BLOW-UP SOLUTIONS FOR ASYMPTOTICALLY CRITICAL ELLIPTIC
EQUATIONS ON RIEMANNIAN MANIFOLDS
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ABSTRACT. Given (M, g) a smooth, compact Riemannian n-manifold, we consider equations
like Ayu+ hu = u? ~'7¢ where h is a C''-function on M, the exponent 2* = 2n/ (n — 2) is
critical from the Sobolev viewpoint, and ¢ is a small real parameter such that ¢ — 0. We prove

the existence of blowing-up families of positive solutions in the subcritical and supercritical

case when the graph of h is distinct at some point from the graph of 4(’;7’_21) Scal,.

1. INTRODUCTION

We let (M, g) be a smooth, compact Riemannian manifold of dimension n > 3. We are
interested in the asymptotically critical equation

Aguthu=u>"1° inM, u>0 inM, (1.1)

where A, = —div, V is the Laplace-Beltrami operator, h is a C''-function on M, ¢ is a small

real parameter such that ¢ — 0, and 2* = % is the critical exponent for the embeddings
of the Riemannian Sobolev space H 91 (M) into Lebesgue spaces. The equation with ¢ > 0 is

subcritical, and the equation with € < 0 is supercritical. In case ¢ = 0 and

n—2

h = ——— Scal 1.2

In—1)" (12

where Scal, is the scalar curvature of the manifold, (1.1) is the intensively studied Yamabe
equation (see Aubin [1], Schoen [23], Trudinger [26], and Yamabe [27] for early references on

the subject).

We say that a family of solutions (u.). of equations (1.1) blows up at a point &, if there
exists a family of points (&). in M such that { — & and u.(§.) — +oo as e — 0. The
question of whether solutions of equations like (1.1) with € > 0 blow up or not as € — 0 have
been intensively studied in recent years. In case of the Yamabe-type equation

n—2
4(n—1)
with e > 0, Schoen [24,25] proved that blow-up cannot occur when the manifold is locally
conformally flat and (this is a necessary condition) not conformally diffeomorphic to the unit
sphere. More precisely, Schoen proved that for any sequence of nonnegative real numbers
(€a)ys Ea < 1, any sequence (uq)q of solutions of (1.3) with € = ¢, is automatically bounded
in C29(M) for all real numbers 6 in (0, 1). In particular, up to a subsequence, (), converges
in C%*(M). We say that equation (1.3) is compact. Schoen then conjectured that this result
should remain true for non-locally conformally flat manifolds. His conjecture was very recently
proved to be true in case n < 24 by Khuri-Marques—Schoen [13]. Previous contributions on

Agu + Scalu=v*"'"° inM, u>0 inM, (1.3)
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the subject, where the conjecture was proved for lower dimensions, are by Druet [7], Li-
Zhang [14-16], Li-Zhu [17], and Marques [18]. On the other hand, surprisingly, Schoen’s
conjecture turns out to be false in general when n > 25. The existence of blowing-up sequences
of solutions for the Yamabe equation (1.3) with ¢ = 0 in high dimensions have been proved
by Brendle [4] in case n > 52, and by Brendle-Marques [5] in case 25 < n < 51. When
(1.2) is not anymore an equality, the question of compactness of equations like (1.1) have
been investigated, among other possible references, by Druet [6,7], Druet—Hebey [8], and Li—
Zhu [17]. We refer to the survey Druet-Hebey [9] and the references therein for more material
on this subject. We point out here the following result from Druet [7]. Namely that for any
smooth, compact Riemannian manifolds (M, g) of dimension n > 3 and any smooth function
h on M such that the operator A, + h is coercive, if there holds

he) < Scal, (€) (14)

n—2
4(n—1)
for all points £ in M, then equations (1.1) with € > 0 is compact.

Our first result is that in case the reverse inequality (1.4) holds true at some point to-
gether with a nonnedegeneracy assumption at this point, then we can construct a family of
solutions of equations (1.1) with 0 < ¢ < 1 blowing up at the point as ¢ — 0. We prove
this result when n > 6 for arbitrary compact manifolds. Given a C'-function ¢ on M, we
say that a critical point & of ¢ is C'-stable if there exists a small, open neighborhood f2
of & such that for any point ¢ in (2, there holds Vo (¢) = 0 < ¢ = & and such that
deg (V (¢ o expgo) ,expgo1 (£2),0) # 0, where deg is the Brouwer degree. If ¢ is a C*-function
on M, then any nondegenerate critical point of ¢ is C!-stable. Our first result states as follows.

Theorem 1.1. Let (M, g) be a smooth, compact Riemannian manifold of dimension n > 6,
let h be a C'-function on M such that the operator A, + h is coercive, and let & be a C*-stable

critical point of the function h — ﬁ Scal,. If there holds
n—2
h(&) > =1 Scaly(&o) (1.5)

and if € > 0 is small enough, then equation (1.1) admits a solution u. such that the family
(ue), is bounded in Hj (M) and the u.’s blow up at & as € — 0.

Thanks to the result of Druet [7] and thanks to the compactness of the Yamabe equation, the
assumption (1.5) in Theorem 1.1 is sharp. In particular,when € > 0, blowing-up solutions can
only be constructed for large potentials with respect to the potential of the Yamabe equation.
Now that we get Theorem 1.1, it is natural to investigate the supercritical case where ¢ < 0.
In that case, we get a perfect companion to Theorem 1.1 by reversing inequality (1.5). The
existence of blowing-up solutions for asymptotically supercritical equations comes with small
potentials. Our second result states as follows.

Theorem 1.2. Let (M, g) be a smooth, compact Riemannian manifold of dimension n > 6,
let h be a C'-function on M such that the operator A,+ h is coercive, and let & be a C*-stable
critical point of the function h — % Scaly. If there holds

(n—

h(€o) < % Scal, (&)

(n
and if € < 0 is small enough, then equation (1.1) admits a solution u. such that the family
(ue), is bounded in Hy (M) and the u.’s blow up at & as e — 0.
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Problems like (1.1) with either € > 0 or ¢ < 0 have been widely investigated when M is a
flat domain of R™. In the bounded case, with Neumann boundary condition, the problem
* 8
¥l i uw>0 inf2, a—“:() on 92, (1.6)

v

appears in several branches of applied sciences, like in biological studies or in chemotaxis
research. Recent references on (1.6) are by del Pino-Musso-Pistoia [20] and Rey-Wei [21,22]
where blowing-up families of solutions are proved to exist with blow-up points located on
the boundary and determined by the mean curvature of df2. In the unbounded case where
(2 = R™, arecent reference is by Micheletti—Pistoia [19]. We refer to [19-22] and the references
therein for more material on the subject.

