POSITIVE CLUSTERS FOR SMOOTH
PERTURBATIONS OF A CRITICAL ELLIPTIC
EQUATION IN DIMENSIONS FOUR AND FIVE

PIERRE-DAMIEN THIZY AND JEROME VETOIS

ABSTRACT. We construct clustering positive solutions for a per-
turbed critical elliptic equation on a closed manifold of dimension
n = 4,5. Such a construction is already available in the literature
in dimensions n > 6 (see for instance [10, 14, 30, 32, 36]) and not
possible in dimension 3 by [27]. This also provides new patterns for
the Lin—Ni [23] problem on closed manifolds and completes results
by Brézis and Li [8] about this problem.

1. INTRODUCTION AND MAIN RESULT

Let (M™,g) be a smooth closed Riemannian manifold of dimension
n > 3, and 2% = % be the critical Sobolev exponent for the embed-
dings of H'(M) into the Lebesgue spaces. Given smooth perturbations
(he)e of a function hy in M, the asymptotic behavior of a sequence (u. ).
of smooth positive functions satisfying

Ague + houe = ug*’l (1.1)

for all e > 0 has been intensively studied in the last decades. Here Ay =
—divy(V+) is the Laplace-Beltrami operator. If such a sequence (u.).
is bounded in H'(M), then we know from Struwe [41] that there exist
k € N, k sequences (f1¢)e,- -, (ftke)e of positive numbers converging
to 0, and k sequences (&1 ¢)e, - - ., (& )e Of points converging to &y, . . ., &
in M such that

_ n_2>/%€ =
uo+z (ulﬁd . ) > +0(1) (1.2)

up to a subsequence, Where o(1) — 0 strongly and u. — ug in H'(M)
as € — 0. If the sequence (u.). is not uniformly bounded, then we say
that (u.). blows up and in this case, it follows from classical elliptic
estimates that k is non-zero in (1.2). If § = -+ - = &, = &, then we say
that (u.). blows up with k peaks at the point &.

In the case of dimension 3, it was proved by Li and Zhu [27] (see The-
orem 6.3 in Hebey [21]) that &, ..., & are necessarily distinct in (1.2).
By contrast, in the case of dimensions larger than or equal to 6, Druet
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and Hebey [14], Robert and Vétois [36], and more recently, Morabito,
Pistoia, and Vaira [30] and Pistoia and Vaira [32] have given examples
of (h.). and (u.). for which k£ > 2 is arbitrary and the sequences (&; ).,
i=1,...,k, converge to the same point of M in (1.2) (see also Chen
and Lin [10] where a similar result was obtained for the prescribed
scalar curvature equation on the sphere in dimensions n > 7). The
main goal of this paper is to prove that such examples can actually be
given starting from dimension 4. We state our result as follows.

Theorem 1.1. Let (M,g) be a closed manifold of dimension n €
{4,5}. Assume that the scalar curvature S, of the manifold has a
non-degenerate minimum point & such that S, (&) < 0. Then for
any natural number k > 1, there exists a family of positive solutions
(Ure).~o Of the equations

Aguk@ + EUp e = Uz*il m M (13)

,E
such that (uge).., blows up with k peaks at the point § as € — 0.

According to the terminology of Schoen [38], the blow-up points
of (ucy). that we construct in Theorem 1.1 are non-isolated blow-up
points. Isolation of blow-up points turned out to be a crucial step
in the proofs of compactness for the Yamabe equation (see Druet [13],
Khuri, Marques, and Schoen [22], Li and Zhang [25,26], Li and Zhu [27],
Marques [28], Schoen [39], and Schoen and Zhang [40]). Isolated blow-
up points for the Yamabe equation were constructed by Brendle [4]
and Brendle and Marques [6] in high dimensions (see also the survey
papers [5,7,29]). However, as we explained above, with regards to
solutions (u.). of more general perturbed critical elliptic equations like
(1.1), the a priori blow-up analysis cannot rule out in general non-
isolated blow-up points in dimensions n > 4 (see for instance [14,15]).

More specifically, looking for non-constant solutions of Equation
(1.3) or “patterns” has some relevance in mathematical biology (see for
instance [18]). This is referred to in the literature as the Lin-Ni [23] or
Lin-Ni-Takagi [24] problem. In the case of a closed manifold, Brézis
and Li [8] proved that the only solution to (1.3) is the constant so-
lution for 0 < ¢ <« 1. This result also holds true when the scalar
curvature S, is positive everywhere in dimensions n > 4 (see Druet [13]
and Remark 6.1 (¢) in Hebey [21]). The above Theorem 1.1 proves
that this result generically fails in dimensions n = 4,5 when S, is neg-
ative somewhere. Moreover the clustering solutions that we construct
in Theorem 1.1 give new type of patterns for the Lin—Ni problem. The
first author proved in [43] that Theorem 1.1 fails for all £ > 1 in dimen-
sions n > 6 and also that in dimensions n = 4,5, the non-degeneracy
assumption in Theorem 1.1 can be removed in case k = 1 (see the
one-peak version of Theorem 1.1 in [43]).
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There is an abundant literature about the original Lin—Ni problem,
namely Equation (1.3) posed on a bounded domain of the Euclidean
space with zero Neumann boundary condition. We mention of course
the works of Lin and Ni [23] and Lin, Ni, and Takagi [24], where af-
ter proving a subcritical analogue result in [24], it was conjectured
in [20] that this equation does not have any other solution than the
constant solution for 0 < ¢ <« 1. Without any pretension to exhaus-
tivity, we also mention Adimurthi and Yadava [1,2] and Budd, Knapp,
and Peletier [9] for a complete discussion of the radial case when the
domain is a ball (conjecture false for n = 4,5,6 and true otherwise)
and Rey and Wei [33] and Wei, Xu, and Yang [46] who proved that
the conjecture fails for all bounded domains of dimension n = 5 and
n = 4,6 respectively. The solutions constructed in [33] and [46] have
isolated blow-up points in the interior of the domain, one blow-up point
in [46] and multiple blow-up points in [33]. Zhu [48] proved that the
Lin—Ni conjecture holds true in 3-dimensional convex domains and
Wang, Wei, and Yan [44,45] proved that the conjecture fails for non-
convex domains of dimension n > 3. Druet, Robert, and Wei [16]
proved that the Lin—Ni conjecture is true in convex domains of dimen-
sion n & {4,5,6}, assuming a bound on the energy of solutions. In
the case where the parameter € does not approach zero, we mention
for instance the works of del Pino, Felmer, Roman, and Wei [12] for
e close to a fixed number, and Esposito [17], Gui and Lin [19], and
Wei and Yan [47] for e converging to infinity, and we refer to these
papers and the references therein for a more complete discussion. A

