CONVERGENCE RESULT AND BLOW-UP EXAMPLES
FOR THE GUAN-LI MEAN CURVATURE FLOW ON
WARPED PRODUCT SPACES

JEROME VETOIS

ABSTRACT. We examine the question of convergence of solutions
to a geometric flow which was introduced by Guan and Li [6] for
starshaped hypersurfaces in space forms and generalized by Guan,
Li, and Wang [7] to the case of warped product spaces. We obtain
a convergence result under a condition on the optimal modulus of
continuity of the initial data. Moreover we show by examples that
this condition is optimal at least in the one-dimensional case.

1. INTRODUCTION AND MAIN RESULTS

Let n > 1, (S, gsn) be the standard n—sphere, I C R be a closed
interval, and (N,g) be the warped product of S* and I equipped with

G=0¢(p)’ gsn +dp?,

where ¢ : I — (0,00) is a smooth warping function. We consider the
following flow which was introduced by Guan and Li [6] in the case of
space forms and generalized by Guan, Li, and Wang [7] to the case of
warped product spaces (see also Cant [5] in case n = 1):

O F = (n¢' — Hu) v,

where T € (0,00], (F(-,1))ieppr) is a smooth family of embeddings
into N which defines smooth hypersurfaces (M),cjop) and H, u, v
are the mean curvature, support function, and outward unit normal
vector field, respectively, of the hypersurfaces (Mt)te[o,:r)- A crucial
property of this flow is that it preserves the volume enclosed by the
initial hypersurface while monotonically decreasing the area (see [6,
Proposition 3.5]).

Throughout this paper, we assume that the hypersurfaces (Mt)te[O,T)
are starshaped, i.e. for every t € [0,T'), M, is the graph of a function
p(-t) : S — R. We then obtain (see the formulas in [7, Section 3])
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that p solves the initial value problem

/ 2
dp = div Vp AT Vol

b2+ Ivel?) 2 o (o) + 1vP

p(-,O) = Po on S",
(1.1)
where div := divy,, [[ = [|,,, Dr == 8" x (0,T) — R, and py is
the radial function of M. It follows from classical theory of parabolic
equations that for every py € C*° (S™, I), there exists a unique solution
p € C™® (D_T) of (1.1) for small T > 0. Moreover, a straightforward
application of the maximum principle gives p (Dr) C I.

n DT

The following result has been obtained by Guan and Li [6] in the
case of space forms and generalized by Guan, Li, and Wang [7] to the
case of warped product spaces:

Theorem 1.1. (Guan and Li [6], Guan, Li, and Wang [7]) Let I C R
be a closed interval, ¢ € C* (1,(0,00)), and n > 1. Assume that

¢* — " >0 inl. (1.2)

Then for any py € C* (S, 1), the solution of (1.1) exists for all time
and converges exponentially to a constant i.e. T = oo and there exist
Poo € I, C,n > 0 such that |p(z,t) — peo| < Ce ™ for all (x,t) € Du.

This result has been successfully used in [5-7] to solve isoperimetric
problems in warped product spaces. As is explained in [7, Proposi-
tion 6.1], the condition (1.2) is strongly related to the notion of photon
sphere in general relativity.

In this paper, we investigate the case where the condition (1.2) is not
satisfied. In this case, we obtain a convergence result under a barrier
condition on the optimal modulus of continuity of py, namely

Wy (0) :==sup {|po (y) — po (z)| : x,y € S" and distg» (z,y) = 0}

for all § € [0,7]. Here dists» denotes the distance on S™ with respect
to the standard metric. We obtain the following result:

Theorem 1.2. Let I C R be a closed interval, ¢ € C* (1, (0,00)), and
n > 1. Then there exists Ao > 0 such that for any py € C*> (S, I), if

Wy (0) < X020 € [0, 7], (1.3)

then the solution of (1.1) ezists for all time and converges exponentially
to a constant.

