NON-SYNCHRONIZED SOLUTIONS TO NONLINEAR
ELLIPTIC SCHRODINGER SYSTEMS ON A CLOSED
RIEMANNIAN MANIFOLD

SATKAT MAZUMDAR AND JEROME VETOIS

ABSTRACT. On a smooth, closed Riemannian manifold, we study
the question of proportionality of components, also called synchro-
nization, of vector-valued solutions to nonlinear elliptic Schrodinger
systems with constant coefficients. In particular, we obtain bifurca-
tion results showing the existence of branches of non-synchronized
solutions emanating from the constant solutions.

1. INTRODUCTION

On a smooth, closed Riemannian manifold (M, g) of dimension n, we
consider vector-valued solutions (u;,us) € C2 (M)? to elliptic systems
of the form

Aguy = Fy (ug,ug) in M 1
Agus = Fy (ur,ug), in M (L)

where Fy and Fy are C' functions and A, := —divV is the Laplace-
Beltrami operator. In particular, we are interested in the stationary
nonlinear Schrodinger system

—1 -2 .
Aguy + Muy = anpu]  +apudTuy in M

AQUQ -+ )\2“2 = ClQl’lL(fiZUQ + &22’&%71 in M (12)

U1, Uy > 0 in M,

where Aj, Ao, @11, @19, Go1,a20 € R and ¢ € (2,00). In the cubic case
q = 4, the system (1.2) arises in particular in nonlinear optics (see
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for instance Akhmediev and Ankiewicz [I] and Kanna and Laksh-
manan [20]) and the Hartree-Fock theory for Bose-Einstein conden-
sates (see Esry, Greene, Burke and Bohn [12] and Timmermans [33]).

Such systems have received considerable attention from mathemati-
cians in recent years. Among many others, let us refer for instance to
the work of Bartsch, Dancer and Wang [2], Clapp and Pistoia [5, 0],

Gladiali, Grossi and Troestler [14, 15], Guo, Li and Wei [16], Guo and
Liu [17], Li and Ma [22], Li and Villavert [23,24], Lin and Wei [27],
Liu and Wang [20], Peng, Peng and Wang [29], Sirakov [31], Soave
and Zilio [32], Terracini and Verzini [31] and Wei and Wu [30] in the

case where M = R"™ (note that when (M, g) is the standard round
sphere, n >3, A\ = Ay =n(n—2) /4 and ¢ = 2n/ (n — 2), we can use
stereographic projection to write (1.2) as a system in R™) and Chen
and Zou [1], Clapp, Pistoia and Tavares [7], Druet and Hebey [10] and
Druet, Hebey and Vétois [11] in the case of a more general manifold.

In this paper, we are interested in the question of proportionality
of components, also called synchronization, of solutions to the system
(1.2). A solution (uq,uz) of (1.2) is said to be synchronized if there
exists a constant A > 0 such that us = Au; in M. This question has
been studied for instance by Montaru, Sirakov and Souplet [28] and
Quittner and Souplet [30] in the case of systems in domains of R™. Tt
also naturally arises in the case of a closed manifold.

It is easy to see that every synchronized solution (uy, us) = (uq, Auy)
of the system (1.2) is such that u; is constant in the case where \; # Ay
and u; is a solution of the equation

{Agul + A\up = ,ulucf_z in M

: (1.3)
up >0 in M,

where p1; := ajy + a19A97? = a9y + axpAi72, in the case where \; = \,.
We know from a result of Bidaut-Véron and Véron [3] that the equation
(1.3) does not have any non-constant solutions when

n—1

(¢ —2) Mg <Ric, ifg<2”
2<q¢<2" and n (1.4)
n—1
(¢ —2) Mg < Ric, if ¢ =27,

where 2* := oo if n < 2, 2* := 2n/(n—2) if n > 3, Ric, is the
Ricci curvature of the manifold and the latter inequalities are in the
sense of bilinear forms. On the other hand, existence results of non-
constant solutions to equation (1.3) abound in the case where (1.4)
is not satisfied (see for instance Chen, Wei and Yan [9], Hebey and
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Vaugon [18], Hebey and Wei [19], Micheletti, Pistoia and Vétois [27]
and Vétois and Wang [35].)

For simplicity, in this introduction, we state our results in the case
of the sphere (S™, go), where gy is the standard round metric. Further-
more, we assume that \; = Ay and a5 = a9, namely we consider the
System

Agotur + Muy = aud 4 bud*u;  in S”

Agyus + Mg = bu1 ug + cud L oin st (1.5)

uy, uz >0 in S”,
where A\, a,b,c € R and ¢ € (2,00). In the Euclidean space, this case
has been studied for instance by Clapp and Pistoia [5] (via stereo-
graphic projection, the system studied in [5] matches with (1.5) when
n =4, A = 2 and the parameters « and § in [5] are equal to 2). We re-

fer to Sections 2 and 3 for results applying to more general systems and
more general manifolds. For the system (1.5), we obtain the following:

Theorem 1.1. Let \,a,b,c € R and q € (2,00).

(i) If either ¢ < b < a ora < b < c and at least one of the two
inequalities is strict, then the system (1.5) has no solutions.

(i) If either Ja < b and ¢ < b] or a = b = ¢, then every solution of
(1.5) is synchronized.

(iii) There exist real numbers A, a, b and ¢ such that A > 0, a = ¢ >
b > 0 and (1.5) has non-synchronized solutions. More precisely,
we have the following result: for every \,a,b € C'([-4,d]),
0 > 0, if the following conditions hold:
(Al) >\( ) (a(0) +b(0)) >0,
(A2 Q{Qﬂﬁ"l ; jEN} where N :={1,2,...},
(A3)6(0) =X (0 o e {Hn s e N and B (0) £ 0,
then there emsts a C’l bmnch (see Definition 2.1) of non-syn-
chronized solutions to (1.5) with A = XA (a), ¢ = a = a(«) and
b=b(«a) emanating from the constant solution at oz = 0.

