isomorphism between Fil’V,,(f) and the
f-isotypic component of the space of weight-k, modular forms of level I'; (Ny) defined
over L. (See for example [17, Section 2.5] for more details.) The form f then corresponds
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to a canonical generator wy of Filchris( f), and one defines ny to be the unique element of
oris(f) such that p(n%) = a 1% and (wy,n§) = 1, where ¢ is the crystalline Frobenius.
Here we use the assumptions o # § and ord,(«) < ord,(8) to guarantee the existence
of .
Assume now that p divides the conductor Nyp of f. The representations V' (f) (with
- = ), %) are semi-stable at p and one defines as above the classes w; in Fil’V(f) and
W in V3 (F)P= satisfying (wy,n3) = 1, where Vi (f) = HO(Qp, V'(f) ®q, Bu) and the
pairing (-, -) is induced by Poincaré duality. The maximal quotient V(f)~ of V(f) on
which the inertia subgroup Iq, of Gq, acts trivially is free of rank one over L and a
Frobenius acts on it via multiplication by a. Set Veyis(f)™ = HY(Qp, V(f)~ ®q, Beris)-
Then the linear form

(o) Valf) — L

factors through Vi (f) — Veris(f) ™, and one defines (Log(-),7¢) by the composition

Hio(Qp(ptp), V() — Hiy(Qp(kp=), V(F)7) — Veris(f) ™ ®q, OW) — O(W),

where the first arrow is the natural one, the second is the Perrin-Riou logarithm asso-
ciated in [46] with the p-adic representation V(f)~ and the third arises from the linear
form (-, n%) on the semi-stable module Vs (f).

Set Goo = Gal(Q(pp=)/Q) and Ao, = Z,[G]. The Shapiro isomorphism identifies
HE(Q(up=), V(f)) with HY(Q,V(f) ®z, Asc(e™1)), where e : Gq — A% is the tau-
tological character. The morphism of Z,-algebras Xff,({Z_l : Aoo —> Z,, arising from the
(ko/2 — 1)-th power of the p-adic cyclotomic character Xcy. : Gq — Z; then induces
a morphism (denoted by the same symbol) from H} (Q(up=), V(f)) to the cohomology
H'(Q,V(f)) of the central critical twist V(f) = V(f)(1 — ko/2) of V(f). Define the

p-adic Beilinson—Kato element of f by

G = X2 THCE™) € HYQ V().

In the statement of Theorem A, one defines (§** = m.(¢}°) in H'(Qp, V,(A)) to be
the image of C;iato under the isomorphism V(f4) — V,(4) = HL(A ®q Q,Q,(1))
induced by a modular parametrisation 7 : Y — A. Here f4 is the weight two newform
associated with A by the modularity theorem of Wiles, Taylor—Wiles et alii.

Let K be a quadratic imaginary field of odd discriminant dg, satisfying the Heegner
hypothesis relative to pNy¢, viz. each prime divisor of pNy splits in K/Q. As explained
in Section 4.4 below, the p-adic Abel-Jacobi image of the Heegner cycle associated with
fand K (cf. [37,9]) yields a class

zic (f) € Sel(K, V(f)) ™/
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in the Selmer group of V(f) over K, on which complex conjugation acts as minus the
sign €7 in the functional equation satisfied by L(f,s). If k, is equal to 2 then

pry : Ta,(J) ®z, L — V(f)

is naturally isomorphic to the maximal quotient of the p-adic Tate module of the Jacobian
J of X1(Nyp") on which T, = a,(f) for each n > 1. In this case

2k (f) = Tracey )k (pry.(2k)),

where H is the Hilbert class field of K and zx in H'(H,Ta,(J)) is the image under the
global p-adic Kummer map of a Heegner divisor with trivial conductor in J(H).

Theorem B. Assume that the Hecke L-function L(f,s) vanishes at s = k,/2. Then C]Ifat"
belongs to the Bloch—Kato Selmer group Sel(Q,V(f)) and the equality

L(f,er,ko/2)alg - log,, (resp (™)) = 1Ogif (resp (2 (f)))
holds in L up to multiplication by a non-zero scalar in the number field K ((an(fa))n>1)-

In the statement we denoted by L(f,ex,ko/2)alg the algebraic part of the central
critical value of the Hecke L-function L(f, ek, s) of f twisted by the quadratic character
ex of K. It is defined by

(ko/2 = 1) - dic
(—2mi)ke/21. Q0

L(f75K7k0/2)alg: 'L(f75K7ko/2)

and belongs to the number field Q(a,(f),n > 1). Moreover we denoted by log, = the
linear form (log,(-),wy) on the finite subspace of H'(Q,, V(f)), where log, is the inverse
of the Bloch-Kato exponential and wy in Fil' Vi (f) is the class attached to f by the
Faltings comparison isomorphism.

Theorem A follows from Theorem B, the Gross—Zagier formula [22] and Waldspurger’s
theorem on non-vanishing of quadratic twist (cf. Théoreme 5 of [56]).

1.2. Outline of the proof

For simplicity we place ourselves in the setting of Theorem A, in which f is a new-
form of weight 2 with rational Fourier coefficients. The proof of Theorem A ultimately
realises P as a Heegner point Px € A(Q) associated to the imaginary quadratic field K
introduced in Section 1.1.

The comparison between the Beilinson—Kato element C}f‘“o and the Heegner point Pk
proceeds in two stages, in which the Beilinson-Flach elements defined in Section 2 play
the role of a bridge between the two invariants. Roughly speaking, the Beilinson—Flach

elements germane to our setting are obtained by replacing one of the families of Eisenstein
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series underlying the construction of Kato’s Euler system with a family of theta-series
attached to K. This family specialises in weight one to the Eisenstein series Eis;(ek),
whose p-adic Galois representation is equal to the sum of the trivial representation and its
twist by the Dirichlet character ex associated with the extension K/Q (see Section 4.2
for details). This fact suggests a relation between the Beilinson—Flach elements and
the Beilinson—Kato elements attached to the family of Eisenstein series passing through
Eisy (e ), formalised in Theorem 4.2 below as an equality of global classes in Iwasawa
cohomology (and not just of their bottom layers over Q).

The second key comparison relates the Heegner point Px to the Beilinson-Flach
elements. It is achieved in Theorem 4.3 by combining the 3-variable reciprocity law for
the Beilinson-Flach elements of Kings—Loeffler—Zerbes [26,32] with the main result of
[9], which describes the square of the formal group logarithm of Px as a value of a
Hida—Rankin p-adic L-function outside the range of classical interpolation.

The comparison between the Beilinson-Kato element (§8° and the Heegner point
Py is carried out in Section 4 in the case where p is not a prime of split multiplica-
tive reduction for A, while a discussion of the split multiplicative case is postponed to
Section 5. The equality arising from our two-stage comparison of global classes involves
the appearance of a ratio of p-adic periods, which is a priori a purely p-adic quantity.
In order to show that this quantity is in fact a non-zero rational number, we reduce to
the validity of Perrin-Riou’s conjecture for elliptic curves A with complex multiplication
by K. This special setting is treated separately in Section 3, by exploiting the relation
between Kato’s Euler system and the Euler system of elliptic units.

1.3. Remarks and relations with previous work on Theorem A

e When A has complex multiplication and p is a prime of good ordinary reduction,

Theorem A follows from the work of Perrin-Riou, Rubin and Bertrand [45,44,51,14].
Here Perrin-Riou’s p-adic Gross—Zagier formula and Bertrand’s proof of the non-
triviality of the canonical p-adic height for CM elliptic curves play a fundamental
role.
Section 3 below (cf. Theorem 3.1) presents a different proof of Theorem A in this
setting, which generalises to the CM abelian varieties of GLo-type associated with p-
ordinary canonical Hecke characters (for which the non-triviality of the p-adic height
is not known). This proof is based on two main ingredients: the comparison between
the Euler system of Beilinson-Kato elements and that of elliptic units, studied by
Kato in [24, Section 12.5], and the p-adic Gross—Zagier formula proved by the first
two authors and Prasanna in [9,8], which links the Euler system of elliptic units and
that of Heegner points. The proof of Theorem 3.1 is a simpler variant in the CM
setting of that of Theorem B (cf. Section 1.2).

e When A has good supersingular reduction at p, Theorem A is equivalent to the
main result of [27]. More precisely, in this setting (cf. the CM case) the canonical
cyclotomic p-adic heights on A(Q) are non-trivial, hence the results of [45] show that
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the p-adic Gross—Zagier formula proved by Kobayashi in [27] implies Theorem A and
that, vice versa, the main result of [27] is a consequence of Theorem A when ({2t
is non-zero. On the other hand, the recent work of Skinner, Urban, X. Wan, W.
Zhang et alii on the cyclotomic Main Conjecture and on the p-converses to the
theorem of Gross—Zagier—Kolyvagin prove that the vanishing at s = 1 of the first
derivative of L(A/Q,s) forces that of the first derivatives of the cyclotomic p-adic
L-functions associated with A. In particular, in the special case k, = 2, our main
result Theorem B gives a different proof of the main result of [27].

Theorem A in the exceptional case (viz. when A has split multiplicative reduction at
p) is proved in [55] using the main result of [5] as a crucial ingredient. Once again,
the non-triviality of a suitable (central critical) p-adic height pairing is used in [55]
to deduce Theorem A from the p-adic Gross—Zagier formula of [5]. When k, = 2, our
argument gives a different proof of the main results of [55] which does not use (and
indeed easily recovers) the p-adic Gross—Zagier formula of [5].

Our proof treats the supersingular and exceptional cases on the same footing as
the good ordinary case. A central role is played by the p-adic Gross—Zagier formula
proved in [9]. This formula relates the special value of an anticyclotomic Rankin—
Selberg p-adic L-function outside the range of classical interpolation to the p-adic
logarithm of a Heegner point, which in the ordinary case is a much simpler invariant
than its cyclotomic p-adic height (cf. [44]). Not surprisingly, the exceptional case is
particularly intriguing and our argument requires a more delicate analysis in this
setting.

With the notations of Section 1.1, assume that f is p-old, let « denote either «
or 3, and let f, be the p-stabilisation of f with U,-eigenvalue . When f, has
non-critical slope (i.e., ord,(y) < k, — 1), S. Kobayashi [28] announced a proof of
the p-adic Gross-Zagier formula for f,, relating the derivative of L,(fy) at k, to
hp~ (2K (f)), where hy, ., is the cyclotomic p-adic height on Sel(Q, V(f)) attached to
the y-splitting Viyis(f) = Fil’ Vs (f) ® ‘/Cris(f)¢:7'p7kn/2 of the Hodge filtration on
Veris(f) (cf. [38]). When zx (f) is non-zero, such a formula is a direct consequence of
Theorem B and the p-adic height formalism developed by Nekovar and Benois (cf. the
Rubin-style formula proved in Section 11.5.10 of [39], which readily generalises to the
non-ordinary setting considered in [13]). Theorem B (and [13]) applies more generally
when f, is not §-critical. The non-triviality of zx (f) is needed to guarantee that the
p-adic logarithm of (}{am (which appears in the aforementioned Rubin’s formula) is
non-zero. Thanks to the results of Cornut and Vatsal [19], this assumption can be
removed by a slight extension of the results of Section 4 below (viz. by “enlarging” the
Hida family g in order to include weight-one theta series associated with non-trivial
ring class characters of K among its classical specialisations).

Grounding on Kobayashi’s announcement, the article [15] by Biiyiikkboduk, Pollack
and Sasaki also proves the p-adic Gross—Zagier (p-GZ) formula for f,. More precisely,
it extends Kobayashi’s announced result to non-6-critical newforms via a p-adic vari-
ation argument, using the fact that the quantities in the p-GZ formula (for small
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slope newforms) are known to vary in Coleman families. When f is the weight-two
newform associated with a rational elliptic curve with good ordinary reduction at p
and the relevant Heegner point is assumed to be non-trivial, it then deduces Perrin-
Riou’s conjecture from the p-GZ formulas for f, and fg, combined with previous
computations of Perrin-Riou (cf. [45]).

Organisation of the paper. Section 2 develops the needed facts on Rankin—Selberg con-
volutions and the Euler system of Beilinson—Flach elements. The reader may skip this
section at a first reading and come back to it only when needed. Section 3 proves Theo-
rem B in the special case of a weight-two theta series arising from a p-ordinary canonical
Hecke character of a quadratic imaginary field. Section 4 proves Theorem B in the generic
case, using Section 3 to handle a rationality question. Section 5 sketches the proof of
Theorem B in the exceptional case.

2. Rankin—Selberg convolutions and Beilinson—Flach elements
2.1. Coleman families

Let f and g be two Coleman families of tame levels Ny and Vg and tame characters
X f and xg, parametrised by connected affinoid discs Ur and Uy centred at integers k, > 1
and [, > 1 in the weight space W = W xq, L over a finite extension L of Q,. Let &
denote either f or g. By definition £ = Zn>1 an(€) - ¢" is a formal g-expansion with
coefficients in the ring 0 = O(Ug) of analytic functions on Uy, such that the weight-u
specialisation £, = >, - a5 (&) (u)-¢" in L[g] is the g-expansion of a p-stabilised newform
of weight u, level I'1 (Ng) NT'o(p) and character xg¢ : (Z/NgZ)* — L* for all integers u in
a cofinite subset Ugl of U¢eNZx,, (With u, = ko, 1,). If €, is old at p, it is a p-stabilisation
of a newform &, of level I'1(Ng). If £, is new at p, set £, =§,,.