vectorial version of the Lin—Ni conjecture has also been considered by
Hebey [20].

The proof of Theorem 1.1 relies on the Lyapunov—Schmidt method
and uses the general formalism developped in Robert and Vétois [35].
This allows to reduce the problem to finding critical points of an energy
function on a finite dimensional space, here of dimension k (n + 1) + 1.
In our case, we are dealing with a situation where the reduced energy
function has a saddle point. To manage this type of situations, we prove
a general critical point result in Appendix A which allows to restrict
the computations of C'-estimates to a smaller number of variables.
This generalizes an argument used by Chen, Wei, and Yan [11] in the
case of a function of two real variables. We believe this result may be
useful in future works based on the Lyapunov—Schmidt method when
dealing with a saddle point situation.

Another specificity of our constructions is the role played by the
interaction between the peaks and the constant solutions. This can
be seen by looking at the dependence on ¢ of the parameter z. in our
approximated solutions, which are of the form

n—2

_Ze_'_Z(\/ )Mlg>2+¢€7

luzg+d (6187')
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where 2. is a small positive parameter, p,; . and . are as in (1.2),
and ¢, is a remainder term in H' (M) which is orthogonal to a finite
dimensional subspace including the constant functions. While in di-
mension n = 5, z. behaves at first order like the constant solutions of
(1.3), namely z. ~ &% as ¢ — 0, the situation becomes very differ-
ent when the dimension n jumps down to 4 (see (2.4)). In this case,
we find that z. has exponential decay as ¢ — 0, which indicates that
there is a much stronger interaction between this term and the peaks
in dimension n = 4, which as explained above, is the lowest possible
dimension for the existence of positive clusters. This is also the reason
why we obtain different expressions for the reduced energy functions
in dimensions n =4 and n = 5.

The paper is organized as follows. We introduce our ansatz of multi-
peak solutions and perform the main part of the proof of Theorem 1.1
in Section 2. We perform the error estimates and C%-energy estimates
in Section 3 and the C'-energy estimates in Section 4. Finally we prove
our general critical point result in Appendix A.

2. PROOF OF THEOREM 1.1

We fix k£ > 1 and &, € M as in the statement of Theorem 1.1. Since
M is compact, we may fix a positive real number ry such that rg is less
than the injectivity radius at all points of the manifold (M, g). For any
real numbers ¢, K > 0, we consider the parameter set

Dk = { (&) = (1,5 60), (i, -, 1)) € B (&,70)" x (0,6)"

. o d (& €2
i Hy daGn &) g W#j},
i Hifbj

where d; (&;,&;) is the geodesic distance between &; and §;, and B (&g, 79)
is the geodesic ball of center £, and radius 7o in the manifold (M, g).
We let x be a smooth cutoff function such that 0 < y <1 on [0, 00),
X = 1 on [0,r/2], and x = 0 on [rg,00). We consider the family of
profiles

k
=1

for all z € M and (2,&, 1) € (0,¢) X Dg, where

We, i () := X (dg (2,&)) < Vi (n = 2)u; )

:uzz + dg (ZL‘, £1>2

forall i € {1,...,k}.
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For any real number ¢ > 0, the energy functional of Equation (1.3)
is defined as

1 2 9 1 o
Js(u):i/MOVu]g—l—au)dvg—g/Mqudvg

for all w € H' (M), where u, := max (u,0). For any (z,&, 1) € (0,¢) x
Dk, we define our profile’s error as

Rg,z,g,u = H(Ag + 5) Uzt — “Z{;”L%&(M) )

As a particular case of Theorem 1.1 of Robert and Vétois [35], we
obtain the following result.

Proposition 2.1. There exist positive constants €y, Cy, and Ky, such
that for any real number ¢ € (0,eq), there exists a mapping ¢. €
Ol ((07 60) X DK0,£07 H' (M)) such th(lthT' any (Zv 57 M) € (07 EO) XDKQ,EO
we have

| J: (uz,é,u + ¢e (2,6, 1)) — Je (uz,&u” < Co Rz,z,g,u ) (2.1)
||¢€ (Z’ 57 :u)HHl(M) S C’0 Re,z,&,,u s

and
DuJ€ (uz,g,,u + (bz-: (Z> £> M)) =0
< (8zs7a (Z>€a ,U) 7Duu7a <Z>€a ,u) >D£~78 (Za f,,u)) = (07 0, O) ’ (23)
where \75 (Z,g, ,U) = Js (Uz,g,u + QSE (Zafnu“))