Theorem 1.1 (iii) extends a previous result obtained by Gladiali,
Grossi and Troestler [11] for systems with Sobolev critical growth in
R™, which, via stereographic projection, corresponds to the case where
n>3,A=n(n—2)/4and g =2n/(n —2). Like in [11], our approach
is based on the bifurcation theory at eigenvalues of odd multiplicity.
Unlike in [11], by taking advantage of our closed manifold setting, we
perform our constructions in C*? (M), § € (0,1), instead of Sobolev
spaces, which allows us to treat the case of systems with supercritical
growth.
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Theorem 1.1 (iii) is proven in Section 2 (as a particular case of The-
orem 2.3) and Theorem 1.1 (i) and (ii) are proven in Section 3 (as a
particular cases of Theorem 3.1 (i) and (ii)).

2. BIFURCATION RESULTS

This section is devoted to bifurcation results showing the existence
of branches of non-synchronized solutions for systems like (1.2).

Definition 2.1. Let (M, g) be a smooth, closed Riemannian manifold,
Q be an open set in R?, [ := [—4,6], § > 0, and Fy, F, € C1 (I x Q).
Consider the system

{Agul = Fy (o, up,ug) in M

2.1
AQUZZFQ (Oé,ul,lbg) m M, ( )

where o« € [. Assume that for every o € I, there exists a solu-
tion (T (), Ty (o)) € C2 (M) of (2.1) such that (G (@), Ty () —
(T, (0), 7 (0)) in C% (M)? as o« — 0. Let S be the set of all solutions
(a,uy, ug) € I x C? (M) to (2.1) such that (uy,us) # (T (@), T ().
We say that the solution (0,7 (0),uz (0)) is a bifurcation point of
(2.1) if (0,7, (0),72 (0)) € S, where S stands for the closure of S in
I x C?(M)*. Furthermore, we say that a subset B C S is a C" branch
of solutions to (2.1) emanating from (0,7u; (0),u2(0)) if B # 0 and
BU{(0, (0),7 (0))} is a C* curve in I x C*(M)?>.

In the case of the sphere, we obtain Theorem 1.1 (iii). In the case of

a more general manifold, we obtain the following:

Theorem 2.2. Let (M, g) be a smooth, closed Riemannian manifold,
I :=1[=6,0], 6 > 0, A\, Ay, a11,a12,a01,a00 € C(I) and q € (2,00).
Consider the system
Agur + A (@) uy = any (@) ul™ + arg (@) ud %uy in M
Ay + Ao (@) uy = ag (@) ul ™ uy + agy (@) ud™" in M (2.2)
Uy, ug > 0 m M,
where a € I. Assume that the following conditions hold:
(B1) For every a € I, the system (1.2) has a unique constant solution

(@ (@) 2 ().

(B2) For every a € I, the matriz

Ala) = < an (a) W ()

921 (CK) ﬂl (Oé)q 3@2 (CK) 929 (Oé) ﬂg (a)

has two distinct, non-zero, real eigenvalues (B (o) and Po ().

q—2
q—2

a1y (@) Wy ()" () )
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(B3) Hi x H; has odd dimension, where
Hi={peC®(M):Njp=(q—2)B;(0)p in M} Vie{l,2}.

(B4) For every i € {1,2}, if H} # {0}, then B.(0) # 0 and either
A1 (0) # A2 (0) or B; (0) # A1 (0) = A2 (0).

Then the solution (0,7, (0),us (0)) is a bifurcating point of the system
(2.2). Furthermore, there exists a neighborhood N of (0,7 (0), 1z (0))
in I x C*(M)* such that for every solution (o, uy,uy) € N of (2.2), if
(ug,u9) # (uy (@) ,us (o)), then (uq,us) is non-synchronized. If more-
over Hi x Hj has dimension one, then there exists a C' branch of
non-synchronized solutions to (2.2) emanating from (0,a; (0),u2 (0)).

Both Theorem 1.1 (iii) and Theorem 2.2 follow from the following
general bifurcation result for systems of the form (2.1):

Theorem 2.3. Let (M, g) be a smooth, closed Riemannian manifold,
Q be an open set in R? such that (0,0) € Q, I :=[-6,6], § > 0, and
Fi, Fy € C* (I x Q) such that 8,0, F; exists and is continuous in I x §
for all i,j € {1,2}, where we denote by (o, uy,us) a point in I x .
Assume that the following conditions hold:

(Cl) Fi(a,0,0) = F5(,0,0) =0 for all a € I.

(C2) Ou, F1(,0,0) = 0y, Fo (,0,0) =0 for all a € 1.

(C3) There exist two closed subspaces Hy and Hy of CY0 (M), 6 €
(0,1), and two open subsets Uy C Hy and Uy C Hy which con-
tain 0 and satisfy the following conditions:

— (ug () ,u2 (x)) € Q for allz € M and (uy,us2) € Uy X Us.
— (Ag + 1)_1 u; € H; fO’f’ all u; e U; and 1 € {172}
— (A, + 1)_1 F; (a,uy,ug) € H; for all (o, up,ug) € I X Uy X
Us and i € {1,2}.
(C4) Hi x Hj has odd dimension, where
H ={peH,: Ajp=0,F;(0,0,0)pin M} Vie{l, 2}.
(C5) For every i € {1,2}, if H} # {0}, then 0,0,,F; (0,0,0) # 0.
Then there exists a sequence of solutions ((Qum, Ut m; Uzm)),,cy tO the
system (2.1) such that (Qm, U1m, Uam) € I x (U x U2) \ {(0,0)}) and
(Ut Uzm) — (0,0,0) in I x C*(M)* as m — oo. Furthermore,
every such sequence ((Qm, Utm, U2m))ey 95 such that up to a subse-
quence,

Uim = Emi +0(em) mH; Vie{l,2} (2.3)
as m — oo for some (¢1,p2) € (Hi x H3)\{(0,0)} and e, > 0 such
that ey, — 0. If moreover Hi x Hj has dimension one and 0,0, Fy,
exists and is continuous in I X ) for all i, j, k € {1,2}, then there exists
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a neighborhood N of (0,0, 0) in I xUy XUy such that the set of solutions
(a,up,ug) € N\ (I x {(0,0)}) to (2.1) is a C* branch emanating from
(0,0,0) whose tangent line at (0,0,0) is directed by some wvector in
R > (R x H3)\{(0,0)}).
Proof of Theorem 2.3. Let

H:=Hi X Hyy, H :=H] xH; and U :=U; X Us.