2.2. Deligne representations

Let u > 2 be a classical point in Ugl. Define the representations V(€,), V*(&,), V(&)
and V*(&,) similarly as V(f) and V*(f) in Section 1.1. For example, the Deligne repre-
sentation V*(£,) of &, is the maximal L-submodule of H} .(Y1(Ne,p)®qQ,-%u—2)®z, L
on which the Hecke operator T), acts as multiplication by a,(€,) = an(€)(u) for each
n > 1. Here Y1(Ng,p) is the affine modular curve of level I'1(Ng) N To(p) over Q
and 7,2 is the (u — 2)-th symmetric power of the relative first p-adic cohomology
RY(E — Y (N¢,p))+Z, of the universal elliptic curve E — Y} (Ng,p). Here we assume
for simplicity that Ng + p is at most 5, so that Y7(Ng,p) represents the appropriate
moduli functor (cf. Section 2.1 of [24]). Similarly, when working with ¥7(Ng), we im-
plicitly assume N¢ > 4. The interested reader should have no difficulty in extending the
constructions and the arguments below to the case of eigenforms of small level.
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For h = §,,&u, the morphism .Z,_» ® #_» — Z, arising from the relative Weil
pairing and Poincaré duality yield a perfect duality

() V(h)®L V*(h) — L.

Write pry and pr,, for the degeneracy maps Y1 (Ng,p) — Y1(N¢) sending an elliptic
curve (E, P,C) with I't(Ng) NT'o(p)-level structure to (E, P) and (E/C, P+ C) respec-
tively. If £, is p-old, the map

Hﬁu* = Plyy — X{(p) ’ ap(£u)71 ' prp* : Hélt(Yl(N£7p)7$u—2) — Hélt(Yl(Ng)agu—Q)

induces an isomorphism between V(&,,) and V(&,). Its adjoint

I =pri —xe(p) - ap(€,) 7" - prjy

with respect to the Poincaré dualities (-, ) ¢, and ()¢, vields an isomorphism between
V*(&,) and V*(€,). When p divides the conductor of &,, so that by definition &, = &,,
we define II¢ . to be the identity on V' (&,).

For e = cris, st,dR, - =0, and h = £,,,&, set

Vi(h) = H°(Q,, V' (h) ®q, B.).

Since V'(h) is semistable at p, we often identify V;(h) and Vjg(h), which equips the
latter with the action a semistable Frobenius ¢. We denote again by

(v )p s Va(h) ®@L Vo' (h) — L

the perfect pairing induced by the Poincaré duality in étale cohomology. Assuming that L
contains a primitive Ng-th root of unit, the Faltings—Tsuji comparison isomorphism iden-
tifies canonically Fil’Vig (h) (resp., Fil' Vi (h)) with the h*-isotypic (resp., h-isotypic)
component of S, (I'1(Ngpr),L). Here r = 1if h =&, r = 0if £, is p-old and h = &,,
and h" = wp,pr(h) is the image of h under the Atkin-Lehner operator wy,,-. (We refer
to Section 2.5 of [17] and the references therein for more details.) Write wpw (resp., wp,)
for the canonical basis of Fil’Vyg (k) (resp., Fil' V5 (h)) corresponding to h* (resp., h)
and define 7, in Vi (h)/Fil' by the identity

<whw,nh>h =1.

One says that a classical point ©v > 2 in Ugl is good if p does not divide the conductor
of €, the p-th Hecke polynomial X2 —a,(&,)- X +xe(p)p*~! of &, has distinct roots and
&, is not O-critical (viz. is not the image of an overconvergent modular form of weight
2 —u and tame level N¢ under the (u — 1)-th power of Serre’s theta operator 6§ = qd%, cf.
[12]). The p-adic valuation of a,(§) is constant on Ug, equal to the slope A¢ in Q¢ of &,
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and each classical point u in Ugl satisfying 2A¢ < u — 1 is good. For each good point u
and h = &, &,, the de Rham module Vi (h) = Vi (h) is the direct sum of Fil' Vi (h)

and the p-eigenspace Vggr (h)¥=*" with eigenvalue oy, = a,(&,,). In this case one defines
0 € Vin(n)#=or

to be the unique element which lifts ny,.

Being semistable, the restriction to Gq, of the representations V" (h) are triangu-
line, for h = &,,&,. Precisely, set Z, = # ®q, L, where #Z = BL&QF is the Robba
ring over Q,, equipped with its natural Frobenius endomorphism ¢ and its natural con-
tinuous action of the group I' = Gal(Q,(upe=)/Qp). According to results of Fontaine,
Cherbonnier—Colmez, Kedlaya et alii there is a fully faithful exact functor Diig’ ;, from
the category of L-adic representations of Gq, to that of (¢,I')-modules over Zr,, whose
essential image is the category of étale (p,T")-modules. (We refer to [43, Section 2] and
the references quoted there for detailed definitions.) If

D(h) = DIig,L(V(h))a

then there exists a short exact sequence

0 — D(h)f — D(h) — D(h), — 0 (2)

[e3

[e3%

of (,T')-modules over Zy,, with D(h)E isomorphic to the (o, T')-modules %L(‘Sia) as-
sociated with the characters 5,?}@ : Qp — L* defined by the formulae

5;,@(?%) =xelp)™"-af - t*"! and Opa(P't) =ay”

[e3

for each r in Z and t in Z;. The (¢, T')-module D(h)/ is étale precisely if \e = 0, i.e. if
ap = ap(€,) is a p-adic unit. Similarly

D*(h) =D} |

(V*(h))
admits a triangulation
0 —s D*(h)} — D*(h) — D*(h), — 0,

with D*(h)% isomorphic to the (¢, T')-modules %y (v;5,,) associated with the characters

«

'yf:a : Qp, — L* defined for each r in Z and ¢ in Z;, by the formulae
Twa@t) =ap and ; (p"t) = xe(p)" - a7
The perfect Poincaré duality (-,-), induces a perfect duality
() : D(h) @, D*(h) — Z1,

which entails perfect dualities between D(h)E and D*(h)T.
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2.3. Big Galois representations

Let Ug — Wi, be a connected open disc centred at u,. Assume that U is contained
in an affinoid disc in Wy, and that Ug is contained in Ug. Denote by Ag the ring of
bounded analytic functions on Ug. Set I'e = I'1(Ng) N To(p) and let

Le = Dye,m[1/7]

be the A¢[l'¢]-module of locally m-analytic distributions on T’ = pZ, x Z; associated
in [17, Section 4.1] with Ug and a fixed sufficiently large integer m = m(Ue). (See also
[21] and [2], where slight variants of these distributions spaces were introduced.) The
cohomology group H'(I'¢, L¢) and its compactly supported counterpart H2 (', L¢) (viz.
the space of I'¢g-invariant Lg¢-valued modular symbols) carry natural commuting actions
of the Galois group Gq and of a Hecke algebra generated by the dual Hecke operators
T} for n > 1 (cf. [2]). Denote by H], (T¢, L¢) the image of H!(T¢, L¢) in H'(T¢, Le),
and define

H(Te, Le)(1) @5, O —> V(€)

to be the maximal Og-quotient on which the dual Hecke operator T, acts as multiplica-
tion by a, (&) for each positive integer n. Dually define

V*(&) — H} oo (De, S¢)(—Ke) ®n, O
to be the maximal J¢-submodule on which the Hecke operator T, acts as multiplication

by a,(§) for each n > 1, where 8¢ = Dy, m[1/p] is the Ag[I'¢]-module of locally m-
analytic distributions on T = Z; X Z, introduced in [17, Section 4.1], and where

KZ&ZGQ—)AE

is the composition of the p-adic cyclotomic character and the universal character Z; —
AZ. In the rest of this section we make the following crucial assumption. One says that
a normalised eigenform § =3 - a,(£)g" of weight u, level I'1 (INg) and character x¢ is
p-regular if its p-th Hecke polynomial T2 — a,(£)T + p“~'x¢(p) has distinct roots. One
says that & has p-split real multiplication if it is the weight-one theta series attached to
a ray class character of a real quadratic field in which p splits.

Assumption 2.1. Let & denote either f or g, and let u, > 1 be the centre of the affinoid
disc Ug. Then one of the following statements Eq—E3 is satisfied.

E1. uo, > 2 and ,  is a non-critical p-regular eigenform.
E>. u, = 1and & is a p-stabilisation of a classical, p-regular cuspidal weight one newform
of level N¢ without p-split real multiplication.
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Es. u, =1 and &, is the p-stabilisation of a p-irregular weight one Eisenstein series of
conductor Ng.

Assumption 2.1 guarantees that the eigenform &, is an étale point of the cuspidal
part

KJCUSp %CUSP(Ng) — WL

of the Coleman-Mazur-Buzzard p-adic eigencurve « : € (Ng) — Wy, of tame level Ng.
More precisely, in case E; the work of Hida and Coleman implies that « is étale at §,,
(cf. Proposition 2.11 of [12]). In case Ey the main result of [7] proves that x is étale
at &,. Finally in case E3 Theorem A of [10] proves that the map x“*P is étale at the
cuspidal-overconvergent p-stabilised Eisenstein series &;.

Let V'(§) denote either V(&) or V*(§). The étaleness of kP at &, implies that
V' (§) is a free O¢g-module of rank two (cf. Sections 4.3 and 5 of [17]). For each good
point u in Ugl there are canonical specialisation isomorphisms

pu V() @u L=V'(E,),

where - ®,, L denotes base change along evaluation at u on O¢. We refer to Section 5
of [17] for the definition of p, and to [17, Proposition 4.2] and [47, Theorems 1.1 and
1.2] for the proof that they are isomorphisms at good points. There exists a perfect
Gq-equivariant pairing (cf. [17, Section 5])

<'7 >§ : V(&) ®ﬁg V*(S) — ﬁfa
compatible with the dualities (-, -) ¢ under the specialisation maps p, at good points.

2.3.1. Weight-one specialisations
Assume in this subsection u, = 1, so that either condition Eo or condition Ej3 in
Assumption 2.1 is satisfied. Set

Vi) =V () ®1 L and V(&) =V(§)®1L,

where - ®; L denotes the base change along evaluation at 1 on O, and denote by
p1: V(&) — V(&) the projection (also called specialisation) map. The weight-one
specialisation of the pairing (-, ) ¢ vields a canonical perfect duality

(o), VIE) ®1 VH(E) — L. (3)
The following proposition will be crucial for the proof of the main result of this paper.

Proposition 2.2. V*(&,) and V(&;) afford the Deligne—-Serre Artin representation of Gq
associated with &, and its dual respectively.
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Proof. It is sufficient to prove the statement for V(&) (cf. Equation (3)). According to
the results recalled above, for each prime ¢ not dividing p/V¢, a Frobenius at £ in Gq acts
on V(&) with trace ag(&;). It follows that the semi-simplification V(&) of V(&) is
isomorphic to the dual of the Deligne-Serre representation of £;. We have to show that
V(&) =V (&)®° is semi-simple.

If condition Es is satisfied, then &, is a cuspidal eigenform, hence V (&,)%*
ducible. The equality V(&;) = V(&,)%° follows in this case.

Assume that condition Ej is satisfied, so that V(&,)% = L & L(x) is the direct sum
of the trivial representation L of Gq and its twist L(x) by an odd Dirichlet character of

is irre-

conductor coprime to pNg such that x(p) = 1. In this case V(&) represents an element
of H(Q, L(z))) with ¢» = x or 1 = x ™!, and we have to show that this element is trivial.
Since (H'(Q, L(¢))) is 1-dimensional and) the restriction at p map H(Q, L(v)) —
H'(Q,, L(v)) is injective (cf. Sections 3.1 and 3.2 of [7]), it is sufficient to prove that
Gq, acts trivially on V/(&;), namely

V(&) ~ L? as Gq,-modules. (4)

We prove this statement using the results of [42] and [10].
Set V.= H'(T¢, L¢)S0(1) @4, O¢ and Vyar = HL, (Te, £6)S°(1) @2, O, where <0

par
refers to the slope zero part for the action of the dual Hecke operator U; (cf. Section
4.1.4 of [17]). Denote by V't the maximal submodule of V' on which the inertia subgroup

u—

of Gq, acts via the character Xy,

1 Gq, — Of whose composition with evaluation at
u in Ug N Z is the u-th power of the p-adic cyclotomic character. Define similarly vt

par

andset V- =V /V*1 and V. = V,,,/V . The article [42] (together with Section 4.3

par par*

of [17]) proves the following facts.

O;. The modules V* and V3, are free of finite rank over g, and V' = Vi .

O;. The Galois group Gq, acts on V'~ via the unramified character sending an arith-
metic Frobenius to the dual Hecke operator UI’).

O;3. Let M = M[‘}Zd(Ng) be the module of J¢-adic Hida families of tame level N¢ and let
S = S[‘}r&d (Ng) be its cuspidal subspace (cf. Section 5 of [17]). There are canonical
isomorphisms of &¢-modules

(Vp_aréi)QpQgr)GQp ~ S and (V_®QPQET)GQP ~M
(compatible with the inclusions S —— M and Vpa — V' and) intertwining the
actions of the n-th Hecke operator T}, on the left hand sides with those of the dual
Hecke operator T/, on the right hand sides, for each integer n > 1.