Now we need to specify the dependence of our parameters (z,&, )
with respect to . For any s € R, t = (t1,...,t;) € RF, and 7 =
(T1,...,7%) € (Te,M)*, where Te, M is the tangent space of (M, g) at
the point &y, we define

elems/e ifn=4 (2.4)
Zes 1= .
- g3 4 st ifn =5,

e ifn=4
Pest = (Hest)icicr = (Hesti)icicp s Hes = 3?2 iftn =5,

and

e/t ifn =4
Cer = (Cem )i = (expg, (5€Ti))1gigk’ 0 1=

310 if p = 5.
In particular, we point out that for any i,j € {1,...,k}, we have

dg (£€,Ti7€€,Tj) = 55 |Ti - Tj| +0 (63) (25)
as € — 0. For any real number o > 1, we define the parameter set

Xy =Y, X [aa,a] x [1/a,a]"
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where a,, := 1/a in case n = 4, a, := —« in case n = 5, and
Yoi={re(TexM)": |nl<aand |n—7]>1/a Vi#j} (26

Here || is the Euclidean norm. As an easy consequence of (2.5) and
the convergence rates of p., and J., we obtain that for any a > 1,
there exists e, € (0, &) such that for any ¢ € (0,¢&,) and (7, s,t) € X,,
we have (2.s,&:r, fest) € (0,60) X D ¢, Where g and K are defined
by Proposition 2.1. For the sake of simplicity, we denote

E,TiySst; 55,7‘2‘7“5,5,% ) U’E,T,S,t T uzfys»gfyf’/‘&s«t ?
R&,T,S,t = R£7Z5,57§5,7'7H6757t ’ and ¢87T,S,t = ¢5 (2:5757 5‘577-’ /"LE,S,t) *

We state our C%—energy estimates in Proposition 2.2 below. We refer
to Section 3 for the proof of this result.

Proposition 2.2. We fir a > 0. As e — 0, we have

k
(Cl Sg (€0) s Y 17
=1

—2s/e

JE (ua,r,s,t + gba,r,s,t) = ch -

k —2s/e _k
€ €1 212
rad - a) - Y (Fa0s, (@) ()
i=1 a i=1 2
tlt 6723/8
+ ¢4 —72>+o( > (2.7)
; |7i — 75 Ve
m case n =4, and
J (uarst+¢575t)—kc5+065 32(07 50 t2—|—C t3/2>
k
— "2 <6952 + Cgs Z t?ﬂ) ¥/’ Z ( ’52D2 g (&) - (73, 73)
i=1
13124312
+ ¢cio Z —— 3) +o0 (%) (2.8)
j#i |Ti - Tj|
in case n =5, uniformly in (1,s,t) € X, where cy, ..., cio are positive

constants depending only on (M, g).

In view of the asymptotic expansions (2.7) and (2.8), we introduce
the changes of variables

eV (s —s0) ifn=4

5= and =01 (t—to), 2.9
{6_1/20(8—80) ifn=>5 ( o) (29)
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where
( Co .
ifn=4
R
0 kcg 3/ .
\ — 2—09'[50/ lf n = 5
and
( 2c3 )
— fn=14
t e ifn
0= 2
( 3¢s ) if n=2>.
\ 467 (50)

Choosing a large enough so that (sg, %) € [1/a,a]® in case n = 4 and
(s0,t0) € [—a,a] x [1/a,a] in case n = 5, we can easily see that for
any compact subset A of Y x RFf! where

V= {re @M n—nl£0 Vi),

there exists £4 > 0 such that for any € € (0,e4), (7,5, f) € A implies
(1,s,t) € X, for a large. Putting together (2.7)—(2.9), we obtain
ko + F. (1,8,1) e 1/2e72/% ifn=4

k
52 I 3/2 3
Js (us,r,s,t + ¢€,T,S,t> = kCS T Co8 4C t

k2c .
+ 1 t3 7/2+Fg(7',§,t)€18/5 if n =25,
Co

k
Fe (7’7 §7 {) — 672§/\/g <]€Cl (— Sg (&))) tgg —+ Z <2072£2

— Lsot2D?S, (&) - (72, 73) —ay )+0(1)) (2.10)
2 |7 — TJ’

JF#i

in case n = 4, and

F. (1,8,1) = —co8 +Z< (&) 2

— gt%DQ Sy (&) - (13, 7) — c10 Z

JF#i

to
5 ) +o(l) (2.11)
|7i — 75
in case n = 5, as ¢ — 0, uniformly in (T,é,f) € A for all compact
subsets A of Y x RF+L,
In addition to the above C%estimates, we need C'—energy estimates

in the variables t;. We state these estimates in Proposition 2.3 below.
We refer to Section 4 for the proof of this result.
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Proposition 2.3. Let A be a compact subset of Y x R¥1. For any
ie{l,..., k}, we have

o—25/VE T
O F. (7,5,) = (t t; +0(1)) ifn =4
— 7Sy (L) ti+o(l) ifn=5

as € — 0, uniformly in (7’, §,f) e A.

(2.12)

We are now in position to prove our main result.

Proof of Theorem 1.1. We fix a compact subset A of Y x R¥*1. The
choice of A will be precised in the proof. As a consequence of (2.3), it
suffices to show that for small ¢ > 0, there exists (7'5, Se,t ) € A such
that (zcs.. & ns Mes. t.) 1S a critical point of the function J. defined in
Proposition 2.1. As is easily seen, (zcs.,& ., fes.t.) 1S a critical point
of J. if and only if (7'5, Se, t;) is a critical point of F.. Here §. and .
are defined as in (2.9).

Now we aim to apply Lemma A.1 in the appendix to the function F;
in a suitable product set. For the sake of clarity, we separate the cases
n =4 and n = 5.

