
A PRIORI ESTIMATES FOR SOLUTIONS OF
ANISOTROPIC ELLIPTIC EQUATIONS

JÉRÔME VÉTOIS

Abstract. We prove universal, pointwise, a priori estimates for nonnegative solutions of
anisotropic nonlinear elliptic equations.

1. Introduction

In dimension n ≥ 2, given −→p = (p1, . . . , pn) with pi > 1 for i = 1, . . . , n, the anisotropic
Laplace operator ∆−→p is defined by

∆−→p u =
n∑
i=1

∂

∂xi
∇pi
xi
u , (1.1)

where ∇pi
xi
u = |∂u/∂xi|pi−2 ∂u/∂xi. In this paper, we consider nonnegative solutions of

anisotropic equations of the type
−∆−→p u = f (u) (1.2)

in open subsets of Rn, where f is continuous on R+. Anisotropic equations of type (1.2) have
received much attention in recent years. They have been investigated by Alves–El Hamidi [1],
Antontsev–Shmarev [3–7], Bendahmane–Karlsen [10–12], Bendahmane–Langlais–Saad [13],
Cianchi [19], D’Ambrosio [21], Fragalà–Gazzola–Kawohl [25], Fragalà–Gazzola–Lieberman [26],
El Hamidi–Rakotoson [22,23], El Hamidi–Vétois [24], Li [33], Lieberman [34,35], Mihăilescu–
Pucci–Rădulescu [38, 39], Mihăilescu–Rădulescu–Tersian [40], and Vétois [51]. They have
strong physical background. Time evolution versions of these equations emerge, for instance,
from the mathematical description of the dynamics of fluids in anisotropic media when the
conductivities of the media are different in different directions. We refer to the extensive
books by Antontsev–Dı́az–Shmarev [2] and Bear [9] for discussions in this direction. They
also appear in biology as a model for the propagation of epidemic diseases in heterogeneous
domains (see, for instance, Bendahmane–Karlsen [10] and Bendahmane–Langlais–Saad [13]).

In connection with the anisotropic Laplace operator (1.1), for any open subset Ω in Rn, we
define the Sobolev space

W 1,−→p
loc (Ω) =

{
u ∈ L1

loc (Ω) ;
∂u

∂xi
∈ Lpiloc (Ω) ∀i = 1, . . . , n

}
,

where for any real number p ≥ 1, Lploc (Ω) stands for the space of all measurable functions on
Ω which belong to Lp (Ω′) for all compact subsets Ω′ of Ω. Possible references on anisotropic
Sobolev spaces are Besov [14], Haškovec–Schmeiser [30], Kruzhkov–Kolod̄ı̆ı [31], Kruzhkov–
Korolev [32], Lu [37], Nikol′skĭı [45], Rákosńık [47, 48], and Troisi [50]. We consider in this

paper weak solutions in W 1,−→p
loc (Ω) ∩ L∞loc (Ω) of equations of type (1.2). In case pi ≥ 2 for all

i = 1, . . . , n, we know by Lieberman [34,35] that if f is continuous, then any weak solution in

W 1,−→p
loc (Ω) ∩ L∞loc (Ω) of equation (1.2) belongs to W 1,∞

loc (Ω), and in particular, is continuous.
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In this paper, we aim to find universal, pointwise, a priori estimates for solutions of equations
like (1.2). By universal, we mean that the estimate does not depend on the solution. In the
classical case of the isotropic Laplace operator, it is well known since the work of Gidas–
Spruck [28] that such estimates can be derived via rescaling arguments from a Liouville result.
We state in Theorem 1.1 our a priori estimates in the anisotropic case. A large part of the
paper relies on establishing Liouville results associated with the nonlinear anisotropic equation
(1.2). Theorem 1.2, see Section 4, is actually a Liouville result of the type of Mitidieri–
Pohožaev [41–44], where we prove nonexistence for inequalities. Theorem 1.3, see Section 5,
is a Liouville result of the type of Gidas–Spruck [27] and Serrin–Zou [49], where we prove
nonexistence for equations.

We define the critical exponent pcr (−→p ) to be the supremum of the real numbers Q such
that for any q in (p+, Q), where p+ = max (p1, . . . , pn), there does not exist any nontrivial,

nonnegative solution in W 1,−→p
loc (Rn) ∩ L∞loc (Rn) of the equation

−∆−→p u = λuq−1, (1.3)

where λ is any positive real number, with the convention that pcr (−→p ) = p+ in case such a
real number Q does not exist. As a remark, by an easy change of variable, we can take λ = 1
in equation (1.3). In case pi = 2 for i = 1, . . . , n, namely in the case of the isotropic Laplace
operator, by Gidas–Spruck [27], we get pcr = +∞ in case n = 2 and pcr = 2n/ (n− 2) in case
n ≥ 3. In the anisotropic regime, our a priori estimate states as follows.

Theorem 1.1. Let n ≥ 2, −→p = (p1, . . . , pn), and q be such that 2 ≤ pi < q < pcr (−→p ) for
i = 1, . . . , n. Let λ be a positive real number and f be a continuous function on R+ satisfying

f (u) = uq−1 (λ+ o (1)) (1.4)

as u→ +∞. Then there exist two positive constants Λ1 = Λ1 (n,−→p , f) and Λ2 = Λ2 (n,−→p , f)
such that for any open subset Ω of Rn satisfying Ω 6= Rn, any nonnegative solution u in

W 1,−→p
loc (Ω) ∩ L∞loc (Ω) of equation (1.2) satisfies

u (x) ≤ Λ1 + Λ2

(
inf
y∈∂Ω

n∑
i=1

|xi − yi|
pi
q−pi

)−1
(1.5)

for all points x in Ω. Moreover, we can take Λ1 = 0 in case f (u) = λuq−1.

When pcr (−→p ) > p+, Theorem 1.1 provides, in particular, universal, a priori bounds on com-
pact subsets of Ω for nonnegative weak solutions of equation (1.2). Such nontrivial solutions
are proved to exist by Fragalà–Gazzola–Kawohl [25] when f (u) = λuq−1.

We are now led to the difficult question of estimating the critical exponent pcr (−→p ). As
already mentioned, this question was solved by Gidas–Spruck [27] in the case of the classical
Laplace operator. We also refer to Serrin–Zou [49] for an extension of this result in the
context of the p-Laplace operator. In Theorems 1.2 and 1.3, we state our results concerning
the anisotropic case. In case

∑n
i=1

1
pi
> 1, we let p∗ be the exponent defined by

p∗ =
n− 1∑n
i=1

1
pi
− 1

, (1.6)

and p∗ be the anisotropic Sobolev critical exponent (see, for instance, Troisi [50]), namely

p∗ =
n∑n

i=1
1
pi
− 1

. (1.7)

We then get the following result.
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Theorem 1.2. Let n ≥ 2 and −→p = (p1, . . . , pn) be such that pi > 1 for i = 1, . . . , n, and let p∗
and p∗ be as in (1.6) and (1.7). There hold pcr (−→p ) = +∞ in case

∑n
i=1

1
pi
≤ 1, p∗ ≤ pcr (−→p )

in case p∗ > p+ and
∑n

i=1
1
pi
> 1, and finally, pcr (−→p ) ≤ p∗ in case p∗ > p+ and

∑n
i=1

1
pi
> 1.

We can state another result as follows where we prove that pcr (−→p ) is a small perturbation
of the isotropic critical exponent np/ (n− p) as −→p → (p, . . . , p) with 2 ≤ p ≤ (n+ 1) /2. A
more general nonexistence result is given and commented in Section 4.

Theorem 1.3. Let n ≥ 3. For any real number p in [2, (n+ 1) /2], there holds

pcr (−→p ) −→ np

n− p
as pi → p with pi ≥ 2 for i = 1, . . . , n, where −→p = (p1, . . . , pn).

2. Some comments

Under the notations in Theorem 1.1, increasing if necessary the constant Λ2, in the isotropic
case pi = p for i = 1, . . . , n, we can rewrite estimate (1.5) as

u (x) ≤ Λ1 + Λ2d (x, ∂Ω)
−p
q−p , (2.1)

where d (x, ∂Ω) is the distance from the point x to the boundary of the domain Ω. In case
p = 2, namely in the case of the classical Laplace operator, some important references related
to the a priori estimate (2.1) are Bidaut-Véron–Véron [17], Dancer [20], Gidas–Spruck [27],
Poláčik–Quittner–Souplet [46], and Serrin–Zou [49] (the last two references are concerned
with the p-Laplace operator, but in case p = 2, they both extend the results in [17, 20, 27]
to more general nonlinearities). Our proof of Theorem 1.1 is inspired by the recent work of
Poláčik–Quittner–Souplet [46] on the derivation of a priori estimates from Liouville results.
This technique is based on rescaling arguments together with a so-called doubling property.

We observe that in the anisotropic case, the possible behaviors, allowed by our estimate
(1.5), of the nonnegative weak solutions of equation (1.2) near a boundary depend on the
geometry of this boundary, on its orientation, and not only on the distance to it as in (2.1).

As an interesting particular case, Theorem 1.1 provides a priori estimates near an isolated
singularity. We point out that when no anisotropy is involved, namely when pi = p for
i = 1, . . . , n, if n > p and p∗ < q < p∗, where p∗ = p (n− 1) / (n− p) and p∗ = np/ (n− p),
then an explicit nonnegative weak solution of equation (1.3) in Rn\{0} with λ = 1 is given by

u (x) = Cn,p

(
n∑
i=1

|xi|
p
p−1

) 1−p
q−p

,

where

Cn,p =
p
p−1
q−p (q (n− p)− p (n− 1))

1
q−p

(q − p)
p
q−p

.

As is easily seen, in this case, the growth near the boundary in our estimate (1.5) is sharp.
Whereas, these estimates are no more sharp in the case of the equation −∆u = uq−1 when
2 < q ≤ 2∗. In this case, the local behavior near an isolated singularity was established by
Lions [36] for q in (2, 2∗) (see Bidaut-Véron [15] for an extension to the p-Laplace operator)
and by Aviles [8] for q = 2∗.

Our last remark on Theorem 1.1 is that the nonexistence of nontrivial, nonnegative weak
solution of equation (1.3) on the whole Euclidean space is a necessary condition. Indeed, if
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such a solution exists, then by rescaling, we can construct a family of solutions with arbitrarily
large maximum values on a compact subset of a domain Ω, and this contradicts (1.5).

3. Proof of Theorem 1.1

In this section, we let −→p = (p1, . . . , pn) and q satisfy 1 < pi < q < pcr (−→p ) for i = 1, . . . , n,
and f be a continuous function on R+ satisfying (1.4) for some positive real number λ. Our
proof of Theorem 1.1 is inspired by the recent work of Poláčik–Quittner–Souplet [46].

Proof of Theorem 1.1. We proceed by contradiction and assume that for any natural number
α and any λα > 0, there exist an open subset Ωα of Rn such that Ωα 6= Rn, a point xα in Ωα,

and a nonnegative solution uα in W 1,−→p
loc (Ωα) ∩ L∞loc (Ωα) of equation (1.2) such that

uα (xα) > λα

(
1 +

(
inf

y∈∂Ωα

n∑
i=1

|(xα − y)i|
pi
q−pi

)−1)
. (3.1)

We define a distance function d−→p ,q on Rn by

d−→p ,q (x, y) =
n∑
i=1

|xi − yi|
pi(q−p+)
p+(q−pi) .

For any point y in Rn and for any positive real number r, we let B
−→p ,q
y (r) be the ball of center

y and radius r with respect to the metric d−→p ,q. For any α, letting λα = (2α)p+/(q−p+) in (3.1),
it easily follows that

B
−→p ,q
xα

(
2αuα (xα)

p+−q
p+

)
⊂ Ωα .

Moreover, since f is continuous, by Lieberman [34, 35], we get that the function uα belongs
to W 1,∞

loc (Ωα), and in particular, is continuous. The doubling property (see Poláčik–Quittner–
Souplet [46, Lemma 5.1]) then yields the existence of a point yα in Ωα such that there hold

B
−→p ,q
yα

(
2αuα (yα)

p+−q
p+

)
⊂ Ωα , uα (xα) ≤ uα (yα) ,

and uα (y) ≤ 2
p+
q−p+ uα (yα) ∀y ∈ B

−→p ,q
yα

(
αuα (yα)

p+−q
p+

)
.

(3.2)

For any α, we set

µα =
1

uα (yα)
. (3.3)

By (3.1) and (3.2), since λα → +∞, we get that there holds µα → 0 as α → +∞. We then
define the anisotropic affine transformation τα : Rn → Rn by

τα (y) =
(
µ
p1−q
p1

α (y − yα)1 , . . . , µ
pn−q
pn

α (y − yα)n

)
.

We let ũα be the function defined on Ω̃α = τα (Ωα) by

ũα = µαuα ◦ τ−1α .