—Au+pu=u

The proofs of our results rely on a well known Liapunov—-Schmidt reduction introduced by
Bahri-Coron [2] and Floer-Weinstein [10]. The paper is organized as follows. We describe the
proof of Theorems 1.1 and 1.2 in Section 2. We perform the finite dimensional reduction in
Section 3. We study the reduced problem in Section 4.

2. THE EXISTENCE RESULT

We first set some notations. Since the operator Ay + h is coercive, we can provide the
Sobolev space H, (M) with the scalar product

<u,v>h:/ (Vu,Vv)gdvg+/ huvdv, , (2.1)
M M

where dv, is the volume element of the manifold. We let || - ||, be the norm induced by (-, -),.
Moreover, for any u in LI(M), we denote the Lé-norm of u by |[ul, = (/,, |ul?dv,) Ve We
let i* : Lnt? (M) — H, (M) be the adjoint operator to the embedding i : H) (M) — L* (M),
i.e. for any w in Ln%(M), the function u = 7* (w) in H, (M) is the unique solution of the
equation Agu + hu = w in M. By the continuity of the embedding of H] (M) into L*" (M),
we get

1% (w)ll), < Cllw]] 2 (2.2)

for some positive constant C' independent of w. In order to study the supercritical case,
it is also useful to recall that by standard elliptic estimates (see, for instance, Gilbarg—

Trudinger [12]), given a real number s > 2% e -2 > 2L for any w in Ltz (M),
the function i*(w) belongs to L*(M) and satisfies
1 (w)ll, < Cllw]|_as (2.3)

for some positive constant C' independent of w. For € small, we then set
n
2" — —¢ ife <O,
SE = 2
2" ife >0,

and we let H. = Hj(M) N L* (M) be the Banach space provided with the norm

lllps. = lully +flell,, -

We point out that in the subcritical case € > 0, the space H. coincides with the Sobolev space
H}(M), and the norm || - ||, is equivalent to the norm || - [|,. Taking into account that there
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holds s
—— ife<0,
nS,e 2 —1—¢
n+2s. 2n (24)
€ — ife >0,
n+2
and by (2.2) (and (2.3) in the supercritical case), we can rewrite problem (1.1) as
uw=1"(f:(u)), ue€He, (2.5)

where f. (u) = u3 ¢ and u, = max (u,0).

We let ry be a positive real number less than the injectivity radius of M, and x be a smooth
cutoff function such that 0 <y <1inR,, xy =1 in [0,7/2], and x = 0 out of [rg, +00). For
any point £ in M and for any positive real number ¢, we define the function W5, on M by

Wie (2) = x (dg (2,€)) 62U (6 exp; * (z)) (2.6)

where d, is the geodesic distance on M with respect to the metric g, and where

n—2

B n(n —2) B
Ux)= (—1 FNE > ) (2.7)

In particular, the functions 6 2" U (0~'z) satisfy the equation ApyqU = U !, where Apy is
the Laplace—Beltrami operator associated with the Euclidean metric. Moreover, by Bianchi—
Egnell [3], any solution of the linear equation

Apuav = (2F = 1) U* % (2.8)
is a linear combination of the functions
d(6°2"U (67" n 21
Vo (;p) = ( ° d(s( JZ)) — §n 1 (TL 2 12 Lﬂ (29)
5=1 (1 + || ) ’
and aU
Vi) = =5 (1) =0 (n—2)"" —— (2.10)
Oz (1+[])?
for i = 1,...,n. In reference with this result, for any point £ in M and for any positive real
number §, we introduce the functions
; 2-n _ _
Zse (x) = x (dg (2,€)) 072 Vi (6~ exp, ! () (2.11)

for i = 0,...,n. We then define the projections Ils5¢ and IIj, of the Sobolev space H, (M)
onto the respective subspaces

Kse = Span{Zgg, .. .,Zgg}
and
K = {¢ € Hy(M); (¢, Zse), =0 Vie {O,...,n}},

where (-, )5, is as in (2.1). We look for solutions of equation (1.1), or equivalently of (2.5), of
the form

Ue = W5s(ta),€s + ¢55(t5)7§€ with 5e<ta) = v/ |6| te, ta > O, and 55 € M, (2.12)

where Wy, ). is as in (2.6), and where ¢s_;.)¢. is a function in H. N K é(tg)&. Therefore, we
have to solve the couple of equations

s ({Wsowye + bo.ye — 1 (fe (Woe + @5.06)) 1) =0, (2.13)
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and
5y ¢ (Wit 6 + bo.e — 1 (fe Woowe + d5.006)) }) = 0. (2.14)

We begin with solving equation (2.14) in Proposition 2.1 below which proof is postponed to
Section 3.

Proposition 2.1. If n > 6 and d. (t) is as in (2.12), then for any real numbers a and b
satisfying 0 < a < b, there exists a positive constant C,y such that for € small, for any point
£ in M, and for any real number t in [a,b], equation (2.14) admits a unique solution ¢s_ ()¢
m H:N Kzi(t),f’ which is continuously differentiable with respect to & and t, such that

[ @s.1.ll) 5. < Caplel|Inle] |- (2.15)

We then introduce the functional J; defined on H, (M) by

_1 2 1 2 1 2*_&.
Js(u)—§/M]Vu|gdvg+§/Mhudvg—Z*_g/Mu+ dvy

where u; = max (u,0). Its critical points are the solutions of equation (2.5). We also define
the function J. on R x M by

J. (t,€) = J. (Ws.t).6 + 5.6 (2.16)

where W, (). is as in (2.6) and where ¢s_;) ¢ is given by Proposition 2.1. We solve equation
(2.13) in Proposition 2.2 below which proof is postponed to Section 4. As a general remark,
given some C'-functions f., we say that the estimate f. = o(e) is C'-uniform if there hold
both f. =o(e) and Vf. =o0(c) as ¢ — 0.