Define V(&) (resp., V(£)') to be the maximal quotient of Viar (resp., V') on which
the dual Hecke operator U/, acts as multiplication by a, (&), for each positive integer n.
The étaleness of kP at &, (cf. the discussion following Assumption 2.1), Property O,

and the identity x(p) = 1 yield isomorphisms of 0¢[Gq,]-modules
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V()" = Oc(xiye' - a,(€)7") and V(€)™ = Oe(a(€)), ()

where d,(§) : GQp — O is the unramified character sending an arithmetic Frobenius
to a,(€), and x%.' - GQp — Oy satisfies Xy, Lo) (1) = Xeye(0)* ! for each o in Gq,
and each integer u in Ug. One has the following exact and commutative diagram of
ar - V(&) — V(&) (for - in {0, +, —}) are the maps induced
on the &-isotypic quotients by the inclusion of Vi, into V.

U¢|Gq,]-modules, where i

0 — V(£)+ fo) V(f‘)_ — =0 (6)
0——= V(& V(&) V()™ —=0

Indeed, the exactness of the first row follows from the freeness of V(£)~, and Property
O gives the equality V(&)™ = V(£)*. Since & is cuspidal, for each u in U N Zs3 the
base change of ip,, along evaluation at w is an isomorphism, hence rankoEf/(é) =2
and rankp, V(€)* = 1. Because V(€)* (resp., V(€)) is free over O, one deduces that
the second row is exact (resp., ipar and lpar aT€ injective). In particular the projection
V(&) — V(&) induces an isomorphism of O¢[Gq,]-modules

V(E)/V(E) = V() /V(E),

where we identify V(£) with a submodule of V' (£)" under the injective map Trar-

Set V(€,) = V(&) ®1 L and V(&) = V(€)' ®; L. Applying - ®; L to Diagram (6)
yields the following exact and commutative diagram of L[Gq,]-module, where m; is the
ideal of functions in ¢ which vanish at u = 1.

V(&)= /V (&) [m] (7)
§
0 ——= V(&) V(J:&) V(&) —0
V() V(E) —=0

We claim that the map i, takes values in my - V(€)~, i.e.

par
ipar @1 L = 0. (8)

Assuming the claim, we conclude the proof as follows. As a,(§) — 1 = a,(§) — ap(&;)
)

)

belongs to my, Property Oy and Equation (5) imply that Gq, acts trivially on V(£;)"
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V(&)™ and V(€)= /V(€)~[my]. Fix an L-basis {v*, v~} of V(£,) with v* in the image
of V(&))" < V(&,). By Equation (8) and Diagram (7) v~ —¢q-v™ belongs to the image
of § for some ¢ in L, hence Gq,, acts trivially on v~, thus proving (4).

We now prove the claim (8). Define S(€) and M (£€) to be the maximal quotients of S
and M respectively on which the n-th Hecke operator acts as multiplication by a, (&), for
each integer n > 1. According to Property Oj, it is sufficient to prove that the image of
the map S(&) — M (&) (induced by the inclusion S — M) takes values in my - M (€).
Shrinking Uy if necessary, Theorem A.(i) of [10] shows that S(§) = Og - £ is the free
rank-one Og-module generated by & We are then reduced to prove that the image of §
under the projection [-] : M — M (&) belongs to my - M(&):

[€] belongs to my - M (). 9)

Let E be the normalised Eisenstein eigenfamily in M specialising to &, in weight one
and having Ty-eigenvalues 1+ x(¢) - £%~1 for each prime ¢ different from p. Define

where 7 is a fixed generator of m;. One has

(Up —ap(§))-e=a,(§)- E with 7-a,(§) =ap(€) — 1.

Propositions 2.6 and 5.7 of [10] prove that aj,(g) does not vanish at w = 1. Shrinking
the disc Ug further if necessary, we can then assume that a;,(g) is a unit in Og, hence
[E] =0 and [£] = 7 - [e] in M (&). This proves the claim (9) and concludes the proof of
the proposition. O

2.8.2. Triangulations
Set #e = #&q,0¢. A construction of Berger and Colmez [3] associates with the
restriction of V*(§) to Gq, a (v, T')-module

D'(¢) = Df, 5, (V'(£))
over %¢, together with specialisation isomorphisms
pu: D (§) ®uLgD'(€u) (10)

for each good point v in Ugl. (See [43, Theorem 2.2] and the references therein for the
definition of the functor D]

rig,-
There are exact sequences

with - an affinoid L-algebra.)

0— D (&)Y — D) — D) —0 (11)
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of (¢, I')-modules over Z¢, which recast the triangulations on D" (§,,) described in Section
2.2 after base change along evaluation at a good point u in Ugl. If condition E; (cf.
Assumption 2.1) is satisfied, this follows from the results of Kisin and Liu [25,30]. If
either condition E5 or condition Eg is satisfied, then £ is ordinary and the restriction of
V(&) to Gq, is nearly-ordinary: there exists a short exact sequence

Ag: V(€T —V(§) — V(&)™
of O¢[Gq,]-modules, where V(§)* is the submodule on which Gq, acts via the character
Xe Xeye " 0p(§)7" 1 Ga, — O

(see the proof of Proposition 2.2 for the notation), and V(&)™ = V(¢)/V(€)* is unrami-
fied. The étaleness of the cuspidal eigencurve €“"P(Ng) — Wy, at &, (cf. the discussion
following Assumption 2.1) guarantees that the Gq,-modules V(€)* are free of rank one
over O¢. The sought for triangulation (11) is obtained by applying the Berger—Colmez
functor Diig O to the short exact sequence Ag.

The duality (-, ), between V/(§) and V*(§) induces a perfect duality
()¢ : D(§) @z D*(§) — Ze

on the associated (¢, ')-modules, which in turn induces perfect dualities (denoted again
by (-,-)¢) between D(&)* and D*(€)F. The base change of (-, -)¢ along evaluation at a
good point u corresponds to the pairing (-, -) ¢, defined in Section 2.2 via the specialisation
isomorphism py,.

2.8.3. Overconvergent Eichler—Shimura isomorphisms

Let pg : Z, — O be the character sending ¢ in Z to the analytic function e (t
which on x in Ug takes the value z(¢) - t1. Then the rank-one (¢,I')-modules D*(¢&)™
and D*(€)~ (ue) are unramified, and the dg-modules

Fil' Vi (€) = (D*(&) (ne) ~" and  grin(€) = (D*(&)%)"

are free of rank one. For each good point u in Ugl, the specialisation map p,, induces
natural isomorphisms of L-vector spaces

Fil' ViR (§) ©@u L 2 Fil' ViR (€,) and grip(€) ®u L = Vir(£,)/Fil',

thus justifying the notation. The overconvergent Eichler—Shimura isomorphisms men-
tioned in the title of this subsection yield canonical generators

which specialise to we  and ¢ respectively at each good classical point u in Ugl. When
condition E; in Assumption 2.1 is satisfied, this follows from the main result of [2] (cf.
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[32, Section 6.4]). When either condition Eg or condition Ej is satisfied, this follows
from Ohta’s Eichler—Shimura isomorphism [42] (cf. Property Os in the proof of Proposi-
tion 2.2) and its compatibility with the Faltings—Tsuji comparison isomorphism proved
in Theorem 9.5.2 of [26]. We refer the reader to Section 5 of [17] for more details in the
ordinary setting.

Similarly one defines

I'=1

Fil'Var(€) = (D(€)7)' ™" and tggn(€) = (DE)* (ugh)"

which are in perfect duality with gr’; (€) and Fil' Vi, (€) respectively under (-, -) ¢

2.3.8.1. Weight-one differentials 1If u, = 1, i.e. if either E; or E5 in Assumption 2.1
is satisfied, we define we, and 7ne, in Viz(€;) = Dar(V*(&,)) to be the weight-one
specialisations of we and 7¢ respectively. In this case we set 77?1 =g, -

2.4. Perrin-Riou logarithms
For - = 0, x set
V(fag) = V(f)®LV(g) and ﬁfg = ﬁj"@Lﬁg-
Denote by
D(fag) = Diig,ﬁfg (V(fag))
the (¢, I)-module over Zg = #&q, U4 associated by Berger-Colmez with the restric-
tion of V'(f,g) to Gq,. This is naturally isomorphic to D"(f)®4,D"(g) and for each

symbol a and b in {0, 4+, —} one writes .F%D"(f,g) for the completed tensor product
over Zr, of D'(£)® and D'(g)?, where D*(£)? = D' (). Define

Hllw,bal<QP(:uP°°)7 V(-fag)) — HIIW(QP(MPOO)’ V(fag)) ®Aoo O(W)

to be the submodule of classes which map to zero under the morphism

Hllw(Qp(/ip“)a V(f,9)) ®@r, OOW) = Hllw(Qp(Np“)a D(f,9))

|

wa(QP(:U’;o)’ y__D(-fvg))

induced by the projection D(f,g) — Z~~D(f,g). Here H} (Qp(up=),V(f,g)) is
defined as in Section 1.1. One equips O(W) with the structure of A.-algebra via the
continuous character [-] : Goo —> O(W)* defined by [g](z) = x(Xcyc(g)) for g in G and
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x in W. For each affinoid Q,-algebra B and each (¢,I')-module D over Zp = %’@QPB7
one writes Hi (Q,(p), D) = D¥=1 for the analytic Iwasawa cohomology of D, which is
canonically isomorphic to Hf, (Qp(ip=),V) ®ar, OW) if D = DIig,B
a B-adic representation V' of Gq, via the Berger-Colmez functor. (We refer to [29] for

(V) arises from

more details on the analytic Iwasawa cohomology.)
Since the map induced by the inclusion .Z~+tD(f,g) — Z"D(f,g) in Iwasawa
cohomology is injective, the projection

py : D(f,9) — Z'D(f,9)
induces a morphism of O¢y®q, O(W)-modules (denoted by the same symbol)
p; : Hllw,bal(Qp(ﬂpoo)7 V(fag)) - Hllw(Qp(:u’poo)v 97+D(f,g))

Similarly one defines a morphism

p; : Hllw,bal(Qp(:uP"o)? V(f’g)) — Hllw(Q;D(:U“p‘”)? j+7D(f’g))'

As explained in Theorem 7.1.4 of [32], the work of Nakamura [36] yields a Perrin-Riou
logarithm map

L1 H (Qppp<), F T D(f,9)) — Fil’'Var (£)@Ltg4r (9)0q, O(W),

which is an injective morphism of O(Ur ® Ug x W)-modules. (We refer to Sections 6
and 7 of [32] for the precise definition and the interpolation property which characterises
L~ denoted L there.) Define

Ly = (L7 op7 ()ony @wg)yy t Hi ot (Quli=), V(£,9) — Orgdq, OOW).
Switching the roles of f and g, one similarly defines
Dg/ﬂg = <£+7 Op;(')7wf ® 7lg>fg : Hllw,bal(QP(upw)a V(f7g)) — ﬁfQ®QpO(W)
2.5. Beilinson—Flach elements and reciprocity laws

The proof of the main result of this paper grounds on the following result, which
extends and refines the explicit reciprocity laws for Beilinson—Flach elements of Bertolini—
Darmon-Rotger and Kings—Loeffler—Zerbes [11,26,32] to the case where one of the
Coleman families f and g specialises to a p-irregular weight-one Eisenstein series (i.e.,
satisfies condition E3 in Assumption 2.1). Denote by

Lp(f,g)ZLp(f,g,S) and Lp(gvf):Lp(g7.faS)
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the three-variable p-adic Rankin—Selberg convolutions associated by Hida, Panchishkin
and Urban to the ordered pairs of Coleman families (f,g) and (g, f) respectively. We
refer to [54] and [1, Appendix II] by Urban for the construction of these p-adic L-
functions. (See also Theorem 2.7.4 of [26] for a description of the interpolation properties
which characterise them.) Let

Hllw,bal(Q(:u‘P‘x’)’ V(fag)) — HIIW(Q(N“POO)a V(fvg)) Ao O(W)

be the submodule of global Iwasawa classes whose restriction at p belong to the balanced
local condition Hf,, 1, (Qp(pp=), V(f,g)) and which are unramified at each rational
prime not dividing pN, where N is the least common multiple of N¢ and Nj.

Proposition 2.3. Assume that the following conditions are satisfied.

1. The family f satisfies condition Ei in Assumption 2.1.
2. The family g satisfies condition E3 in Assumption 2.1.

Then, for each integer ¢ = 2 coprime to 6Np, there exists a Beilinson—Flach element

BF(f @ g) € Hyy, 1a(Qlup~), V(£,9))
satisfying the explicit reciprocity laws
Ze(res, (BF(f ©9))) = Mo Lp(€, €1+ 9).
Here (§,¢) is equal to either (f,g) or (g, f) and
%70 — (_1)1+s Cwg - (62 _ C2sszfl+4 . Xf(c)flxg(c)fl)7
where we a unit in OF satisfying we(u)? = (—Ng)*>~* for each u in Ug.