Since uα is a weak solution of (1.2) on Ωα, we get that ũα is a weak solution of the equation

−∆−→p ũα = µq−1α f
(
µ−1α ũα

)
(3.4)

in Ω̃α. Moreover, by (3.2), we get

B
−→p ,q
0 (2α) ⊂ Ω̃α , ũα (0) = 1 , and ũα (y) ≤ 2

p+
q−p+ ∀y ∈ B

−→p ,q
0 (α) . (3.5)
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By (1.4) and since the function f is continuous, we get that there exist two positive constants
C1 and C2 such that for any nonnegative real number u, there holds

|f (u)| ≤ C1 + C2u
q−1. (3.6)

It follows from (3.5) and (3.6) that the right-hand side in (3.4) is uniformly bounded on

B
−→p ,q
0 (α). By Lieberman [34,35], we then get

‖ũα‖W 1,∞(B
−→p ,q
0 (α/2))

≤ C (3.7)

for all α, where C is a positive constant independent of α. Passing if necessary to a subse-
quence, we may assume that for any bounded subset Ω′ of Rn, the sequence (ũα)α converges
to a function ũ strongly in C0 (Ω′) and weakly in W 1,s (Ω′) for all real numbers s ≥ 1. Since
the functions ũα are nonnegative, so is ũ. We claim that (ũα)α converges in fact strongly to
the function ũ in W 1,s (Ω′) for all real numbers s ≥ 1. In order to prove this claim, we let
ϕ be a nonnegative smooth function with compact support in Rn, and for α large enough so

that the support of ϕ is included in the set Ω̃α, we multiply equation (3.4) by the function
(ũα − ũ)ϕ, and we integrate by parts. It follows that

n∑
i=1

∫
Ω̃α

∣∣∣∣∂ũα∂xi

∣∣∣∣pi−2 ∂ũα∂xi

(
∂ũα
∂xi
− ∂ũ

∂xi

)
ϕdx =

∫
Ω̃α

µq−1α f
(
µ−1α ũα

)
(ũα − ũ)ϕdx

−
n∑
i=1

∫
Ω̃α

∣∣∣∣∂ũα∂xi

∣∣∣∣pi−2 ∂ũα∂xi
(ũα − ũ)

∂ϕ

∂xi
dx . (3.8)

By (3.6), we can write∣∣∣∣∫
Ω̃α

µq−1α f
(
µ−1α ũα

)
(ũα − ũ)ϕdx

∣∣∣∣
= O

((
µq−1α + ‖ũα‖q−1C0(Supp(ϕ))

)
‖ϕ‖C0(Rn) ‖ũα − ũ‖L1(Supp(ϕ))

)
−→ 0 (3.9)

as α→ +∞. By Hölder’s inequality, we get∣∣∣∣∣
∫
Ω̃α

∣∣∣∣∂ũα∂xi

∣∣∣∣pi−2 ∂ũα∂xi
(ũα − ũ)

∂ϕ

∂xi
dx

∣∣∣∣∣
≤
∥∥∥∥∂ũα∂xi

∥∥∥∥pi−1
Lpi (Supp(ϕ))

∥∥∥∥ ∂ϕ∂xi
∥∥∥∥
L2pi (Rn)

‖ũα − ũ‖L2pi (Supp(ϕ)) −→ 0 (3.10)

as α→ +∞. By (3.8)–(3.10), we get
n∑
i=1

∫
Ω̃α

∣∣∣∣∂ũα∂xi

∣∣∣∣pi−2 ∂ũα∂xi

(
∂ũα
∂xi
− ∂ũ

∂xi

)
ϕdx −→ 0 (3.11)

as α → +∞. Independently, since the sequence (ũα)α converges weakly to the function ũ in

W 1,−→p (Supp (ϕ)), there holds∫
Ω̃α

∣∣∣∣ ∂ũ∂xi
∣∣∣∣pi−2 ∂ũ∂xi ∂ũα∂xi

ϕdx −→
∫
Ω̃α

∣∣∣∣ ∂ũ∂xi
∣∣∣∣pi ϕdx (3.12)

as α→ +∞ for i = 1, . . . , n. By (3.11) and (3.12), we get

n∑
i=1

∫
Ω̃α

(∣∣∣∣∂ũα∂xi

∣∣∣∣pi−2 ∂ũα∂xi
−
∣∣∣∣ ∂ũ∂xi

∣∣∣∣pi−2 ∂ũ∂xi
)(

∂ũα
∂xi
− ∂ũ

∂xi

)
ϕdx −→ 0
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as α → +∞. Since this estimate holds true for all nonnegative smooth functions ϕ with
compact support in Rn, it easily follows that∫

Ω′

(∣∣∣∣∂ũα∂xi

∣∣∣∣pi−2 ∂ũα∂xi
−
∣∣∣∣ ∂ũ∂xi

∣∣∣∣pi−2 ∂ũ∂xi
)(

∂ũα
∂xi
− ∂ũ

∂xi

)
dx −→ 0

as α → +∞ for i = 1, . . . , n and for all bounded subsets Ω′ of Rn. In particular, up to a
subsequence, we get(∣∣∣∣∂ũα∂xi

∣∣∣∣pi−2 ∂ũα∂xi
−
∣∣∣∣ ∂ũ∂xi

∣∣∣∣pi−2 ∂ũ∂xi
)(

∂ũα
∂xi
− ∂ũ

∂xi

)
−→ 0 a.e. in Rn

as α→ +∞. As an easy consequence, for i = 1, . . . , n, the functions ∂ũα/∂xi converge almost
everywhere to ∂ũ/∂xi in Rn as α → +∞. By (3.7), it follows that for any bounded subset
Ω′ of Rn, the functions ũα converge strongly to ũ in W 1,s (Ω′) for all real numbers s ≥ 1 as
α → +∞, and our claim is proved. For any smooth function ϕ with compact support in Rn,
we then get ∫

Ω̃α

∣∣∣∣∂ũα∂xi

∣∣∣∣pi−2 ∂ũα∂xi
ϕdx −→

∫
Rn

∣∣∣∣ ∂ũ∂xi
∣∣∣∣pi−2 ∂ũ∂xiϕdx (3.13)

as α → +∞ for i = 1, . . . , n. By (1.4), (3.6), and since the sequence (ũα)α converges to ũ in
C0 (Supp (ϕ)), we then get∫

Ω̃α

µq−1α f
(
µ−1α ũα (x)

)
ϕdx −→ λ

∫
Rn
ũq−1ϕdx . (3.14)

It follows from (3.4), (3.13), and (3.14) that the function ũ is a nonnegative solution in

W 1,−→p
loc (Rn)∩L∞loc (Rn) of equation (1.3). By assumption, we then get that ũ is identically zero

which is in contradiction with ũ (0) = 1. This ends the proof of Theorem 1.1 in the general case
where the function f satisfies (1.4). In case f (u) = λuq−1, in the same way, by contradiction
and by the doubling property, we construct, for any α, a nonnegative weak solution uα of
equation (1.2) in an open set Ωα of Rn, and a point yα in Ωα such that (3.2) holds true. The
difference here is that up to a subsequence, it occurs that µα ≥ C > 0 for all α, where µα is
as in (3.3). However, since we now get∫

Ω̃α

µq−1α f
(
µ−1α ũα (x)

)
ϕdx −→ λ

∫
Rn
ũq−1α ϕdx ,

the above proof carries over the same. �

4. Proof of Theorem 1.2

In this section, we let n ≥ 2, −→p = (p1, . . . , pn) satisfy pi > 1 for i = 1, . . . , n. More than
Theorem 1.2, we show the nonexistence of solutions of inequalities of the type

−∆−→p u ≥ λuq−1 in Rn , (4.1)

where λ is a positive real number. More precisely, we prove that inequality (4.1) does not

admit any nontrivial nonnegative solution in W 1,−→p
loc (Rn) when there holds p+ < q < +∞ in case∑n

i=1
1
pi
≤ 1, and p+ < q ≤ p∗ in case p∗ > p+ and

∑n
i=1

1
pi
> 1, where the exponent p∗ is as in

(1.6). In the context of the p-Laplace operator, this result is due to Mitidieri–Pohožaev [41,
42]. Extensions to more general classes of operators can also be found in Bidaut-Véron–
Pohožaev [16], Birindelli–Demengel [18], D’Ambrosio [21], and Mitidieri–Pohožaev [41–44].
In particular, in D’Ambrosio [21], the case of the anisotropic Laplace operator is explicitly
treated as a particular case among very general classes of operators.
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Proof of Theorem 1.2. In case p∗ > p+ and
∑n

i=1
1
pi
> 1, we know by El Hamidi–Rakotoson [23]

that equation (1.3) admits at least one nontrivial nonnegative weak solution in Rn. It follows
that in this case, there holds pcr (−→p ) ≤ p∗. We now have to prove that any nonnegative

solution in W 1,−→p
loc (Rn) of equation (1.3) (or, more generally, of inequality (4.1)) is identically

zero when there holds p+ < q < +∞ in case
∑n

i=1
1
pi
≤ 1, and p+ < q ≤ p∗ in case p∗ > p+ and∑n

i=1
1
pi
> 1, where the exponent p∗ is as in (1.6). We proceed by contradiction and assume

that such a solution u is not identically zero. In case u is not positive, we take uδ = u + δ
instead of u in the following arguments, and we pass to the limit as δ → 0. We let ϕ be a
nonnegative smooth function with compact support in Rn to be chosen later on so that the
integrals below are finite. By multiplying inequality (4.1) by u−εϕ, where ε is a positive real
number to be fixed small later on, and by integrating by parts, we get∫

Rn
uq−ε−1ϕdx+ ε

n∑
i=1

∫
Rn
u−ε−1

∣∣∣∣ ∂u∂xi
∣∣∣∣pi ϕdx ≤ n∑

i=1

∫
Rn
u−ε

∣∣∣∣ ∂u∂xi
∣∣∣∣pi−2 ∂u∂xi ∂ϕ∂xidx

≤
n∑
i=1

∫
Rn
u−ε

∣∣∣∣ ∂u∂xi
∣∣∣∣pi−1 ∣∣∣∣ ∂ϕ∂xi

∣∣∣∣ dx . (4.2)

For i = 1, . . . , n and C > 0, Young’s inequality gives∫
Rn
u−ε

∣∣∣∣ ∂u∂xi
∣∣∣∣pi−1 ∣∣∣∣ ∂ϕ∂xi

∣∣∣∣ dx ≤ C

pi

∫
Rn
upi−ε−1

∣∣∣∣ ∂ϕ∂xi
∣∣∣∣pi ϕ1−pidx

+
pi − 1

pi
C
−1
pi−1

∫
Rn
u−ε−1

∣∣∣∣ ∂u∂xi
∣∣∣∣pi ϕdx (4.3)

and∫
Rn
upi−ε−1

∣∣∣∣ ∂ϕ∂xi
∣∣∣∣pi ϕ1−pidx ≤ pi − ε− 1

q − ε− 1
C

∫
Rn
uq−ε−1ϕdx

+
q − pi

q − ε− 1
C

ε+1−pi
q−pi

∫
Rn

∣∣∣∣ ∂ϕ∂xi
∣∣∣∣
pi(q−ε−1)

q−pi
ϕ
1− pi(q−ε−1)

q−pi dx (4.4)

for ε < pi − 1. By (4.2)–(4.4), we get that there exists a positive constant C independent of
u and ϕ such that there holds∫

Rn
uq−ε−1ϕdx+ ε

n∑
i=1

∫
Rn
u−ε−1

∣∣∣∣ ∂u∂xi
∣∣∣∣pi ϕdx ≤ C

n∑
i=1

∫
Rn

∣∣∣∣ ∂ϕ∂xi
∣∣∣∣
pi(q−ε−1)

q−pi
ϕ
1− pi(q−ε−1)

q−pi dx . (4.5)

Independently, multiplying inequality (4.1) by ϕ and integrating by parts yield∫
Rn
huq−1ϕdx ≤

n∑
i=1

∫
Rn

∣∣∣∣ ∂u∂xi
∣∣∣∣pi−2 ∂u∂xi ∂ϕ∂xidx ≤

n∑
i=1

∫
Rn

∣∣∣∣ ∂u∂xi
∣∣∣∣pi−1 ∣∣∣∣ ∂ϕ∂xi

∣∣∣∣ dx . (4.6)

For i = 1, . . . , n, Hölder’s inequality gives∫
Rn

∣∣∣∣ ∂u∂xi
∣∣∣∣pi−1 ∣∣∣∣ ∂ϕ∂xi

∣∣∣∣ dx ≤(∫
Rn
u−ε−1

∣∣∣∣ ∂u∂xi
∣∣∣∣pi ϕdx)

pi−1

pi

×
(∫

Rn
u(pi−1)(ε+1)

∣∣∣∣ ∂ϕ∂xi
∣∣∣∣pi ϕ1−pidx

) 1
pi

(4.7)
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and ∫
Rn
u(pi−1)(ε+1)