By replacing U; and U, by smaller sets if necessary, we may assume
that there exists a compact set K C 2 such that (uy (x),us(z)) € K
for all z € M and (uy,us) € U. The solutions (uy,us) € U to (2.1) are
given by the zeros of the function 7 : [ x U — H defined by

T (o, ur,up) =T (ur,up) — Ko (ur,uz),  where T (uy,uz) := ( Z; )

" (B + 1) 1 (0, 00,0) + ]
o g T 1 (o, up,ug) + ug
Ko (1, ua) 1= < (Ay + 1) [Py (@, ur, uz) + ug] )

for all (o, uy,us) € I x U. By the assumption (C3), we have that the
functions K, and T are well-defined. In what follows, we write a point
inI xU as (a,U).
Step 1. We begin with proving that K, is compact, T € C' (I x U)
and Dy 0,7 exists and is continuous in I x U.

Suppose that ((u1m, Uz,m)),,cy i @ bounded sequence in ¢. Then
the sequences (u1,,),, and (ua,,), . are bounded in C*Y (M, K) and up
to a subsequence, (1 m, Usm) — (10, Uz0) in C* (M, K)* as m — co.

Let o € I and )
Ur,m
( b ) = Ka (ul,m7 u2,m)

a2,m
so that

( Agal,m + al,m ) — < Fl (CY, ul,ma u2,m) + ul,m )

Agu2,m + U2.m F2 (Oé, UL m, u2,m) + U2,m

Since Fy,Fy, € CY(I xQ), uig,u29 € C*'(M,K) and K C Q, by
standard elliptic estimates, we obtain that there exists (a0, U20) €
C2 (M)? satisfying

Agtig o+ Ui _( I (o, u1,0, U ) + U1 0

Aglig g + Uy Fy (o, u10,u20) +usp )

For : = 1,2, we then obtain

(A 4+ 1) (Ui — Uio) = F (o0, Ut m, Uzm) — F; (o0, ur 0, U2y)
+ Ujm — Uz0 = O (1) (2.4)
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uniformly in M. Therefore, (@1, Uom) — (41,0, U20) in H and so K,
is compact.

Now, if (Qum, Ut m, Uzm) = (@0, U1, Uzp) in I X U, then, arguing as
above, we obtain that K., (U1m,U2m) — Koy (U10,u20) in H. This
shows that 7 is continuous in I x U.

For every (o, ui,us) € I X U, we have
_ (Ag + 1)71 [aOéFl (O{, u17u2)]
aocT (OZ, Uy, u?) - ( (Ag + 1)71 [aaFQ (O{, ul,Ug)] )
DUT (O{ u17u2) [(Ulu ’U2)}

_ ( v — (A + 1)_1 [&HFl (oz,ul, UQ> U1 + @UQFl (a,ul, UQ) Vo + Ul] )
Vo — (A + 1)_1 [aung (oz,ul, UQ> U1 + (9UQF2 (oz,ul, Uz) Vo + UQ]
and

DU aaT (Oé, Uy, u2) [(U17 UQ)]
_ (Ay + 1)_1 [0y Oa Py (0ry un, U2) V1 + Oy Oa By (v, un s u2) 0o
(Ay 4+ 1) 7" [00, 00 Fs (v, ty, tg) 01 + OuyOaFy (v, 1y, ug) va] )
If (s Ut my U2m) — (0, U0, U20) in I X U, then for 4,5 = 1,2, by
using the regularity assumptions on F', we obtain that
8aP’j (Oém, ul,mu u2,m) — @a-Fj (Oé(), u1,07 u2,0> 9
auifwj (Oém, UL ms Uz,m) — auiFj (Oéo, U1,05 UQ,O)

and

Ou; 00 Fj (i, U1 i, Ugm) — Oy, OaFj (o, w10, U20)
uniformly in M. Then, arguing as in (2.4), we obtain that 7 €
Cl (I xU) and Dy 0, T is continuous in I x U.
Step 2. We now establish the main bifurcation results.

We have T (a,0,0) = (0,0) for all & € I by the assumption (C1).
Furthermore, by the assumption (C2), we have

- (Ag + 1)71 [aulFl (Oa 07 0) (%1 + Ul] )
— (Ay+ 1) [0, 5 (0,0,0) vy +v9) )

Then (vy,vy) € ker DyT (0,0,0) if and only if (vy,vy) € H*. By the
assumption (C4), it follows that Dy T (0,0,0) has a nontrivial kernel
consisting of eigenfunctions of A,.

Now, ker D7 (0,0,0) has odd dimension by the assumption (C4).
This along with the results of Step 1 allows to apply Theorem A
of Westreich [37] (see also Theorems I1.3.3 and I1.4.4 and the state-
ments (I11.4.29) and (11.4.31) in Kielhofer's book [21]), which gives

DyT (0,0,0) [(vr,v2)] = ( :1
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that the solution (0,0,0) is a bifurcation point of the system (2.1)
in I x (H\{(0,0)}) provided the following condition holds:

Dy, T (0,0,0) [(v1,v2)] € range (DyT (0,0,0))
and  (vy,vs) € ker (DyT (0,0,0)) | <= (v1,v2) = (0,0). (2.5)

Remark that by standard elliptic estimates, the C? topology in Defi-
nition 2.1 can be replaced without loss of generality by the C'¥ topol-
ogy. If moreover H* has dimension one and 9,,0,,F exists and is
continuous in I x € for all 4, j, k € {1,2}, then the last part of Theo-

rem 2.3 follows from Theorem 1.7 of Crandall-Rabinowitz [3] (see also
Kielhofer [21, Theorem 1.5.1]).