In case n = 4, we take A := Oy x Qq, where Qy := B (0,7)) is the
open ball in R¥ of center 0 and radius 7 := /to/co, and Q; is the open
subset of (Tg, M)* x R defined as

0 = {(T,g)erR: G(T)—1<H(§)<1§fa+1},
where

k
z(—SOto S @) (o) + e Y |)
TZ—TJ

i=1 i
and
H (3) = key (=S, (§)) t8
for all (7, 5) € Y XR. Since by assumption D? S, (&) is positive definite,
we obtain that G > 0 in Y and A is a compact subset of ¥ x RF+1,
Then Point (i) in Lemma A.1 is an immediate consequence of (2.12).
Now we prove Point (ii). We let (7,35) € 1 be such that

. N 1
G(T) = ni}fG and H (3) = ni}fG +35- (2.13)
From (2.10) and (2.13), we obtain
- 1
inf F. (7,5, ) = e 5/V¢ (— +0 (1)) (2.14)
Q2 2

as € — 0. By using the fact that r < 2ty/co, we also obtain
sup F.=0 (eﬂs*/ﬁ) =0 (e*%/\/g) (2.15)

01 X2
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as ¢ — 0, where s* := 5+ 1/ (2kcy (— S, (&)) t3) so that H (s*) =
G (T) + 1. Tt follows from (2.14) and (2.15) that

inf . (7,5,:) > sup F.

QQ 891 XQQ
for small e. Therefore Point (ii) in Lemma A.1 is also satisfied.

In case n = 5, we take A := €y x Q, , where Qy := B (0,r() is the

open ball in R* of center 0 and radius rq := \/1/ (—c7 S, (&)), and
is the open subset of (Tg, M)* x R defined as

Q) = {(T,g) cY xR: G(r3) <i§fG(-,0)+1},

where

G (1,8) := 98 —1—2( t2D2 (73, Ti +CIOZ|T 7'|>
i = Tj

J#

for all (7,5) € Y x R. Similarly to the case n = 4, we obtain that
G >0inY x R and A is a compact subset of Y x R¥!. Point (i)
in Lemma A.1 follows from (2.12) together with the assumption that
Sy (&) < 0. To prove Point (ii), we let 7 € Y be such that

G (7,0) = iI}}f G (-,0). (2.16)
From (2.11), (2.16), and since & (=S, (&)) rg < 1, we obtain

sup Fez—infG(~,O)—1—i—ﬁ

_ 2 . _ )
901 x Q2 Y 2 (—=5g (&) g +o(1) < lélsze (7,0,

for small e. It follows that Point (ii) in Lemma A.1 is also satisfied.
In both cases n = 4 and n = 5, we are now in position to apply
Lemma A.1 to the function F. in the set 2; x €23. We obtain that for
small e, there exists a critical point (Ta,sg, ) € Oy x Qy of F.. This
ends the proof of Theorem 1.1. O

3. PROOF OF THE CY"—ENERGY ESTIMATES

This section is devoted to the proof of Proposition 2.2. We start
with proving the following error estimate.

Lemma 3.1. We fix a > 0. We have

RaTst:{O(e_S/e) an:4

O (69/4) ifn=>5 (3.1)

as € — 0 uniformly in (7,s,t) € X,.
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Proof of Lemma 3.1. From the triangular inequality, we obtain

n+2

2% -1
Re e < Volg (M) 20 |eze — 22,
k
Z 2*—1
+ || (Ag —I'_ 6) Wa,’]’hs,ti Wg,Tz‘, ylg L%(M)
i=1

2* 1 § 2* 1 2* 1
+ sﬂ,st ET,s,t

where Vol, (M) is the volume of the manifold (M, g). A straightforward
calculation gives

. (3.2)

EZes — %

(3.3)

?1:{O@ﬂ® if n =4

o O (%) ifn=5.
Forany i € {1,...,k}, we have (see for instance Robert and Vétois [34])
H(Ag + 8) WE,Ti,S,ti - W2*71

E,Ti5S,l4 LnLJ:’Q(M)

2\ O(e*S/E) ifn=4
O<”“>_{o(e9/4) if n = 5. (34

With regard to the last term in the right-hand side of (3.2), we have

2*—1 § : 2*—1 2*—1
We ,TisS,ts sTst
k
TQE:W
L H ET’L? (M)

=0 (’ZE:S Z HWE%:;% i
k
Z Z Wgﬂ_asgtz E,Tj,S:tj HL%(M) > : (35)
i=1 j#i

i=1

Rough estimates give

n—2

||W577'i7 2t L%(M) =0 (/ubs,?s ) s (36)
2% _9 - n—2

|| E,TiyS,l4 L”Q%(M) - O </‘1’57§ ) 9 (37)

and

W22 Weroisl sy = O (2% (B )™) 38)

for alli,j € {1,...,k}, i # j. The latter estimate can be obtained by
splitting the integral into three integrals on the domains M\ B (&g, 79/2),

B (507 7'0/2) \B (55,737 dg (55,7’1‘7 ge,rj) /2)7 and B (5&,737 dg (Es,n, 55,7']') /2)7

and using suitable changes of variable together with the fact that



POSITIVE CLUSTERS IN DIMENSIONS FOUR AND FIVE 11

fes = O (dg (55771.,55,7].)) as ¢ — 0. By putting together (3.5)—(3.8),
we then obtain

2* 1 § 2*—1 2 -1
Wsﬂst ET,s,t

B O(c'e™/) ifn=4
Lfz ()

0 () ifn=5.
(3.9)
Finally (3.1) follows from (3.2)—(3.4) and (3.9). O
Proof of Proposition 2.2. From (2.1) and Lemma 3.1, we obtain
Tttt Goma) = Tty + 4 O =)
e \Ue,r,s, + erst) = Je \Ue rs, + . .
! ' ' O (69/2) if n=2>.
Moreover we have
k k
Ja (ue,T,s,t) - JE (ze,s) + Z Je (Wa,n,s,ti) + 52:5,5 Z/ Wa,n,s,tidvg
i=1 i=1 v M
k
— ey Z/ Wf; slt dvg Y Z Z/ W527'751t WE iTj S tjdvg
i=1 i=1 j#i