We prove Theorem 1.2 in Section 2 by using an approach based on
Kruzhkov’s doubling variable technique [8] and inspired by the works
of Andrews and Clutterbuck [1-4]. As in the papers of Cant [5], Guan
and Li [6], and Guan, Li, and Wang [7], Theorem 1.2 can be applied
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to solve isoperimetric problems in the warped product space (N,7)
provided ¢ — ¢¢” < 1 in I, which is a necessary condition for the
isoperimetric inequality (see Li and Wang [9]).

The following result, obtained in case n = 1, shows the optimality
of the exponent 1/2 in (1.3):

Theorem 1.3. Assume that n =1, 0 € I, ¢ is even, and ¢" (0) > 0.
Then for any o € (0,1/2) A > 0, there exist pg € C*° (S™,I) such that

Wy (0) < N7 WO € [0,7] (1.4)

and the solution of (1.1) is such that O.p blows up in finite time i.e.
supp, |0zp| = 00 ast =T for some T € (0, 00).

We prove Theorem 1.3 in Section 3. As far as the author knows,
this is the first existence result of blowing-up solutions for (1.1). The
high nonlinearity of the flow makes it difficult to construct examples
of blowing-up solutions. Here, the solutions that we construct are pe-
riodic, with a large number of oscillations. Our existence result relies
on the construction of a suitable family of barrier functions on a small
arc of S! with zero boundary condition. We then exploit the symmetry
of the warping function to extend our solutions to the whole S!.

Acknowledgments. The author is very grateful to Pengfei Guan for

many enlightening discussions and helpful advice during the prepara-
tion of this paper.

2. PROOF OF THEOREM 1.2

This section is devoted to the proof of Theorem 1.2. As in the paper
of Guan and Li [6], it will be convenient to use the change of functions
p
v=T(p) = s and Y i=¢pol !, (2.1)
? (s)
where p € I is fixed. By differentiating, we obtain Vp = v (v) Vv and
¢ (p) =" (v) /¢ (7). Hence the problem (1.1) becomes

1 Vy V() VAP
oy=——div| ———— | +n 5 in Dy
O\ Vi) 0 i e
7 (-0) =7 on S,
(2.2)
where o g
° ds
Yo ‘= R
7 ¢ (s)

A straightforward application of the maximum principle gives v (D7) C
Yo (Sn> i.e.

HSl}LHVO < v (x,t) < max 7o Y (z,t) € Dr.
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We assume that po (S™) C I and we let A > 0 be such that

W (B) <AVO VO e[0,n]. (2.3)
Since pg € C* (S", I), we obtain that there exists A > 0 such that
Wy (0) < AG Vo € [0, 7). (2.4)

For every § € (0, A\?/A?), an easy study of functions gives that
4\
M SA(WVE+0-VE) e (0.55(0—AVE)) (2.5)
and

VB<2(Vira-Ve) o> o (2.6)

It follows from (2.3)—(2.6) that we can choose 6 € (0, 1) small enough
such that

Wpo (0) <2A(VE+60—V05) Vo€ 0,7 (2.7)
By using the mean value theorem, it follows from (2.7) that
wao (0) < 2X(Vo +6 —V5) V0 € 0,7, (2.8)
where
A= Asup l

I
We will show that if \ is smaller than a constant A\q depending only on
I, ¢, and n, then |V~/| is bounded above by an exponentially decaying
function. We will use an approach based on Kruzhkov’s doubling vari-
able technique [8]. This approach was successfully used in the works of
Andrews and Clutterbuck [1-4] to obtain sharp estimates on the gra-
dient and modulus of continuity of solutions to quasilinear parabolic
equations. We fix n > 0 and we define

k(0,8) == 2X(V3 +0—V3o)e™  V(0,t)€[0,7] x[0,T],
where 6 and \ are as above. We then define
Z(I‘,y,t) ::V(yat) _7(x5t> - K“<d(xay>>t) V(l’,y,t) € UTa

where Ur := (S”)2 x [0,T]. Tt follows from (2.8) that Z (z,y,0) < 0
for all z,y € S*. In what follows, we will show that if » and \ are
small enough, then Z (z,y,t) < 0 for all (z,y,t) € Ur. We assume by
contradiction that Z is not everywhere nonpositive in Up. Then we
obtain that for small ¢ > 0, there exists (z.,y.,t.) € Ur such that

Z (2, ye,te) =max ({Z (x,y,t): x,yeS" and t <t.})=e. (2.9)
We define 6. = d (2., y.).