We now show that the condition (2.5) holds for the function 7 under
our assumptions on F. Let (vy,vs) € ker DT (0,0,0) and (wy, we) :=
DUGO[’T (O, 0, 0) [(Ul, UQ)]. Then

Agvl . aul Fl (07 07 0) U1
Agv2 a au2 F2 (07 07 0) V2 ’
Furthermore, by the assumption (C2), we obtain

Agw1 —+ wq _ &Ll@aFl (O, 0, 0) U1
Agw2 =+ woy o 8u28aF2 (O, 0, 0) (%) '

So then
(8u1F1 (O, O, 0) + 1) (Agw1 + w1>
<8u2F2 (O, 0, O) + 1) (Ang + w2>
_ &JlaaFl (0, 0, O) (Agvl -+ ’Ul)
o 8u23aF2 (0, 0, O) (Agvg -+ ’UQ) ’

which gives

(8U1F1 (0,0,0) + 1) w1 _ 8u18aF1 (0,0,0) (1
(0, F2 (0,0,0) + Dwy ) — 0,0,0 '

Now, if we suppose that (wq,wy) € range (DyT (0,0,0)), then by the
assumption (C5), we obtain that (vy,vs) € range (DyT (0,0,0)) and so
there exists (1, ¢2) € H such that

A9501 - am F (07 0, O) ¥1 _ Agvl + U1
Agpa — 04y F2 (0,0,0) 3 Agva+vg )
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For ¢ = 1, 2, straightforward integrations by parts then yield
/ (|Vvi|2 +v7) dvy = / v (Agpi — 04, F; (0,0,0) ;) dug
M M

= / (Agv; — 0y, F; (0,0,0) v;) idv, = 0,
M
where dv, is the volume element with respect to the metric g. It follows
that (vy,v9) = (0,0). Hence condition (2.5) is satisfied.
Step 3. Finally we prove the expansion (2.3).

Let ((Qm, U1,m, U2,m)),,en PE @ sequence of solutions to (2.1), such
that (Qu, Ut m, Uam) € I x (U\{(0,0)}) and (aum, Ut m, uam) — (0,0,0)
in I x C? (]\4)2 as m — oo. For 1 = 1,2, consider the sequence

Wy, 1= &?lelui,m, where ¢, := max (||u1,m|]01,9 , ||u2,m||0179)
so that
max (le,chlﬁ , Hw2,chl,9) =1

Since (Qn, Ut ,m, Ugm) satisfies (2.1), it follows by our assumptions on
F that

Ag'wi,m = g;ani (Oém, UL,m, u2,m) = 6uiﬂ<am7 07 O>w1,m + o0 <1>

uniformly in M. Then, by standard elliptic theory, it follows that up
to a subsequence w; ,, — ¢; in H,; for some function ¢; € H; satisfying

Ayp; = 0y, F;(0,0,0) ¢; in M.

Hence ¢; belongs to H; and further max (||¢1]|ce, [|@2]|cre) = 1. It
follows that (¢1,¢2) € H*\ {(0,0)} and

Ujm = EmWim = Em (SD'L +o0 (1)) in H,.
This completes the proof of Theorem 2.3. U

We can now prove Theorem 1.1 (iii) and Theorem 2.2 by using The-
orem 2.3. We start with proving Theorem 2.2.

Proof of Theorem 2.2. First note that the system in (2.2) can be rewrit-
ten as B
< Agul ) . ( }?1 (Oé,ul,UQ) )
Agu2 B F2 (O{,ul,UQ) ’
where

F (o, up,up) = ( Fy (a, u, us) )

F2 (Oé, Uy, U‘2>

( a1 (@) yu1|Q‘z uy + ags (@) |uzyq—z u — A (@) w )
a1 (@) |ur|" " ug + agg (@) Jug|® “ug — Ao (@) ug
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Now let’s transform this system so as to apply Theorem 2.3. For every
a € I, the unique constant solution to (2.2) (which existence follows
from the assumption (B1)) is given by

— . )\1 (O[) a2 (Of) — /\2 (Oé) ai2 (Oé) 1/(¢-2)
U (Oé) - (an (Oé) 22 (Oé) — Q91 (a) ais (a))
— . )\2 (O[) a11 (Of) — /\1 (Oé) a1 (Oé) 1/(¢-2)
U2 (Oé) - (an (Oé) 922 (Oé) — Q91 (a) ais (a))

and it satisfies
{an ()T ()T 4 a12 (@) Ty ()" > = A\ () in M
ag1 () Ty ()7 + age () Ty ()72 = Ay (@) in M.
(

We look for solutions of (1.2) bifurcating from (@ («) , Uz («)). By the
assumption (B2), for every o € I, the matrix A («) has two distinct,
non-zero, real eigenvalues /31 (o) and S5 (o) given by

ar (@)W (oz)q_2 + a9 (@) Uy (oz)q’_2

{Bl (a)7ﬁ2 (Oé)} = { 5 + 1)2(@>},
where

D () == (a11 (a) ()72 — agy () Uy (a)q_Q)
+ 4ajs (o) ag () uy (@) Uy («

Let P («) be the 2 x 2 matrix such that
Afa) =P () ( b () o) ) P(a).