∣∣∣∣ ∂ϕ∂xi
∣∣∣∣pi ϕ1−pidx ≤

(∫
Supp ∂ϕ

∂xi

uq−1ϕdx

) (pi−1)(ε+1)

q−1

×

∫
Rn

∣∣∣∣ ∂ϕ∂xi
∣∣∣∣

pi(q−1)

q−1−(pi−1)(ε+1)

ϕ
1− pi(q−1)

q−1−(pi−1)(ε+1)dx


q−1−(pi−1)(ε+1)

q−1

(4.8)

for ε < q−p+
p+−1 . By (4.5)–(4.8), we get

∫
Rn
uq−1ϕdx ≤ C

n∑
i=1

 n∑
j=1

∫
Rn

∣∣∣∣ ∂ϕ∂xj
∣∣∣∣
pj(q−ε−1)

q−pj
ϕ
1−

pj(q−ε−1)

q−pj dx


pi−1

pi

(4.9)

×

∫
Rn

∣∣∣∣ ∂ϕ∂xi
∣∣∣∣

pi(q−1)

q−1−(pi−1)(ε+1)

ϕ
1− pi(q−1)

q−1−(pi−1)(ε+1)dx


q−1−(pi−1)(ε+1)

pi(q−1) (∫
Supp ∂ϕ

∂xi

uq−1ϕdx

) (pi−1)(ε+1)

pi(q−1)

for some positive constant C independent of u and ϕ. We then let η be a smooth cutoff
function satisfying η ≡ 1 in [0, 1], 0 ≤ η ≤ 1 in [1, 2], and η ≡ 0 in [1,+∞), and for any
positive real number R, we let ϕR be the function defined on Rn by

ϕR (x) = η

√√√√ n∑
i=1

(
R

pi−q
pi xi

)2κ

,

where κ is a positive real number large enough so that the integrals above are finite. By (4.9),
we get that there exists a positive constant C independent of u and R such that there holds∫

Rn
uq−1ϕRdx

≤ C
n∑
i=1

R

(
n−1−

(∑n
i=1

1
pi
−1
)
q
)

(pi−1)(ε+1)−pi(q−1)

pi(q−1)

(∫
Supp

∂ϕR
∂xi

uq−1ϕRdx

) (pi−1)(ε+1)

pi(q−1)

. (4.10)

It follows that ∫
Rn
uq−1ϕRdx ≤ CR

(∑n
i=1

1
pi
−1
)
q−n+1

(4.11)

for some positive constant C independent of u and R. Since, by assumption,(
n∑
i=1

1

pi
− 1

)
q ≤ n− 1 , (4.12)

passing to the limit as R→ +∞ into (4.11) then gives∫
Rn
uq−1dx = 0 (4.13)

in case inequality (4.12) is strict, and∫
Rn
uq−1dx < +∞
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in case equality holds in (4.12). In this last case, passing to the limit into (4.10) as R→ +∞
also yields (4.13). It follows from (4.13) that the function u is identically zero. This ends the
proof of Theorem 1.2. �

5. A nonexistence result for equation (1.3)

This section is devoted to the following result.

Theorem 5.1. Let n ≥ 2, −→p = (p1, . . . , pn) and q be such that 2 ≤ pi < q for i = 1, . . . , n.
Assume that there exist some real numbers a, bij, cij, λij, µij, and νi satisfying

(pj − 1) bij = (pi − 1) bji , λij = −λji ,
∑
k 6=i

µ2
ik +

∑
k 6=j

µ2
jk − 2µijµji = 1 , (5.1)

and

νi =
1

2

(
pi + pj − 1− 2pi

∑
k 6=i

µ2
ik

)
a+ (pj − 1) bij − 2picijµijµji − pipjλij (5.2)

for all distinct indices i, j = 1, . . . , n, and such that

a > max

(
2− 2p−, 3− 2q, 2− n+

(
n∑
i=1

1

pi
− 2

)
q

)
, (5.3)

Ai < 0 , Bij < 0 , and νi > pi (q − 1)
∑
k 6=i

µ2
ik , (5.4)

where p− = min (p1, . . . , pn),

Ai =
pi − 1

2pi − 1
(a− 1)

(
νi
pi

+
∑
k 6=i

(a+ 2cik)µ
2
ik

)
+
∑
k 6=i

c2ikµ
2
ik , (5.5)

and

Bij =
1

2pipj
(a− 1) ((pi (pi − 1) + pj (pj − 1)) a+ 2 (pi + pj) (pj − 1) bij)

+ (pi − pj) (a− 1)λij + bijbji + 2cijcjiµijµji (5.6)

for all distinct indices i, j = 1, . . . , n. Then equation (1.3) does not admit any nontrivial,

nonnegative solution in W 1,−→p
loc (Rn) ∩ L∞loc (Rn).

Assuming Theorem 5.1, we can prove Theorem 1.3. The proof of Theorem 5.1 is left to
Sections 5 and 6.

Proof of Theorem 1.3. We let n ≥ 3 and p be a real number in [2, (n+ 1) /2]. By El Hamidi–
Rakotoson [23], there exists at least one nontrivial, nonnegative weak solution of equation
(1.3) when

∑n
i=1 1/pi > 1, q = p∗, and p+ < p∗, where p∗ is as in (1.7). It follows

lim sup pcr (−→p ) ≤ np

n− p
as pi → p for i = 1, . . . , n. It remains to prove that for any real number q in (p, p∗), where
p∗ = np/ (n− p), if −→p is close enough to (p, . . . , p) and satisfies pi ≥ 2 for i = 1, . . . , n, then
there exist some real numbers a, bij, cij, λij, µij, and νi satisfying (5.1)–(5.4). In the isotropic
case −→p = (p, . . . , p), we claim that, by setting qd = q + d for d > 0 small enough, (5.1)–(5.4)
hold true when

λij = 0 , µij =

{
1/
√

2n if i < j ,

− 1/
√

2n if i > j ,
νi =

p (n− 1) (qd − 1)

2n
, (5.7)
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a =
(2n− (n+ 1) p) (qd − 1) + 2

√
n (p− 1) (q − 1) (np− (n− p) qd)

(n+ 1) p− n
, (5.8)

and bij = cij = b, where

b =
n (p− 1) (qd − 1)−

√
n (p− 1) (q − 1) (np− (n− p) qd)

(n+ 1) p− n
. (5.9)

In this case, the equalities in (5.1) and (5.2) follow from straightforward computations. More-
over, for d > 0 small enough, we compute

νi >
p (q − 1) (n− 1)

2n
= p (q − 1)

∑
k 6=i

µ2
ik

and

Ai =
1

2
Bij =

(n− 1) (p− 1) (n− p) (qd − p∗) d
2 ((n+ 1) p− n)2

> 0 .

Hence, (5.4) holds true. As a remark, when d = 0, we get the equalities in (5.4) instead of the
inequalities. Still in the isotropic case, we now prove that the inequality in (5.3) holds true
when d = 0, and thus when d is small. Taking into account that

a >
(2n− (n+ 1) p) (q − 1)

(n+ 1) p− n
and that p < q < p∗, one can easily see that it suffices to prove the extremal inequalities

(2n− (n+ 1) p) (p∗ − 1)

(n+ 1) p− n
≥ max

(
2− 2p, 2− n+

(n− 2p) p∗

p

)
(5.10)

and
(2n− (n+ 1) p) (p− 1)

(n+ 1) p− n
≥ 3− 2p . (5.11)

Since 2 ≤ p ≤ (n+ 1) /2, we compute

(2n− (n+ 1) p) (p∗ − 1)

(n+ 1) p− n
− (2− 2p) =

n+ 1− 2p

n− p
≥ 0 . (5.12)

We also compute

(2n− (n+ 1) p) (p∗ − 1)

(n+ 1) p− n
−
(

2− n+
(n− 2p) p∗

p

)
=

p

n− p
> 0 (5.13)

and

(2n− (n+ 1) p) (p− 1)

(n+ 1) p− n
− (3− 2p) =

(√
n+ 1 (p− 1)− 1

) (√
n+ 1 (p− 1) + 1

)
(n+ 1) p− n

> 0 . (5.14)

Then (5.10) and (5.11) follow from (5.12)–(5.14). This ends the proof of our claim, namely
that in the isotropic case −→p = (p, . . . , p), (5.1)–(5.4) hold true with the above definition of a,
bij, cij, λij, µij, and νi. In the anisotropic case, we can choose the real numbers µij and a as
in (5.7) and (5.8), and take

bij =
p− 1

pj − 1
b , cij = b , λij =

pj − pi
2pipj

a ,

and

νi =
1

2

(
2n− 1

n
pi − 1

)
a+

(pi
n

+ p− 1
)
b ,
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where a and b are as in (5.8) and (5.9). One then easily checks that (5.1) and (5.2) hold true,
and if −→p is close enough to (p, . . . , p), then we also get (5.3) and (5.4). This ends the proof of
Theorem 1.3. �

In the context of the p-Laplace operator, the case where the exponent p is large (p > n/2 if
n ≥ 3 and p >

(
1 +
√

17
)
/4 if n = 2) is treated in Serrin–Zou [49] by using a Harnack-type

inequality, and the case 1 < p < 2 is treated by using [49, Proposition 8.1]. We lack both of
these two properties in the anisotropic case.

We are now led to consider the set

Q (−→p ) = {q ∈ (p+,+∞) ; ∃a, bij, cij, λij, µij, νi ∈ R s.t. (5.1)–(5.4)}.

We define the exponent

pmax (−→p ) = sup{q ∈ Q (−→p ) ; (p+, q) ⊂ Q (−→p )}

in case the set Q (−→p ) is not empty and pmax (−→p ) = p+ otherwise. By Theorem 5.1, we get
pmax (−→p ) ≤ pcr (−→p ) when pi ≥ 2 for i = 1, . . . , n. Due to the large number of nonlinear
equations and inequalities, pmax (−→p ) is excessively hard to estimate. In the simpler case
p2 = p3 = · · · = pn, we can give numerical estimates. In this case, we reduce the number of
unknowns by assuming that

b1i = b1j , c1i = c1j , ci1 = cj1 , λ1i = λ1j , µ1i = µ1j , µi1 = µj1 , (5.15)

µij = −µji , λij = 0 (5.16)

for i, j = 2, . . . , n satisfying i 6= j, and that

bij = bkl , cij = ckl , |µij| = |µkl| (5.17)

for i, j, k, l = 2, . . . , n satisfying i 6= j and k 6= l. Another reduction consists in replacing the
inequalities (5.4) by the equations

Ai = −ε , Bij = −ε , and νi = pi (q − 1)
∑
k 6=i

µ2
ik + ε (5.18)

for i, j = 1, . . . , n satisfying i 6= j, where ε is a positive parameter to be chosen small (we take
ε = 10−3 in our numerical estimates below). This way, we define the set

Q̃ (−→p ) = {q ∈ (p+,+∞) ; ∃a, bij, cij, λij, µij, νi ∈ R s.t. (5.1)–(5.3), (5.15)–(5.18)}

and the exponent

p̃max (−→p ) = sup{q ∈ Q̃ (−→p ) ; (p+, q) ⊂ Q̃ (−→p )}
which is a lower bound for pmax (−→p ), and thus for pcr (−→p ), and which we can estimate numeri-
cally. In Figures 1 and 2 below, we plot our numerical estimates in case n = 4, p2 = p3 = p4 = 2
and in case n = 6, p2 = p3 = · · · = p6 = 3, the exponent p1 being on the abscissa and taking
values from p− = 2 to p+ = 4. For any q in the filled region p+ < q < p̃max, we get the nonex-

istence of nontrivial, nonnegative solution in W 1,−→p
loc (Rn) ∩ L∞loc (Rn) for equation (1.3). We

also plot in Figures 1 and 2 the values of the Sobolev critical exponent q = p∗ given by (1.7)
and for which such a nonexistence result is known to be false, see El Hamidi–Rakotoson [23].
In both Figures 1 and 2, one can observe in particular that p̃max (−→p ) converges to p∗ as p1
converges to p2 = p3 = · · · = pn, namely as −→p converges to (pn, . . . , pn). Indeed, as stated
in Theorem 1.3, this holds true when 2 ≤ pn ≤ (n+ 1) /2, and in particular, in the cases
illustrated in Figures 1 and 2.
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Figure 1. p̃max and p∗ in
case n = 4, 2 ≤ p1 ≤ 4, and
p2 = p3 = p4 = 2.

Figure 2. p̃max and p∗ in
case n = 6, 2 ≤ p1 ≤ 4, and
p2 = p3 = · · · = p6 = 3.

6. The Key estimate

Proposition 6.1 below is a crucial step in the proof of Theorem 5.1. It generalizes an estimate
of Gidas–Spruck [27] (see Serrin–Zou [49] for an extension to the p-Laplace operator).