Proposition 2.2. If n > 6 and 6. (t) is as in (2.12), then for any real numbers a and b
satisfying 0 < a < b, there holds

Jo(t,€) = 1 — cae — cseIn (|e] t) + cq |e| ¢ (h &) — 471—__21) Scal,, (5)) +o(e) (2.17)

(n
as € — 0, C'-uniformly with respect to & in M and to t in [a,b], where the ¢;’s are positive
constants. Moreover, for e small, if (t.,&) € [a,b] x M is a critical point of the function J.,

then W )6, + ®s.1.),e. 15 a solution of (2.5), or equivalently of equation (1.1).

We can now prove Theorems 1.1 and 1.2 by using Propositions 2.1 and 2.2 together with

the assumption that the function h — 4(7;—__21) Scal, admits a C'-stable critical point & with

positive value in the subcritical case and negative value in the supercritical case. This is the
only place in our proof where this assumption comes into play.

Proof of Theorem 1.1. We introduce the function J defined on R? x M by

J(t,€) = —csInt + eatp (€)
where ¢ is the function defined on M by

n—2
= - — 1 . 2.1
(€)= h(€) = 7o Sealy (©) (2.18)
We let & be a Cl-stable critical point of ¢ satisfying (1.5) and set ty = 64;?50). Since ¢ (&) > 0,

we get tg > 0. By the continuity of the Brouwer degree via homotopy (see, for instance,
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Fonseca—Gangbo [11]), considering H : [0,1] x R% x R" — R™*! defined by

O(J (¢, expe (v) )
Yn

d_f (‘9(j(7f,exp5 v))
dt’ oI

H(s,t,§) =s

g e e ey

y=0 y=0

9 (¢ o expg (v))
OYn

9 (¢ o expy (y))
oy

+(1—s) [t —to,

g e e ey

y=0 y=0

one can easily see that (tg, &) is a C''-stable critical point of J. By Proposition 2.2, we get

£ () ()
dt \ e €

as € — 0, uniformly with respect to { in M and to t in compact subsets of R’ . By standard
properties of the Brouwer degree, it follows that there exists a family of critical points (t.,&.)
of J. converging to (to, &) as € — 0. Proposition 2.2 yields that the function u. = Ws_¢.)e. +
®s.(t.),¢. 1s a solution of equation (2.5) for € small. As is easily seen, the u.’s blow up at & as
e — 0. By coercivity of the operator A, + h and since f. (u.) > 0, we get that the u.’s are
positive. By (2.15), (4.2), and (4.4), the u.’s are bounded in H, (M). This ends the proof of
Theorem 1.1. U

Proof of Theorem 1.2. We introduce the function J defined on R% x M by
J~(t, €) = —cslnt — eyt (£),

where ¢ is as in (2.18), and we then proceed in a similar way as in the proof of Theorem 1.1. [

+

3. THE FINITE DIMENSIONAL REDUCTION

This section is devoted to the proof of Proposition 2.1. For ¢ small, for any § > 0, and any
point £ in M, we introduce the map L. s¢ : H. N Kég — H.N K(%E defined by

Lese (9) = I3 (¢ — i (fL (Wie) 0)) -

One can easily check that this map is well defined by using (2.2) and (2.3). As a first step, we
prove the invertibility of L. 5.

Lemma 3.1. If 6. (t) is as in (2.12), then for any real numbers a and b satisfying 0 < a < b,
there exists a positive constant Cyp such that for ¢ small, for any point & in M, any real
number t in [a,b], and any function ¢ in H. N Ki(tm, there holds

HLS,&:(t)vf (¢)“h,sg > Ca,b H¢||h,55 :

Proof. We proceed by contradiction and assume that there exist a sequence of real numbers
(€a), converging to 0, a sequence of points (&,), in M, a sequence of real numbers (,), in
la,b], and a sequence of functions (¢,),, satisfying

¢a E Hga ﬁ K(ia(ta),fa 5 ||¢O¢ — 1

as o — +oo. For any «, we set d, = d., (t,) and

? ||L6a755a(t0)1£a (¢a)| — 0 (31)

hyseq h,Seq

n—2

Pa (2) = X (0a |2]) 0a® o o expg, (0az),
where x is a cutoff function as in (2.6). By (3.1) and by an easy change of variable, we get
that the sequence (¢, )q is bounded in D%? (R"). Passing if necessary to a subsequence, we
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may assume that (%a)a converges weakly to a function ¢ in D2 (R"), and thus in L*" (R")
by the continuity of the embedding of D2 (R") into L?" (R"). Since, for any «, the function
¢, belongs to Ki,ga’ by an easy change of variable, for j =0,...,n, we get

0=(Z], o), = [ (5 0aVi) Vau), v, + 8 [ haxaVidudo,,. (32

where go () = exp g (6a), Xa () = X (60 |2]), ha (x) = h (expg, (6a2)), and where V; is as
n (2.9)-(2.10). For j = 0,...,n, since the function V; is a solution in D*? (R™) of equation
(2.8) and since the sequence (ga)a converges weakly to ¢ in D2 (R"), passing to the limit
into (3.2) as @ — +oo yields

/ (VV;, Vo) ade = (27 — 1)/ U* ~V¢dzx = 0, (3.3)
where the function U is as in (2.7). Taking into account that ¢o — i* (f7, (Ws, ) @a) —
L., s.¢. (¢a) belongs to K;, ¢, for any «, we get that there exist some real numbers A2, ... \?
such that

¢O€ - Z* (fé{a (W6a7§a) gba) - 504 5(1 fa ¢a Z )\k Zéa fa (34)

We claim that there holds
16 =i (£, Wowa) @) |, — O (3:5)
as a — +00. By (3.1), one can easily see that, in order to prove this claim, it suffices to show
that, for j = 0,...,n there holds M), — 0 as a — +oc. For any «, since the functions ¢, and