Consider (uy,us) € C? (M)? and let

2

We then define
F(@,Ul,UQ): ( ( )

T (n)-(um)eeer(z) e
(

We then obtain that the system (1.2) is equivalent to

()= (Rlm), )
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Next we apply Theorem 2.3 to (2.8). Note that the condition (C1) of
Theorem 2.3 is satisfied by (2.8). Furthermore, since (u; (o), us (o)) €
(0, 00)2 for all o € I, by continuity, we obtain that there exists g > 0
such that (uy,us) € (0,00)% for all (a,v1,v5) € I X (—=8,00)°. In
particular, letting € := (=&, dy), we then obtain that F € C* (I x ),
04;0oF; and 0,,0,, F}, exist and are continuous in I x €2 for all i, j,k €
{1,2} and the condition (C3) is satisfied with H; = Hy := C1¥ (M)
and Uy = Uy := CH? (M, (—by, 6p)). The condition (C2) is also satisfied

as we obtain differentiating

D(Ul,vz)F (Oév 0, O) =P (O‘> [(q - 2) A (a)] P! (a)
Bi (« 0
:(Q‘Q)( 0 o) >

The assumptions (B3) and (B4) then imply that the conditions (C4)
and (C5) of Theorem 2.3 are also satisfied.

By applying Theorem 2.3 and reversing the above change of func-
tion, we then obtain that the solution (0,7 (0),%s (0)) is a bifurca-
tion point of the system (2.2). Furthermore, we obtain that for every
sequence ((Qm, U1m, U2m)),,cy Of solutions to (2.2), if (uym,uom) #
(@ (0,7 (0)) and (Qp, U1 m, tgm) — (0,7 (0), 7 (0)) in I x C? (M)?
as m — 0o, then up to a subsequence,

Wi = Ui () + Em (o1 + Q22 +0 (1))  inH; Vie{l,2},

where (gij),; <o = P (0)7", for some (¢1,92) € H*\{(0,0)} and
€m > 0 such that &, — 0. By the assumptions (B2) and (B4),
we have that for ¢ = 1,2, either ¢; = 0 or ¢; is not constant in
M. Also by assumption (B4) we have that if ¢; # 0 for i = 1,2,
then either A; (0) # A2 (0) or 3;(0) # A1 (0) = A2 (0), which implies
Uz (0) qui # W1 (0) go;. In particular, we obtain that (uy m, u2m) is non-
synchronized. Therefore, we obtain that there exists a neighborhood
N of (0,7, (0),7(0)) in I x C?(M)* such that for every solution
(a,ur,u) € N of (2.2), if (ug,u2) # (w («),7a («)), then (ug,us)
is non-synchronized. If moreover H* has dimension one, then it follows
from the last part of Theorem 2.3 that there exists a C!' branch of
non-synchronized solutions to (2.2) emanating from (0, (0),as (0)).
This completes the proof of Theorem 2.2. U

Proof of Theorem 1.1 (iii). We proceed as in the proof of Theorem 2.2.
By the assumptions (A1) and (A3) along with the continuity of A, a and
b, letting 0 be smaller if necessary, we may assume that a (o) > b («)
and A (a) (a(a) +b(a)) > 0 for all @ € I. Then the unique constant
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solution for the system (1.5) is given by

(gl EZ% ) =1 () ( 1 ) . where T (a) = (%)U(q—z)

and it satisfies

{<> ()24 b ()T () =
b () Ty (@) + a () ()" =

We look for solutions o

f (1.5) bifurcating from (@ («),us («)). For
(1.5), the eigenvalues /3 (

1.
) and f32 (o) of A () are given by

a(e) —b(a)
a(a)+b(a)’

We let F and Q = (=, 00)” be defined similarly as in the proof of
Theorem 2.2, so that in particular, the conditions (C1) and (C2) of
Theorem 2.3 are satisfied. In this case, we find

P-(1 1)

Next, we choose the appropriate subspaces H; and H, and open
subsets Uy C H; and Uy C H,. For this, we use an idea from Gladiali,
Grossi and Troestler [11]. Consider the reflexion ¢ across the equator
{z,, = 0} of the sphere S" defined by

(

f1(a) =A(a) and f[s(a)=\(a)

O(x):=v(z1,. ., Tn, —Tpr1) V= (21,...,Tpn, Tpy1) €S”

for all functions v : S® — R. By stereographic projection along with a
conformal change of metric, this corresponds to the Kelvin transform
in R". We let Ny :=(0,...,0,1) and jo € N be such that

(g —2) B2(0) = Ajy = jo (Jo +7n —1)

i.e. the jo-th eigenvalue of A, on S"™ (the existence of jj is given by
the assumption (A3)). We then define H; and Hy as

Hy={ve C'(S™) : v is radial with respect to Ny and & = v}
and

" {ve " (S") :vis radial w.r.t. Ny and & = v} if jy is even
2 {ve " (S") : v is radial w.r.t. Ny and & = —v} if jj is odd.
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For i = 1,2, we take U; :== C19 (S™, (=0, 0g)) NH,. For every (vi,vs) €
U, letting (ug, ug) be as in (2.7), we then obtain

u\ Q) U1 + U9
'LALQ o O./) f)l — @2
() vit+v [ wm e
() v —vy ) =\ if jo is even
( 1
2 (
It follows that

(
g;)+ (Z;Z;):(zi) if jo is odd.
F(a,01,09) = ( >

Fl Oé 1}171)2
F2 a U17U2

(1 a () @Y +b () 4920 — A (a) iy
: b(o) i + 0 (0) 4!~ A (0) i
g (a’UL%) if jo is even

= Fl <05,U17’U2) . o
( _FQ (a7U1,U2) if Jo 18 odd.

/\/\

gl 2l
[\l

1
T3
1
2

Sl =l

This along with standard elliptic regularity and symmetry arguments
gives that the condition (C3) is satisfied.