Proposition 6.1. Let −→p = (p1, . . . , pn) with pi ≥ 2 for i = 1, . . . , n. Assume that there exist
some real numbers a, bij, cij, λij, µij, and νi satisfying (5.1) and (5.2). Let f be a C1-function

on R+ and u be a nonnegative solution in W 1,−→p
loc (Rn) ∩ L∞loc (Rn) of equation (1.2). Then, for

any positive real number δ and any smooth function ϕ with compact support in Rn, there holds
n∑
i=1

∫
Rn
ua−1δ

(
νi
pi
f (u)−

∑
k 6=i

µ2
ikuδf

′ (u)

) ∣∣∣∣ ∂u∂xi
∣∣∣∣pi ϕdx

−
n∑
i=1

Ai

∫
Rn
ua−2δ

∣∣∣∣ ∂u∂xi
∣∣∣∣2pi ϕdx− n∑

i=1

i−1∑
j=1

Bij

∫
Rn
ua−2δ

∣∣∣∣ ∂u∂xi
∣∣∣∣pi ∣∣∣∣ ∂u∂xj

∣∣∣∣pj ϕdx
≤

n∑
i=1

(∑
k 6=i

µ2
ik − 1

)∫
Rn
uaδf (u)

∣∣∣∣ ∂u∂xi
∣∣∣∣pi−2 ∂u∂xi ∂ϕ∂xidx

+
n∑
i=1

Ci

∫
Rn
ua−1δ

∣∣∣∣ ∂u∂xi
∣∣∣∣2pi−2 ∂u∂xi ∂ϕ∂xidx

+
n∑
i=1

∑
j 6=i

Dij

∫
Rn
ua−1δ

∣∣∣∣ ∂u∂xj
∣∣∣∣pi−2 ∂u∂xi

∣∣∣∣ ∂u∂xj
∣∣∣∣pj ∂ϕ∂xidx

+
n∑
i=1

i−1∑
j=1

∫
Rn
uaδ

∣∣∣∣ ∂u∂xi
∣∣∣∣pi−2 ∂u∂xi

∣∣∣∣ ∂u∂xj
∣∣∣∣pj−2 ∂u∂xj ∂2ϕ

∂xi∂xj
dx

+
1

2

n∑
i=1

∫
Rn
uaδ

∣∣∣∣ ∂u∂xi
∣∣∣∣2pi−2 ∂2ϕ∂x2i dx , (6.1)
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where uδ = u+ δ, where Ai and Bij are as in (5.5) and (5.6), and where

Ci =
a

2
+

pi − 1

2pi − 1

(
νi
pi

+
∑
k 6=i

(a+ 2cik)µ
2
ik

)
(6.2)

and

Dij =
1

2pj
((pi + pj − 1) a+ 2 (pj − 1) bij) + piλij (6.3)

for all distinct indices i, j = 1, . . . , n.

In the proof of Proposition 6.1, we approximate the solution u of equation (1.2) by a family
of solutions of regularized problems. In what follows, we fix a positive real number R, and
we consider ε as a small positive parameter. Since f is a C1-function on R+ and u belongs

to W 1,−→p
loc (Rn) ∩ L∞loc (Rn), by Lieberman [34,35], we get that the functions u and f (u) belong

to W 1,∞
loc (Rn). It easily follows that there exist two families of smooth functions vε and fε

on B0 (R), uniformly bounded in C1 (B0 (R)) and converging respectively to u and f (u) in
W 1,r (B0 (R)) as ε → 0 for all r in [1,+∞). We also approximate ∆−→p u by div (Lε (∇u)),
where Lε (∇uε) = (Lεi (∂uε/∂xi))i=1,...,n is defined by

Lεi (X) =
(
ε2 +X2

) pi−2

2 X

for i = 1, . . . , n. In particular, we compute

(Lεi )
′ (X) =

(
ε2 +X2

) pi−4

2
(
ε2 + (pi − 1)X2

)
.

Aiming to prove Proposition 6.1, we shall state some preliminary steps. The first one is as
follows.

Step 6.2. There exists a unique smooth solution uε of the Dirichlet problem{ − div (Lε (∇uε)) + uε = fε + vε in B0 (R) ,

uε = vε on ∂B0 (R) .
(6.4)

Proof. We use here similar arguments as those in Fragalà–Gazzola–Lieberman [26] for an-
other family of anisotropic elliptic problems. We fix a real number θ in (0, 1). By Gilbarg–

Trudinger [29, Theorem 6.14], for any function v in C1,θ(B0 (R)), there exists a unique solution

w = T (v) in C2,θ(B0 (R)) of the problem − (Lεi )
′
(
∂v

∂xi

)
∂2w

∂x2i
= fε + vε − v in B0 (R) ,

w = vε on ∂B0 (R) .

(6.5)

By the compactness of the embedding of C2,θ(B0 (R)) into C1,θ(B0 (R)), we get that the

operator T : C1,θ(B0 (R)) → C1,θ(B0 (R)) is compact. We claim that there exists a uniform

bound in C1,θ(B0 (R)) on the set of all functions w satisfying w = λT (w) for some real number
λ in [0, 1]. In order to prove this claim, for such a function w, we set

W = {x ∈ B0 (R) ; |w (x)| > M} ,
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where M is a real number satisfying |fε| + |vε| ≤ M on B0 (R). Multiplying (6.5) by the
function sign (w) max (|w| −M, 0) and integrating by parts on W give

n∑
i=1

∫
W

∣∣∣∣ ∂w∂xi
∣∣∣∣pi dx ≤ n∑

i=1

∫
W

Lεi

(
∂w

∂xi

)
∂w

∂xi
dx

= λ

∫
W

(|w| −M) (sign (w) (fε + vε)− |w|) dx ≤ 0 .

It follows that the set W is empty, and thus that there holds |w| ≤M in B0 (R). By Gilbarg–
Trudinger [29, Theorems 13.2, 14.4, and 15.6], we then get the expected uniform bound in

C1,θ(B0 (R)). Applying Fragalà–Gazzola–Lieberman [26, Lemma 2] gives the existence of

a solution in C1,θ(B0 (R)) of problem (6.4). The smoothness of this solution follows from
Gilbarg–Trudinger [29, Theorem 6.19] by bootstrap method, and its uniqueness follows from
the strict convexity of the functional I defined by

I (w) =
n∑
i=1

∫
B0(R)

Lεi

(
∂w

∂xi

)
∂w

∂xi
dx+

∫
B0(R)

w2dx−
∫
B0(R)

(fε + vε)wdx .

This ends the proof of Step 6.2. �

The second step states as follows.

Step 6.3. The functions uε are uniformly bounded in C0 (B0 (R)), W 1,−→p (B0 (R)), and C1 (Ω)
for all compact subsets Ω of B0 (R).

Proof. We begin with proving that the functions uε are uniformly bounded in C0 (B0 (R)). As
in Step 6.2, for any ε, we set

Wε = {x ∈ B0 (R) ; |uε (x)| > M} ,

where M is a real number satisfying |fε|+ |vε| ≤M on B0 (R) for all ε. Multiplying equation
(6.4) by the function sign (uε) max (|uε| −M, 0) and integrating by parts on Wε give

n∑
i=1

∫
Wε

∣∣∣∣∂uε∂xi

∣∣∣∣pi dx ≤ n∑
i=1

∫
Wε

Lεi

(
∂uε
∂xi

)
∂uε
∂xi

dx

=

∫
Wε

(|uε| −M) (sign (uε) (fε + vε)− |uε|) dx ≤ 0 .

It follows that the set Wε is empty, and thus that there holds |uε| ≤M in B0 (R) for all ε. By
Lieberman [34,35], we then get that the functions uε are uniformly bounded in C1 (Ω) for all
compact subsets Ω of B0 (R). We now prove that the functions uε are uniformly bounded in
W 1,−→p (B0 (R)). For any ε, multiplying equation (6.4) by the function uε − vε and integrating
by parts on B0 (R) yield

n∑
i=1

∫
B0(R)

Lεi

(
∂uε
∂xi

)(
∂uε
∂xi
− ∂vε
∂xi

)
dx =

∫
B0(R)

(fε + vε − uε) (uε − vε) dx . (6.6)

On the one hand, there holds∫
B0(R)

Lεi

(
∂uε
∂xi

)
∂uε
∂xi

dx ≥
∫
B0(R)

∣∣∣∣∂uε∂xi

∣∣∣∣pi dx . (6.7)
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On the other hand, by Hölder’s inequality and since the functions vε are uniformly bounded
in C1 (B0 (R)), we get∣∣∣∣∫

B0(R)

Lεi

(
∂uε
∂xi

)
∂vε
∂xi

dx

∣∣∣∣ ≤ C

∫
B0(R)

(
εpi−2 +

∣∣∣∣∂uε∂xi

∣∣∣∣pi−2
)∣∣∣∣∂uε∂xi

∂vε
∂xi

∣∣∣∣ dx
≤ C ′

(
εpi−2

∥∥∥∥∂uε∂xi

∥∥∥∥
Lpi (B0(R))

+

∥∥∥∥∂uε∂xi

∥∥∥∥pi−1
Lpi (B0(R))

)
(6.8)

for some positive constants C and C ′ independent of ε. Since the functions uε, vε, and fε
are uniformly bounded in C0 (B0 (R)), it follows from (6.6)–(6.8) that the uε’s are uniformly
bounded in W 1,−→p (B0 (R)). This ends the proof of Step 6.3. �

The third step in the proof of Proposition 6.1 is as follows.

Step 6.4. For i, j = 1, . . . , n, the functions (ε2 + (∂uε/∂xi)
2)(pi−2)/4∂2uε/∂xi∂xj are uni-

formly bounded in L2 (Ω) for any compact subset Ω of B0 (R). In particular, the functions
Lεi (∂uε/∂xi) are uniformly bounded in W 1,2 (Ω).

Proof. For any real numbers R′ < R′′ in (0, R), we let ηR′ be a smooth cutoff function on Rn

satisfying ηR′ ≡ 1 in B0 (R′), 0 ≤ ηR′ ≤ 1 in B0 (R′′) \B0 (R′), and ηR′ ≡ 0 out of B0 (R′′). For
j = 1, . . . , n and for any ε, multiplying equation (6.4) by ∂ ((∂uε/∂xj) η

2
R′) /∂xj and integrating

by parts, we get

n∑
i=1

(∫
Rn

(Lεi )
′
(
∂uε
∂xi

)(
∂2uε
∂xi∂xj

ηR′

)2

dx+ 2

∫
Rn

(Lεi )
′
(
∂uε
∂xi

)
∂uε
∂xj

∂2uε
∂xi∂xj

∂ηR′

∂xi
ηR′dx

)

=

∫
Rn

∂ (fε + vε − uε)
∂xj

∂uε
∂xj

η2R′dx . (6.9)

For i, j = 1, . . . , n and for any C > 0, Young’s inequality gives∣∣∣∣∂uε∂xj

∂2uε
∂xi∂xj

∂ηR′

∂xi
ηR′

∣∣∣∣ ≤ C

(
∂2uε
∂xi∂xj

ηR′

)2

+
1

C

(
∂uε
∂xj

∂ηR′

∂xi

)2

in B0 (R) . (6.10)

By (6.9) and (6.10), we get that there exists a positive constant C independent of ε such that,
for j = 1, . . . , n, there holds

n∑
i=1

∫
B0(R′)

(
ε2 +

(
∂uε
∂xi

)2
) pi−2

2 (
∂2uε
∂xi∂xj

)2

dx

≤ C
n∑
i=1

(∫
Rn

(
ε2 +

(
∂uε
∂xi

)2
) pi−2

2 (
∂uε
∂xj

∂ηR′

∂xi

)2

dx+

∫
B0(R′′)

∣∣∣∣∂ (fε + vε − uε)
∂xj

∂uε
∂xj

∣∣∣∣ dx
)
.

Taking into account that there holds pi ≥ 2 for i = 1, . . . , n and that the functions uε, vε,
and fε are uniformly bounded in C1 (B0 (R′′)), it follows that for i, j = 1, . . . , n the functions
(ε2 + (∂uε/∂xi)

2)(pi−2)/4∂2uε/∂xi∂xj are uniformly bounded in L2 (B0 (R′)). This ends the
proof of Step 6.4. �

The fourth step in the proof of Proposition 6.1 states as follows.