+ — Z Z/ A Wg JTisSots + ng-: JTiyS,t; WET‘;‘, Slt ) WE»ijs’tjdvg

zl];éz

Y MCED SUCIEE S SlIE
—|—2*ZZW527.:51t €,7j,8,t5 _u375t>dvg (311)

1=1 j#i

A straightforward calculation gives

2 2%
JE (Ze,s) = VOlg (M) (822575 . Z£7s>

2%
6—23/5 —4s/e ‘
Vol, (M) 5 —|—O< = ) ifn=14
= SN (3.12)
VOlg (M) (T — 58257/2) + O <E4) ifn= 5,

where Vol, (M) is the volume of the manifold (M, g). For any i €
{1,...,k}, we have (see for instance Robert and Vétois [34])

K"
‘]6 (WE Ti,Sﬂfi) - ’fl +
K_ .
] (557—1)/’6551‘: IHMES+O(M55+€M€S|IHMES|) ifn=4
3.13)
K (

(£€Tz)luast +O(:u£s+€:uas) 1fn:57
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where K, is the Sobolev constant which was obtained by Rodemich [37],
Aubin [3], and Talenti [42], namely

1 VU 2(Rn 1
— = inf JL—Ei&lzﬁMnmfﬂ)WﬂﬁﬂU",(3M)

m
K, uept2@no) [ g g

where Vol (S”) is the volume of the standard n—dimensional sphere.
Moreover since &, is a critical point of S,, a straightforward Taylor
expansion gives

1
Sg (&r) = Sq (&) + §D2 S (&) (73,7:) 62+ 0 (62) - (3.15)
It follows from (3.13) and (3.15) that
JE (WE,T,',S,t,') =

(K4 1
i (1 3 S, (&) st?

6723/5

10%(@( )ﬁﬁﬁw)+o(€wj ifn=4
- g (50) (Ti, Ti) SU; 11 -
1 Ve c (3.16)

K;° 1
(158 () e
1

With regard to the third, fourth, and fifth terms in the right-hand side
of (3.11), we obtain

[ Weriadiy =0 (c2ii’) = O )i =
628,8 ; €,75,8,t; Ug = 525,5/'1’8,8 - O (64) lf n = 5’ '

. n-2
25,8/ We%T;;,tidvg = Z&S:ua,g,ti ([n +0 ('u275| In ME’SD)
M

6—25/5 6—43/5
ti[4—|—0( 5 ) ifn=4
— € € (3.18)
(&% + se7?) 2 I; + O (%] nel) if n =5,
where
) 2
]M:/ CﬁﬁLTJ dz | (3.19)
AT
and

2*—1
/ WS,Ti,S,ti W57Tj757tj dvg
M

t e s
W2 Wer, s dug + O )
€5TisSsti "' €:T558:85 7Y dg (SE,TN gé‘ﬂ'j)

/B;(ga,Ti 7d9 (gEvTi ’65’7']' )/2)
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n—2 n—2
K ,i,tiﬂ it

— < c — (I, +o(1))
dg (f&‘,ﬂ" SE,TJ‘)

—2s/et t

(I +0(1) ifn=4

\/_|Tz Tyl
= 18/5t3/2t3/2 (320)

|7i — TJ|

for all i,5 € {1,...,k}, i # j, where I,, is as in (3.19). To estimate the
next term, we observe that

AgWE,n—,s,t, W2 _lt + O (We,n,s,ti> )

E,T4,S

which gives

2*—1
/ (AQWS,’H,&M + €W577'i757t1 Wa JTi»S tl) W&Tj,S,t;‘ dvg
M

:O / WSTZStZWET]St]dUg)

- { O Nas‘ln 557’17687']))‘) ifn=4
/Lss 657’17557'3) ) ifn=>5

O (ue
:{O( 25/5|1n<€|) ifn=4 (3.21)
0 (c2/9) ifn =5 |
for all 4,5 € {1,...,k}, i 7& j. With regard to the last term in the
right-hand side of ( 11), we have
k
/ ( Z 2 Ty WAL,
i=1
+2*ZZW€2:Z_317§WET] - z—:Tst)dUg

=1 j#i

( 9% _1 Z/ Wz s.dvg + zss / Wf;ft dvg
+ ZZ/ Wsz; .s2t €,Tj,8,t; d'l}g). (322)

=1 j#i

Rough estimates give

n—2
/ WEJ’L:s:tidvg =0 (:u 5 ) ) (3'23)
M
O Inp.s|) ifn=4
[z, s I s i (3.24)
M e O (,u ) if n=>5,
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an

2% —2
/ Wz—:nst 57-J5tdvg

ssll 68|d 567'17557'] 1fn:4
= <M v ( : > (3.25)

O (Mg,sdg (66,7'2-7 65,7']-)7 > lf n = 5
for all 4,5 € {1,...,k}, i # j. By combining (3.22)~(3.25), we obtain

k

k
2% 2% * 2*—1
/ (ze,s + Z Wa,n,s,ti + 2 zE,S Z Wa ,TisS,ti
M i=1

i=1

k
* I)[YQ —1 %% 2%
+2 § : § €,TiySti ' ET St T us,7,s,t> dUg

=1 j#i

fO(eF) ifn=4 5,96
“10(E)  itn—s (3:26)

Finally (2.7) and (2.8) follow from (3.10)-(3.12), (3.16)—(3.21), and
(3.26). O

4. PROOF OF THE C'—ENERGY ESTIMATES

This section is devoted to the proof of Proposition 2.3.