Recall that the spherical harmonics ¢ satisfying Ay ¢ = Aj ¢ are
given by the restriction to S™ of the harmonic polynomials of degree
jo in R™™!. In particular, up to a constant factor, the unique such
function ¢y, j, that is radial with respect to Ny is given by the Jacobi
polynomial

ONojo (T15 -+, Tny1) ;:i ( Jo+(n—2)/2 ) (jo+(n—2)/2>

p J Jo—J

Tpgr — 1 Jo=7 Tpg1+1 J
ontl T - ontl T2 Vo e §”
X ( 5 ) 5 xr €

(see Gladiali [13]). So then the assumptions (A2) and (A3) give that
Hi = {0} and H; has dimension one. In particular, we obtain that the
condition (C4) is satisfied. Furthermore, the condition (C5) follows
from (A3).

By applying Theorem 2.3, we then obtain that there exists a C!
branch of solutions to (2.2) emanating from (0,7 (0) ,@ (0)) whose tan-
gent line at (0,7 (0),u(0)) is directed by some vector of the form
(1, 0, —p), where p € Rand ¢ € H3\ {0}. In particular, we obtain that
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near (0, (0),@ (0)), the solutions on this branch are non-synchronized,
which completes the proof of Theorem 1.1 (iii). O

3. SYNCHRONIZATION AND NON-EXISTENCE RESULTS

In this section, we prove the following results, which extend Theo-
rem 1.1 to more general systems and manifolds:

Theorem 3.1. (Case \y = \g) Let A, aq1,a12,a21,a22 € R, g € (2,00)
and (M, g) be a smooth, closed Riemannian manifold. Consider the
system (1.2) with A\ = Ay = .

() If either Jag; < a1 and asy < aja] or Ja;; < as; and ayy < ass/
and at least one of the two inequalities is strict, then (1.2) has
no solutions.

(i) If either Jayn < a1 and asy < ayzf or Jay; = ag and ax = ajs),
then every solution of (1.2) is synchronized.

(i) Assuming that there exists at least one non-zero eigenvalue of
Ay with odd multiplicity, Theorem 2.2 provides examples of real
numbers A, a1, @12, o1, a0 > 0 such that asy < air, a1a < a9
and (1.2) has non-synchronized solutions.

Theorem 3.2. (Case \; < o) Let A\, Ao, a11,a12,a21,a00 € R, q €
(2,00) and (M, g) be a smooth, closed Riemannian manifold. Consider
the system (1.2). Assume that A\; < Aq.

(1) If Jas; < a1n and ase < ajs/, then (1.2) has no solutions.

(ii) Assuming that there exists at least one non-zero eigenvalue of
A, with odd multiplicity, Theorem 2.2 provides examples of real
numbers Ay, Ao, 11, A12, @1, oo > 0 such that Ay > Ay > 0 and
(1.2) has non-synchronized solutions in each of the following
cases: Jag; < ajn and ajs < ass/, Ja;; < az and as < ajs),
[aU < as and ajz < GQQ/, /&11 = Q91 and ajz < &22/ and /&11 <
a1 and 19 = a22/.

Proof of Theorem 3.1 (i) and Theorem 3.2 (i). Suppose that there ex-
ists a solution (u1,us) of (1.2). We define

_ i (x) "
v(z) = () Vo e M.

We then obtain

2
Aguq P (Vgur, Vgua), CwAguy uy [Vgusl,

Agv =

Us u3 u3 u3

= ((111 — a21) ’LL?_Q'U + ((112 — a22) Ug_QU + ()\2 — )\1) v+ 2
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in M. In the case where as; < a1, ag < ajz, A\ < Ay and one of these
inequalities is strict, we then obtain

Agv > 2(Vy,V,[Inus), in M,

which is in contradiction with the minimum principle. Similarly, in the
case where a1y < agq, a2 < as9, Ao < A1 and one of these inequalities
is strict, we obtain

Agv <2(Vgu,Vy[lnus)), in M,
which is in contradiction with the maximum principle. This proves

Theorem 3.1 (i) and Theorem 3.2 (i). O

Proof of Theorem 3.1 (ii). Suppose first that a;; < ag1, ags < a2 and
A1 = Ag. Let v be as in the previous proof and x1, x5 € M be such that

v(zy) =min{v(z): € M} and v(r2) =max{v(x): z € M}.
We then obtain

0> AgU (1'1) = [(Glz - &22) Uz (951)q_2 - (CL21 - an) Uy (Qil)q_?} v ($1)

and

0< AgU ($2) = [(am - CL22) Uz ($2)q72 - (CL21 - an) U ($2)q72} v ($2) )

which imply

1/(g—2)
A12 — Q22
v(ry) < | ————= <v(xy).

(v2) < (Gzl—an) <via)

It follows that v is constant in M.

Now suppose that a;; = a91, ags = a1o and A\; = Ao. In this case, we
have

Agv =2(Vy,Vy[lnus), in M.

It then follows from the maximum principle that v is constant in M.
This completes the proof of Theorem 3.1 (ii). O

Proof of Theorem 3.1 (iii) and Theorem 5.2 (ii). We choose our exam-
ples of the form a1 (o) = A1 (@) a, a2 (@) = A\ (@) b, ag (o) = Ao (a) b
and ag (o) = A (a)a for some a,b > 0 and A\, \y € C' (I, (0, 00)),
where [ := [—4, 0] for some 0 > 0 to be chosen small. As is easily seen,
for every a € I, if

a#b and D (a):= (A (a)— A () a®+ 4\ (a) Ay () b > 0,

then the system (1.2) has a unique constant solution given by

o ) =tarn e (1),
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and the matrix A («) has two distinct, non-zero real eigenvalues given
by

(@) F X (@) aE /D (a)
{61(04),62(01)}—{ 2(a+b) }

Now, we treat each case separately and choose a, b, \; and As in such a
way that a # b, D > 0, (¢ — 2) 81 (0) & spec (4,), (g —2)B2(0) = Ao,
B4 (0) # 0 and either A; (0) # A2 (0) or B2 (0) # A1 (0) = A2 (0), where
spec (A,) stands for the spectrum of A, and A is a non-zero eigenvalue
of A, with odd multiplicity (which existence is given by assumption).
Choosing ¢ small enough, we can then apply Theorem 2.2.