Step 6.5. For any compact subset Ω of B0 (R), the functions uε converge to u in W 1,r (Ω) as
ε→ 0 for all r in [1,+∞).
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Proof. By Step 6.3, for any sequence (εα)α of positive real numbers converging to 0, up to

a subsequence, (uεα)α converges weakly to a function w in W 1,−→p (B0 (R)). Moreover, by the

compactness of the embedding of W 1,−→p (B0 (R)) into L1 (B0 (R)) and since (uεα)α is bounded
in C0 (B0 (R)), we get that (uεα)α converges to w in Lr (B0 (R)) as ε→ 0 for all r in [1,+∞).
By Step 6.4 and by the compactness of the embedding of W 1,2 (Ω) into L1 (Ω) for all compact
subsets Ω of B0 (R), we get that for i = 1, . . . , n, up to a subsequence, (Lεαi (∂uεα/∂xi))α
converges to a function Ψi in L1 (Ω), and thus almost everywhere in B0 (R). It easily follows
that there holds Ψi = |∂w/∂xi|pi−2 ∂w/∂xi and that the functions ∂uεα/∂xi converge almost
everywhere to ∂w/∂xi in B0 (R) as α → +∞ for i = 1, . . . , n. By the compactness of the
trace embedding of W 1,−→p (B0 (R)) into L1 (∂B0 (R)), since uεα ≡ vεα on ∂B0 (R) for all α, and
since (vεα)α converges to u in C0 (∂B0 (R)) as ε → 0, we get w ≡ u on ∂B0 (R). Multiplying
equations (1.2) and (6.4) by the function w − u and integrating by parts on B0 (R) give

n∑
i=1

∫
B0(R)

(
Lεαi

(
∂uεα
∂xi

)
−
∣∣∣∣ ∂u∂xi

∣∣∣∣pi−2 ∂u∂xi
)(

∂w

∂xi
− ∂u

∂xi

)
dx

=

∫
B0(R)

(fεα − f (u) + vεα − uεα) (w − u) dx . (6.11)

By Step 6.3, we get that the sequence (Lεαi (∂uεα/∂xi))α is bounded in Lpi/(pi−1) (B0 (R))
for i = 1, . . . , n. On the other hand, (Lεαi (∂uεα/∂xi))α converges almost everywhere in

B0 (R) to |∂w/∂xi|pi−2 ∂w/∂xi as α → +∞. By standard integration theory, it follows that
(Lεαi (∂uεα/∂xi))α converges weakly to |∂w/∂xi|pi−2 ∂w/∂xi in Lpi/(pi−1) (B0 (R)). Taking into
account that (uεα)α, (vεα)α, and (fεα)α converge respectively to w, u, and f (u) in L2 (B0 (R)),
passing to the limit as α→ +∞ into (6.11) then yields

n∑
i=1

∫
B0(R)

(∣∣∣∣ ∂w∂xi
∣∣∣∣pi−2 ∂w∂xi −

∣∣∣∣ ∂u∂xi
∣∣∣∣pi−2 ∂u∂xi

)(
∂w

∂xi
− ∂u

∂xi

)
dx

= −
∫
B0(R)

(w − u)2 dx ≤ 0 . (6.12)

For i = 1, . . . , n, one can easily check(∣∣∣∣ ∂w∂xi
∣∣∣∣pi−2 ∂w∂xi −

∣∣∣∣ ∂u∂xi
∣∣∣∣pi−2 ∂u∂xi

)(
∂w

∂xi
− ∂u

∂xi

)
≥ 0 in B0 (R) . (6.13)

It follows from (6.12) and (6.13) that there hold w = u and ∂w/∂xi = ∂u/∂xi almost ev-
erywhere in B0 (R) for i = 1, . . . , n. The above holds true for all sequences (εα)α of positive
real numbers converging to 0. Hence, we get that the functions uε and ∂uε/∂xi converge
almost everywhere respectively to u and ∂u/∂xi in B0 (R) as ε → 0 for i = 1, . . . , n. Since,
by Step 6.3, the functions uε are uniformly bounded in C1 (Ω) for all compact subsets Ω of
B0 (R), it follows that they converge to u in W 1,r (Ω) as ε→ 0 for all r in [1,+∞). �

It follows from Step 6.5 that for any compact subset Ω of B0 (R), the functions uε converge
to u in C0 (Ω) as ε→ 0. In particular, since u is nonnegative, for any positive real number δ,
the function uε,δ = uε+δ is positive in Ω for ε small. In the following two steps, we enumerate
several integral estimates.
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Step 6.6. Let a be a real number, δ be a positive real number, and ϕ be a smooth function
with compact support in B0 (R). For i, j = 1, . . . , n and for ε small, define Eεij (uε,δ, ϕ) and
F εij (uε,δ, ϕ) by

Eεij (uε,δ, ϕ) = a

∫
Rn
ua−1ε,δ L

ε
i

(
∂uε
∂xi

)
∂uε
∂xi

∂

∂xj

(
Lεj

(
∂uε
∂xj

))
ϕdx

+

∫
Rn
uaε,δL

ε
i

(
∂uε
∂xi

)
∂2

∂xi∂xj

(
Lεj

(
∂uε
∂xj

))
ϕdx

+

∫
Rn
uaε,δL

ε
i

(
∂uε
∂xi

)
∂

∂xj

(
Lεj

(
∂uε
∂xj

))
∂ϕ

∂xi
dx

and

F εij (uε,δ, ϕ) = pi (a− 1)

∫
Rn
ua−2ε,δ L

ε
i

(
∂uε
∂xi

)
∂uε
∂xi

Lεj

(
∂uε
∂xj

)
∂uε
∂xj

ϕdx

+ pi

∫
Rn
ua−1ε,δ

∂

∂xi

(
Lεi

(
∂uε
∂xi

))
Lεj

(
∂uε
∂xj

)
∂uε
∂xj

ϕdx

+ pi

∫
Rn
ua−1ε,δ L

ε
i

(
∂uε
∂xi

)
Lεj

(
∂uε
∂xj

)
∂uε
∂xj

∂ϕ

∂xi
dx .

For i = 1, . . . , n and for ε small, define also Gεi (uε,δ, ϕ), and Hε
i (uε,δ, ϕ) by

Gεi (uε,δ, ϕ) =a

∫
Rn
ua−1ε,δ

(
Lεi

(
∂uε
∂xi

))2
∂uε
∂xi

∂ϕ

∂xi
dx

+ 2

∫
Rn
uaε,δL

ε
i

(
∂uε
∂xi

)
∂

∂xi

(
Lεi

(
∂uε
∂xi

))
∂ϕ

∂xi
dx

+

∫
Rn
uaε,δ

(
Lεi

(
∂uε
∂xi

))2
∂2ϕ

∂x2i
dx

and

Hε
i (uε,δ, ϕ) = (pi − 1) (a− 1)

∫
Rn
ua−2ε,δ

(
Lεi

(
∂uε
∂xi

))2(
∂uε
∂xi

)2

ϕdx

+ (2pi − 1)

∫
Rn
ua−1ε,δ L

ε
i

(
∂uε
∂xi

)
∂uε
∂xi

∂

∂xi

(
Lεi

(
∂uε
∂xi

))
ϕdx

+ (pi − 1)

∫
Rn
ua−1ε,δ

(
Lεi

(
∂uε
∂xi

))2
∂uε
∂xi

∂ϕ

∂xi
dx .

Then there hold Eεij (uε,δ, ϕ) = Eεji (uε,δ, ϕ), F εij (uε,δ, ϕ) = F εji (uε,δ, ϕ) + O (ε), Gεi (uε,δ, ϕ) = 0,

and Hε
i (uε,δ, ϕ) = O (ε2) as ε→ 0, for i, j = 1, . . . , n.

Proof. For i, j = 1, . . . , n and for ε small, an easy integration by parts gives

Eεij (uε,δ, ϕ) = −
∫
Rn
uaε,δ

∂

∂xi

(
Lεi

(
∂uε
∂xi

))
∂

∂xj

(
Lεj

(
∂uε
∂xj

))
ϕdx . (6.14)

In particular, we get Eεij (uε,δ, ϕ) = Eεji (uε,δ, ϕ). Another integration by parts gives

F εij (uε,δ, ϕ) = −pi
∫
Rn
ua−1ε,δ L

ε
i

(
∂uε
∂xi

)
∂

∂xi

(
Lεj

(
∂uε
∂xj

)
∂uε
∂xj

)
ϕdx . (6.15)
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We then compute

F εij (uε,δ, ϕ) = −pipj
∫
Rn
ua−1ε,δ L

ε
i

(
∂uε
∂xi

)
Lεj

(
∂uε
∂xj

)
∂2uε
∂xi∂xj

ϕdx

+ pi (pj − 2) ε2
∫
Rn
ua−1ε,δ L

ε
i

(
∂uε
∂xi

)(
ε2 +

(
∂uε
∂xj

)2
) pj−4

2
∂uε
∂xj

∂2uε
∂xi∂xj

ϕdx .

It follows that∣∣∣∣F εij (uε,δ, ϕ) + pipj

∫
Rn
ua−1ε,δ L

ε
i

(
∂uε
∂xi

)
Lεj

(
∂uε
∂xj

)
∂2uε
∂xi∂xj

ϕdx

∣∣∣∣
≤ pi (pj − 2) ε

∫
Rn
ua−1ε,δ

(
ε2 +

(
∂uε
∂xi

)2
) pi−1

2
(
ε2 +

(
∂uε
∂xj

)2
) pj−2

2 ∣∣∣∣ ∂2uε∂xi∂xj
ϕ

∣∣∣∣ dx .
Since uε,δ ≥ δ/2 on Supp (ϕ) for ε small, since pi ≥ 2 for i = 1, . . . , n, by Steps 6.3 and 6.4,
we then get

F εij (uε,δ, ϕ) = −pipj
∫
Rn
ua−1ε,δ L

ε
i

(
∂uε
∂xi

)
Lεj

(
∂uε
∂xj

)
∂2uε
∂xi∂xj

ϕdx+ O (ε) (6.16)

as ε→ 0 for i, j = 1, . . . , n. In particular, we get F εij (uε,δ, ϕ) = F εji (uε,δ, ϕ) + O (ε) as ε→ 0.
For i = 1, . . . , n and for ε small, the identity Gεi (uε,δ, ϕ) = 0 follows from a straightforward
integration by parts. Another integration by parts gives

Hε
i (uε,δ, ϕ) =

∫
Rn
ua−1ε,δ L

ε
i

(
∂uε
∂xi

)
∂uε
∂xi

∂

∂xi

(
Lεi

(
∂uε
∂xi

))
ϕdx

− (pi − 1)

∫
Rn
ua−1ε,δ

(
Lεi

(
∂uε
∂xi

))2
∂2uε
∂x2i

ϕdx

= − (pi − 2) ε2
∫
Rn
ua−1ε,δ

(
ε2 +

(
∂uε
∂xi

)2
)pi−3(

∂uε
∂xi

)2
∂2uε
∂x2i

ϕdx .

Since uε,δ ≥ δ/2 on Supp (ϕ) for ε small, since pi ≥ 2 for i = 1, . . . , n, by Steps 6.3 and 6.4,
we then get

|Hε
i (uε,δ, ϕ)| ≤ (pi − 2) ε2

∫
Rn
ua−1ε,δ

(
ε2 +

(
∂uε
∂xi

)2
)pi−2 ∣∣∣∣∂2uε∂x2i

ϕ

∣∣∣∣ dx = O
(
ε2
)

as ε→ 0. This ends the proof of Step 6.6. �

The next step in the proof of Proposition 6.1 is as follows.

Step 6.7. Let a, bij, and cij be some real numbers, δ be a positive real number, and ϕ be a
smooth function with compact support in B0 (R). For i, j = 1, . . . , n and for ε small, define
Pεij (uε,δ, ϕ) and Qεij (uε,δ, ϕ) by

Pεij (uε,δ, ϕ) =

∫
Rn
u
a+cij+cji
ε,δ

∂

∂xi

(
u
−cij
ε,δ Lεi

(
∂uε
∂xi

))
∂

∂xj

(
u
−cji
ε,δ Lεj

(
∂uε
∂xj

))
ϕdx

and

Qεij (uε,δ, ϕ) =

∫
Rn
u
a+bij+bji
ε,δ

∂

∂xj

(
u
−bij
ε,δ Lεi

(
∂uε
∂xi

))
∂

∂xi

(
u
−bji
ε,δ Lεj

(
∂uε
∂xj

))
ϕdx .
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For i, j = 1, . . . , n, there hold

Pεij (uε,δ, ϕ) =cijcji

∫
Rn
ua−2ε,δ L

ε
i

(
∂uε
∂xi

)
∂uε
∂xi

Lεj

(
∂uε
∂xj

)
∂uε
∂xj

ϕdx

− cji
∫
Rn
ua−1ε,δ

∂

∂xi

(
Lεi

(
∂uε
∂xi

))
Lεj

(
∂uε
∂xj

)
∂uε
∂xj

ϕdx

− (a+ cij)