As a first step, we obtain the following result:

Step 2.1. ¢ = 0(0.) as € — 0.
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Proof of Step 2.1. Assume by contradiction that there exists a sequence
(€a)qen Such that ¢4 >0, 0., = O (e4), and €, — 0 as o — o0o. Since
k(0,t.,) = 0, by applying the mean value theorem, we obtain that
there exist (,, & € (0,6, ) such that

K (0= s ten) = Ok (Car tey) Oz, (2.10)

and

Y Year tea) = 7 (Teu, tey) = <v:v’7 (Tew (o) 1 ten) 77—5{@ (§a>> O, (2.11)

where 7., : [0,0.,] — S" is a minimizing geodesic from z., to y. . It
follows from (2.9), (2.10), (2.11), and Cauchy—Schwartz inequality that
0., # 0 and

;—“ < Vo (7o (€0) s ten)| — Dok (Carte,) (2.12)

Since (t.,),cy 1S decreasing, we obtain t., — t, for some ¢, > 0.
Since 0., — 0, we obtain (,,&, — 0. Moreover up to a subsequence
Teo, Yoo, — To € S™. By passing to the limit into (2.12), we then obtain

€a

lim sup —— < [V, (2o, to)| — 9ok (0, 20) - (2.13)

a—00 Ea

On the other hand, by passing to the limit into (2.9), first as e — 0
and then as x,y — xg, we obtain

‘Vg;’}/ (.Z'o, to)l S 395 (O, to) . (214)

By putting together (2.13) and (2.14), we obtain a contradiction with
0., = O (g4). This ends the proof of Step 2.1. O

We then prove the following result:
Step 2.2. 0. < .

Proof of Step 2.2. Assume by contradiction that §. = 7. Then it fol-
lows from (2.9) that

d
= [Z (2., exp,, (6v) ,1.)] ‘0:71' = (Vo (Ye, to) , ve (V) — Opr (T, 1) =0
for all v € T,.S" such that [v] = 1, where v. (v) = & exp,_ (‘97})‘9:,,'
By observing that v. (—v) = —uv. (v), we then obtain a contradiction
with dygk (m,t.) > 0. This ends the proof of Step 2.2. O

Remark that it follows from Steps 2.1 and 2.2 that for small ¢, the
function Z is differentiable in a neighborhood of the point (z., v, t.).

Our next result is as follows:
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Step 2.3. There exists a constant Ag = Ao (I, ¢, n) > 0 such that
Ao O3k (0. )
(1 + s (6-,1)%)
N Ao (0716 (0, t.) + Opr (0, 1)) K (0c, te) Ogr (6, t.)
(1 + dprs (0., £.)°)°

(9t/<a (65, te) S

(2.15)

for small € > 0.

Proof of Step 2.3. We let 7. : [0,6.] — S™ be a minimizing geodesic
from z. to y.. It follows from (2.9) that
VzZ (xsa ysats) = 07 VyZ (xsa ysats) = 07 and atZ (xays;ts) > 0
which give
Vaoy (@, te) = Opri (e, te) 72 (0)
Vo (Ye, te) = Ot (0, t) 7. (0:) (2.16)
at7 (yea ) at7 (l’s, ) Z 81‘/’% (65, te) .
By using (2.2) and (2.16), we obtain

A, N B. + 0pk (0.,1.)° C.

ik (0, 1) < ) .
Ok (02, t.) (1—}—89&(96,755)2)3/2 (Ha@ﬁw&taﬁl/g (2.17)
where

A Var (e )] (72 (6) , 72 (6e))  [Viy (e, )] (72 (0) , 72 (0))
o Y (7 (e, te)) Y (v (e, L)) ’
B Do (yete) - (V2 (ye, te)] (7L (0e) , 72 (6:))

o w(v(ye,t))