Proof. Shrinking Uy if necessary, assume that the composition of a,(f) with the p-adic
valuation (normalised by ord,(p) = 1) is constant with value A = A¢ > 0. Let (&, A¢)
denote one of the pairs (f,A) or (g,0). For each integer s > 3, let Y1(s) be the affine
modular curve of level I'1(s) over Z[1/sp], and let 75 : E1(s) — Y1(s) be the universal
elliptic curve over it. For each u > A¢ in Ug N Zx3 set

V(u)S = Hy,, (Ye, Zu—2) S @2, L(1),

par

where Y = Y1(Nep) ®@z1/Nep) Q) Lu—2 = TSym"“ *Rlrn,Z,(1), H,. = HY . and

ét,par
-SA¢ g the subspace of - on which the dual Hecke operator UI’J acts with slope less or

equal to A\¢. Moreover, with the notation introduced in Section 2.3, set

‘/(Uvﬁ)g)\g = Hl (Fﬁaﬁﬁ)gkg(l) ®A5 ﬁ&v

par
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where < A¢ refers to the slope decomposition with respect to U}’, (cf. Proposition 4.2 of
[17]). By construction there is a natural &-isotypic projection

pre V(Ug)g’\5 —» V(&).
Evaluation at u on &g then induces natural isomorphisms of L{GqJ-modules
pui V(U @u L= V(@)S¥ and py: V() @ L2 V(E,), (12)

where pre = : V(u)She — V(€,) is the maximal quotient on which T/ acts as multi-
plication by a,(€,) = an(€)(u) for each n > 1. (See Sections 4.1.3 and 4.1.4 of [17] for
more details.) Define similarly

pre - V(Ug)g’\f — V(ﬁ) and Pre V(U)g/\i - V(’Su)

after replacing the parabolic cohomology groups H!, (T'¢,-) and H!, (Ye,-) with the full

par par
cohomology groups H'(T'¢,-) and H!(Yg,-) in the definitions of V (Ug)S*¢ and V (u)SAe
respectively. The specialisation maps p, extend to isomorphisms

pu: V(U) @, L= V() and p, : V(€) ® L= V(E,). (13)

By assumption 1 in the statement, the inclusion V (Up)S* < V(Up)S* induces on the
f-isotypic quotients an isomorphism of 0f[Gql-modules

V() =T (5), (14)

which we consider as equality. As &, (for & and u as above) is cuspidal, the inclusion
V(u)SAe s V(u)S¢ similarly yields an isomorphism of L[Gq]-modules

V(€,) = V(E,). (15)
Let X&°°™ be the set of triples of integers (k,I,m) in Ug x Ug x W such that
k>2 1>3 and 0<m < min{k —2,]—2}.
For each z = (k,I,m) in A8°°™ and each positive integer r > 0, denote by

Eis(x) € H3(Y(pr, Npr+1)2, Lo K L _2(2—m))

gi’ll’wp,ﬂ introduced in [26, Defi-
nition 3.3.1] to the affine modular curve Y (p", Np"™1) over Z[1/Np] classifying elliptic
curves E with embeddings ig : Z/p"Z x Z/Np"T'Z — E. Following Kato [24, Equation

(5.1.2)], denote by ¢, : Y (p", Np"*') — Y1 (Np) @z Z[u,~] the map sending (E,ig) to

the pull-black of the étale Rankin—FEisenstein class Eis
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(E/Z-P,Q+Z-P),(P,Np- Q) ppry)s where P =ip(1,0), Q = ig(0,1) and (-, ") gy, is
the Weil pairing on E[p"]. The push-forward of Eis(x) along ¢, x t,, together with the
Hochschild—Serre spectral sequence, the Kiinneth decomposition and the natural projec-
tion Y1 (Np)? — Y;xY, (sending (E, P)x(E', P") to (E, (N/N¢)-P)x(E',(N/Ng)-P')),
yields a Beilinson—Flach element

BF,(z) € H'(G,, V (k) ®q, V(1)< (-m)),

p

where G, = Gq(u,r),Np is the Galois group of the maximal algebraic extension of Q(1pr)
unramified outside Npoo. For each integer ¢ > 2 coprime to 6 Np set

BF,(z) = (¢ = & F 1 {e) @ (¢), ) - BF: (@),

where (c), is the diamond operator acting on V(u)S*¢.

Let m > 0 be a nonnegative integer and let X2°°™ be the set of triples in A#eo™
having m as third component. The work of Kings—Loefller—Zerbes yields a class

BF,,,.(f @ Ug) € H'(G,, V(f)@q,V (Uy)<(—m))

p

such that, for each triple z = (k,l,m) in X2°™ one has

(k N 2) (l ;12> " Okl (cﬁ‘m,r(f ®Ug)) = cﬁ:T(fk’ Lm), (16)

m
where i is the morphism induced by g,®g; (cf. Equations (12) and (13)) and
BE (fy.1.m) = (pry, © 1) (BF, (1)) € H (G, V(£) © V()< (~m)

is the image of C]:D;]?‘,« (z) under the map induced in cohomology by the f;-isotypic pro-
jection pry : V (k)Y — V(f,) ~ V(f,) (cf. Equation (14)). With the notations of [32,
Section 5.3] (and identifying V' (f) with V(f)) one has

Us,Uy,m \Y% \Y =
oy 0000 (B = (V1) (V9) - BRws (£ 0 Uy
where (Vy and V4 are the functions denoted by V4 and Vs in [32] and)
prs0: Hl(Fg,[,g)(l) ®pr, O — V(Ug)<0

is the projection onto the ordinary part. (Cf. [32, Proposition 5.3.4].)
The proof of the proposition rests on the following

Lemma 2.4. The class cﬁ,,w(f ® Ug) admits a unique lift

cBFm,T(f ® Ug) € Hl(GQ(Hp'r),Na V(f)®LV(Ug)<O(_m))'
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Proof. Set E = V(U,)S?/V(Uy)<C. Tt is a free Og-module of finite rank (cf. [42]), and
the absolute Galois group G of the cyclotomic field K = Q(unp) acts trivially on it.
Indeed its base change E; = E' ®; L along evaluation at | in Ug N Z33 is isomorphic to
the ordinary part of H°(Cy ®q Q. Q,), where C, is the set of cusps of X, = X1(Ngp)q-
(Cf. [53, Theorem 1.2.1] and the discussion preceding it.) Since Cy is the union of a finite
number of Q(ux,,)-rational points of X, it follows that G’k acts trivially on £ for each
lin UgNZx5. As E is free over Oy, this implies that Gk acts trivially on £. One deduces
the equalities

N

HY(G,,V(f)®LE(-m)) = (H (G ,r, V(f)(_m))®LE)Ga1(K(upr)/Q(upr))

for ¢ > 0, where G, is the Galois group of the maximal algebraic extension of K (1)
unramified outside Npoo. Because V(f; )(—m) = V(f)(—m) @, L has no nontrivial
G y-invariant, the modules H°(Gg -, V(f)(—m)) and H (G, V(£)(—m))[my,] van-
ish, where my, is the kernel of evaluation at k, on &f and -[mg,] is the my, -torsion
submodule of -. Shrinking Uy if necessary, one deduces by the previous equation that
HY(G,,V(f)®E(—m)) is a torsion-free Opg-module and that the natural map

HY (G, V(F)OV (Ug)S"(=m)) — HY (G, V(£)BV (Ug)=*(~m))
is injective. To prove the lemma it is then sufficient to show that
Qk,l(cﬁfm,r(f ® Ug))
belongs to the image of
HY (G, V(fi) ®@q, V) (=m)) — H' (G, V(f;) @ V()" (—m))
for each triple z = (k,l, m) in the Zariski-dense subset Xg°™ of Uy x Ug x {m}. In light
of Equation (16), this follows from Section 9 of [4] and Theorem 1.2.1 of [53], which
prove that the Beilinson—Flach element
BF,(2) € H'(QUuipr), V(K) S ©q, V()= (-m))
admits a (canonical) lift to H*(Q(uyr), V (k)S* ®q, V()S°(—m)). O
Resuming the proof of the proposition, for each m > 0 and r > 1 define
BF,.(f ®g) € H'(G,,V(f.9)(-m))
to be the image of .BF,, ,(f ® Ugy) under the map induced in cohomology by the pro-

jection pry : V(Uy)S® — V(g) onto the g-isotypic component. The proof of Theorem
5.4.2 of [32] shows that there exists a unique Iwasawa class
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BF(f ®g) € H (Qup=), V(f,9)) ®r. O(W)

interpolating the elements (a,(f) - ay(g))™" -m!=! - .BF,,.(f ® g) for all m > 0 and
r > 1. Moreover, for each z = (k,l,m) in X'8°°™ one has the equality

m

1 -
m!(kfz) (172) (1 ap(fi) - ap(g,)

m m

Q:c(cBF(f ®g)) = ) 'CBF(.fkaglvm)

in HY(Q,V(f.,9,)(—m)), where the specialisation map

00+ Hiy(Qlup=), V(f,9)) @ OOV) — HY(Q,V(f;,g,)(~m))

arises from 0z ®0; : V(f,9) — V(f:,g;) and evaluation at m on O(W), and where

CBF(fk:7 g, m) € Hl(Q7 V(fk:a gl)(_m))
is the image of Cﬁo(x) under the map induced by the projection (cf. Equation (15))
pry, @prg :V(K)S' @ V()" — V() @ V(g) =V (fi.9)

onto the f,, ® g,-isotypic component. The proofs of Theorems 7.12 and 7.15 of [32] show
respectively that the Beilinson—Flach element .BF(f®g) belongs to the balanced Selmer
group H11W7ba1(Q(’U,poc)7 V(f,g)) and satisfies the reciprocity laws

Ze(resp(BF(f ®g))) = M. Lp(&é', 1+s)

for (&,¢') = (f,g) and (&,¢') = (g, f), concluding the proof of the proposition. O
3. Proof of Theorem B: p-ordinary canonical Hecke characters

Let J# be a quadratic imaginary extension of Q with discriminant d_» congruent to
five modulo eight:

dy =5 (mod 8).

Let x be a canonical Hecke character of J# in the sense of [48], viz. x - x® = N, the
values of x on principal ideals lie in .# and the conductor of x is equal to v/d - O .
Here x° is the conjugate of x by the non-trivial element ¢ of Gal(.#"/Q) and N = N is
the norm character (so that x“(a) = x(c(a)) and N(a) = |0 /a| for each non-zero ideal
a of Oy ). The Hecke L-function L(x,s) of x is equal to that L(1J,, s) of the weight-two
newform

Oy =Y x(@) - ¢V € S5(To(d))
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(where a runs over the non-zero ideals of O coprime to dy ). The congruence condition
imposed on d  implies that L(?,, s) has sign —1 in its functional equation. Lying deeper,
Theorem 1.1 of [35] yields

ords=1 L(¥y,s) = 1. (17)

Let A, be the modular abelian variety of GLo-type associated with 9, viz. the quotient
of the Jacobian of Xl(dfg) on which the Hecke operator T), acts as multiplication by
a,(Vy) for each positive integer n. It is an abelian variety defined over Q of dimension
the class number h_y of J£. The totally real number field

F, = Q(x(a) + x(a); a non-zero ideal of Oy )

generated by the Fourier coefficients of ), has degree h and the endomorphism ring
Endq(A,) is naturally isomorphic to an order O, in F),. In particular, the Mordell-Weil
group A,(Q) ®z Q is equipped with a natural structure of F)-vector space. Equation
(17) and the theorem of Gross—Zagier—Kolyvagin imply that A, (Q) ®z Q has dimension
one over F) and that the Shafarevich-Tate group of A, over Q is finite.

The p-adic representation V(A ) = Ta,(Ay) ®o, 9,2, L (Where L = i,(Fy) - Qp) is
canonically isomorphic to V (¢, ), hence the p-adic Beilinson-Kato element C};jto associ-

ated with 1, yields an element
(A e HY(Q,V(4y)).

Write log,, as a shorthand for (log,(),ws, ), where log, is the Bloch-Kato p-adic loga-
rithm on the finite subspace of H'(Q,, V(4,)). For each global point P in A, (Q) ®z Q
denote by log,, (P) the value of log,, at the image of i,(P) under the composition
A (Qp)®z,Qp — H'(Qp, Vp(Ay)) — H'(Qp, V(Ay)). Here Vj(Ay) = Tay(Ay) @z,
Q, is the p-adic Tate module of A, with Q-coeflicients, the first arrow is the local
Kummer map and the second arrow is induced by the natural projection of Gq-modules
Vp(Ay) — V(A,). Set finally E, = ¢ - F,.

The following result verifies Theorem B for f = ¢,, under the assumption that p
splits in . Its proof heavily relies on the work of Kato, Perrin-Riou and Bertolini—
Darmon-Prasanna [24,45,8].

Theorem 3.1. Assume that p splits in # /Q. Then the Beilinson—Kato element Cﬁjto
belongs to the Selmer group Sel(Q,V (Ay)) and there exists a generator P, of the E, -
vector space A, (Q) ®z H such that

logwx (resp( ;{:m)) = 1ogix (Py).

In particular the Selmer group Sel(Q,V (Ay)) is generated over L by the Beilinson—Kato
element (3.
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The proof of Theorem 3.1 occupies the rest of this section. Write p- O = p - p with
(p # @ and) p the prime corresponding to the fixed embedding i,. Set f = v, so that
the p-th Hecke polynomial of f has roots ay = x(p) in O] and Sy = x(p) = p/ay. Let
fa =94(q) — x(p) - 95 (¢P) be the ordinary p-stabilisation of f.

Recall that the global Iwasawa class C?aw (and then Cf};w) depends on the choice of
complex Shimura periods ijf In the present weight-two CM setting we can, and will,
assume that Q}r and €2 are both equal to the complex CM period Q(x¢) associated with
the Hecke character x° in Section 2C of [8].