∫
Rn
ua−1ε,δ L

ε
i

(
∂uε
∂xi

)
∂uε
∂xi

∂

∂xj

(
Lεj

(
∂uε
∂xj

))
ϕdx

−
∫
Rn
uaε,δL

ε
i

(
∂uε
∂xi

)
∂2

∂xi∂xj

(
Lεj

(
∂uε
∂xj

))
ϕdx

−
∫
Rn
uaε,δL

ε
i

(
∂uε
∂xi

)
∂

∂xj

(
Lεj

(
∂uε
∂xj

))
∂ϕ

∂xi
dx (6.17)

for ε small and

Qεij (uε,δ, ϕ) =Eij

∫
Rn
ua−2ε,δ L

ε
i

(
∂uε
∂xi

)
∂uε
∂xi

Lεj

(
∂uε
∂xj

)
∂uε
∂xj

ϕdx

+ Fij

∫
Rn
ua−1ε,δ

∂

∂xi

(
Lεi

(
∂uε
∂xi

))
Lεj

(
∂uε
∂xj

)
∂uε
∂xj

ϕdx

−
∫
Rn
uaε,δ

∂2

∂xj∂xi

(
Lεi

(
∂uε
∂xi

))
Lεj

(
∂uε
∂xj

)
ϕdx

+

∫
Rn
uaε,δL

ε
i

(
∂uε
∂xi

)
∂

∂xj

(
Lεj

(
∂uε
∂xj

))
∂ϕ

∂xi
dx

+Gij

∫
Rn
ua−1ε,δ L

ε
i

(
∂uε
∂xi

)
Lεj

(
∂uε
∂xj

)
∂uε
∂xj

∂ϕ

∂xi
dx

+

∫
Rn
uaε,δL

ε
i

(
∂uε
∂xi

)
Lεj

(
∂uε
∂xj

)
∂2ϕ

∂xi∂xj
dx+ O (ε) (6.18)

as ε→ 0, where

Eij =
1

pj
(a− 1) ((pi − 1) a+ (pj − 1) bij + (pi − 1) bji) + bijbji , (6.19)

Fij =
1

pj
((pi − 1) a+ (pj − 1) bij + (pi − 1) bji) , (6.20)

Gij =
1

pj
((pi + pj − 1) a+ (pj − 1) bij + (pi − 1) bji) . (6.21)

Proof. For i, j = 1, . . . , n and for ε small, a straightforward computation yields

Pεij (uε,δ, ϕ) =cijcji

∫
Rn
ua−2ε,δ L

ε
i

(
∂uε
∂xi

)
∂uε
∂xi

Lεj

(
∂uε
∂xj

)
∂uε
∂xj

ϕdx

− cji
∫
Rn
ua−1ε,δ

∂

∂xi

(
Lεi

(
∂uε
∂xi

))
Lεj

(
∂uε
∂xj

)
∂uε
∂xj

ϕdx

− cij
∫
Rn
ua−1ε,δ L

ε
i

(
∂uε
∂xi

)
∂uε
∂xi

∂

∂xj

(
Lεj

(
∂uε
∂xj

))
ϕdx

+

∫
Rn
uaε,δ

∂

∂xi

(
Lεi

(
∂uε
∂xi

))
∂

∂xj

(
Lεj

(
∂uε
∂xj

))
ϕdx . (6.22)
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Then (6.17) follows from (6.14) and (6.22). We now prove (6.18). For i, j = 1, . . . , n and for
ε small, an easy integration by parts gives

Qεij (uε,δ, ϕ) = −
∫
Rn
u
a+bij
ε,δ

∂

∂xj

(
u
−bij
ε,δ Lεi

(
∂uε
∂xi

))
Lεj

(
∂uε
∂xj

)
∂ϕ

∂xi
dx

−
∫
Rn
u
a+bij
ε,δ

∂2

∂xj∂xi

(
u
−bij
ε,δ Lεi

(
∂uε
∂xi

))
Lεj

(
∂uε
∂xj

)
ϕdx

− (a+ bij + bji)

∫
Rn
u
a+bij−1
ε,δ

∂

∂xj

(
u
−bij
ε,δ Lεi

(
∂uε
∂xi

))
∂uε
∂xi

Lεj

(
∂uε
∂xj

)
ϕdx . (6.23)

Another integration by parts gives

∫
Rn
u
a+bij
ε,δ

∂

∂xj

(
u
−bij
ε,δ Lεi

(
∂uε
∂xi

))
Lεj

(
∂uε
∂xj

)
∂ϕ

∂xi
dx

= − (a+ bij)

∫
Rn
ua−1ε,δ L

ε
i

(
∂uε
∂xi

)
Lεj

(
∂uε
∂xj

)
∂uε
∂xj

∂ϕ

∂xi
dx

−
∫
Rn
uaε,δL

ε
i

(
∂uε
∂xi

)
∂

∂xj

(
Lεj

(
∂uε
∂xj

))
∂ϕ

∂xi
dx

−
∫
Rn
uaε,δL

ε
i

(
∂uε
∂xi

)
Lεj

(
∂uε
∂xj

)
∂2ϕ

∂xi∂xj
dx . (6.24)

We compute

∫
Rn
u
a+bij
ε,δ

∂2

∂xj∂xi

(
u
−bij
ε,δ Lεi

(
∂uε
∂xi

))
Lεj

(
∂uε
∂xj

)
ϕdx

=

∫
Rn
u
a+bij
ε,δ

∂

∂xj

(
u
−bij
ε,δ

∂

∂xi

(
Lεi

(
∂uε
∂xi

)))
Lεj

(
∂uε
∂xj

)
ϕdx

− bij
∫
Rn
u
a+bij
ε,δ

∂

∂xj

(
u
−bij−1
ε,δ Lεi

(
∂uε
∂xi

)
∂uε
∂xi

)
Lεj

(
∂uε
∂xj

)
ϕdx

=

∫
Rn
uaε,δ

∂2

∂xj∂xi

(
Lεi

(
∂uε
∂xi

))
Lεj

(
∂uε
∂xj

)
ϕdx

− bij
∫
Rn
ua−1ε,δ

∂

∂xi

(
Lεi

(
∂uε
∂xi

))
Lεj

(
∂uε
∂xj

)
∂uε
∂xj

ϕdx

− bij
∫
Rn
ua−1ε,δ

∂

∂xj

(
Lεi

(
∂uε
∂xi

)
∂uε
∂xi

)
Lεj

(
∂uε
∂xj

)
ϕdx

+ bij (bij + 1)

∫
Rn
ua−2ε,δ L

ε
i

(
∂uε
∂xi

)
∂uε
∂xi

Lεj

(
∂uε
∂xj

)
∂uε
∂xj

ϕdx (6.25)
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and ∫
Rn
u
a+bij−1
ε,δ

∂

∂xj

(
u
−bij
ε,δ Lεi

(
∂uε
∂xi

))
∂uε
∂xi

Lεj

(
∂uε
∂xj

)
ϕdx

=

∫
Rn
ua−1ε,δ

∂

∂xj

(
Lεi

(
∂uε
∂xi

)
∂uε
∂xi

)
Lεj

(
∂uε
∂xj

)
ϕdx

−
∫
Rn
ua−1ε,δ L

ε
i

(
∂uε
∂xi

)
Lεj

(
∂uε
∂xj

)
∂2u

∂xi∂xj
ϕdx

− bij
∫
Rn
ua−2ε,δ L

ε
i

(
∂uε
∂xi

)
∂uε
∂xi

Lεj

(
∂uε
∂xj

)
∂uε
∂xj

ϕdx . (6.26)

Then (6.18) follows from (6.15), (6.16), and (6.23)–(6.26). �

The last step in the proof of Proposition 6.1 states as follows.

Step 6.8. Let a and bij be some real numbers, δ be a positive real number, and ϕ be a smooth
function with compact support in B0 (R). Assume that there holds (pj − 1) bij = (pi − 1) bji
for i, j = 1, . . . , n. Then, for i, j = 1, . . . , n, there holds

lim inf
ε→0

Qεij (uε,δ, ϕ) ≥ 0 . (6.27)

Proof. For ε small and for i, j = 1, . . . , n, we compute from the definition of Qεij (uε,δ, ϕ) that

Qεij (uε,δ, ϕ) =

∫
Rn
ua−2ε,δ

(
ε2 +

(
∂uε
∂xi

)2
) pi−4

2
(
ε2 +

(
∂uε
∂xj

)2
) pj−4

2

×
(
Xε
ij (uε,δ,∇uε) + Y ε

ij (uε,δ,∇uε) + Zε
ij (uε,δ,∇uε)

)
ϕdx , (6.28)

where

Xε
ij (uε,δ,∇uε) =

(
bijbji

(
∂uε
∂xi

)2(
∂uε
∂xj

)2

+ (pi − 1) (pj − 1)u2ε,δ

(
∂2uε
∂xi∂xj

)2

− ((pj − 1) bij + (pi − 1) bji)uε,δ
∂uε
∂xi

∂uε
∂xj

∂2uε
∂xi∂xj

)(
∂uε
∂xi

)2(
∂uε
∂xj

)2

,

Y ε
ij (uε,δ,∇uε) = bijbjiε

2

(
ε2 +

(
∂uε
∂xi

)2

+

(
∂uε
∂xj

)2
)(

∂uε
∂xi

)2(
∂uε
∂xj

)2

+ ε2u2ε,δ

(
ε2 + (pi − 1)

(
∂uε
∂xi

)2

+ (pj − 1)

(
∂uε
∂xj

)2
)(

∂2uε
∂xi∂xj

)2

,

and

Zε
ij (uε,δ,∇uε) = −ε2uε,δ

(
(bij + bji) ε

2 + (bij + (pi − 1) bji)

(
∂uε
∂xi

)2

+ ((pj − 1) bij + bji)

(
∂uε
∂xj

)2)
∂uε
∂xi

∂uε
∂xj

∂2uε
∂xi∂xj

.
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Since there holds (pj − 1) bij = (pi − 1) bji for i, j = 1, . . . , n, we get

Xε
ij (uε,δ,∇uε) =

pi − 1

pj − 1

(
bji
∂uε
∂xi

∂uε
∂xj
− (pj − 1)uε,δ

∂2uε
∂xi∂xj

)2

×
(
∂uε
∂xi

)2(
∂uε
∂xj

)2

≥ 0 in Supp (ϕ) . (6.29)

We also get Y ε
ij (uε,δ,∇uε) ≥ 0 in Supp (ϕ). Since uε,δ ≥ δ/2 in Supp (ϕ) for ε small, since

pi ≥ 2 for i = 1, . . . , n, by Steps 6.3 and 6.4, we finally compute∣∣∣∣∣∣∣
∫
Rn
ua−2ε,δ

(
ε2 +

(
∂uε
∂xi

)2
) pi−4

2
(
ε2 +

(
∂uε
∂xj

)2
) pj−4

2

Zε
ij (uε,δ,∇uε)ϕdx

∣∣∣∣∣∣∣
≤ Cε

∫
Rn
ua−1ε,δ

(
ε2 +

(
∂uε
∂xi

)2
) pi−2

2
(
ε2 +

(
∂uε
∂xj

)2
) pj−2

2

×
(
ε+

∣∣∣∣∂uε∂xi

∣∣∣∣+

∣∣∣∣∂uε∂xj

∣∣∣∣) ∣∣∣∣ ∂2uε∂xi∂xj
ϕ

∣∣∣∣ dx = O (ε) (6.30)

as ε→ 0. Then (6.27) follows from (6.28)–(6.30). �

We can now prove Proposition 6.1 by using the above preliminary steps.

End of proof of Proposition 6.1. For ε small, given some real numbers a, bij, cij, αij, βij, γi,
δi, µij, and σij satisfying

(pj − 1) bij = (pi − 1) bji , αij = −αji , and βij = −βji , (6.31)

we let

Θε (uε,δ, ϕ) =
n∑
i=1

(∑
j 6=i

(
µ2
ijP̃εij (uε,δ, ϕ) + µijµjiPεij (uε,δ, ϕ) + σ2

ijQεij (uε,δ, ϕ)

+ αijEεij (uε,δ, ϕ) + βijF εij (uε,δ, ϕ)
)

+ γiGεi (uε,δ, ϕ) + δiHε
i (uε,δ, ϕ)

)
, (6.32)

where Eεij (uε,δ, ϕ), F εij (uε,δ, ϕ), Gεi (uε,δ, ϕ), andHε
i (uε,δ, ϕ) are as in Step 6.6, where Pεij (uε,δ, ϕ)

and Qεij (uε,δ, ϕ) are as in Step 6.7, and where

P̃εij (uε,δ, ϕ) =

∫
Rn
u
a+2cij
ε,δ

∂

∂xi

(
u
−cij
ε,δ Lεi

(
∂uε
∂xi

))
∂

∂xi

(
u
−cij
ε,δ Lεi

(
∂uε
∂xi

))
ϕdx .

We note that
n∑
i=1

∑
j 6=i

(
µ2
ijP̃εij (uε,δ, ϕ) + µijµjiPεij (uε,δ, ϕ)

)
(6.33)

=
n∑
i=1

i−1∑
j=1

∫
Rn
uaε,δ

(
µiju

cij
ε,δ

∂

∂xi

(
u
−cij
ε,δ Lεi

(
∂uε
∂xi

))
+ µjiu

cji
ε,δ

∂

∂xj

(
u
−cji
ε,δ Lεj

(
∂uε
∂xj

)))2

ϕdx ≥ 0 .