Ay (e, te) = [Vay (e, )] (7L(0), 72 (0))

Y
Y (v (2, te)) ’
O —n <¢/ (7 (ye, te)) _ V' (y (2, te)) ) _
) O (7 (Yert))” (7 (e b))

Since k (0.,t.) , 99k (0:,t.) > 0 and 97k (6-,t.) < 0, in order to obtain
(2.15), it remains to prove that there exist constants ci,co,c3 > 0
depending only on I, ¢, and n such that

A, < 107k (0., 2)
B. < 07k (02, t.)° 99 (2, t2) (2.18)
C. < c3k (0., t.)

for small e. We begin with proving the last estimate in (2.18). Remark
that by using Step 2.1, we obtain
O,ts) 1 [* 1 [ Nemt Ae~M=0
s E):— gk (s,tc)ds = — ‘ >¥—>
€ e Jo eJo V Vo+s s Vo + 0.
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as € — 0, which, together with (2.9), implies that

Y (y€> ts) -7 (xé:? ts) <2k (957 t:—:) (2-19)

for small €. Since v (Dr) C 7 (S™) and po (S™) C I, by applying the
mean value theorem together with (2.19), we obtain

C. <2n sup <£) K (0, te) < 2nsup (ﬂ) K (0c,te) (2.20)
osm) \ P2 r \ ¢

for small ¢ which gives the last estimate in (2.18). Now we prove
the first two estimates in (2.18). We let (v.1(0),...,v.,(0)) be an
orthonormal basis of 7, S™ such that v., (0) = 77(0). For any i €
{1,...,n}, we let ¢.; be a smooth function on [0, 6] such that

) 1 a puil6) o 2.21)

Pei - an Pe,i \Ue) = .
V(7 (2, te)) Y (7 (e, te))

with §; := 1 in case i # n and §; := —1 in case i = n. For any r > 0
and 6 € [0, 6], we define

Tei (1,0) == exp,_(g) (10e,i (0) vei (0))

where v.; : [0,60:] — TS" is the parallel transport of v.; (0) along ..
By using (2.21), we obtain

d2
A = ﬁ ['Y (TE,n (Tv 95) ata) - (Ta,n (7‘, 0) ata)”r:o (2-22)
and
n—1 2
B. = Z ﬁ [7 (Ts,i (7”, 95) ,te) - (Ta,i (T» 0) :ta)“r:o . (2~23)
i=1

On the other hand, for any i € {1,...,n}, since 9pk (-,t.) > 0 on (0, 7),
it follows from (2.9) that

Y (Te,i (’l“, 9&) 7ta) -7 (Ta,i (Ta O) 7ta) — € S R (d (Ta,i (Ta 0) s Teyi (Tv 95)) ) ta)
0e
<K (/0 |0pT..i (1,0)] d@,tg) (2.24)

for all i € {1,...,n} for small » > 0 with equality in case r = 0.
Moreover, by using (2.16), we obtain

d

g (e (.02 8e) = (72 (r,0) s )],

= 89'% (987 t8> (905,1' (95) <U5,n (95) y Ueyi (95» — Peyi (0) <U€,n (O) » Vei (0)>)
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0
— O (6.,1.) / (0571 (0,0) , 8,99 (0, 6)) db
0

d 0.
“ o [ ( om0 de,ta)}

It follows from (2.24) and (2.25) that

d2
ar? [’7 (Te,i (7“, 95) vts) - (Te,i (Ta O) 7t€)] |r:o

d2 95
< — |k / OgTe; (1,0 d@,ta)]
drz[(oie (r.0)]

0
=i 0.1 (35| [ om0 an

d? 0
+ Ok (0:,t.) — {/ |0p7.i (1,0)] d@}

(2.25)

r=0

2
r:O)

r=0

p (2.26)

By proceeding as in (2.25) and using (2.21), we obtain

;%[A]@@Ar@mﬂrJ
= @e,i (0c) (Ven (02) ;020 (02)) — @e.i (0) (Ve (0) , ve 4 (0))