Le, 5060 (¢a) belong to Ki- . . multiplying (3.4) by Z] . gives

Y NAZ e Dae)y = = (0 (Foy Wiae) 60) s 2 e ),
k=0

— /M fr W) Z3 ¢ daduy . (3.6)
For any av and for 5,k = 0,...,n, an easy change of variable yields
(Z5. D) = /R AV (Vi) V (X)), v, + 0 / ChaxGViVidvg,,  (37)
and
fly Woe) B uitvy = 027 [ fL, () XVt (3.5)
Passing to the lirgit into (3.7) gives
2 . .
(Z5 0 Dana)y, — { (‘)‘VkHDLQ(Rn) i Z ; ;: (3.9)
as o — +00. Since there holds
8275 = (Jeal ta) T — 1 (3.10)

as a — +o00, and since the sequence (ga)a converges weakly to ¢ in D2 (R™) by (3.3), passing
to the limit into (3.8) gives

/M Il (Ws,e.) nggagbadvg — (2" — 1)/ U2*—2vj§5d:c =0 (3.11)
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as @ — +oo. It follows from (3.6), (3.9), and (3.11) that for j = 0,...,n, there holds N, — 0
as o — 400, and our claim (3.5) is proved. For any bounded sequence (), in H, (M), by
Cauchy-Schwarz inequality, it follows that

(b o)y = /M 1 (Wae) bapadvy + (60 —i* (1 (Wanc.) da) » 2a),

= /M fL. (Ws. e.) Papadvg + o0 (1) (3.12)

as a — +00. For any smooth function ¢ with compact support in R” and for any «, we take

Vo (1) = 002 ¢ (5;1 expga1 (;1:)) )
By (3.12) and by an easy change of the variable, we get

/ <nga, V(p>gadvga + 5&/ ha(zagpdvga = 5?5“ I (xaU) (Eagpdz}ga +o(1)
R" Rn

as a — +00. By (3.10) and since the sequence (qga)a converges weakly to 5 in D% (R"), it

follows that 5 is a weak solution of equation (2.8). By (3.3), we then get that the function 5
is identically zero. Plugging ¢, = ¢, into (3.12) and changing the variable yield

I ball, = /M f (Wae) 62, + o0 (1)

n

— o [ (xal) B2du,, +0(1) (3.13)
]Rn

as o — +00. As is easily seen, the functions f (x,U) converge strongly to (2* —1)U* 2 in
L% (R™). Moreover, since the functions ¢2 are uniformly bounded in L#—2 (R") and converge

up to a subsequence almost everywhere to 52 = 0in R" as @« — 400, we get that they converge
weakly to 0 in L»-2 (R™). We then get

| Je (xaU) G2dvy, — 0 (3.14)

as a — +oo. It follows from (3.10), (3.13), and (3.14) that the sequence (¢,), converges
strongly to 0 in H, (M). Moreover, in the supercritical case e, < 0 for all a, by (2.3), (3.5),
and by Holder’s inequality, we get

6all.. < Ili* (£ Wane) da)ll,. + 60— (£ (Wae.) 6)
<y (Who) Gol|_neea +0(1)
< |1 Wsely, I0alle- +0 (1) (3.15)

Seq

as a — 400, where
2ns.,,

0, = :
2n — (n — 6) s,

One can easily compute
n_ _q_n=2 *_
172, Was)lly, = O ((ealta) e = U} 22 ey ) = O (1) (3.16)

as a — +oo. Since the sequence (¢,), converges strongly to 0 as o — 400 in H; (M), and
thus in L*" (M) by the continuity of the embedding of H} (M) into L** (M), it follows from
(3.15) and (3.16) that in the supercritical case, there also holds [|@all,,. — 0 as a — o0,
which contradicts (3.1). This ends the proof of Lemma 3.1. O
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For € small, for any point ¢ in M, and any positive real number 0, equation (2.14) is
equivalent to

Lese () = Nege (0) + Rese s (3.17)
where
Nese (0) = e (" (f- Woe + 0) — f- Wae) — fL(Wig) 9)) (3.18)
and
Rese = I (i* (f- (Wse)) — W) - (3.19)

In Lemma 3.2 below, we estimate the remainder term R, s¢.

Lemma 3.2. Ifn > 6 and 6. (t) is as in (2.12), then for any real numbers a and b satisfying
0 < a < b, there exists a positive constant C,p such that for € small, for any point & in M,
and any real number t in [a,b], there holds

HRE"%(’S)’EH}L,SE < Coup || |ln le] ‘ ) (3.20)

Proof. By (2.2) (and by (2.3) in the supercritical case), we get that there exists C' > 0 such
that for € small, for any point £ in M, and any 6 > 0, there holds

[0 (fe W) = Waell, .. < CNlfe Wee) = AgWse — hWie|| s

n+2sg

We take § = . (t) for some real number ¢ in [a,b]. Increasing C' if necessary, an easy change
of variable yields

Oc <t>T Xg til U - Xe,tAga,t,gU

- 56 (t)2 hs,tXa,tU‘

* (fe Wo.ie)) = Woiell,,, <C

- UAgE,t,EXE,t -2 <VU’ vXe,t>

e .6 L%(Rnf

where g. ¢ (z) = exp’ g (0c (£) ), xet () = x (0c () |2]), and hey (x) = h (expf (02 (1) :c)), and
where the function U is as in (2.7). Taking into account that the function U satisfies the
equation AgyqU = U? 1, it follows that

Hz* (fa (Waa(t),g)) W‘Sf(t)thse < C<5 HX2 —1-¢ (UQ*_l e Ug*_l)‘

n—2 *_1—g *_
AR

nse
Ln+2se (Rn)

Xt (B U = Apal) ||, 2 (3.21)

L n+255 n)

nse
L7+2sz (Rn)

+ “UAgEt5Xst||

Ln+23

gy +2 H(VU, Vxes)

+ ( ) ||h8tX6tU||Ln+298 Rn))'

Ge,t,€ LanfsT;(Rn)

We are led to estimate each term in the right hand side of (3.21). First, we compute
T N
Bo(

/ Xz*t—l £ (U2*_1 £ UZ*—l)
" )

70 ns
52 (t) rn_l n=2_ ni2s
=0 / TR ’(1+7’2) 27 -1 S dr
0 (]_ _|_ TQ) 2(n+2s¢)