Proof of Proposition 2.3. Throughout this proof, we identify the tan-
gent space T¢M with R™ for all points £ in a neighborhood of &, by
using a smooth, local, orthonormal frame. For any x € M, (1,s,t) €
Y xR x (0,00)k, ie{l,...,k},and j € {1,...,n}, we define

2—n

Ze rising (€)= X (dg (2,67)) 1120,V (e s, ex0g (2) ),

where

2
_ylh -1 Yj o

|| 2\ 1/2 and ‘/J(y) ::ﬁ lfJE{l,...,n}
(T+1yl") (1+ 1y

for all y € R™. From Robert and Vétois [35], we know that the func-
tion ¢, s given by Proposition 2.1 is such that ¢, s, € KeTst and
DJE (us,‘r,s,t + ¢E,T,S,t> S Ks,T,s,ta Where

Kersr:=span ({1} U{Z. ;50 1 €{1,...,k} and j € {0,...,n}})

Vo (y) =

and

K= {0 € H'(M): (6,0) 100 =0 ¥ € Ko}
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Let Ac 70 and Ac ;45 be real numbers such that

d

-1
DJ& (ua,r,s,t + ¢5,T,s,t) = /\E,T,s,t,O (% [Ze,s]) <17 >H1(M)

E n
+ Z Z )\E,T,s,t,i,jégl <Zs,7i,s,t¢,j7 >H1(M) . (41)

i=1 j=0

In particular, for any iy € {1,...,k}, we obtain

d
thiO [Ja (ue,T,s,t + ¢€,T,S,t>]
d - d
= )\s,‘r,s,t,O (E [Zs,s}) <17 ~ [us,f,s,t + ¢z—:,7‘,s,t]>
S dtio H(M)
k n d
+ Z Z )\a,r,s,t,i7j5;1 <Za7n,s,ti,ja T [UE,T7S7t + ¢a,7',s,t]> . (42)
i=1 j=0 Li HY(M)
Observe that
d d 22 (n - 2)"F
n 4+ (n—
= T.8t] — T~ WT,.S,. == 527—,-5,- . 4.3
dtio [Ua, , ,t] dtio [ €:Tig 7tb0} Qtio e4e,Ti,S,tig,0 ( )

From now on we fix a compact subset A of Y x R¥+1. All the estimates
below will be uniform in (7’, s, t) € A. As e — 0, rough estimates give

n—2
<1’ ZE,Til,S,til,j1>H1(M) =0 (/ubs,g ) (44)
and
2 1o J
<Z€77'i1757ti1 J1o Z€7Ti278,ti2,j2>H1(M) = ||V71 HHI(M) 5zf5ﬁ +o (58) (45)

for all iy,iy € {1,...,k} and ji, > € {0,...,n}, where 62 =0 if a # b

and (53 = 11if a = b. On the other hand, since ¢.,; € ijs’t, we
obtain
d
<17 -~ [¢517,37t]> — 0 (46)
dti, HL(M)
and
d
<Z€,Ti,s,ti,j7 T [¢€,T,S,t]>
dti, HY(M)
d
= —\ 7= [ZE,Ti,S,tz‘,j] 7¢877‘,8,t (47)
dts, HY(M)

for all i € {1,...,k} and j € {0,...,n}. A straightforward computa-
tion gives
d

HT [ZS,TmS,ti,j]

i —0(6.). (4.8)

H (M)
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It follows from Cauchy—Schwarz inequality, (2.2), (3.1), (4.7), and (4.8)
that

740

<Z€,Ti,s,t~;,j7 = [¢57—s t]> =0 (55) . (49)
dt HY(M)

Putting together (4.2)—(4.6) and (4.9), we obtain

n+2

n"i (n—2)1
2t;

) 0

J _1 s k n
+ 0O ( (£ [Zs,s]> dgﬂa,g P\s,‘r,s,t,0| ) +o0 (55 Z Z |>\€’T’S’t’i’j‘ > )
i—1 j=0
(4.10)

It remains to estimate the real numbers A - ;0 and A, ;5+:,;. We begin
with estimating A ; s¢0. From (4.1) and (4.4), we obtain

d

d
= Ja Ue st T Perys =
L (s + 0]

2
|| % ” H(M) )\E,T,s,t,io,j

)\s,r,s,t,O = VOlg (M)_l DJ& (us,T,s,t + ¢5,7—,s,t> % [Za,s]
k n
+0 (5; ped = (2] DD ersridl ) . (4.11)
i=1 7=0

By observing that
/ ¢5,T,s,tdvg = <1a ¢€,T,s,t>H1(M) = 07
M

we obtain

DJE (UE,T,s,t + (,be,ﬂ-,s,t) 1 = DJe (us,T,s,t) 1 - / [(UE,T,s,t + Qbs,T,s,t)Q*_l
M

— i = (28— 1) 22 e ] Ay . (4.12)

£,T,8,t

Moreover, by using Cauchy—Schwarz and Sobolev inequalities, we ob-
tain

/ (e bemsd)” T = w2l = (20 = 1) 22,72 e ] vy

(2*_3/ ¢2dvg + 2, —32/ Wer st, |Gerrse] dv,
+Z/ W2l +/M|¢E,T,S,ty2*‘1dvg>

=0 ( 2 N el 2*—32 W s,

§ 2*—2
+ || &,Ti,

”¢875t||H1 M)

2*—1
253 102l +|r¢mt||H1M>) (4.13
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It follows from (2.2), (3.1), (3.6), (3.7), and (4.13) that