3.1. Let Lo(X) =L, a0, (K ) be the Katz p-adic L-function associated with
(K, 9,vVdx - Ox) and normalised as in Theorem 3.1 of [8] (where it is denoted by
L, Jir-0,-) It is an element of the completed group ring Z]‘;n [G(fp>°)], where Z;n is
the ring of Witt vectors of F,, f = /dx - O and G(fp™) is the Galois group of the
union of the ray class fields of J# of conductors fp™ for n > 1. For x" = x, x¢ and ¢ in
W define

LKJ(Xa U) = L@(%ai.O‘K)a

where o is the restriction to Gg of o o x¢yc and X' is the p-adic character of G'x
corresponding to x* via class field theory. Then L, (x") = L(x’,-) is a bounded analytic
function in O(W)@Qp A » » where Q;‘r is the maximal unramified extension of Q,. Since
L,(f.) is also a bounded analytic function on W, a direct comparison between the
interpolation formulae satisfied by L,(x) and L,(fa,1 + s) at finite order characters
yields the identity

ax  Lp(fa,1+8) = QP(XC)_l L(x)

X?
period associated with x¢ in Section 2D of [8]. The main result of [49] implies that L, (x)

for a non-zero algebraic constant a, in E}, where 2,(x¢) in Zy" is the non-zero p-adic

is non-zero.
The previous equation and Kato’s explicit reciprocity law Equation (1) yield

ax - (Log (resy (C5™)) )y = B ()" - Lo(x)- (18)

8.2. A direct comparison between Beilinson—Kato elements and the Euler system of
elliptic units, carried out by Kato in [24, Section 12.5] and further exploited by Lei et
al. in [31], gives

by - (Log, (res, (C5)),wr), = 2 () - Lo+ Lo(x), (19)

for a non-zero algebraic constant b, in E}, where {,(c) = log,(c(1+p))/log,(1 +p) for
each o in W. The rest of this section explains how to deduce Equation (19) above from
the results of [31] and [24, Section 15].
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Denote by Vg (f) the maximal FE,-quotient of the Betti cohomology group
H'(Y1(d%)(C),Z) ®z E\ on which the dual Hecke operator T}, acts as multiplication
by a,(f) for each positive integer n. The comparison isomorphism between Betti and
étale cohomology gives a natural isomorphism Vg (f) ®g, i, L = V(f), under which we
consider Vg (f) as an E\-structure on V(f). Theorem 3.2 of [31] (cf. [24, Section 15.16])
proves that the identity

Log ; (res, (¢5™°)) = Ly (x) - 1@ & + 4y - Ly(x©) -t @ ¢(€) (20)

holds in Q;r ®q, Vais(f) ®q, O(W) for an element § in Vg, (f) satisfying the identity
g(&) = x(g) - € for each g in G¢. Note that the elements 1 ® £ and ¢! ® ¢(§) of
Bais®q, V(f) = Beris ®q, Veris(f) are invariant under the action of the inertia subgroup
Iq, of Gq,, hence can naturally be viewed as elements of Q;r ®q, Veris(f)-

Remark 3.2. The statement of Theorem 3.2 of [31], which applies more generally to CM
modular forms ¥, associated with Hecke characters 4 of infinity type (k — 1,0) with
k > 2, requires the choice of isomorphisms between the Betti, de Rham and p-adic
étale realisations of the motives of ¥y and 9 (cf. Lemma 2.26 of [31]). For k > 3, these
motives are not known to be isomorphic and it is unclear how to choose the isomorphisms
compatibly with the comparison isomorphisms. By contrast, when k& = 2, the motives of
f and x are naturally isomorphic (cf. [52, Chapter V]), making Equation (20) a direct
consequence of [31, Theorem 3.2]. Here the crucial point is to guarantee that the element
&, satisfying Equation (20) and g(§) = x“(g) - € for each g in G, belongs to the Betti
E\-structure Vg, (f) on the p-adic étale realisation V'(f) of the motive of f.

In the present weight-two setting, V(f) is equal to V*(f)(1) and the elements
wi(l) =wr @t @ (e and 7F(1) =1F @1 @ Gpeo
give the dual basis of 7§ and —wy under the duality (-,-); (cf. Section 2.2). Write
1E=0,ws(l) and t'®c(€) =Q, @nF(1)

with U, and §, in Q;r. Because (as recalled above) L (x) is non-zero, Equations (18)
and (20) give

Op ~; Q)

where ~ B denotes equality up to multiplication by a non-zero element of F,. Moreover
by construction

Gy Qp ~p: 1® (e(€),£(<1);
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in Beis ®q, L, with { = {(~1) ® (e (and (;, ->f the Poincaré duality pairing). As ¢
belongs to the Ey-structure Vi, (f) of V(f), so do ¢(§) and £(—1). Since (-,-); maps
Ve, ( [)®? into E,, the previous two equations yield

Q) ~: (x°).
Together with Equation (20), this yields Equation (19).
3.8.  We conclude the proof of Theorem 3.1. To ease notation set
£ = Log (res (7).
The point s = 0 lies in the interpolation domain of L (x), hence
Lo(x;0) = Lo(, x)
is a non-zero multiple of the complex value L(x~!,0) = L(¥,,1). Equations (17) and

(18) then imply that (E:w is crystalline at p, hence belongs to the Bloch—Kato Selmer
group Sel(Q, V(A,)). Proposition 2.2.2 of [45] then yields

ato — — —1\—1
o, (resp (C57)) = (1— () ™) (1= x(o) ™)™+ (50, op),.
On the other hand, Equation (19) (and the identities ¢,(0) = 0 and ¢/(0) = 1) give
b (L5(0),01), = () - LX),
Finally, according to Theorem 2 of [8, Theorem 2] one has
Qp(X°) - Lp(x"0) = dy - logZX(PX)

for a non-zero algebraic constant d, in E} and a generator P, of the E,-vector space
A, (Q) ®z A . Theorem 3.1 is a direct consequence of the previous three equations.

4. Proof of Theorem B: the p-non-exceptional case

Let f and K/Q be as in Section 1.1. This section proves Theorem B stated in [8] under
the assumption that f is not p-exceptional (cf. [34]), viz. its p-th Fourier coefficient a,(f)
is different from p’e/2-1,

4.1. The Coleman family f = f,

The assumptions ord,(a) < k, — 1 and o # (3 guarantee that f, is an étale point
of the Coleman—-Mazur eigencurve (cf. the discussion following Assumption 2.1). As a
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consequence, if Uy is a sufficiently small connected affinoid disc in Wy, centred at k,,
there exists a unique (up to conjugation) Coleman family f =3, -, an(f)-¢" in O[q]
of tame level Ny, trivial tame character and slope Ay = ord,(c) which specialises to
fr, = fa at weight k,.

The formal g-expansion f ®ex =3_, 5, ex(n)an(f) - ¢" in Of[q] defines a primitive
Coleman family of tame level Nyd%, trivial tame character and slope Ay.

4.2. Theta series and the Hida family g

To prove Theorem B, we apply the results described in Section 2 to a pair of Coleman
families (f,g), where f = f,, is the Coleman family introduced in Section 4.1 and g is
an auxiliary ordinary CM family associated with K. This section defines g and discusses
its main properties.

Consider the weight-one Eisenstein series

EiSl(é-:K) = %L(EK,O) + anZEK(d) S M1(—dK,€K),

n>1 d|n

of level I'; (—dk) and character €. Because p splits in K/Q, the eigenform Eis (ex) is
p-irregular, viz. its p-th Hecke polynomial X2 —a,(Eis; (ex)) - X +ex (p) = (X —1)? has
a double root (cf. Assumption 2.1.3). Define

g = Eis1(ex)(q) — Eis1(ex)(¢") € Mi(—pdk,cK)

to be its unique p-stabilisation. As recalled in Section 2.3, the article [10] proves that g is
an étale point of the cuspidal Coleman—Mazur eigencurve. In particular, if the local field
L is large enough and Uy is a sufficiently small connected affinoid disc in Wy, centred at
l, =1, there exists a unique (up to conjugation) Hida family

9= an(g) q" € Oylq]

n>=1

of tame level —dx and tame character x4y = €x which specialises to g, = g at weight
one, and thus satisfies condition E3 in Assumption 2.1. In the present setting the family
g has complex multiplication by K and can be explicitly described as follows.

Write p- Ok = p-p with p the prime of Ok of norm p corresponding to the embedding
ip : Q — Q, fixed at the outset. Let A% be the group of ideles of K and set U, =
K*.C*. Hq;,ép O3 - iy, where Oy is the ring of integers of the completion of K at the
prime ideal q and py = pp—1 is the torsion subgroup of 0. The kernel of the ideal map
Gy = A} /U, — Pic(Ok) is equal to the group 1+ pO, = 1+ pZ, of principal units of
K, — Q. Fix an extension

op AR /K" — G, —>Q;
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of the character 1 + pO, — Q; sending the principal unit u to its inverse u~!. By
construction ¢, is an algebraic p-adic Hecke character of weights (1, 0), conductor p and
central character the Teichmiiller lift w : ¥,y ~ ;1. The character

vyt A /K* — C*
which on the class of the idéle = (z,), takes the value

Yp(x) =ldoo © i;l (gop(x) . xp) . :L'gol

(where iy : Q — C and ip Q— Qp are the field embeddings fixed at the outset) is
then an algebraic Hecke character of infinity type (1,0) and conductor p. Let I (resp.,
Ik (p)) be the group of fractional ideals of K (resp., coprime with p). With a slight abuse
of notation, we denote again by v, : Ix-(p) — Q* the character sending a to (the image
under i ! of) L0 ¥p (q)°" (%) where 7, is a uniformiser of the completion of K at the
prime ¢. Enlarging L if necessary, assume it contains the values of (the composition of
ip with) 9, and write (¢,) for the composition of 1, with projection onto the group of
principal units of Or. For Uy as above, let

Y Ig(p) — G4

be the unique character satisfying ¥ (a)(l) = (1) (a)!~! for each a in I and each [ in
Ug N Z>;. The sought for Hida family g is then given by

g=>Y ¥(a)-¢"°,

where the sum is over the non-zero ideals a of Ok coprime to p and Na = |Ok/a|. In
particular, for m in (p — 1) - Z>1, extend the m-th power of ¢, to a Hecke character

qzbm g — Q* (21)

of weights (m,0) and trivial conductor by setting 1,,(p) = ¥p(p)~™ - p™, so that the
theta series (cf. Theorem 4.8.3 of [33])

D(pm) = Z Um (@) - gV € Smy1(—dr,exc)

anon-zero ideal of Ok

is a cuspidal primitive form of weight m + 1, level I'; (—dk) and character ex. Then
for each integer ! in Ug N Z~, which is congruent to one modulo ¢;, — 1, with ¢ the
cardinality of the residue field of L, the weight-I specialisation of g is equal to the ordinary
p-stabilisation of ¥(¢;—1), viz. g; = I(¢i—1)(q) — Yi—1(p) - I(¢1—1)(¢P).

For each m in (p — 1) - Z write ¢,, : Gg — Q; for the p-adic Galois character
corresponding to v, by global class field theory, so that the dual Deligne representation
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V(9(thm)) associated with (1) (cf. Section 2.2) is isomorphic to the induced IndSep,,
from Gk to Gq of L(¢,,). As above, there exists a unique character

QD:GK—>ﬁ;

specialising to ¢;_1 at each integer | in Ug which is congruent to one modulo qr — 1.
Denote by Ind%cp the induced from Gk to Gq of ¢, viz. the free rank-two &g-module
of maps £ : Gq — Oy satisfying £(10) = (1) - {(0) for each 7 in Gx and each ¢
in Gq, equipped with the Gg-action defined by (o - §)(0’) = £(0’0) for each o and o’
in Gq. The Og4-adic representations V(g) (cf. Section 2.3) and Indgcp are irreducible
and unramified outside dgp. Moreover, for each prime ¢ not dividing dxp, an arithmetic
Frobenius at £ acts on them with trace ae(g). It follows that V(g) and Ind%cp become
isomorphic after base change to the fraction field of 04. Shrinking Uy if necessary this
implies the existence of an isomorphism of &g[m~!][Gq]-modules

V(g)lr '] ~ IndZeplr ], (22)

where 7 is a generator of the ideal of functions in &y which vanish at I = 1. Actually
one has the following consequence of Proposition 2.2.

Proposition 4.1. The 04[Gql-modules V(g) and Indgcp are isomorphic.

Proof. Let c in Gq denote complex conjugation, and let ¢° be the conjugate of ¢ by ¢
(so that (o) = (c- o - ¢) for each o in Gg).

It is sufficient to prove that the restriction of V(g) to G is isomorphic to the direct
sum of Oy () and Oy (¢°). (Indeed, if this the case, ¢ maps V(g)¥5 =% isomorphically
onto V(g)9x=%" ie. V(g) = Og-v® Oy - c(v) for any Oy-basis v of V(g)“x=%.) This in
turn follows from the existence of an isomorphism of y[Gq,]-modules between V' (g) and
V(g)T @V (g)~ . Indeed, assume that V(g) is equal to Og-v" @& Og-v~, with Gq, acting
on vt and v~ via the characters x';! - @,(g) " and d,(g) respectively (cf. Equation (5)).
For each integer | > 3 in Uy congruent to 1 modulo g7, — 1, the weight-l specialisation
of Oy - v~ is the maximal Gq, -unramified quotient of the representation V'(g;), which
is isomorphic to Ind%apl as an L[Gq]-module. It follows that the specialisation at ! of
Og-v~ is isomorphic to the G k-invariant line L(yf) of Ind%gpl. As a consequence Oy v~
is a G g-invariant direct summand of V(g) isomorphic to 0g(¢¢). Similarly one shows
that Oy - v is a G g-invariant submodule of V(g) isomorphic to Gy ().