A n—1 nse
52 () r n—2 n+2se nse
= O (/0 ( n(n+2)se ( 2 |E| ln (1 + T2>) dr) = O <|€|n+25€> ’ (322)

1 _|_ T2) 2(n+2sg)
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and

nse

n+2sg d(lj

<5€ (t)%é‘ Xz’*;lfe _ Xs,t> U2

o
262 (1) n—1 +o0 n—1
= O ’8 1n 6 ( )|n152695 / : n(n+2)se d'x + / : n(n+2)se d:c
0 (1 + fr2) 2(n+2se) _ro__ (1 + 7~2> 2(n+2se)

262 (D)

~0 (|51n 5. (£)|7% + 6. (t)”n(i‘%sl”) ~0 (\gln B |T) (3.23)

as ¢ — 0, uniformly with respect to £ in M and to ¢ in [a,b]. By standard properties of the
exponential map, we get that there exists a positive constant C' such that for any point ¢ in
M, any real number ¢ in [a, b], any point x in By (r9/d. (t)), and any indices i, j, and k, there
hold [g7, () — Bucl? | < O3 (t)?]al* and |g¥ («) (IL.e)", (¢)| < C3. (t)?|a]. Taking into
account that there holds

g 0? k0
A g — — (I, o=,
Geitse Je.tt (8%8@ ( ’t’E)” 3913k)

where (I 5) stand for the Christoffel symbols of the metric g. ¢, it follows that

ro n27n+2(2n71)55
oe(t) 1T n+2se

/ |Xe,t (AgEMU — AEuClU) | e dp = O de (1) e / ——dr
R" 0 (1+ T2)Wzig>

0 (55 (t)ﬁ;is) _ <|g|ni‘°'zi€> (3.24)

as ¢ — 0, uniformly with respect to £ in M and to t in [a, b]. Since there hold ‘Xé,t‘ < Co. (1)
and ‘ X7,

2 (t) for some positive constant C' independent of ¢ and ¢, we get

_nsSe 2nse ns
/ |UA95 t §Xs,t‘ nt2ee dp = ( ”+235 / U”*;SE d:c)
R Bo( 5287 ) \Bo 265<t>)

2nse 56(0
-0 (5 () / I dr)
(1 + /]"2) n+255)

265 (t)
n((n—2)sg—n) n((n—2)s¢—n)

-0 ((L (@W) = (|5’W> (3.25)

e =0 (55 (t) e / VU ()| 7+25= dx)
R™\Bo( 5547 )

nse oo ’r’n_l—‘rnisfsa
=0 | 6. (t)75%= —dr

. n<se
wem (14 r2)2F2e

(55 (1) +) =0 (g(+>> (3.26)

and

|
@)
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as € — 0, uniformly with respect to £ in M and to ¢ in [a, b]. We also compute
‘ha,th,tU|#SZESE dr =0 / =
R BO(—TL)

5® rnl
=0 / YCE dr
0 (1 + 7“2) 2(n+255)

O (|lnd. (t)]) if n=6ande >0,

B { O (1) otherwise.

_ O (|Inlel|) ifnz(?&ndé>0, (3.27)
O (1) otherwise.

as ¢ — 0, uniformly with respect to ¢ in M and to t in [a,b]. Finally, (3.20) follows from
(3.21)-(3.27). O

We can now prove Proposition 2.1 by using Lemmas 3.1 and 3.2.

Proof of Proposition 2.1. For € small, for any point £ in M, and any positive real number ¢,
we let T, 5¢ : H. N K(fg — H.N Kz%& be defined by

Tepe(9) = Loge (Nese (0) + Rese)
where N, 5¢ (¢) and R, 5¢ are as in (3.18) and (3.19). We also set

Bose () = {6 € Mo K ], < AllResell,. }

where A is a positive constant to be chosen large later on. We take 6 = ¢, (¢) for some real
number ¢ in [a, b]. In order to solve equation (3.17), or equivalently (2.14), it suffices to show
that the map T ;. (1),c admits a fixed point ¢s_(4)¢. Therefore, we prove that for € small, for any
point £ in M, and any real number ¢ in [a, ], there holds 1% s )¢ (Bes. 1), (A)) C Bes ). (A)
and T, 5_(1)¢ is a contraction map on the ball B, 5. (4). By Lemma 3.1, by (2.2) (and (2.3)
in the supercritical case), for € small, for any point £ in M, any real number ¢ in [a, ], and
any functions ¢, ¢1, and ¢, in H,, we get

ITes0 @]y, < C (INese Oy, + 1Reselly,)

<C'<er(W6 e+ 0) = fo (Waine) = J2 (Wae) Sl nse +||Ra<sg|!hs> (3.28)
and

1T b6 (61) = Tesiong (02)]],, . < CINese (61) = Nege (02),,
< <Hfs (Wég(t),s + 01) = foe (Waye + 02) — fL (W) (61 — ¢2)H%> (3.29)

for some positive constants C' and C’ independent of €, &, t, ¢, ¢1, and ¢o. By the mean value
theorem, one can easily check that there exists a positive constant C' such that for ¢ small,
there holds

[fe (@ +y) = fe (@ +2) = f2(2) (y — 2)]

(lyl + l2]) (= + Jy| + |2))~* ifn=6and e <0,
<Cly— 2| (3.30)

min ((ly| + |#)* =7, 2% = (jy] + |2))) otherwise,
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for all positive real numbers x and all real numbers y and z. By Hoélder’s inequality, for any
¢1 and ¢, in ‘H,, it follows that if n = 6 and € < 0, then there holds

£z Wae + ¢1) = f- Wae + ¢2) — FL (Wa.e) (91 — 02| _nse_
< Cllgr — dall3see-) <||¢1 w)
3+s¢ 3+se
X <||W65(t)5 sse-e) + |01 ssc2-0) + ||¢2||M> : (3.31)
3+se 3+se 3+se
and otherwise, if n > 7 or £ > 0, then there holds
/e Waoiye + 01) — fe Woswye + 02) — f2 (Wo ) (01 — ¢2)
< Clor = bl nsezesoar ([0
n+2sg