/ [(UE,T,S,t + (bs,T,s,t)Q*_l - Ug’*{;’t - (2* - 1) 252;729255,7—,3,15] dvg
M

S0, (@i
Putting together (4.11), (4.12), and (4.14), we obtain

_ d o d
)\E,T,s,t,O = VOlg (M) ! DJE (us,f,s,t) A [Ze,s] +0 (M?,SQ— [Zs,s]>

"ds ds
) n—2 k n
+0 <5€_ :us,?s ? [Za,s] Z Z |)\E,T,s,t,i,j| ) . (415)
5 i=1 j=0
Now we estimate the real numbers A, ; ., ; for all ¢ € {1,... &k} and

j€40,...,n}. From (4.1), (4.4), and (4.5), we obtain

As,q-,s,t,i,j - ||V;H;121(M) DJE (Us,r,s,t + ¢E,T,s,t) . (5EZ€,Ti,S,ti,j)

d —1 o2 k n
+ O ( (% [Ze,s]> 55,“/6,?9 |/\€,T,s,t,0| ) +o0 <55 Z Z |)\5,T,s,t,i’,j’| ) .
i'=1 j'=0
(4.16)
By integrating by parts, we obtain

DJ. (ufﬂ',s,t + ¢E7T,S,t) 'Z&Ti,s,ti,j = DJ; (UE,‘GSJ) ‘ZE,Tz‘,SJi,j

* 2*—2
+ / [AQZ&%SJ%J + €Z57Ti757ti7j - (2 - 1) W&,Ti,s,tiZ57Tia57ti7j:| ¢€,T7S7tdvg
M

- /]\/[ [(UE,T,S,t + ¢s,7,s,t)2*_1 - u?j-r;l’t
— (2 = V) W22, Gerst] Zemissjdvg . (4.17)

€,Ti,S,b;

By using Cauchy—Schwarz and Sobolev inequalities, we obtain
/ [AQZ&%SMJ + €Z<577'i757ti7j - (2* - 1) Wz:—;itizam,s,tmj] ¢877787tdvg
M

=0 ( HAQZS»’H‘,SJ@',J' + €Z577'i757ti7j - (2* - 1) WZ*_Q Z57'7'i757ti7j

£,Ti,5,t;

‘L%(M)
X 6emsillmany ) (418)
By observing that
AgZerisiii € emspg — (2= VW22, Zeriotii = O Wer o)

E€,Ti»S)ti

and using (2.2), (3.1), (3.6), and (4.18), we obtain

/ [AQZ&%‘,SJM' + 82577i757ti7j - (2* - 1) WZ:—;ZQZ&H,SJI'J} ¢€77—75=th9
M
=0 (pr?). (4.19)
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With regard to the last term in the right-hand side of (4.17), by ob-
serving that Z. ;. 51, = O (We, s+,) and using Cauchy-Schwarz and
Sobolev inequalities, we obtain

2% 1 _ _
/ [(uems,t + ¢€ms,t) - ug;sl,t (2" —-1) Wg;,it 6,778,4
M

2*-3
X Ze,ﬂ',&ti,jdvg =0 </ (W57Ti: i
M

2* -3 2% —2 2% -2 2*—2
+ E :W&Tl,StlwaT 8t +Zes E :Wanstl + |¢577787t| )
l#1 £

¢5,7—,s,t| + Zs SW2 -3

E,Ti,S,tq

X Wa,'rz-, i ) =0 (( ||Wa,7'i,s,ti i;li(?w) ||¢5,T,S,t||H1(M)
+ Ze,s HWE;,z LnQTn + Z HWE 77,8,t; 52*7-“27 L (M)
1#1
2* 2||W€7—“ 2 +Z|| EQ*Tl,SQtl €,Tis L”LJ:LQ(M)
1#1
Wt H%mﬁ“2> Q.um)

From (2.2), (3.1), (3.6)—(3.8), (4.20), and since ||W, 1, s+,

we obtain

/ [(uE,T,S,t + ¢£7T7S7t)2*71 - U’?T’rjsl,t - ( - 1) W621;3t1¢877_737t1|
M
X Zerstojdvg = O (u2%) - (421)

Putting together (4.16), (4.17), (4.19), and (4.21), we obtain

)\e,T,s,t,i,j - ||‘/J||;121(M) DJ& (ua,r,s,t) . (5€Z€7Ti,8,ti7j) + O (56M?7;2)

d -1 o2 k n
+ O ( (dA [ZE s]) 65#673 |)\€,T,S,t,0‘ ) +o0 <55 Z Z ’)\E,T,s,t,i/,j" ) .

i"=1j'=0
(4.22)
It follows from (4.3), (4.10), (4.15), and (4.22) that

d

= €,T,8 56 n2
dtio [ (u , 715)] +0 ( :us,s )

[Js (uE,T,S,t + ¢s,r,s,t)]

2
+ (DJ uaTst 1|5,Uss)

O
k n
0 (83 1D () - 0l ) (429
i=1 j=0
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Similar computations as those performed in Section 3 give

g~ 12e=2s/e (gﬂ- +o0(1 ) ifn=4
DT (o)) = AREAS (4.24)
t; T A
‘0 518/5 (—07 Sg (fo) tio +O(1>) if n= 5,
DL ' O (6_8/6) ifn=4 (4.25)
e Uerst) - L = .
- O (/) ifn =5
and
O (e ®F) itn=4
DJE <u€,7,3,t) 'ZE,Ti,S,ti,j = 0 (83) ifn="5 (426)

foralli € {1,...,k} and j € {0,...,n}. From (4.23)—(4.26), we obtain

_ — Co » .
d e 1/2,—2s/e (_ti —|—O(1)> ifn=14
th [Ja (U‘E,T7S7t + ¢a77',s,t)] = to ’
‘0 618/5 (—07 Sg (fo) tAiO +O(1)) if n=>5.

This ends the proof of Proposition 2.3. U

APPENDIX A. A CRITICAL POINT RESULT FOR PRODUCT SETS

In this appendix, we prove a critical point result which was used
in Section 2. This result relies on a deformation argument using a
negative gradient-type flow. A similar argument was used by Chen,
Wei, and Yan [11] in the case of a function of two real variables.