0 ifi#n

{ 1 .\ 1 A (2.27)
VU (7 (e, te)) Vb (7 (g, )

Moreover, since v (D7) C 70 (S™) and po (S™) C I, we obtain

! 2 inf L > 2infi. (2.28)

1
>
\/¢( xsv \/1/1 y57 70(8™) ﬁ I \/9_25
By differentlatlng twice, we obtaln
2 0c
d_ / |07 (1,0)| dO / (|(%7'aZ (0,0) |7 (|6T897'6i(0,9)|2
dr? 0 ’ r=0 7
+ <8ng,1~ (0,0),02057..: (0,0) >)
— |02 (0, 9)\ (0724 (0,8) , 0,097 (0, 0)) )d9
Oc
= [ (e O (60 s 0)F
~ (Ve (0), R (i (0) vei (0) 02 (0)) 02 (0) v (0)))
— [0z ()72 (v (0) 6L (8) 02 (6)) )6

0
{A (0L (0)% — e (0)°) dO i i # (2.20)
0 if i = n,
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where R is the curvature tensor of (S, gs«). Since Jak (6.,t.) < 0, the
first estimate in (2.18) follows from (2.22) and (2.26)—(2.29). Now, we
prove the second estimate in (2.18). In case i # n, by integrating by
parts, we obtain

/O (s (02 — 00 (0)2) dB = 02 (6:) 215 (62) — 022 (0) 2L, (0)

0c
[ )+ 0 0) ps 0) 0. (230)
0
By using (2.30) with the function ¢, ; defined as

1 sin (6. —9) sin (0)
i (0) ==
e 9) sin ( <\/¢ (zo,te)) VU (7 (Ye te

we obtain

) Vo € 10,6.],

/0 (s (0) — 0 (0)?) B = e (62) 0 (62) — 02 (0) 0L (0)

- Sinl(%) [ (w (v (i’a,ta)) Y00 (gl;g,ta))) cos (0)

2
V() (@t ww (e - >>}

_ cos (0 ) 1 2
 sin( (\/ T@t)  VE0 (ye,te)))
B 2tan (95/2)
\/w (v (e, te)) ¥ (7 (Yes te))

1 1 1 i
- 49_a< V(o (@at)) @/)(v(ya,ta))) '

By proceeding as in (2.20), we obtain

(2.31)

1 — 1 Ssu i K
o) e p(ﬂ) Gerte) - (2.32)

for small e. By using (2.29), (2.31), and (2.32), we obtain

n—1 2 2
= o
—_— 0, Te,i (T 0)| db < sup — 2.33
i=1 dr 0 ‘ ’ ( )l r=0 I \/5 0. ( )

for small . The second estimate in (2.18) then follows from (2.23),
(2.26), (2.27), and (2.33). This ends the proof of Step 2.3. O

We can now end the proof of Theorem 1.2.



RESULTS ON THE GUAN-LI MEAN CURVATURE FLOW 10

End of proof of Theorem 1.2. By applying Step 2.3 and observing that
K (0,t.) < 20.0gk (0-,t.) and k (0.,t.) Ogr (0:,t.) < 2X2e’2”t5, we ob-
tain

—Ay! 6A0X26_2nt5
—2n(\/6 + 0. —V5) < 20 n i
( ) 25+ 0, + Ae2) (540, 4 N e2me)
(2.34)

Since § < 1, 6. < w, and e~2"= < 1, it follows from (2.34) that

1< 40o(1+7+ 1) <77\/(1+7r) (1+m+X) +3A0X2).

which gives a contradiction when A and 1 are smaller than some con-
stants depending only on I, ¢, and n. This proves that for such values
of A and 7, we have Z < 0 in Ur and so

sup [V (1) < A6~Y2e™ ™ vt e [0,7]. (2.35)
N

Since |Vp| = ¢ (p) V7|, it follows from (2.35) that
sup [Vp (-, 1)] < sup (@) \d~/2e™™ vVt € [0,7]. (2.36)
sn I
It then follows from classical theory of parabolic equations that p (-, t)
exists for all ¢ > 0. Moreover, it follows from (2.36) that p (-, )

converges exponentially to a constant. This ends the proof of The-
orem 1.2. O

3. PROOF OF THEOREM 1.3

This section is devoted to the proof of Theorem 1.3. We first prove
the following result:

Lemma 3.1. Assume thatn =1, 0 € I, ¢ is even, and ¢" (0) > 0.
Let ¢ and T' be as in (2.1) with p =0, J :=T'(I), and for any 7 > 0
and k € N\ {0}, Diy,. = [0,7/(2k)) U (x/ (2k),n/k] x [0,7) and
Dy = [0,7/k] x [0,7). Then for any o € (0,1/2) and u > 0,
there exists ¢g > 0 such that for any 7 > 0 and k € N such that
k*t < o and k > 1/, there exist (; € C*° (Dy g, J) N C° (Do, J)
and G € C* (Dyy+,J) such that
G L V(&) (9G)
. 3/2 2
iﬁ (C@) (1 + (09@)2) w (Cz) 1+ (89(1)2

fori € {1,2} and the function ¢ := max ({1, (2) is such that
(A1) G (n/ (2K) 1) < G (r/ (20) ) (= C () (2K),8)) Ve € [0,7),
(A2) [€(0,0) = (¢, 0)] < pl0 -0 V0,0 € [0,7/k],
(A3) ¢(0,t) =((m/k,t) =0 Vte[0,71),
(A4) 09C (0,t) — 00 and OpC (w/k,t) — —00 ast — T.

DG < in Diy, (3.1)
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Proof of Lemma 3.1. We fix p € (2/(1—0),4). We let 7 > 0 and
k € N\ {0} to be chosen later on so that k is large and k%7 is small.
For any (0,t) € Doy, we define

c10 c1 (m/k—0) )
(=0 + )" [ =0 + (k- 0)2)

¢ (0,t) :== min (

and
G (0,t) == 1 Ay (sin (k0) — cngt) ,

where Ay, := 22/7 (1 /k)* %" and ¢, and ¢, are positive constants inde-
pendent of 6, ¢, k, and 7 to be fixed later on. Note that 1 — 2/p >
o. It is easy to check that (; € C* (Dyk,,J) N C° (Dagr,J), (o €
C*® (Dojr,J), and (A2)-(A4) hold true for small 7 and large k. If
moreover k7 is small, then we obtain that (A1) holds true. It remains
to prove that (3.1) holds true. Since ¢ is even and ¢” (0) > 0, we ob-

tain that ¢ is also even and v¢” (0) > 0. By applying the mean value
theorem and since ¢’ (0) = 0 and (; (0,¢) > 0, we obtain
/

VGO L (VY
Y (G(8, t))2 = Cl(Dzi,T) (1/,2) C1(0,1) (3.2)

for all (6,t) € Dy ,. Moreover, direct calculations give

9:G1 (0,t) = @b (T =) 111/ < af 2/p 7
((r=t)P+62)"  ((r =)’ +62)7"

0561 (6,1)

(1+ (@06 0.)")"”

2¢10 (3 (1 — )" + (1= 2/p) %) (T — 1) + 6°)' "7
p(((r =t + P27 & (T =) + (1 - 2/p) 6)°)
60

= ) 3.4
- (1 —Q/p)?’((T_t)Pngz)l*?/p (3.4)

(3.3)

and
(1 (0,%) (991 (0,1))
1+ (006 6,6))
A0 (1 —8)" + (1—2/p) 6% (T — 1) +6%) 7>/
((F =) + 62> 4 2 ((r — )" + (1 — 2/p) 62)*)"/°
01 (1 - 2/17)2 0
B \/ (72 4 (/) (2R)2) " + & (7 — ) + 62)7

(3.5)
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for all (0,t) € [0,7/(2k)) x [0,7). Since p < 4, it follows from (3.2)—
(3.5) that
1 %G (0.) (G 0.8) (3G (0.)°
V@O 1+ @G 0.02)" L @QED 14 @, 0,0)