For - = 0,4, set W' = V(g) ®¢, Homg,(V(g)~,0y), so that W~ is naturally
isomorphic to &,. The short exact sequence V(g)t «—— V(g) —» V(g)~ yields a short
exact sequence W+ —— W —» Oy, which corresponds to an element

w e Hl(Qp7 W) [r>]

by Equation (22), where -[7°°] is the set of elements of the &g-module - which are killed
by a power of m. We have to prove that w is zero.
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Set Wit = W+ ®; L and consider the composition
0: W = H(Qy W) = H'(Qy, WH)[r] — H'(Qp, Qp) ®q, W1,

where the isomorphism is the connecting morphism arising from multiplication by 7 on
W and the arrow is induced by specialisation at weight one (i.e. reduction modulo 7).
Identify H'(Q,, Q,) with the group of continuous Q,-valued morphisms on Q,, via the
local Artin map sending p~! to an arithmetic Frobenius. A direct computation shows
that for each = in W;", the restriction of d(z) to Z,, is equal to log, ®x. In particular
the map 0 is non-zero, so that

HY(Qp, WH)[r™] = HY(Q,, W) [r] ~ W;t

is killed by 7, and w is zero precisely if its weight one specialisation w(1) in H(Q,, W;")
is. On the other hand, Proposition 2.2 proves that Gq, acts trivially on W ®; L ~ V(g),
i.e. w(1) is zero, thus concluding the proof of the proposition. O

Fix an isomorphism of €4[Gql-modules
v:V(g) 2 IndQe. (23)

Since p splits in K, the restrictions of Indgcp to Gk and Gq, both decompose as the
direct sum of ¢ and its complex conjugate ¢, with @c\gqp unramified and mapping an
arithmetic Frobenius to the p-th Fourier coefficient a,(g) = 1 (p) of g. Accordingly the
restriction of V(g) to Gq, decomposes as the direct sum (cf. the previous proof)

Vig)=V(g)" ®V(g)", with ¥(V(g)") =lcg, and 7(V(g9)") = ¥“lcqg,-

With the notations of Section 2.3, the rank-one (¢,I')-modules D(g)* over the ring
Ky = %@QP U4 are the images of the 0g-adic representations V(g)* under the Berger—
Colmez functor DL& 0,

Write V(g) = V(g) ®1 Q, for the base change of V(g) along evaluation at I = 1 on
Og. Similarly define the Gq,-submodules

V(g)Jr = V(g)+ &1 Qp and V(g)7 = V(g)i X1 Qp

of V(g9) =V (g)" @ V(g)~. The isomorphism (23) specialises to an isomorphism of Ggq-
modules (denoted by the same symbol)

7:V(g) = (1dex) ®q L,

where 1 and ex are shorthands for the trivial Gq-representation Q and its twist by
ek respectively. Let v and v~ be the canonical Og-bases of the Gk-submodules ¢
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and ¢° of Indgcp, viz. maps v¥ : Gq — Oy defined by (v (1),v7(c)) = (1,0) and
(v=(1),v7(¢)) = (0,1), where ¢ is complex conjugation. Set vF = v~ !(v*) in V(g)F,
let vgi in V(g)* be their weight-one specialisations and define

and Vg, =V — 0. (24)

_ ot -
Vg1 =0, +v g g

> g g

By construction ¢ exchanges the vectors v and v~, hence the elements (v, 1) and
V(vg.ex ) give Q-bases of the Gq-representations 1 and ¢ respectively.

4.8. Comparison between Beilinson—Kato and Beilinson—Flach elements
Let

7 € Hiy(QUup=) V(f) and (35, € Hiy(Qup=), V(f @ £x0))

be the global Beilinson—Kato elements associated with f and its twist by € respectively.
They are characterised by Kato’s explicit reciprocity law (1) and its analogue for f @ ex
respectively (with (f®ex)a = fa®ck ). Note that the global representation V(f®e) is
isomorphic to the twist V(f) ® ex of V(f) by ex. Since p splits in K/Q, the restriction
to Gq, of V(f) ® ek is equal to that of V(f). An isomorphism of L[Gq]-modules
1: V(f®er) — V(f) ®ek then induces an isomorphism of filtered p-modules between
Var(f ® ex) = Vio(f ® ex) and Vgr(f), which maps the canonical generator wsge )
of Fil’Var (f ® ex) to a non-zero multiple u, - ww of the generator wsw of Fil®Vag (f)
(cf. Section 2.2). Set

Cre = un(CREs),
where
vt Hiyy (Qup=), V(f @ e)) — Hio(Qup), V(f) ® k)
is the isomorphism induced by 1, set V(f,g) = V(f) ®1 V(g) and define
BK?®9 =Ly(fa®ek,1+5) C?aw ®vg1 + Lp(fa, 1+ ) - C‘If(iii) @ Vg ek
in Hl (K (pp=), V(f,9))@a.. O(W). Since complex conjugation acts trivially on BK$%g,

it descends to a class in H{, (Q(pp=), V(f,9)) ®r, OOWV).
Define the balanced Iwasawa Selmer group

Hllw,bal(Q(up‘x’)a V(fa g)) R— HIIW(Q(MP‘X’)a V(fa g)) 2T O(W)
as in Section 2.4, after replacing V(f, g) and .Z*D(f,g) with V(f,g) and

FD(f,9) = D(fla®LV(9)’
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respectively in the definition of the local condition H11W7bal(Qp(upm),V(f,g)) (with
D(f)2 = D(f) and V(9)? = V(g)). Write

0=1054:V(f,.9) —VI(f9)
for the composition of the specialisation isomorphism (cf. Section 2.3)
P, @p1 2 V(F,9) @k, L — V(fasg)
and the p-stabilisation isomorphism (cf. Section 2.2)
Iy, : V(fa) — V().
This induces a specialisation map
Ox * I{Ilw,bal((Q(:upoc )7 V(.f7 g)) — Hllw,bal(Q(/’[’P&)’ V(f7 g))
For each integer ¢ > 2 coprime to 6 Ntdgp, one defines the global Selmer class

CBF_?®g € Hllw,bal(Q(Mpoo)7 V(f» g))

by the identity (cf. Proposition 2.3)

0 (B @) —alp-1) (1- %) (1- M) . BFf,,.

Define finally the non-zero p-adic number Qg ., in L* (depending on the isomorphism ~y
fixed in Equation (23)) by the identity (cf. Equation (3))

Qg =2 (v, W), - (25)
The aim of this section is to prove the following result.
Theorem 4.2. The equality

Qg - CBFJ?&J = e BK?@Q

holds in the balanced Iwasawa Selmer group Hi. (Q(pp=),V(f,g)) for an explicit

w,bal

element o, = o, ;. k n OW) such that o7.(j) belongs to K(a)* for each integer j.
Proof. If x denotes either e or the trivial Dirichler character 1 and one sets
C;(’zito _ CIf(ato’

Kato’s explicit reciprocity law (1) yields
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(Logy (res, (CF37°)),nf )y = Ly(fa @ X, 1+ 8). (26)

By definition (cf. Equation (24)) the image of res,(BKfg,) under the map

Hi (Qphp=), V(f,9) @a. OW) — Hyy(Qp(pp=), V(f) ©1 V(9)™) ®a.. OW)

induced by the projection V(g) — V(g)~ is equal to the product of v, and

Lp(fa ®er,1+8)- resy (le{ato) — Lp(fo“ 1+s)- reSp(C?i?),

which according to Equation (26) belongs to the kernel of the composition

(Log ), + Hiy(Qulity=). V(£)) @ OOW) —> O(W)

of the Perrin-Riou logarithm Log; and the O(W)-linear extension of the functional (-, n%)
on Vi (f). This composition factors through the morphism induced in cohomology by
the projection D(f) — D(f), , and the resulting map

Logy : Hiy(Qp(pp=), D(f)5) — O(W)

is injective under the non-exceptionality assumption a,(f) # pFe/2=1 (Indeed the kernel
of Log; equals the submodule of D(f), on which ¢ acts as multiplication by a;l,
which is zero unless a; is a power of p. When p does not divide the conductor of f, this
possibility is excluded by the Ramanujan—Petersson conjecture; when f is new at p one
has af = a,(f) = £p*/271 hence ay = —pFe/2~! by assumption.) As a consequence
the image of res,(BK$g,) in Hf, (Qp(up=),D(f);) ®L V(g)~ is zero. In other words
(cf. Equation (24))

Py o (resy (BKSg,)) € Hiy, (Qp (<), D(f)o) @1 V(9)*
is equal to
o (Lp(fa ®er,1+8)-resy (C?ato) + Ly(fa, 14 8) -res, (C?i?)) ®uS, (27)
where p; , and p; are the maps induced by the projections D(f,g) — D(f); @1 V(g)
and D(f) — D(f), respectively. (Note that, since Gq, acts trivially on V(g), the

(¢, T)-module D(f,g) = D(f) ®<, D(g) is canonically isomorphic to D(f) ®r V(g).)
Let

Log ey + Hiy(Qppp=), D(f)z) @1 V(9)" — O(W)

be the morphism defined by the formulae

Log;gg(z ®v) = (v,wy), - Logy (2)
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for each z in H{, (Qp(pp=), D(f)5) and v in V(g)*. Equations (26) and (27) yield
Logra, 0 Pr.a 01esy(BK g, ) = gy - Lp(far 1+ 8) - Ly(fo ® ek, 1+ 8). (28)

As above denote by

Ox - Hllw(QP(:U'POC)’ y_+D(-fvg)) — H%w(QP(:U’POC% '?_+D(f7 g))

the map induced by the specialisation map py, @p1 and the p-stabilisation isomorphism
I, .. Lemma 8.4 of [17] and a direct comparison of the interpolation properties satisfied
by Log; and £~F (cf. Section 2.4) show that the map

Logyay 0 0s : Hiy (Qulip<), Z T D(£,9)) — O(W)

is equal to

1, (p)phe—2 1, (p)phe—3 _
(P =D (1‘ S ) (L T ) vk o (LT @)

g7
where evy, 1 is evaluation at weights (k,, 1) on Oyg. (Recall that N¢p" is the conductor
of f and note that the Euler factors in the previous equation are non-zero.) The explicit
reciprocity law Proposition 2.3 then gives

Log i3y © Pra © 108y (BFfey) = Mrc - Ly(farg,14 ), (20)
where Ly (fa,g) is the specialisation of L,(f,g) at weights (k,, 1) and
M, = Nfl—k0/2 ) (02 _ 25— kot3 sK(c)).

(Since k, is even, .4 .(j) is a non-zero rational number for each integer j.)
We claim that one has the factorisation

Lp(fmg) :«Q{'Lp(fa)'LpUa@EK) (30)

in OW), where & = o/} i is an explicit unit in O(W)* such that <7(j) belongs to
K (o)* for each j in Z. Indeed, for x equal to either 1 or e, let L,(f ®x) in O(Us x W)
be the two-variable Mazur-Kitagawa p-adic L-function attached to f (cf. [12]). For each
good classical point k in Ug, each j in Z and each finite order character o : Z; — Q*,
one has L,(f ® x)(k,0 +j) = X - Lpy(fx ® x)(0 + 7) with xo(—1) = 1, where A\ are
non-zero elements in L* such that )\i = 1. These properties characterise L,(f ® x) up
to multiplication by a unit in O(Uy) taking the value one at k = k,. Define L,(f,g) to
be the restriction of L,(f, g) to the plane I = 1. Then the set 2~ of pairs (k, j) in de x 7
with k& good and 1 < j < kK —1 is dense in Uy x VW and contained in the interpolation
domains of L,(f,g) and L,(f ® x). For each (k,j) in £ one has
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ax (k, j)
Noap (1-2) (1- &

where ag is a simple explicit unit in O(Ur x W)* with ax (z) in K* for = in UfCl x Z and
where one sets ay = a,(f;) and By = p*~1/ay. According to Theorem 3.4 of [6] and

Ly(f:9)(k,5) = ) L(f)(k,J) - L(f @ ex)(k, ),

Section 5 of [16], the p-adic periods

Per, (k) = A A, (1= Br/aw) (1 — Br/pou)

are interpolated by a unit in O(Uy)*, whose value at k, is equal to Per,(k,), respectively
belongs to Q*, if p does not divide the conductor of f, respectively f is p-new. (In [16] f
is assumed to be ordinary, but the arguments readily generalise to the present setting.)
One deduces that L,(f, g) factors as the product of L,(f) - L,(f ® ex) and an explicit
unit which takes values in K (a)* on classical points. The weight-k, specialisation of this
factorisation yields Equation (30).