By (2.4), (3.28), (3.29), (3.31), and (3.32), for any functions ¢, ¢1, and ¢y in B. 5. (1)¢ (A) and
for € small, we get

3se(2—¢) + ||QZ52
34s¢e

n+2sg

2*—2—¢
nsE(Q* 1— 5)) (332)

n+2se

n95(2* 1—¢) + H¢2‘

ITesr @, <€ (A4 Rl + [ Fetiel)
and
HT55 (t),& (¢1) 8- (1), (¢2)Hh’SE < O A% Rs,Eg(t),.f Z:E o1 — ¢2Hh755 )

where §. = 1 in case n = 6 and € < 0, and 0. = 2* — 2 — ¢ otherwise, and where C' is a
positive constant independent of A, €, &, ¢, ¢, ¢1, and ¢o. By Lemma 3.2, it follows that
if the constant A is fixed large enough, then for € small, for any point £ in M, and any
real number t in [a,b], T. 5. ()¢ is a contraction map on the ball B, )¢ (A) and satisfies
Tes.t)¢ (BE 5. (1), (/1)) C 85,56 ). (A). As a consequence, the map T, 5. () ¢ admits a fixed point
®s.(1),¢ in the ball B, 5_).¢ (A). (2.15) then follows from Lemma 3.2, and the regularity of ¢s_(;) ¢
Wlth respect to £ and ¢ can be proved by standard arguments involving the implicit function
theorem. This ends the proof of Proposition 2.1. O

4. THE REDUCED PROBLEM

This section is devoted to the proof of Proposition 2.2. As a first step, in Lemma 4.1 below,
we give the asymptotic expansion of J. (Wi )¢) as € — 0, where & (t) is as in (2.12). K,
denotes the sharp constant for the embedding of D%? (R") into L?" (R"), namely

4
Kn =\ ————m>
n(n—2)wny

where w, is the volume of the unit n-sphere.

Lemma 4.1. Ifn > 5 and d. (t) is as in (2.12), then there holds

K n —2)?
Je (Whp) = =2 (1—%sln<|s|t>—ane

n

2(n—1)le|t n—

D = D (h (&) - mScal (§)> —|—0(5)> (4.1)
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*

as ¢ — 0, Ct-uniformly with respect to & in M and to t in compact subsets of R, where

[Tt (1 —2)°
an:2”_3(n—2)2wn 1/ wdrjt%(l—nln\/n(n—%).
0

W, (1+7)"

Proof. We proceed as in Aubin [1]. For any point £ in M, there holds

1

wn—lTn_l

1
/ do, =1— o Scal, (&) r* 4+ O (r?)
9B¢(r) n

as r — 0, where |g| is the determinant of the components of the metric ¢ in geodesic normal
coordinates. Furthermore, by standard properties of the exponential map, the remainder O(r?)
can be made C'-uniform with respect to £. For any positive real numbers p and ¢ satisfying

p—q>1, we set
+oo rd
11 = dr
! /0 (1+r)"

~ 00 g
i / r?1n (1 +p7“)dr
b 0 (1+7)

and

If n > 5, then we can compute

2
/ |VW5€(t)75]g dv, (4.2)
M
n"z (n— 2)71T+2

_ Iz (1
2 wl(

d 2
T (/M [VWi..el, dvg) (4.3)

. n+2
6n (n —4)

Scal, (€) 0. (t)2 +o0 (55 (t)Q)) ;

nnT%(n_2)nTH(n+2) 7 / /
T gy e Seals (90 (D0 (8) +0 (% (1) (1))
and
[ g geny = 2O EDE 90, (08 +0 (5. 0), (04)
i ([ w2 g, ) = =D D @8 06 () + 0005 ) (19

as € — 0, Cl-uniformly with respect to £ in M and C°-uniformly with respect to ¢ in compact
subsets of R7}. Taking into account that there hold

n—=2 n—=2 — 2 ~n=2
[ %, =1I," +nTIn2 e+ 0 (&)

n—mg

and

n ~n—2

n n n ~n=2
I* o =L+ 507 e+ 0(2)
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as ¢ — (0, we can also compute

1 2% _¢
o _ ¢ /MWst(t),gdUg
2

_(n(n-2)F T -2,
- 2@ — o) Wn—10¢ (t)

n—2

% ([nz + nT_Qf:je — 6ifng Scal, () 6. (t)2 +0 ((55 (t)2)>
n

n—2

= Wn-1 ([:5 + I:%glnés (t)

— 2/ ~n=2 n=2
+n2 (n[n2 —|—<1—nln\/n(n—2)>ln2 )5

n

- %L? Scal, (€) 0. (£)* + 0 (32 (£)?) ) (4.6)

1 d e
% _cdt (/M Wég(t),gdvg)

n—2

(nn—2)i
2(2¢—¢)

71n772(n—2)nTH n—2 n=2 ¢

- I wn_léé(t)( 5 I, 5.0

and

wnae (£)7 0L (1)

- oI Saaly (5.0 + 0(6. () (4.7)

as € — 0, C'-uniformly with respect to & in M and C-uniformly with respect to ¢ in compact
subsets of RY.. By (4.2)-(4.7), taking into account that

n—2. n n—2 Wn
LP=1,° = —"
n 2 Wn—1

we finally get (4.1). d

We can now give the asymptotic expansion as ¢ — 0 of the function J. defined as in (2.16).

Lemma 4.2. If n > 6 and d. (t) is as in (2.12), then there holds
T (£,€) = J. (W) +0/(e) (4.8)

as € — 0, Ct-uniformly with respect to & in M and to t in compact subsets of R?.