Case \i = g, a91 < ay1 and ajo < age. Choose for instance a := %,
b:= % and \; (@) = g () := ’\(q"‘_zl) for some A € (Ao, 00) \ spec (A).

Then)\lz)\2>0,0<a21:a12<;_%<a11:a22,a7éb,

D = 4X{0* > 0, 1 (0) = 25 (so that (¢ —2) 1 (0) & spec(4,)) and
B2 (0) = B3 (0) = 25 > 25 = A (0) = X (0).

Case A1 < Ag, ao1 < ai1 and aijs < asy. Choose for instance a := 1,

Ao (o
b:=¢, A\ (o) :== (2+2€(if/)5i518)+(2)72) and Xy (a) == (1 +¢) A («) for some

small e > 0. Then 0 < A\ < )\2, 0 < an 26(1+€)/\1 < A = a,
0 < app = 8/\1 < (1+€))\1 = Q92, Q 7£ b, D = 52<5+4€))\% > O,

B1(0) = (2f:i5_\€/5vi:s4)€(11/\—02) < q’\_—°2, f1(0) — % as ¢ — 0 (so that

(4—2) 51 (0) ¢ spec (B,)) and B3 (0) = B (0) = 2.

Case \i < Ao, a1 < as1 and ass < ais. Choose for instance a := 1,
b:=+6, A\ (a) = m@}% and A2 () := 2A; (). Then 0 < A\; <
A, 0 <ap =M < 26\ = as1, 0 < agy = 2)\ < V6 = a12, a # b,
D = 49)\2 > 0, B (0) = =222 < 0 (so that (¢ —2) 51 (0) € spec (A,))

5(q—2)

and f, (0) = 55 (0) = .

q
Case A1 < Ag, ay1 < az1 and ajs < asy. Choose for instance a := 1,
b:=2, A\ (a) = % and A2 () := 5A; (). Then 0 < A\; < Ag,
0<a11:)\1<1O)\1:a21,0<a12:2/\1<5/\1:a22,a7éb,D:
967 > 0, 81 (0) = 272800 < 0 (so that (g —2) By (0) & spec (A,))
and f3, (0) = 35 (0) = 2o

q—2

Case \y < Ao, a;1 = as1 and aja < ag. Choose for instance a :=

— — 2(2+¢)Ao(a+1) —
L+e b:=1 M(a):= ((2+e)(1+e)+4/ (1+e) (4+e2+€3)) (¢—2) and A (a) =

(14 ¢) A1 («) for some small ¢ > 0. Then 0 < A\; < Ao, a3 = ag =
(1+€))\1 > 0, 0 < ajps = /\1 < (1+6)2)\1 = Qa99, 7& b, D =
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2 3 2 _ ((2+E)(1+€)7\/ (1+€)(4+€2+€3)))\0
(1 + 8) (4 TE e ) >\1 = O’ Bl (0) o ((2+5)(1+s)+\/(1+6)(4+52+53))(q72)
0, /1(0) — 0 as ¢ — 0 (so that (¢ —2)5 (0) & spec(4,)) and
B2 (0) = 55 (0) = 225
Case \i < Ao, a1 < as; and ajs = ass. Choose for instance a := 1,

b:=3, A\ (a):= % and s (@) := 3\ (@). Then 0 < A; < Ao,

0<a11:)\1<9)\1:a21,a12:a22:3)\1>O,a7éb,D:112)\%>

0, 51 (0) = % < 0 (so that (¢ —2) /1 (0) ¢ spec(4,)) and

B2 (0) = B3 (0) = %-
The results then follow by applying Theorem 2.2. 0

REFERENCES

[1] N. Akhmediev and A. Ankiewicz, Partially Coherent Solitons on a Finite Back-
ground, Phys. Rev. Lett. 82 (1999), no. 13, 2661-2664.

[2] T. Bartsch, N. Dancer, and Z.-Q. Wang, A Liouville theorem, a-priori bounds,
and bifurcating branches of positive solutions for a nonlinear elliptic system,
Calc. Var. Partial Differential Equations 37 (2010), no. 3-4, 345-361.

[3] M.-F. Bidaut-Véron and L. Véron, Nonlinear elliptic equations on compact
Riemannian manifolds and asymptotics of Emden equations, Invent. Math.
106 (1991), no. 3, 489-539.

[4] Y.-H. Chen and W. Zou, Vector solutions for two coupled Schriodinger equations
on Riemannian manifolds, J. Math. Phys. 60 (2019), no. 5, Art. 051502, 21 p.

[5] M. Clapp and A. Pistoia, Ezxistence and phase separation of entire solutions
to a pure critical competitive elliptic system, Calc. Var. Partial Differential
Equations 57 (2018), no. 1, Art. 23, 20 p.

, Fully nontrivial solutions to elliptic systems with mized couplings,

Nonlinear Anal. 216 (2022), Art. 112694, 19 p.
[7] M. Clapp, A. Pistoia, and H. Tavares, Yamabe systems, optimal partitions, and
nodal solutions to the Yamabe equation, arXiv:2106.00579 (2021).
[8] M. G. Crandall and P. H. Rabinowitz, Bifurcation from simple eigenvalues, J.
Functional Analysis 8 (1971), 321-340.
[9] W. Chen, J. Wei, and S. Yan, Infinitely many solutions for the Schrédinger
equations in R™ with critical growth, J. Differential Equations 252 (2012), no. 3,
2425-2447.
[10] O. Druet and E. Hebey, Stability for strongly coupled critical elliptic systems
in a fully inhomogeneous medium, Anal. PDE 2 (2009), no. 3, 305-359.

[11] O. Druet, E. Hebey, and J. Vétois, Bounded stability for strongly coupled crit-
ical elliptic systems below the geometric threshold of the conformal Laplacian,
J. Funct. Anal. 258 (2010), no. 3, 999-1059.