1+4/p

0 (_ 6 (72 + (m/ (2K))%) sp 1
(1 — )" +62)*/" Ap(1—2/p)° Doy ¥

- a1t<’1 (9’ t) Z

At} e (P .
s e g o () -o) o
for all (0,t) € [0,7/(2k)) x [0, 7) provided

. Y )/
inf — | >0.
¢1(D2k,r) (wz o

Moreover, direct calculations give

G (Dogr) = [0,¢1 (/) 27, (3.7)
Since 2 < p < 4, we obtain

1—g>0 and —1+il>0. (3.8)
p P
Since ¢’ (0) = 0, and " (0) > 0, it follows from (3.6)—(3.8) that (3.1)
holds true for « = 1 for small 7 and large k provided the constant ¢,
is chosen large enough so that ¢; > (1 —2/p) >4 (0)* /1" (0). With
regard to the function (5, we obtain

01 (0,1) = —crek? Ay, (3.9)
93¢ (0,1) B 1 k2 Ay, sin (k6)
(1 + (0uC2 (0, t))2)3/2 (1+ c3k2A7 cos (k0)2)3/2
> —cik? Ay, (3.10)
and
(0pC2 (0, t))2 _ Gk*Af cos (k8)2

€ [0,cik*A;]  (3.11)

V1t @G (0.1) \/1+c§k2A2 cos (k6)?
for all (6,t) € Dy ,. It follows from (3.9)-(3.11) that
! 03¢ (6,1) 4 w’ (C2 <9 H) (9 (0.1)°
VGO 1+ @6 0.0)" QO 11 (0,6 0,0)

1 !
— 3G (0,1) > erk* Ay <— sup  —+Agc; min ( inf @0270) +02)
C2(D2,k,r) C2(Dapr) U
(3.12)
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for all (6,t) € Dy ,. Moreover, direct calculations give
Cg (D27k77-) = ( — ClcQAkk‘QT, ClAk] . (313)

It follows from (3.8) and (3.13) that for every ¢ > 0, if k*r < ¢ and
k > 1/e, then

o (Dapr) C (=2l 2/pe22p ey 22/l =2pl=2pe)) - (3.14)

By continuity of 1/ and ¢’ /¢? and since ¢ (0) > 0, A, — 0 as k — oo

and £'72/7 — 0 as ¢ — 0, it follows from (3.12) and (3.14) that if the

constant ¢y is chosen so that co > 1/1 (0), then there exists g > 0 such

that

1 : . (04

— sup — + Apcimin < inf —,O> +cy >0 (3.15)
C2(Dag.r) C2(Dai,r) P2

for all 7 > 0 and k£ € N such that k*7 < gy and k > 1/go. By putting

together (3.12) and (3.15), we obtain that (3.1) holds true with ¢ = 2.

This ends the proof of Lemma 3.1. O

Now we can prove Theorem 1.3.

Proof of Theorem 1.3. We fix 0 < 1/2, A > 0, and we define
1

e

We let ¢ and I' be as in (2.1) and J, 7, k, Digr, Dogr, G, Co,
and ¢ be as in Lemma 3.1. By using (A1)-(A3) and since (; €
C® (D1, J)NC°(Dyyry J) and (o € C* (Dyy.r, J), we obtain that
there exists ¢, ag, by € R such that

W= /\irIlf (3.16)

. /agT T\°
by < min <20_k" (1 —eo) <%> , Sup J) (3.17)
and
C(0,0) <% (0)  Vv8e(0,7/k), (3.18)
where
min (aof, (1 — £0) 0%, by) if 0 <0 < %
:}70 (0) = T ™ ™
- (T o T <7
ﬂO(k 9) o <0=%
For any ¢ > 0 and 0 € [0, 7/k], we then define
(. (aob, £ (1 —20) 0%, b)) £0 <0<
~é€) (6) == T T 2];
~() (T e <
[ 7o () o =<f0=%
where
1 _
Fene) =g [ata-a(220)] veacr
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and 7 : R — (0, 00) is a smooth, even cutoff function such that n (6) = 6
for all # € [1,00) and 7' () > 0 for all # € (0,1). By using (3.18), it
is easy to see that for small e, :?((f) € C*([0,7/k],J) and ﬁ((f) — o
in C%! ([0, 7/k]). Hence, by using (3.17) and remarking that 7\ (6) =
o (0) = aef for small 0, we obtain that for small ¢, ﬁée) is such that
(B1) € (0,0) <757 (0) o € [0,7/k),
(B2) |37 (0) =77 (8) | < ulo =" 98,6" € [0,7/K],