It follows from (6.33) and from Steps 6.6 and 6.8 that

lim inf
ε→0

Θε (uε,δ, ϕ) ≥ 0 . (6.34)
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We can develop (6.32) by using (6.17) and (6.18). We then get

Θε (uε,δ, ϕ) =
n∑
i=1

∫
Rn
ua−1ε,δ div (Rε

i (∇uε))Lεi
(
∂uε
∂xi

)
∂uε
∂xi

ϕdx

−
n∑
i=1

∫
Rn
uaε,δ

∂ (div (Sεi (∇uε)))
∂xi

Lεi

(
∂uε
∂xi

)
ϕdx

+
n∑
i=1

∫
Rn
uaε,δ div (T εi (∇uε))Lεi

(
∂uε
∂xi

)
∂ϕ

∂xi
dx

+
n∑
i=1

Mi

∫
Rn
ua−2ε,δ

(
Lεi

(
∂uε
∂xi

))2(
∂uε
∂xi

)2

ϕdx

+
n∑
i=1

i−1∑
j=1

Nij

∫
Rn
ua−2ε,δ L

ε
i

(
∂uε
∂xi

)
∂uε
∂xi

Lεj

(
∂uε
∂xj

)
∂uε
∂xj

ϕdx

+
n∑
i=1

(aγi + (pi − 1) δi)

∫
Rn
ua−1ε,δ

(
Lεi

(
∂uε
∂xi

))2
∂uε
∂xi

∂ϕ

∂xi
dx

+
n∑
i=1

∑
j 6=i

(
piβij + σ2

ijGij

) ∫
Rn
ua−1ε,δ L

ε
i

(
∂uε
∂xi

)
Lεj

(
∂uε
∂xj

)
∂uε
∂xj

∂ϕ

∂xi
dx

+
n∑
i=1

i−1∑
j=1

(
σ2
ij + σ2

ji

) ∫
Rn
uaε,δL

ε
i

(
∂uε
∂xi

)
Lεj

(
∂uε
∂xj

)
∂2ϕ

∂xi∂xj
dx

+
n∑
i=1

γi

∫
Rn
uaε,δ

(
Lεi

(
∂uε
∂xi

))2
∂2ϕ

∂x2i
dx+ O (ε) (6.35)

as ε→ 0, where Eij, Fij, and Gij are as in (6.19)–(6.21) and where

Mi = (pi − 1) (a− 1) δi +
∑
k 6=i

c2ikµ
2
ik

and
Nij = (pi − pj) (a− 1) βij + 2cijcjiµijµji + σ2

ijEij + σ2
jiEji

for all distinct i, j = 1, . . . , n. In (6.35), Rε
i (∇uε) =

(
Rε
ij (∂uε/∂xj)

)
j=1,...,n

is given by

Rε
ii (∂uε/∂xi) =

(
(2pi − 1) δi −

∑
k 6=i

(a+ 2cik)µ
2
ik

)
Lεi

(
∂uε
∂xi

)
(6.36)

and

Rε
ij (∂uε/∂xj) =

(
aαij + pjβji − (a+ 2cij)µijµji + σ2

jiFji
)
Lεj

(
∂uε
∂xj

)
(6.37)

for all distinct i, j = 1, . . . , n, and Sεi (∇uε) =
(
Sεij (∂uε/∂xj)

)
j=1,...,n

is given by

Sεii (∂uε/∂xi) = −
∑
k 6=i

µ2
ikL

ε
i

(
∂uε
∂xi

)
(6.38)

and

Sεij (∂uε/∂xj) =
(
αij − µijµji − σ2

ji

)
Lεj

(
∂uε
∂xj

)
(6.39)
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for all distinct i, j = 1, . . . , n. In a similar way, T εi (∇uε) =
(
T εij (∂uε/∂xj)

)
j=1,...,n

is given by

T εii (∂uε/∂xi) =
(
2γi −

∑
k 6=i

µ2
ik

)
Lεi

(
∂uε
∂xi

)
(6.40)

and

T εij (∂uε/∂xj) =
(
αij − µijµji + σ2

ij

)
Lεj

(
∂uε
∂xj

)
(6.41)

for all distinct i, j = 1, . . . , n. For any real numbers a, bij, cij, αij, βij, γi, δi, µij, σij, ri, si,
and ti, we now consider the system consisting of equation (6.31) together with the equations
Rε
i (∇uε) = riLε (∇uε), Sεi (∇uε) = siLε (∇uε), and T εi (∇uε) = tiLε (∇uε) for i = 1, . . . , n.

Using (6.36)–(6.41), we can eliminate the unknowns ri, si, and ti for i = 1, . . . , n, and state
our system as follows

(pj − 1) bij = (pi − 1) bji , αij = −αji , βij = −βji ,

aαij + pjβji − (a+ 2cij)µijµji + σ2
jiFji = (2pi − 1) δi −

∑
k 6=i

(a+ 2cik)µ
2
ik ,

αij − µijµji − σ2
ji = −

∑
k 6=i

µ2
ik ,

αij − µijµji + σ2
ij = 2γi −

∑
k 6=i

µ2
ik ,

where the equations have to be satisfied for all distinct i, j = 1, . . . , n. Easy manipulations
lead to the following equivalent system

(pj − 1) bij = (pi − 1) bji , βij = −βji ,∑
k 6=i

µ2
ik +

∑
k 6=j

µ2
jk − 2µijµji = σ2

ij + σ2
ji = 2γi ,

αij =
∑
k 6=j

µ2
jk − µijµji − σ2

ij ,

δi =
1

2pi − 1

(
pjβji − 2cijµijµji + 2

∑
k 6=i

cikµ
2
ik + (a+ Fji)σ

2
ji

)
.

(6.42)

In particular, the second line in (6.42) implies that there holds γi = γ, where γ does not
depend on the index i. By the changes of unknowns

λij = βij +
1

2pipj
((pi + pj − 1) a+ 2 (pj − 1) bij)

(
σ2
ij − σ2

ji

)
(6.43)

and

νi = pi (2pi − 1) δi − pi
∑
k 6=i

(a+ 2cik)µ
2
ik , (6.44)

and by eliminating αij, βij, δi, and σij for i, j = 1, . . . , n, the system (6.42) can be written as
(pj − 1) bij = (pi − 1) bji , λij = −λji ,

∑
k 6=i

µ2
ik +

∑
k 6=j

µ2
jk − 2µijµji = 2γ ,

νi =
(
γ (pi + pj − 1)− pi

∑
k 6=i

µ2
ik

)
a+ 2γ (pj − 1) bij − 2picijµijµji − pipjλij .
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Multiplying Θε (uε,δ, ϕ) by 1/γ for ε small, we can fix γ = 1/2, and we then recover equations
(5.1) and (5.2). In particular, if the real numbers a, bij, cij, µij, λij, and νi satisfy (5.1) and
(5.2), then for i = 1, . . . , n, we get

Rε
i (∇uε) =

νi
pi
Lε (∇uε) , Sεi (∇uε) = −

∑
k 6=i

µ2
ikLε (∇uε) ,

and

T εi (∇uε) =

(
1−

∑
k 6=i

µ2
ik

)
Lε (∇uε) .

Taking into account that uε satisfies equation (6.4), that uε,δ ≥ δ/2 on Supp (ϕ) for ε small,
and that pi ≥ 2 for i = 1, . . . , n, by Step 6.5, by (6.34), and by (6.42)–(6.44) passing to the
limit into (6.35) as ε→ 0 gives (6.1). �

7. Proof of Theorem 5.1

In this section, we let −→p = (p1, . . . , pn) and q be such that 2 ≤ pi < q for i = 1, . . . , n, and
we assume that there exist some real numbers a, bij, cij, λij, µij, and νi satisfying (5.1)–(5.4).
We now prove Theorem 5.1 by using Proposition 6.1.

Proof of Theorem 5.1. We let u be a nonnegative solution in W 1,−→p
loc (Rn)∩L∞loc (Rn) of equation

(1.3). Changing, if necessary, the variable, we may assume that the positive constant λ in (1.3)
is equal to 1. For any positive real number δ, we set uδ = u + δ. We let ϕ be a nonnegative
smooth function with compact support in Rn to be chosen later on so that any of the integrals
below are finite. We begin with applying Young’s inequality in order to estimate some of the
terms in equation (6.1). For i, j = 1, . . . , n and for any C > 0, we get∫

Rn
uaδu

q−1
∣∣∣∣ ∂u∂xi

∣∣∣∣pi−1 ∣∣∣∣ ∂ϕ∂xi
∣∣∣∣ dx ≤ C

pi

∫
Rn
ua+pi−1δ uq−1

∣∣∣∣ ∂ϕ∂xi
∣∣∣∣pi ϕ1−pidx

+
pi − 1

pi
C
−1
pi−1

∫
Rn
ua−1δ uq−1

∣∣∣∣ ∂u∂xi
∣∣∣∣pi ϕdx , (7.1)

∫
Rn
ua−1δ

∣∣∣∣ ∂u∂xi
∣∣∣∣pi−1 ∣∣∣∣ ∂u∂xj

∣∣∣∣pj ∣∣∣∣ ∂ϕ∂xi
∣∣∣∣ dx ≤ C

pi

∫
Rn
ua+pi−2δ

∣∣∣∣ ∂u∂xj
∣∣∣∣pj ∣∣∣∣ ∂ϕ∂xi

∣∣∣∣pi ϕ1−pidx

+
pi − 1

pi
C
−1
pi−1

∫
Rn
ua−2δ

∣∣∣∣ ∂u∂xi
∣∣∣∣pi ∣∣∣∣ ∂u∂xj

∣∣∣∣pj ϕdx , (7.2)

∫
Rn
uaδ

∣∣∣∣ ∂u∂xi
∣∣∣∣2pi−2 ∣∣∣∣∂2ϕ∂x2i

∣∣∣∣ dx ≤ C

pi

∫
Rn
ua+2pi−2
δ

∣∣∣∣∂2ϕ∂x2i
∣∣∣∣pi ϕ1−pidx

+
pi − 1

pi
C
−1
pi−1

∫
Rn
ua−2δ

∣∣∣∣ ∂u∂xi
∣∣∣∣2pi ϕdx , (7.3)

and∫
Rn
uaδ

∣∣∣∣ ∂u∂xi
∣∣∣∣pi−1 ∣∣∣∣ ∂u∂xj

∣∣∣∣pj−1 ∣∣∣∣ ∂2ϕ

∂xi∂xj

∣∣∣∣ dx ≤ C

pi

∫
Rn
ua+pi−1δ

∣∣∣∣ ∂u∂xj
∣∣∣∣pj−1 ∣∣∣∣ ∂2ϕ

∂xi∂xj

∣∣∣∣pi ∣∣∣∣ ∂ϕ∂xj
∣∣∣∣1−pi dx

+
pi − 1

pi
C
−1
pi−1

∫
Rn
ua−1δ

∣∣∣∣ ∂u∂xi
∣∣∣∣pi ∣∣∣∣ ∂u∂xj

∣∣∣∣pj−1 ∣∣∣∣ ∂ϕ∂xj
∣∣∣∣ dx . (7.4)
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Still applying Young’s inequality, we estimate the first term on the right-hand side of (7.4).
For i, j = 1, . . . , n and for any C > 0, there holds∫

Rn
ua+pi−1δ

∣∣∣∣ ∂u∂xj
∣∣∣∣pj−1 ∣∣∣∣ ∂2ϕ

∂xi∂xj

∣∣∣∣pi ∣∣∣∣ ∂ϕ∂xj
∣∣∣∣1−pi dx

≤ C

pj

∫
Rn
u
a+pi+pj−2
δ

∣∣∣∣ ∂2ϕ

∂xi∂xj

∣∣∣∣pipj ∣∣∣∣ ∂ϕ∂xi
∣∣∣∣−pi(pj−1) ∣∣∣∣ ∂ϕ∂xj

∣∣∣∣−pj(pi−1) ϕ(pi−1)(pj−1)dx

+
pj − 1

pj
C
−1
pj−1

∫
Rn
ua+pi−2δ

∣∣∣∣ ∂u∂xj
∣∣∣∣pj ∣∣∣∣ ∂ϕ∂xi

∣∣∣∣pi ϕ1−pidx . (7.5)

Moreover, for i = 1, . . . , n, we get∫
Rn
ua−1δ

(
νi
pi
uq−1 − (q − 1)

∑
k 6=i

µ2
ikuδu

q−2
) ∣∣∣∣ ∂u∂xi

∣∣∣∣pi ϕdx (7.6)

=
(νi
pi
− (q − 1)

∑
k 6=i

µ2
ik

)∫
Rn
ua−1δ uq−1

∣∣∣∣ ∂u∂xi
∣∣∣∣pi ϕdx− δ (q − 1)

∑
k 6=i

µ2
ik

∫
Rn
ua−1δ uq−2

∣∣∣∣ ∂u∂xi
∣∣∣∣pi ϕdx.