Proof. We first compute

T (6,6) = J. Ws..6) = /M (DgWis. ). + BWs .6 — fo (Wo.iye)) bo.0.cdvg

1
- /M (Fe (Wo.w.e + ds0.6) = F= (Woae) = Jo (W) done) dvg + 5 .06l > (4.9)
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where F_ ( fo f= (s) ds. By Holder’s inequality, we get

‘ /M (AWt + hWs e — f- (Wa.iye)) bo.0).cdvg

< | AgWs. (06 + BWs. (.6 = f- (W) | o |05 (4.10)
In the proof of Lemma 3.2, we have shown in particular that, for any ¢ in (0, 1), there holds
| AgWs. (1.6 + hWo.y.e — f- Wo.o.€) ||n% =0 <|€|9> (4.11)

as ¢ — 0, uniformly with respect to £ in M and to ¢ in compact subsets of R%. By (4.10),
(4.11), and by Proposition 2.1, for any 6 in (0,1), we get

/M (A Wge t),¢ + hW(Ss(t) £ fg (Wgs )) ¢55(t)75dvg =0 <|€|29> (4.12)

as ¢ — 0, uniformly with respect to { in M and to ¢ in compact subsets of R%. We now
estimate the second term in the right hand side of (4.9). As is easily checked, there exists a
positive constant C' such that for € small, there holds

IF. (o +y) = Fe(2) = [ @)y < Clyl* (a2 4 |y )
for all positive real numbers z and all real numbers y. By Holder’s inequality, it follows that
‘ / Nt Onwe) = Fe Wane) — Iz (Wésm,g) Bo.(0).) dvg
< C||ds.00).6 (||W5 (t). . E) :
By (4.6), by Proposition 2.1, and since 2* — ¢ < s, for any € in (O, 1), we then get
/ (Fe (Ws..6 + @5.006) — F= (Wo. ) — fo (Wh.(o).6) Do.01.6) dvg = 0 <|€|20) (4.13)

M

as ¢ — 0, uniformly with respect to £ in M and to ¢ in compact subsets of R* . The C°-uniform

estimate (4.8) follows from (4.9), (4.12), (4.13), and Proposition 2.1. Now, we recall that by
Proposition 2.1, for ¢ small, for any point £ in M and any positive real number ¢, there holds

2% —2—

" |

DJ. (W5a(t)7£ + ¢65(t),§) = Z )\fss(t),g <Z§E(t),§, '>h (4.14)
i=0
for some real numbers )\ e A 5o (). where ng(t),g is as in (2.11). As a first step in the

proof of the C'-uniform estlmate (4.8) we claim that for any 6 in (0, 1), there holds

ZIA: el=0 <|€|9> (4.15)

1=0

*

as ¢ — 0, uniformly with respect to § in M and to ¢ in compact subsets of R*. In order to
prove this claim, we have to estimate D.J. (de(t),é + (b(;g(t),g) [de(t),s] ase — 0fort=0,...,n.
As is easily checked, for 7,57 = 0,...,n, there holds

' ‘/;21 . f:7
(Zhine Zhage), — 4 S 1070 (4.1
: h 0 if i # 7,
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as ¢ — 0, uniformly with respect to § in M and to ¢ in compact subsets of R, where the
function V; is as in (2.9)-(2.10). On the one hand, it follows from (4.14) and (4.16) that for
1=20,...,n, there holds

DJ. (Wi + bo.0.6) [Zb.0.6) = Motore ||V||D12 ®r) T O <Z ’)‘5 (t)f‘) (4.17)

as ¢ — 0, uniformly with respect to £ in M and to ¢ in compact subsets of R%. On the other
hand, for € small, since the function ¢s, (¢ belongs to K5 5. (1),6> We get

DJ, (Wag 0.¢ + Po.(t) ) [ng(t),é] = /M (A Ws..e + hWs. ) — Je (Wée )) ng(t)édvg

— [ (5 Waos + 0s.06) = £ Wao2)) Zipvy - (419

By Hélder’s inequality, by (4.11) and (4.16), for any 6 in (0, 1), we then get

‘/M (A Ws.1),e + hWs, ()6 — Je (W5 )) ng(t)édvg

< |85 Wawe + mWocine = fo Woo) | o 1 Ziellye =0 (167)  (4.19)

as € — 0, uniformly with respect to { in M and to ¢ in compact subsets of R%. As is easily
checked, there exists a positive constant C' such that for & small,

felaty) = L @] < Clyl (a% 72 + [y )

for all positive real numbers x and all real numbers y. By Holder’s inequality, it follows that

‘ /M (fe Wo.iye + o.0.6) — f- Wotvne)) Zs. 1) g

< Cll¢s., p (W06

iiﬁii‘e + || bo. e

2*—2—¢
2% —¢ ’

By (4.6), (4.16), by Proposition 2.1, and since 2* — ¢ < s, for any € in (0,1), we then get

2*—¢g H 3<(8),€

/M (£ (Wotoe + 95.00.8) = fo (Wo.w)) Zi oo = o (|el') (4.20)

as € — 0, uniformly with respect to £ in M and to ¢ in compact subsets of R* . (4.15) follows
from (4.17)-(4.20). In order to get the C'-uniform estimate (4.8) with respect to t, we can
easily check that there holds

d(Ws.ne) 14
T L AURE (4.21)



BLOW-UP SOLUTIONS FOR ASYMPTOTICALLY CRITICAL ELLIPTIC EQUATIONS 17

and we then compute

(. (t.€)  d(J: (Wape))

dt dt

1
- % ( /M (Agzge(t),ﬁ + the(t),E - fé (W5s(t)7£) Zc(i)a(t),g) ¢55(t)7gdvg

- /M (fe Wo.t.6 + do.00.6) — fe Woe) — FL (Wone) do.00) Zfsla),gdvg)

d (Ps.t),
+DJ. (Wa. + $s.00.) [—( dt( )5)] : (4.22)
Similarly, for i = 1,...,n, we get
0 (W56 (t) €XPg ) ) 1 i
(‘9% B - 5& (t) Zéf(t):f + R58(t)7§ ) (423)

where HR‘SE(t)fohss =o |5|§ ) ase — 0 for all 6 in (0,1), and we then compute

B 0(J8(Was(t),expg(y>))
0y

8((]5 (t, expy (y)) )
Y

1 , , |
T o) (/M (B9 Z5. )¢ + 125 (1) — J2 (Wo.t06) Zi..6) Do 01,0
_ /M (fs Woiye + ds.06) — f- Waire) — f2 (Woiy.6) s.(0).¢) ng(t),gdvg)

(6. (1).expe (v))
ayi

y=0 y=0

+DJ. (Wés(t),f + ¢5s(t)7§)