[12] B. D. Esry, C. H. Greene, J. P. Burke, and J. L. Bohn, Hartree-Fock theory
for double condensates, Phys. Rev. Lett. 78 (1997), no. 19, 3594-3597.

[13] F. Gladiali, Separation of branches of O(N —1)-invariant solutions for a semi-
linear elliptic equation, J. Math. Anal. Appl. 453 (2017), no. 1, 159-173.




18

[14]

[15]

[16]

[17]

SAIKAT MAZUMDAR AND JEROME VETOIS

F. Gladiali, M. Grossi, and C. Troestler, Entire radial and nonradial solutions
for systems with critical growth, Calc. Var. Partial Differential Equations 57
(2018), no. 2, Art. 53, 26 p.

, A non-variational system involving the critical Sobolev exponent. The
radial case, J. Anal. Math. 138 (2019), no. 2, 643-671.

Y. Guo, B. Li, and J. Wei, Entire nonradial solutions for non-cooperative cou-
pled elliptic system with critical exponents in R3, J. Differential Equations 256
(2014), no. 10, 3463-3495.

Y. Guo and J. Liu, Liouville type theorems for positive solutions of elliptic
system in RN, Comm. Partial Differential Equations 33 (2008), no. 1-3, 263
284.

E. Hebey and M. Vaugon, Meilleures constantes dans le théoréme d’inclusion
de Sobolev et multiplicité pour les problémes de Niremberg et Yamabe, Indiana
Univ. Math. J. 41 (1992), no. 2, 377-407 (French).

E. Hebey and J. Wei, Resonant states for the static Klein-Gordon-Mazwell-
Proca system, Math. Res. Lett. 19 (2012), no. 4, 953-967.

T. Kanna and M. Lakshmanan, Ezact soliton solutions, shape changing col-
lisions, and partially coherent solitons in coupled nonlinear Schrdinger equa-
tions, Phys. Rev. Lett. 86 (2001), no. 22, 5043-5046.

H. Kielhofer, Bifurcation theory, 2nd ed., Applied Mathematical Sciences,
vol. 156, Springer, New York, 2012.

C. Li and L. Ma, Uniqueness of positive bound states to Schrodinger systems
with critical exponents, STAM J. Math. Anal. 40 (2008), no. 3, 1049-1057.

C. Li and J. Villavert, A degree theory framework for semilinear elliptic sys-
tems, Proc. Amer. Math. Soc. 144 (2016), no. 9, 3731-3740.

, Existence of positive solutions to semilinear elliptic systems with su-
percritical growth, Comm. Partial Differential Equations 41 (2016), no. 7, 1029
1039.

T.-C. Lin and J. Wei, Ground state of N coupled nonlinear Schrodinger equa-
tions in R™, n < 3, Comm. Math. Phys. 255 (2005), no. 3, 629-653.

7. Liu and Z.-Q. Wang, Multiple bound states of nonlinear Schrédinger systems,
Comm. Math. Phys. 282 (2008), no. 3, 721-731.

A. M. Micheletti, A. Pistoia, and J. Vétois, Blow-up solutions for asymptoti-
cally critical elliptic equations, Indiana Univ. Math. J. 58 (2009), no. 4, 1719-
1746.

A. Montaru, B. Sirakov, and P. Souplet, Proportionality of components, Liou-
ville theorems and a priori estimates for noncooperative elliptic systems, Arch.
Ration. Mech. Anal. 213 (2014), no. 1, 129-169.

S. Peng, Y. Peng, and Z. Wang, On elliptic systems with Sobolev critical growth,
Calc. Var. Partial Differential Equations 55 (2016), no. 6, Art. 142, 30 p.

P. Quittner and P. Souplet, Symmetry of components for semilinear elliptic
systems, STAM J. Math. Anal. 44 (2012), no. 4, 2545-2559.

B. Sirakov, Least energy solitary waves for a system of nonlinear Schrédinger
equations in R™, Comm. Math. Phys. 271 (2007), no. 1, 199-221.

N. Soave and A. Zilio, Uniform bounds for strongly competing systems: the
optimal Lipschitz case, Arch. Ration. Mech. Anal. 218 (2015), no. 2, 647-697.
E. Timmermans, Phase separation of Bose-Finstein condensates, Phys. Rev.
Lett. 81 (1998), no. 26, 5718-5721.




NON-SYNCHRONIZED SOLUTIONS 19

[34] S. Terracini and G. Verzini, Multipulse phases in k-miztures of Bose-Finstein
condensates, Arch. Ration. Mech. Anal. 194 (2009), no. 3, 717-741.

[35] J. Vétois and S. Wang, Infinitely many solutions for cubic nonlinear
Schrédinger equations in dimension four, Adv. Nonlinear Anal. 8 (2019), no. 1,
715-724.

[36] J. Wei and Y. Wu, Ground states of nonlinear Schrédinger systems with mized
couplings, J. Math. Pures Appl. (9) 141 (2020), 50-88.

[37] D. Westreich, Bifurcation at eigenvalues of odd multiplicity, Proc. Amer. Math.
Soc. 41 (1973), 609-614.

SAIKAT MAZUMDAR, DEPARTMENT OF MATHEMATICS, INDIAN INSTITUTE OF
TECHNOLOGY BOMBAY, MUMBAI 400076, INDIA
E-mail address: saikat@math.iitb.ac.in, saikat.mazumdar@iitb.ac.in

JEROME VETOIS, DEPARTMENT OF MATHEMATICS AND STATISTICS, MCGILL
UNIVERSITY, 805 SHERBROOKE STREET WEST, MONTREAL, QUEBEC H3A 0B9,
CANADA

E-mail address: jerome.vetois@mcgill.ca



	1. Introduction
	2. Bifurcation results
	3. Synchronization and non-existence results
	References