Multiplying (1.3) by uaδu
q−1ϕ and integrating by parts yield∫

Rn
uaδu

2q−2ϕdx =
n∑
i=1

(
a

∫
Rn
ua−1δ uq−1

∣∣∣∣ ∂u∂xi
∣∣∣∣pi ϕdx

+ (q − 1)

∫
Rn
ua−1δ uq−2

∣∣∣∣ ∂u∂xi
∣∣∣∣pi ϕdx+

∫
Rn
uaδu

q−1
∣∣∣∣ ∂u∂xi

∣∣∣∣pi−2 ∂u∂xi ∂ϕ∂xidx
)
. (7.7)

On the other hand, for i = 1, . . . , n and for any C > 0, Young’s inequality gives∫
Rn
ua−1δ uq−2

∣∣∣∣ ∂u∂xi
∣∣∣∣pi ϕdx ≤ C

2

∫
Rn
uaδu

2q−4ϕdx+
1

2C

∫
Rn
ua−2δ

∣∣∣∣ ∂u∂xi
∣∣∣∣2pi ϕdx . (7.8)

By (5.4), (6.1), and (7.1)–(7.8), it follows that there exists a positive constant C independent
of u, δ, and ϕ such that∫

Rn
uaδu

2q−2ϕdx ≤ C
n∑
i=1

(
δ

∫
Rn
uaδu

2q−4ϕdx

+

∫
Rn
ua+pi−1δ uq−1

∣∣∣∣ ∂ϕ∂xi
∣∣∣∣pi ϕ1−pidx+

n∑
j=1

∫
Rn
ua+pi−2δ

∣∣∣∣ ∂u∂xj
∣∣∣∣pj ∣∣∣∣ ∂ϕ∂xi

∣∣∣∣pi ϕ1−pidx

+
i−1∑
j=1

∫
Rn
u
a+pi+pj−2
δ

∣∣∣∣ ∂2ϕ

∂xi∂xj

∣∣∣∣pipj ∣∣∣∣ ∂ϕ∂xi
∣∣∣∣−pi(pj−1) ∣∣∣∣ ∂ϕ∂xj

∣∣∣∣−pj(pi−1) ϕ(pi−1)(pj−1)dx

+

∫
Rn
ua+2pi−2
δ

∣∣∣∣∂2ϕ∂x2i
∣∣∣∣pi ϕ1−pidx

)
. (7.9)

For i = 1, . . . , n, we let gi be the function defined on R+ by

gi (s) =


sa+pi−1

a+ pi − 1
if a+ pi − 1 6= 0,

ln s if a+ pi − 1 = 0.
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Multiplying (1.3) by gi (uδ) |∂ϕ/∂xi|pi ϕ1−pi and integrating by parts yield

∫
Rn
gi (uδ)u

q−1
∣∣∣∣ ∂ϕ∂xi

∣∣∣∣pi ϕ1−pidx =
n∑
j=1

∫
Rn
ua+pi−2δ

∣∣∣∣ ∂u∂xj
∣∣∣∣pj ∣∣∣∣ ∂ϕ∂xi

∣∣∣∣pi ϕ1−pidx

− (pi − 1)
n∑
j=1

∫
Rn
gi (uδ)

∣∣∣∣ ∂u∂xj
∣∣∣∣pj−2 ∂u∂xj

∣∣∣∣ ∂ϕ∂xi
∣∣∣∣pi ∂ϕ∂xjϕ−pidx

+ pi

i−1∑
j=1

∫
Rn
gi (uδ)

∣∣∣∣ ∂u∂xj
∣∣∣∣pj−2 ∂u∂xj ∂2ϕ

∂xi∂xj

∣∣∣∣ ∂ϕ∂xi
∣∣∣∣pi−2 ∂ϕ∂xiϕ1−pidx . (7.10)

For i, j = 1, . . . , n and for any C > 0, Young’s inequality gives∫
Rn
|gi (uδ)|

∣∣∣∣ ∂u∂xj
∣∣∣∣pj−1 ∣∣∣∣ ∂ϕ∂xi

∣∣∣∣pi ∣∣∣∣ ∂ϕ∂xj
∣∣∣∣ϕ−pidx

≤ C

pj

∫
Rn
|gi (uδ)|pj u

−(pj−1)(a+pi−2)
δ

∣∣∣∣ ∂ϕ∂xi
∣∣∣∣pi ∣∣∣∣ ∂ϕ∂xj

∣∣∣∣pj ϕ1−pi−pjdx

+
pj − 1

pj
C
−1
pj−1

∫
Rn
ua+pi−2δ

∣∣∣∣ ∂u∂xj
∣∣∣∣pj ∣∣∣∣ ∂ϕ∂xi

∣∣∣∣pi ϕ1−pidx (7.11)

and ∫
Rn
|gi (uδ)|

∣∣∣∣ ∂u∂xj
∣∣∣∣pj−1 ∣∣∣∣ ∂2ϕ

∂xi∂xj

∣∣∣∣ ∣∣∣∣ ∂ϕ∂xi
∣∣∣∣pi−1 ϕ1−pidx

≤ C

pj

∫
Rn
|gi (uδ)|pj u

−(pj−1)(a+pi−2)
δ

∣∣∣∣ ∂2ϕ

∂xi∂xj

∣∣∣∣pj ∣∣∣∣ ∂ϕ∂xi
∣∣∣∣pi−pj ϕ1−pidx

+
pj − 1

pj
C
−1
pj−1

∫
Rn
ua+pi−2δ

∣∣∣∣ ∂u∂xj
∣∣∣∣pj ∣∣∣∣ ∂ϕ∂xi

∣∣∣∣pi ϕ1−pidx . (7.12)

We let θ be a positive real number to be chosen small later on. We then get a positive constant
Cθ such that for any s > 0 and for i, j = 1, . . . , n, there holds

sa+pi−1 + |gi (s)|+ |gi (s)|pj s−(pj−1)(a+pi−1) ≤ Cθs
a+pi−1hθ (s) , (7.13)

where the function hθ is defined by hθ (s) = sθ + s−θ. Increasing, if necessary, the constant C
in (7.9), by (7.10)–(7.13), we get

∫
Rn
uaδu

2q−2ϕdx ≤ C
n∑
i=1

(
δ

∫
Rn
uaδu

2q−4ϕdx+

∫
Rn
hθ (uδ)u

a+pi−1
δ uq−1

∣∣∣∣ ∂ϕ∂xi
∣∣∣∣pi ϕ1−pidx

+
i−1∑
j=1

∫
Rn
u
a+pi+pj−2
δ

∣∣∣∣ ∂2ϕ

∂xi∂xj

∣∣∣∣pipj ∣∣∣∣ ∂ϕ∂xi
∣∣∣∣−pi(pj−1) ∣∣∣∣ ∂ϕ∂xj

∣∣∣∣−pj(pi−1) ϕ(pi−1)(pj−1)dx (7.14)

+
n∑
j=1

∫
Rn
hθ (uδ)u

a+pi+pj−2
δ

(∣∣∣∣ ∂ϕ∂xi
∣∣∣∣pi ∣∣∣∣ ∂ϕ∂xj

∣∣∣∣pj ϕ1−pi−pj +

∣∣∣∣ ∂2ϕ

∂xi∂xj

∣∣∣∣pj ∣∣∣∣ ∂ϕ∂xi
∣∣∣∣pi−pj ϕ1−pi

)
dx

)
,
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where hθ is as in (7.13). For i = 1, . . . , n and for C > 0, Young’s inequality gives∫
Rn
hθ (uδ)u

a+pi−1
δ uq−1

∣∣∣∣ ∂ϕ∂xi
∣∣∣∣pi ϕ1−pidx

≤ C

2

∫
Rn
hθ (uδ)

2 ua+2pi−2
δ

∣∣∣∣ ∂ϕ∂xi
∣∣∣∣2pi ϕ1−2pidx+

1

2C

∫
Rn
uaδu

2q−2ϕdx . (7.15)

We note that there holds h2θ ≤ Cθh
2
θ for some positive constant Cθ. Increasing, if necessary,

the constant C in (7.14), by (7.15), we then get∫
Rn
uaδu

2q−2ϕdx ≤ C

n∑
i=1

(
δ

∫
Rn
uaδu

2q−4ϕdx (7.16)

+
i−1∑
j=1

∫
Rn
u
a+pi+pj−2
δ

∣∣∣∣ ∂2ϕ

∂xi∂xj

∣∣∣∣pipj ∣∣∣∣ ∂ϕ∂xi
∣∣∣∣−pi(pj−1) ∣∣∣∣ ∂ϕ∂xj

∣∣∣∣−pj(pi−1) ϕ(pi−1)(pj−1)dx

+
n∑
j=1

∫
Rn
h2θ (uδ)u

a+pi+pj−2
δ

(∣∣∣∣ ∂ϕ∂xi
∣∣∣∣pi ∣∣∣∣ ∂ϕ∂xj

∣∣∣∣pj ϕ1−pi−pj +

∣∣∣∣ ∂2ϕ

∂xi∂xj

∣∣∣∣pj ∣∣∣∣ ∂ϕ∂xi
∣∣∣∣pi−pj ϕ1−pi

)
dx

)
.

We let κ be a real number in (0, 1) to be chosen close to 1 later on. One easily constructs a
smooth cutoff function η satisfying η ≡ 1 in [0, 1], 0 ≤ η ≤ 1 in [1, 2], η ≡ 0 in [2,+∞),
and such that for i, j = 1, . . . , n, the functions |η′|pi+pj η1−κ−pi−pj , |η′′|pj |η′|pi−pj η1−κ−pi ,
|η′′|pipj |η′|pi+pj−2pipj η1−κ+pipj−pi−pj , |η′|pi η1−κ−pi , and |η′|pi+pj−pipj η1−κ+pipj−pi−pj extended by
0 outside of their domain of definition, are continuous on R+. For any positive real number
R, we let ϕR be the function defined on Rn by

ϕR (x) = η

√√√√ n∑
i=1

(
R

pi−q
pi xi

)2 .

By (7.16) we get that there exists a positive constant C independent of u, δ, and R such that

∫
Rn
uaδu

2q−2ϕRdx ≤ C

(
δ

∫
Rn
uaδu

2q−4ϕκRdx

+
n∑
i=1

n∑
j=1

Rpi+pj−2q
∫
Rn
h2θ (uδ)u

a+pi+pj−2
δ ϕκRdx

)
. (7.17)

Since q > 2, we get∫
Rn
uaδu

2q−4ϕκRdx ≤
∫
Rn
ua+2q−4
δ ϕκRdx

≤


(
‖u‖C0(Supp(ϕR))

+ δ
)a+2q−4

∫
Rn
ϕκRdx if a ≥ 4− 2q ,

δa+2q−4
∫
Rn
ϕκRdx if a < 4− 2q .

(7.18)
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Increasing, if necessary, the constant C in (7.17), it follows from (7.18) that∫
Rn
uaδu

2q−2ϕRdx ≤ C

((
CR + δa+2q−4) δ ∫

Rn
ϕκRdx

+
n∑
i=1

n∑
j=1

Rpi+pj−2q
∫
Rn
h2θ (uδ)u

a+pi+pj−2
δ ϕκRdx

)
(7.19)

for some positive constant CR independent of δ. By (5.3), we can choose θ small enough so
that a+ 2p− − 2 ≥ 2θ and q > p+ + θ. Passing to the limit into (7.19) as δ → 0 then yields∫

Rn
ua+2q−2ϕRdx ≤ C

n∑
i=1

n∑
j=1

Rpi+pj−2q
∫
Rn
h2θ (u)ua+pi+pj−2ϕκRdx . (7.20)

Still by (5.3), Young’s inequality gives that for any ε > 0, there exists Cε > 0 such that for
i, j = 1, . . . , n, there holds

Rpi+pj−2q
∫
Rn
ua+pi+pj−2±2θϕκRdx ≤ ε

∫
Rn
ua+2q−2ϕRdx

+ CεR
(pi+pj−2q)(a+2q−2)

2q−pi−pj∓2θ

∫
Rn
ϕ

(a+2q−2)κ−(a+pi+pj−2±2θ)

2q−pi−pj∓2θ

R dx . (7.21)

In order to get the finiteness of the right-hand side of (7.21), one has to choose the real number
κ close enough to 1 so that

κ ≥ a+ 2p+ − 2 + 2θ

a+ 2q − 2
.

Increasing, if necessary, the constant C in (7.20), it follows from (7.21) that there holds∫
Rn
ua+2q−2ϕRdx ≤ C

n∑
i=1

n∑
j=1

R
(pi+pj−2q)(a+2q−2)

2q−pi−pj+2θ

∫
Rn
ϕ

(a+2q−2)κ−(a+pi+pj−2+2θ)

2q−pi−pj−2θ

R dx (7.22)

for R large. Moreover, for i, j = 1, . . . , n, we easily compute∫
Rn
ϕ

(a+2q−2)κ−(a+pi+pj−2+2θ)

2q−pi−pj−2θ

R dx ≤ CR
q
∑n
k=1

1
pk
−n

(7.23)

for some positive constant C independent of i, j, and R. It follows from (7.22) and (7.23) that
for R large, there holds∫

Rn
ua+2q−2ϕRdx ≤ CR

2−n+
(∑n

i=1
1
pi
−2
)
q−a+ θ

q−p−+θ . (7.24)

By (5.3), we can choose the real number θ small enough so that passing to the limit into (7.24)
as R→ +∞ yields ∫

Rn
ua+2q−2dx = 0 ,

and thus the function u is identically zero. This ends the proof of Theorem 5.1. �
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