Set o, = of - My,.. Equations (28)—(30) show that the difference between the classes
Qg .~ - BFfg, and o - BK} g, is killed by the linear form Log;gg op;, oresy, hence by
P o OTeSp (since as observed above Log;, and then Log}% 4 18 injective in the present non-
exceptional setting). In other words this difference defines an element of the trianguline
Selmer group Seliy (K (up=), V(f)) of classes in HL, (K (p=), V(f)) ®a., O(W) which
are unramified at each prime different from p and which map to zero in the semi-local
cohomology group Hi (K, (pp=), D(f)5). For each finite order character u of G, the
base change of the finite torsion-free module Selry (K (pp), V(f)) along the morphism
e Xé;(;k"/ 2 Ao — Qp (1) is isomorphic to a submodule of the Bloch-Kato Selmer
group Sel(K, V(f @ u™ 1)) of V(f @ ™) = V(f)(1 — ko/2) ® u~! over K. According to
the main results of [49,50], for each 0 < ¢ < p — 1 there exists p such that the complex
L-values L(f ® u,ko/2) and L(f ® pueg,ko/2) are non-zero and p
identify Goo with Z7 via xcyec and w : Fy — Z7 is the Teichmiiller character. For

F+ = w', where we
p

such characters, Kato’s theorem [24, Introduction] implies that the Bloch-Kato Selmer
group Sel(K, V(f®u 1)) vanishes. As a consequence Selry (K (ppe), V(f)) is trivial, thus
concluding the proof of the theorem. O

4.4. Heegner classes

Let n > 4 be an integer such that (K, n) satisfies the Heegner condition, let n be an
ideal of K of norm n and let H be the Hilbert class field of K. Fix an elliptic curve FE
over H with complex multiplication by the maximal order Ok of K and good reduction
at the prime of H associated with the embedding 4, : Q — Qp fixed at the outset.
We identify Ok with Endgy (E) via the isomorphism [-] satisfying [A]*w = A - w for each
w in T'(E,QF / ;)- Choose a generator t, of the n-torsion subgroup E, of E. Then the
isomorphism class of the pair (F,t,) defines a closed point ig : Spec(F) — Y1(n)p of
the modular curve Y1 (n)r = Y1(n) ®z[1 /n) F of level I'1 (n) over a finite abelian extension
F of H.
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For each positive integer r define the p-adic étale sheaves
S = Symmy, R'(Ei(n) — Y1(n)).Z, and J£.(E)=Symmy Hy(Eq,Z,)

on Y7 (n) and Spec(H) respectively, where E;(n) — Y7(n) is the universal elliptic curve.
Then (the restriction to Spec(F) of) 4%.(E) is canonically isomorphic to the pull-back
i5;() of (the restriction to Y1(n)r of) .#. along the closed immersion ig. This yields
a push-forward

ipe t HY (F, 6,(E)(r)) — HE (Yi(n)p, Lor(r +1)).

The p-adic Tate module T,(E) = Hg (Eq,Zy(1)) of E decomposes as the direct
sum of the one-dimensional p-adic representations xg and xg for a Hecke character
XE : Gu — Z}. Let g and yg be any generators of the lines yg(—1) and xg(—1) of
1 (E) respectively, which pair to one under the Weil pairing. Then

He (H, #(E)(r) = Zy - 25y,

where the canonical invariant z’zy}, is the image of x%” ® y%” in JA4(E)®?" in the
symmetric quotient .77 (E).

Let £ = >, an(§) - ¢" in S2p42(T'o(n))r be a normalised cuspidal eigenform of
weight 2r 4+ 2, level T'g(n) and Fourier coefficients in L. Recall the p-adic sheaf % =
Tsym‘(E;(n) — Yi(n))«Z,(1), so that the dual Deligne representation V(&) of £ is the
maximal L-quotient of H}(Y1(n)q,%2(1)) ®z, L on which the dual Hecke operator T}
acts as ay(§) for each prime ¢ (cf. Section 2.2). As explained in [17, Section 3], there is
a natural isomorphism s; between the Q,-linear extension of .#;(i) and that of .%; and
one writes

pre : HY (Yi(n)gu o (r + 1), — V() ® xas = V(E)
for the composition of the £-isotypic projection with the map induced by ss,.. Define
28(§) = Pre. o HSet 0 ip« (pyE) € Sel(H,V(€))

to be the image of the invariant zzy under the composition prg, o HSg 0 ip., where
pre, is the map induced in G'p-cohomology by pr, and

HSee : HE (Yi(n)p, 2 (r + 1)) — H'(Gp, Hy (Yi(n)g, S2r)(r +1))

is the morphism arising from the Hochschild-Serre spectral sequence. The fact that zg(€)
belongs to the Bloch-Kato Selmer group Sel(F,V(€)) is a consequence of [40, Theorem
5.9]. Moreover, because ¢ is a form of level I'g(n) and the isomorphism class of the pair
(E,Z - t,) defines an H-rational point of the modular curve Yy(n), the class zg(€) is
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fixed by the action of Gal(F/H) on Sel(F,V()), hence can naturally be viewed as an
element of the Selmer group of V() over the Hilbert class field H of K. Define finally
the Heegner class of (¢, K) by

zx (€) = Trace i (26(€)) € Sel(K,V(€)).
4.5. Comparison between Beilinson—Flach and Heegner classes

Set V(f,g9) = V(f,g9)(1—k,/2). As explained in Section 1.1, evaluation at an integer ¢
in W induces a morphism X% from Hp, 1.1(Q(up=), V (£, 9)) to HY(Q,V(f,9)(—7)) (cf.
the definition of the character [] : Goo — O(W)* in Section 2.4). Recall the balanced
Iwasawa class CBFJ‘?‘®Q introduced in Section 4.3 and define

BFf, = xeyl* ™! (BFfy,) € H'(QV(f.9)).
Let up in Ok [1/p]* be a generator of p"<, with hy the class number of K.

Theorem 4.3. Assume that the complex Hecke L-series L(f,s) vanishes at the central
critical point s = ko/2. Then the class CBFJ?‘@)Q belongs to the Bloch—Kato Selmer group
Sel(Q,V(f, g)) and the equality

log,, (uy)- (log, (res,(BFfg,)),ws @ ng >fg = logif (resp (25 (1)),

holds in L up to multiplication by an explicit non-zero constant in the number field
K(an(fa);n = 1).

The proof of Theorem 4.3 occupies the rest of this section.

4.5.1.  This subsection briefly describes the main result of [9]. With the notations of
Section 4.4, set n = Ny, £ = f and write 9y =n.

Denote by .Z,(f) the square-root anticyclotomic p-adic L-function associated in Sec-
tion 5 of [9] to the level-I'g(N¢p") newform f, the prime p of K and the data (MNy, E,wg),

where wp is a non-zero invariant differential in I'(E, Q1 / ). It is a continuous Cp-valued

function defined on a suitable p-adic completion Se.(f) of the set Seo(f) of algebraic
Hecke characters of K with conductor dividing 91y, trivial central character and infinity
type (ko +a, —a) with a in Z. For each character x in X..(f) of infinity type (ko + 7, —j)
with j > 0, the square .Z,(f, x)? of the value of .%,(f) at x is a non-zero explicit multi-
ple of the central critical value L(f,x!,0) of the Rankin-Selberg convolution of f and
the theta series of weight k, + 1 + 2j associated with N*+7 . y=1 We refer to [9] for
the precise interpolation property satisfied by %, (f), whose square is denoted there by
L,(f). (Note that Section 5 of [9] assumes that p does not divide the conductor of f, but
the constructions and results readily generalise to the present semistable setting. More
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generally, one can easily define a Cp-valued continuous function %, (f) on Us x icc( )
which restricts to .Z,(f) at each classical point k in U]EI.)

Note that the character N¥/2 does not belong to the interpolation domain of 2 (f).
The main result Theorem 5.13 of [9] and its extension [18, Theorem 2.11] to the p-
semistable setting yield the identity

(hof2 = 11 (N2 = (1= 22 (1= ) o, Gresy (7). (31)

Recall that « and § are the roots of the p-th Hecke polynomial of f, ordered in such a
way that ord,(a) < ord,(8). In particular 8 is zero if f is p-new (i.e. if » = 1) and the
Euler factors which appear in the previous equation are non-zero.

4.5.2. The aim of this subsection is to prove the following

Lemma 4.4. One has the equality

lng<up) - Lyp(g, f)(ko,1,ko/2) = B - L (, Nko/z)z7
where B = B(f,K) is an explicit non-zero element of K (an(f); n > 1).

Proof. In the proof write Ugl for the set of integers in Uy which are congruent to one
modulo g7, — 1 (where g7, is the cardinality of the residue field of L, cf. Section 4.2). Set
X = {ko} x Ug' and let X be the set of pairs (ko,1) in X! such that [ > ko/2+ 1. For
each = = (k,,1) in X! set (cf. Equation (21))

vy = NFe/271H1 L o T — C*.

Note that v, has infinity type (ko + jz, —Jz) With j. =1 — (k,/2 + 1), so that j, > 0
precisely if z belongs to X<,

For each z = (k,,1) in X< the character v, belongs to the interpolation domain of
%5 (fr). According to [9, Section 5] (and the functional equation satisfied by Rankin
L-series) one has

Z(fove)? =Gl < L T30 = ko /2)T (ko/2 +1— 1) -

OO

2
o B
1= — —— | L 9 o), ko/2+1—1). (32
(1-25) (1-325) Hrevwn ki si-1). @)
Here Q, = Q,(F,wg) in C; and Qo = Qo (£, wg) in C* are the p-adic and complex
periods associated in [9] with the fixed pair (F,wg) and ¢ = €1(f, K) is a unit in &,
such that, for each ! in Uy N Z, the value % (l) is a non-zero explicit element of the
number field K (a,(f); n > 1).
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If x = (k,,1) belongs to X< then the classical triple
st = (o, 2l — 1,ko/2 + 1 — 1)
belongs to the interpolation domain of L,(g, f), and (cf. [26, Theorem 2.7.4])

Lo o = PO al20 o2 - 1) (1) (=)
o A2 ()RS (1 a(pp ) (1= p(p) )

. L(f ®9(Ya—2), ko/2+1—1)
<19(1/J2172),19(1/;2l72)>7dl( ;

(33)

where 4 denotes the inverse of the algebraic Hecke character ¢, ,-N'=2. After setting
Ga(1) = 61(1) - (—i)?—1ko . 241=3 Equations (32) and (33) yield the identity

G) Ly (fova)? = Ly(g, £)() - (34)

-0 4l—-4
. ( szof) (1= )P ™) (1= () ) (IWr2), D (Y21-2))_g,-

Let L,(K) be the Katz p-adic L-function associated to (X, p) in [23]. It is a continuous
C,-valued function on a suitable p-adic completion Sk of the set T of algebraic Hecke
characters of K of trivial conductor and infinity type (a,b) with ¢ > 1 and b < 0.
The value of L,(K) at x in Xk is an explicit multiple of the algebraic part of the
complex special value L(x~!,0). We refer to Section 3.2 of [20] for a description of the
interpolation property which characterises L, (K). In particular, Lemmas 3.7 and 3.8 of
[20] yield the formula

T-Q 414
(Fo) (o) (0 ) ) (Om) 0ar-2))_, = Gl Ly ),

where €3 = €¢3(K) is a unit in O such that €5() is an elementary explicit scalar in K*
for each [ in U' N Z. For x = (k,,1) in X< and s = (k,, 2l — 1,k,/2 + [ — 1), Equation
(34) can then be rewritten as

C(1) - Lo(f.va)? = Ly(K, ) - Ly(g. £) (),

where the unit ¢ = €(f, K) in Oy is defined to be the product of the inverses of the
units %5 and %3.

Define = #B(f, K) in K(ay(f); n > 1)* by the formula (p —1) - Z =2p-€(1). Let
xn, = (ko,1,) be any sequence in X< which converges to (k,, 1) in the p-adic topology
(e.g. ln = 14 (qz, — 1)p°™ with lim,, o ¢(n) = 400 in the archimedean topology). Then
sty = (koy 2l — 1,ko/2+ 1, — 1) (vesp., va,, i, ) is a sequence of classical points in the
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interpolation domain of L,(g, f) (vesp., £, (f), Lp(K)) converging to (k,, 1, k,/2) (resp.,
NFo/2, N). Taking z = x,, in the previous displayed equation and then taking the limit
for n tending to infinity yields
1y -1
2(1-p71) " - Lo(K.N) - Ly(g, F) (Ko, 1. ko/2) = - Ly(f.N"/2)2,
Together with Katz’s p-adic analogue of the Kronecker limit formula:
_1y -1
2(1=p7") - Ly(K,N) = log, (up)
(cf. [23, Sections 10.4 and 10.5]) this concludes the proof of the lemma. 0O

4.5.8.  Assume from now on that the Hecke L-series L(f, s) vanishes at s = k,/2.

Lemma 4.5. The Beilinson—Flach element CBFJ?‘®9 belongs to the Bloch—Kato Selmer
group Sel(Q,V(f,g)), and one has the identity

Ly(g, f)(ko,1,ko/2) = € - (log,(resy(BFfg,)), wy ®77g>fg
for an explicit non-zero constant € in the number field Q(«).
Proof. Set

V(far9) = V(fa) ®L V(g) and D(fa,g) =Dl (V(fa,9))-

For a and b in {0, +, —} define .Z#*D(f,,g) as in Section 2.4, using the triangulations
on D(f,) and D(g) = Z1, @1, V(g) defined in Equation (2). Denote by

BF(fa®g) € H(Q,V(fa,9))
the specialisation of .BF(f ® g) at the classical triple
¢ =(ko,1,ko/2—1).
As the Beilinson-Flach element .BF(f ® g) belongs to the balanced Selmer group

Hiy 101 (Qlpp=), V(£ g)), its image in H} (Qu(ptp=), F*~D(f,g)) under the compo-
sition p; o res, (cf. Section 2.4) arises from a unique element

CBF(f ®g)+_ € Hllw(QP(:u'P”)ver_V(fvg))

Denote by

BF(fa®9)"™™ € H(Qp, 777 D(fa,9))
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the specialisation of .BF(f®g)*™ at ¢. Exchanging the roles of f and g in the previous
discussion one defines similarly the local cohomology class

BF(fa®g)™" € H(Qp, F~TD(fa,9)).