The Lyapunov—Schmidt method crucially depends on the existence
of critical points for families of functions (F%)_., which converge to a
function Fy. In case the limit function Fj has a saddle point xzq, if the
functions F. converge only in C° to Fy, then it is not true in general
that there exist critical points of the functions F. which converge to
Zp, even when assuming that xy is a non-degenerate critical point of
Fy. From degree theory, we know that this property holds true if we
replace C%—convergence by Cl-convergence and we assume that the
critical point z( is non-degenerate. The objective of the result below
is to obtain this property under weaker conditions which only involve
derivatives in some directions.

Lemma A.1. Let ny,ny > 1 be two integers, 2y be a bounded and open
subset of R", dy be a bounded, open, and smooth subset of R", and
Q= Qy xQy. Let F be a C*—function in a neighborhood of Q0 such that

(i) The outward normal derivative of F' on Qy x 0€y is positive.

(ii) There exists T € Qy such that inf F (Z,-) > sup F.
{22 90 X

Then F' has a critical point in (the interior of ) ).
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Proof of Lemma A.1. We assume by contradiction that the function F'
does not have any critical point in €.

We start our proof by constructing a negative gradient-type flow for
the function F. From Point (ii) and the continuity of I on €2, we obtain
that there exists an open set U such that U C © and

inf F(Z,-) > sup F. (A1)
Q2 (0 \U)x Qs
We let V and W be two open sets such that U ¢ V, V C W, and
W c Q. We let x be a smooth cutoff function in R™ such that y = 1
inV,x=0in R"\W, and 0 < xy < 1in W\V. For i € {1,2}, we let

p; : RM*72 5 R™ be the canonical projection, namely
pi(x1,29) == x; Va; € R™ zy € R™ .

By assumption, we have that there exists an open subset D of R"™ "2
such that F € C?*(D) and Q C D. From basic theory of ODEs,
we then obtain the existence of a lower semi-continuous mapping 7 :
D + (0,00] and a C%*-mapping ® : Dy +— R™™2 where Dy :=
{(t,z): € D and t € [0,T (x))}, such that for any x € D, we have

X (h2) = —x (1 (@ (1,2)) VE (@ (1,2)) W1 € 0.7 (2))

¢ (0,2) =z

and either T (x) = oo or ® (¢t,7) ¢ Q when t approaches T (z).

We prove that ® (t,2) € Q for all # € Q and ¢t € [0,7 (z)), which
implies in particular 7' (x) = co. We assume by contradiction that the
curve t — ® (t,2) leaves the set Q, namely that there exist t_,t, €
[0, T (x)) such that t_ < t,, ®(t_,x) € 9Q and ® (t,x) € Q for all t €
(t_,ty). Since @ (¢, x) is not constant in ¢, we infer from the uniqueness
of the flow that % (t_,z) # 0. It follows that y (pi (® (t_,))) # 0,
which gives @ (t_,z) € Oy x Q. From Point (i), we then obtain

%(‘P (tx),v) = =x(p (@ (t-,2))) (VF (@ (-, 2)),v) <0, (A.2)
where (-, -) is the Euclidean scalar product and v is the outward normal
vector to € x 0 at the point ® (¢_,z). This contradicts the fact
that ® (t,z) ¢ Q for all t € (t_,t,). Therefore we have proven that
T(x)=o0cand ®(t,2) € Qforallz € Q and t € [0, 00).

Now we define

= inf F
¢:= inf sup (h(z)),

where
I={heC’(Q,Q): h(z) =2 Vzedl xQ}.
Our aim is to construct a mapping hy € I' such that
Slelgp (ho (2)) < ¢ (A.3)
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so to obtain a contradiction.

Since U C V and ® € C° ([0, 00) x ©,2), we obtain that there exists
a real number t5 > 0 such that ® (t,U x Qy) C V x Qy for all t € [0, ]
Since I € C! (ﬁ), V C Qy, VF # 0 on ) x 98, according to Point (i),
and we have assumed at the beginning of the proof that VF # 0 in ),
we obtain the existence of a real number d; > 0 such that |[VF| > dy
in V' x Qy. From the definition of ¢, we obtain that there exists h € I’
such that

2
sup F' (h(x)) < c+ fod . (A4)
€S 2

Now we define hy := @ (to, h), and we will prove (A.3). We separate the

cases h (x) € U x Qg and h (z) € (2;\U) x Qa. In case h(x) € U x (2,

since ® (t,U x ) C V x Qy for all t € [0,%], x = 1 in V, and

IVE| > 6o in V x Qy, we obtain

Fh@) = F (@) = [ IVF@@h@)Pd =t (A5
It follows from (A.4) and (A.5) that

sup  F(ho(x)) <c——. (A.6)
2eh—1(UxQs) 2

On the other hand, since the function ¢ — F (P (¢, h(z))) is nonin-
creasing for all z € h™! ((2;\U) x ), it follows from (A.1) that

sup F(ho(z)) <inf F (z,-). (A.7)
2eh=1((Q1\U)xQ2) 2

It remains to prove

iélfF (z,) <ec. (A.8)

We fix a point 7 € . For any mapping h € I', we define h =
p1 (R (-,7)). We infer from the properties of h that h € C° (Q_l, Q_l) and
h(z) = x for all points € 9€;. We then obtain from degree theory
that b (Q;) = € (see Poincaré-Bohl theorem in [31]). In particular,
we obtain that there exists a point x5 € €; such that h (vo) = Z. From
the definition of h, it follows that there exists a point yo € €25 such that
h (zo,7) = (T, yo). We then obtain

inf F(z,-) < F (%, 50) = F (h (20, 7)) < sup F' (h (2)). (A.9)

2 e

Since (A.9) holds true for all mappings h € I', we obtain (A.8).
Finally (A.3) follows from (A.6), (A.7), and (A.8). This ends the

proof of Lemma A.1. O
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