(B3) 37 (0) =730 (w/k) =735 (0) = 37" (w/k) = 0.
In What follows we fix ¢ small enough so that (B1)-(B3) hold true.

Since 7, 70 € C> ([0, 7/k], J), the classical theory of parabolic equations
(see for instance Lieberman [10, Theorem 8.2]) gives the existence of a
solution ¥ € C* ([0, 7/k] x [0,T)) of the problem

( ~ ~ ~\2
- 1 o ! 0
07 = 5 R G) O o 0,7/8 x 0,7)
TV (1+ 077 YO 1+ (95)
7(,0) =7 on [0, 7/k]
0 (0,) =7 (x/k,-) = on [0,7),

(3.19)
where T € (0,00] is the maximal existence time for 5. Moreover,
since 7 ([0,7/k]) C J, it follows from the maximum principle that

([0, 7/k] x [0,T)) € J. By using (Al) and (3.1) and integrating by
parts we obtam that ¢ is a weak subsolution of the equation in (3.19),

o ok 1 9,COm V() () n )
B¢ + _9 dfdt <0
/0/0 ("C O ir@er YO s @y

for all 7 € (0,7) and n € C' (Dayy.r) such that n > 0 in Dy and
n(0,-) =n(n/k,-) =0on [0,7). We define w := { —7. It follows from
(A3), (B1), and (3.19) that w < 0 on {0,7/k} x [0, min (7, 7)) and
[0,7/k] x {0}. By applying the mean value theorem, we obtain that
for any 7 € (0,min (7, 7)), there exist a1, as, by, by € L (Dyy ) such
that inf {a, (0,t) : (6,t) € Doy} > 0 and

/ / (NOyw + (@10pw + asw) Ogn + (b10pw + baw) ) dBdt < 0 (3.20)
0 Jo

forallp € C' (Dqy.) such that n > 0in Doy v and 5 (0,-) = n (7 /k,) =
0 on [0,7'). By applying a weak comparison principle (see for instance
Lieberman [10, Corollary 6.16]), it follows from (3.20) that

¢(0.1) <7(0.1) (3.21)
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for all (6,t) € D jmin(r,r)- It follows from (A3), (A4), and (3.21) that
T < 7. Note that by using similar arguments as in (3.20)—(3.21), we
obtain that 7 is the unique solution of (3.19). It then follows from
classical theory of parabolic equations that

lim sup |9p7y| = oo. (3.22)

t—T DQ,k,t
Indeed, if (3.22) is not true, then 7" = oo (see for instance Lieber-
man [10, Theorems 8.3 and 12.1]), which is in contradiction with 7" < 7.
We let v : S' x [0,7) — R be the function defined as

v (0 — jm/k,t) if j is even

7 ((cosf,sinf) . 1) := { —F((+ V) m/k—0,8) if j is odd

for all (6,t) € [jm/k,(j +1)7/k) x [0,min (T, 7)), j € {0,...,2k — 1}.
Since 1’ (0) = 0, it follows from (3.19) and (B3) that 977 (jm/k,t) =0
for all t € [0,7) and j € {0,...,2k — 1} which implies that v is a
smooth solution of (2.2). By using (B2), (3.16), (3.22), and the change
of functions (2.1), we then obtain the existence of py € C* (S™, I) such
that (1.4) holds true, the solution of (1.1) exists and J,p (-, t) blows up
as t — 1. This ends the proof of Theorem 1.3. U
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