Evaluating both sides of the explicit reciprocity laws (cf. Proposition 2.3)

Zy(resy(BF(f ©9))) = Mg Lp(g, f,1+3)

and

Ly(resy(BF(f®9))) = A5 Lp(f, 9,1+ s)

at the classical triple ¢ = (k,, 1,k,/2 — 1) yields respectively the formulae

Ly(g. F) ko Lko/2) = & - (log,(BF(fa © )t ), @my), . (39)
and
Lo ) (ko L ko/2) = & - (exp(BF(fa ©9) )y, ©w,),  (36)
where
1- o ko/2 — 1)1 (1 — 2222
&= H( ) a5 = Gt )
(1= 20 Apuel6) (ko2 1) 7€) (1= 52273)

(Note that A% (), Ag,(s) and the four Euler factors in the previous equation are
all non-zero under the current non-exceptionality assumption a,(f) # phe/ 2-1) The
value of L,(f, g) at the classical triple (k,, 1, k,/2) is a multiple of the complex L-value
L(f ® g,k,/2), which in turn is a multiple of L(f,k,/2). By assumption L(f,k,/2) is
zero, hence so is .BF(f, ® g)~ T by Equation (36). Since .BF(f, ® g)~~ is zero (because
BF(f ® g) is a balanced class), this implies that the global class .BF(f, ® g) belongs
to the Selmer group Sel(Q, V(fa,g)), hence

<10gp(cBF(fa ® g)Jri)?wfa ® 779>ng = <10gp (resp (CBF(fOl ® g))),LUfa ® 77!]>ng N (37)

By definition the class CBFfO‘® ;4 is an explicit non-zero multiple of the image of BF(fo®
g) under the map induced by the p-stabilisation isomorphism Il . : V(fo) — V(f).
The lemma then follows from Equations (35) and (37). O

4.5.4. Theorem 4.3 is a direct consequence of the Bertolini-Darmon—Prasanna p-adic
Gross—Zagier formula (31), Lemma 4.4 and Lemma 4.5.
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4.6. Conclusion of the proof

This section concludes the proof of Theorem B (when f is not p-exceptional).
Recall the non-zero p-adic number €2, ., introduced in Equation (25) and set

Ogy=2- <U;’ng>g and  L(g) = Qg /0Vg -

Then £L(g) is a non-zero element of L* and is independent of the choice of the isomorphism
~ made in Equation (23). Since f is not p-exceptional and p splits in K/Q, the twist
f ® ek is not p-exceptional, hence L,(fo ® ek, ko/2) is equal to L(f,ex,ko/2)alg (cf.
Section 1.1) up to multiplication by non-zero explicit scalar in Q(«). As by assumption
L(f,s), and hence L,(fs), vanishes at s = k,/2, Theorems 4.2 and 4.3 prove that the
identity

L(f 1, o 2 - o (resy (CRa10) ) = =)

= g, (ugy " 85 (e e(1) G9)

holds in L up to multiplication by a non-zero explicit scalar in the number field
K(an(fa); n > 1). Theorem B is a consequence of the previous equation and the

Lemma 4.6. The ratio between L(g) and log,(uy) belongs to Q™.

Proof. We give an indirect proof of Lemma 4.6 which uses Equation (38) and Theo-
rem 3.1. Consider the set Sk of negative integers D satisfying the following properties.

1. D is a square-free negative integer congruent to 5 modulo 8.

2. Bach prime divisor of D splits in K and p splits in Q(v/D).

3. There exists a canonical Hecke character xp of Q(v/D) such that L(xp -k, s) does
not vanish at s = 1.

The set Sk is infinite. Indeed, the first two conditions are easily seen to be satisfied
by infinitely many negative integers D. Moreover a theorem of Rohlrich [48, Page 551]
guarantees that the subtler condition 3 is satisfied by each square-free negative integer
D congruent to 5 modulo 8 such that —D is sufficiently large relative to dg. (Recall
from Section 3 that L(xp,s) has sign —1 in its functional equation, hence L(xp - €k, s)
has sign +1.)

For each D in Sk write fy,, for the weight-two theta series of level I'g(D?) associated
with a canonical Hecke character xp satisfying the above condition 3. Let A, , and w,,
be as in Section 3. Since L(xp - €k,s) is equal to L(fy,,ck,s), condition 2 implies
that L(fy,, €K, ko/2)alg is a non-zero element of the number field E, , generated by the
values of xp, hence Equation (38) gives

ato ﬁ
8., (15 (1) = v oo - o2, (o)
P
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for a non-zero algebraic constant ¢, ,, in E, . The Gq-representation V(f, ) is canoni-
cally isomorphic to V(A,,,) and by construction zx (fy,) is the image under the global
Kummer map of the trace from H to K of a Heegner point in A, , (H)®z Q. In addition,
since L(fy,,s) = L(xp,s) has sign —1 in its functional equation, this Heegner point is
rational over Q. In summary, we can rewrite the previous equation as

Kato)) _ ‘C(g)

2

longD (I’eSp( Axp - 1ng(up) ! longD (PXD)

for a global rational point P, in A, ,(Q) ®z Q(vD). On the other hand Theorem 3.1
yields the identity

log,, (res, (CE:;O)) = logiw (Pyy)

for a generator P,, of the E, ,-vector space A,,(Q) ®z Q(v/D). The previous two
equations imply that the ratio between £(g) and log, (up) belongs to E} . Assume that
|D| is prime. The definition of xp shows that the intersection of the fields Eys over the
Galois orbit of xp is equal to K, so that

Q= (] Eb

Din Sk

and Lemma 4.6 follows. O
5. Proof of Theorem B: the p-exceptional case

This section contains the proof of Theorem B in the p-exceptional case, viz. when
f = fa is new at p and its p-th Fourier coefficient a,(f) = a is equal to phe/2-1,

Throughout this section f = f, and g denote the Coleman families introduced respec-
tively in Sections 4.1 and 4.2. One fixes an integer ¢ > 2 coprime to pdx Ny and denotes
by BF(f ® g) the Beilinson-Flach element .BF(f ® g) constructed in Proposition 2.3.

(As in the previous section the choice of ¢ is not relevant.)
5.1. Comparison between Beilinson—Flach and Beilinson—Kato elements

Denote by

BF(f ®g) = xt3l* ' (BF(f ©9)) € H(Q,V(f.9)(1 - k,/2))

the image of BF(f ® g) under the morphism induced in cohomology by evaluation at
k,/2 —1 on O(W). Proposition 5.3.4 and Theorem 5.4.2 of [32] give

pke/2=1

BE(f®g)= (1 " 0 (Flap()

) BF(fog) (30)
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for a canonical improved Beilinson—Flach class

BF(f®g) € H(Q,V(f,g)(1— ko/2))

unramified outside p. Define

BF(f ©g) = pr,1(BF(f ® 9)) € H(Q,V(f,9))
to be the specialisation of BF(f ® g) at weights (k,,1).

Theorem 5.1. Assume that L(f,s) vanishes at s = ko,/2 and let L(g) in L* be as in
Section 4.6. Then BF(f ® g) and C;(ato belong to the Selmer groups Sel(Q,V(f,g)) and
Sel(Q, V(f)) respectively and the equality

£(9) - (log, (resy (BF( © )15 @1y, = L(Frcr ko2t - 108, (res, (C571))

holds in L up to multiplication by an explicit non-zero constant in the number field
K(an(f);n > 1).

Proof. Using the techniques of [17] one can construct, for x = 1,ex, an element

G’ € Hiy(Qlup=). V() @)

which specialise to Ay - Cffkat; at each classical weight k in U¢!, where )y is a non-zero

element of L with Ay, = 1. Here the classes C?:t; in H, (Q(pp=), V(fr) @ x) are defined
as in Section 4.3 and one identifies V'(f;,) with V(fi) via the p-stabilisation isomorphism

Iy, .. (We remark that when f is p-ordinary, the existence of C?g:o is proved in [41].)
The restriction of the Mazur-Kitagawa p-adic L-function L,(f®x) (cf. Section 4.3) to
pk'o/2—1

the line s = k,/2 — 1 factors in &y as the product of the analytic Euler factor 1 — S
and the improved p-adic L-function £,(f ® x) (cf. [21,12]). If

BF(f ®g) = (id® p1)(BF(f ®g)) € H(Q, V(£ 9)(1 — ko/2))

is the image of BF(f ® g) under the map induced in cohomology by

id@p:V(f,g) — V(Ff,9) =V(f)@L V(g),

then one has
CQuy BF(f®9) = Ly(f ®er) - (3 @ g1+ Ly(f) - CFre @ vgex

for a unit ¢ in Op with € (k,) a non-zero explicit element of K(a,(f); n > 1). Since
HYQ,V(f,9)(1 —k,/2)) is torsion free, this follows by applying Theorem 4.2 to fi. (in
place of f) for each good classical point & in U]EI.
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Since L,(f ® x)(ko) is equal to the product of L(f, x, ko/2)alg and a non-zero explicit
constant in Q(«), evaluating the previous equation at k = k, and using the assumption
L(f,ko/2) = 0 one gets the identity

Qg;y ' B]:(f & g) =CK L(f7 €K, ko/z)alg . C;{ato & Vg,1

for an explicit cx in K (a,(f); n > 1)*. Finally, the assumption L(f, k,/2) = 0 and Kato’s
explicit reciprocity law imply that lefato is a Selmer class (cf. the proof of Theorem 16.6
of [24]). The statement follows. O

5.2. Comparison between Beilinson—Flach and Heegner classes

In the present exceptional zero scenario, Theorem 4.3 admits the following variant.

Theorem 5.2. Assume that L(f,s) vanishes at s = ko/2, so that BF(f ® g) is a Selmer
class. Then the equality

logp(up)o <logp (resp(BF(f ® g))),wf ® ng>fg = logif (resp (ZK(f)))

holds in L up to multiplication by an explicit non-zero constant in the number field
K(an(fa);n=1).

Proof. Equations (31) and Lemma 4.4 hold also in the present exceptional-zero setting.
Moreover BF(f ® g) is crystalline at p by Theorem 5.1. As in the proof of Theorem 4.3,
one is then reduced to show that the equality

Ly (resp(BF(f ® g)))(ko, 1,k,/2—1) = <10gp (resp(B]:(f ® g))),wf ® 779>fg (40)

holds up to multiplication by an explicit non-zero element of K (a,(f); n > 1).

Let o : O(Us x Ug x W) — O(Ug x Ug) be the morphism sending the analytic
function F(k,l,s) to its restriction F(k,l,k —k,/2 — 1) to the plane s = k — k,/2 — 1.
Let V,(f,g) be the base change of V(f,g)®q, O(W)(e5!) along o and let BF,(f ® g)
be the image of BF(f ® g) under the morphism induced by g. Using the techniques of
[17, Section 8.3] one proves that

BFg(f®g) = (1 _ M

et e BT (1)

for a canonical improved class BF,(f @ g) in H(Q, V,(f,g)). This improved class is
unramified outside p and belongs to the kernel of the composition

Hl(Q,Vg(f,g)) — Hl(Qp7VQ(f>g)) = Hl(Qp,DQ(f,g)) - Hl(Qp,f__DQ(ﬁg)),
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where # " D,(f,g) is the base change of .Z " D(f, g) along g, the first arrow is restriction
at p and the second is induced by the projection D,(f,g) — Z~~D,(f,g). It follows
that the image of res, (B]:Q(f®g)) in H1(Q,, ﬁ‘@*DQ(f, g)) arises from a unique element
BF,(f ®g)*™ in H'(Qp, 7~ Dy(f,9)). Define

BF,(f®g) € H(Q,V(g,h)) and BF,(f®¢9)"" € H(Qp, F " D(f,9))
to be the specialisations of BF,(f ® g) and BF,(f ® g)™~ respectively at weights

(ko, 1, ko/2—1). Equation (41) and the interpolation formula satisfied by .25 (cf. Theorem
7.1.4 of [32]) show that

Zy(res,(BF(f @ 9))) (ko, 1,ko/2 — 1)

is equal to

(_1)k0/2—1 (1 _ p—l)
(ko/2— 1)!

- (log, (BF,(f ®9)"),ws ®ng), -

Comparing the two factorisations of the restriction of BF(f ® g) to the line
(k,l,8) = (ko, U, ko/2— 1)
arising from Equations (39) and (41) yields the identity
BF(f®g) = -BF(f©@g)

in HY(Q,V(f,9)). In particular BF,(f ® g) is crystalline at p, and Equation (40) (and
then the statement) follows from the previous two equations. O

5.8. Conclusion of the proof

In the present p-exceptional setting, Theorem B is a direct consequence of Theo-
rem 5.1, Theorem 5.2 and Lemma 4.6.
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