+o <|a|376) (4.24)

y=0

as € — 0. We begin with estimating the first terms in the right hand sides of (4.22) and (4.24).
By Holder’s inequality, for ¢ = 0,...,n, we get

' /M (A9Z§s(t),g + thg(t),g -/ é (Wés(t),é) Zgg(t),ﬁ) ¢6E(t),£dvg
< HAgZé(t),g + the(t),g - fé (Wée(t),ﬁ) Zgg(t),an% H(%e(t),ﬁ

as € — 0, uniformly with respect to § in M and to ¢ in compact subsets of R7 . Proceeding in

(4.25)

2*

the same way as in the proof of Lemma 3.2, we can prove that for - = 0,...,n and for any 6
in (0,1), there holds
i i i 0
180 Z5, 6 + 125,006 — f2 (Woiioy) Zag(t),gH% =0 (\5| ) (4.26)

as ¢ — 0, uniformly with respect to £ in M and to ¢ in compact subsets of R%. By (4.25),
(4.26), and Proposition 2.1, for i = 0,...,n and for any € in (0,1), we get

) 7 7 0
/M (Agzag(t),g + hZ(SE(t),ﬁ - fé (Wée(t)é) Zag(t),g) Ps.(1),edvg = 0 <|5|2 ) (4.27)

as € — 0, uniformly with respect to { in M and to ¢ in compact subsets of R}. We then
estimate the second terms in the right hand sides of (4.22) and (4.24). By (3.30) and by



BLOW-UP SOLUTIONS FOR ASYMPTOTICALLY CRITICAL ELLIPTIC EQUATIONS 18

Holder’s inequality, for ¢ = 0,...,n, we get that if n = 6 and € < 0, then there holds

‘ /M (fe Wsae + Ps.ne) = fe Woaine) = JL (W) Bo.0).6) Zs. 0,600

< Cllonelli. (||WiioeZime]| e+ 19n0ella’. 1Z00ell, . ) (429

and otherwise, if n > 7 or £ > 0, then there holds

‘ /M (fe Ws.ty.e + bo.y.6) = fe Wae) — L (W) Do.00.6) Zs. 6404

2

< Cl|dselloe (| Waioye “Zs.0 (4.29)
One can easily check that for ¢ = 0, ..., n, there holds
‘ — U *Vi|| < +00 (4.30)
LQ* Q(Rn)

as ¢ — 0, uniformly with respect to £ in M and to ¢ in compact subsets of R. By (4.6),
(4.16), (4.28), (4.29), (4.30), by Proposition 2.1, and since 2* —e < s., for i = 0,...,n and for
any 6 in (0,1), we get

/ (fe Wsae + Ps.ne) = fe Woaine) — F2 (W) o.00.6) Zs. 1), edvg = 0 (|€!29> (4.31)

as ¢ — 0, uniformly with respect to § in M and to ¢ in compact subsets of R . It remains
to estimate the last terms in the right hand sides of (4.22) and (4.24). For € small, by (4.14)
and since the function ¢s, ;)¢ belongs to K5 5. (1),6> We get

S5 6 é ¢65 75
Dt]g ( 55(t)7é + ¢ s(t),ﬁ) t) 5 )\6 (t < (t (— dt(t))>
h

and

a(¢6s(t),e)<pg(y))

DJ. (W5 t),e T ¢5 ) 9u;

oo (¢6s(t),exr> (y))
= Afss(t) <Z§ ()€ :

y0>h

: ¢55<t),£> (4.33)
y=0 h

_ i )\j < a(ng(t),expé(y))
' 5= (t),€ ayz
7=0

for i =1,...,n. As is easily checked, there hold

d(Z ) 1{[d(5="V5(57"))
(0 1 i\% Y —
dt Y ds o), 3
s=11lDp1.2(Rn)
and
j
a(Zés(t),expg( )) -~ 1 Ha% =0 ( 1 ) (4 35)
ayl |, (55 (t) 83/1 DL2(Rn) 55 <t>
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as ¢ — 0, uniformly with respect to £ in M and to ¢ in compact subsets of R%. By (4.32),
(4.34), and by Proposition 2.1, for any 6 in (0,1), we get

d (¢s. ) | L
DJ. (Ws. )¢ + s.(06) [% =0 (!6\92 Afssu),s’) (4.36)
_ 7=0

Similarly, by (4.33), (4.35), and Proposition 2.1, for ¢ = 1,...,n and for any € in (0, 1), we get

9 <¢55(t),exp§(y)) | ( 20-1
— 2
Ay ol Z «

y=0 | J=

DJ. (Wa..6 + bs.00.)

Nl ) (4.37)

as ¢ — 0, uniformly with respect to £ in M and to ¢ in compact subsets of R%. By (4.15),
(4.22), (4.24), (4.27), (4.31), (4.36), and (4.37), we then get the C'-uniform estimate (4.8).
This ends the proof of Lemma 4.2. O

By Lemmas 4.1 and 4.2, we get (2.17). We now prove the second part of Proposition 2.2.

End of proof of Proposition 2.2. It remains to prove that given two real numbers a and b
satisfying 0 < a < b, for € small, if (¢.,&) € [a,b] x M is a critical point of the function J,
then Ws_ 1), + ¢s.(t.)c. is a solution of (2.5). By (4.14), (4.17), (4.21), and (4.36), we get

d j; (t87 68) 1 n |
Q =9 ||V0||?3172(]Rn) ()‘Oe(te),& +o (Z )‘fss(ta),gg >)

dt :
t=te ]ZO
as € — 0. Similarly, by (4.14), (4.17), (4.23), and (4.37), for i = 1,...,n, we get

O(J. (t..expe. (1)) ) 1 i o
= i Il (e +0 (X PMoe] )
€ € j:O
as € — 0. If (¢.,&) is a critical point of j; for e small, then it follows that

ayi
i _ J
As.(t),e. = O <Z A5 (t) 6. )

§=0
as ¢ — 0, for i = 0,...,n, and thus, for € small, there holds
Ags(ts):ge == Ags(ts):gs =0.

By (4.14), we then get that Ws_¢:.)e. + ¢s5.(1.),¢. is a critical point of the functional J. for e
small. This ends the proof of Proposition 2.2. O
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