SIGN-CHANGING BLOW-UP FOR THE YAMABE EQUATION
AT THE LOWEST ENERGY LEVEL

BRUNO PREMOSELLI AND JEROME VETOIS

ABSTRACT. We investigate the blow-up behavior of sequences of sign-changing
solutions for the Yamabe equation on a Riemannian manifold (M, g) of positive
Yamabe type. For each dimension n > 11, we describe the value of the minimal
energy threshold at which blow-up occurs. In dimensions 11 < n < 24, where
the set of positive solutions is known to be compact, we show that the set
of sign-changing solutions is not compact and that blow-up already occurs
at the lowest possible energy level. We prove this result by constructing a
smooth, non-locally conformally flat metric on space forms S"/T", T" # {1},
whose Yamabe equation admits a family of sign-changing blowing-up solutions.
As a counterpart of this result, we also prove a sharp compactness result for
sign-changing solutions at the lowest energy level, in small dimensions or under
strong geometric assumptions.

1. INTRODUCTION

1.1. Introduction and statements of the main results. Let (M, g) be a smooth,
closed (i.e. compact and without boundary) Riemannian manifold of dimension
n > 3. In this paper, we are interested in the existence of sequences of sign-changing
blowing-up solutions (uy),cy in C? (M) to the nodal (or sign-changing) Yamabe
equation

Aguy, + ¢, Scalg ug, = |uk|2*_2 up in M, (1.1)
where Ay := —div,V is the Laplace-Beltrami operator, ¢, := 4&77_21)7 Scal, is
the scalar curvature of the manifold and 2* = 2% is the critical exponent for

n—2
the embeddings of the Sobolev space H! (M) into Lebesgue’s spaces. Solutions
of are in C**(M) for 0 < o < min(2* — 2,1) by Trudinger’s result [57] and
standard elliptic theory. We recall that (ux),cy is said to blow up as k — oo if
[kl oo (ary — 00 as k — oo,

The Yamabe invariant of the conformal class [g] is defined as

Y(M,[g]) := int (Volg (M) /M Scal, d%)

g€lg]
A1) Ly (Vb o Seal, u?) doy
Sk Sh A in
n—2 wueC>(M)\{0} (fM \U|2*dvq) *
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where Vol (M) is the volume of (M, §). Letting (S”, gsiq) be the standard unit
sphere of dimension n > 3, by conformal invariance, we also have

Vul2d
Y(Sn, [gstd]) — o 1(I£g)\{0} M7
ueCss (Rn f |u|2*d$ o
Rﬂ,

s0 that Y (S™, [gstq]) 2 is the optimal constant for the Sobolev inequality in R™. We
say that (M, g) is of positive Yamabe type if Y(M,[g]) > 0, i.e. Ay + ¢y, Scal, is
coercive. In this case, when (M, g) is not conformally diffeomorphic to the standard
sphere (S™, gsta) (which we denote in what follows by (M, g) % (S™, gsta)), we have
Y (M,[g]) < Y(S™, [gsta]), and the existence of a positive solution ug to the Yamabe
equation

Agug + ¢, Scalg up = w2t in M (1.2)
attaining the Yamabe invariant Y (M, [g]) is known since the work of Trudinger [57],
Aubin [3] and Schoen [51].

In this paper, we are interested in determining the value of the minimal energy
level at which sign-changing blow-up occurs for (1.1)). For every u € H' (M), we
define the energy of u as

E (u) = /M u* d,.

We define I(M,[g]) C (0,00] as the set of numbers E € (0,4o00] such that
admits a blowing-up sequence of solutions (u)geny with limsup,_, . E(ug) = E. We
then define

E(M, [g]) := inf I(M, [g])-
Similarly, we let I (M,[g]) C (0,400] be the set of numbers E € (0, +00] such
that admits a blowing-up sequence of positive solutions (ug)gen satisfying
limsup,,_, . E(ux) = E, and we define

Ey (M, [g]) := inf I(M, [g])-

The value +o0 is allowed in the definitions of E(M, [g]) and E4 (M, [g]) and corre-
sponds to sequences of solutions of with diverging energies. When I(M, [g])
(resp. I+ (M,[g])) is empty, it means that does not admit any blowing-up
solutions (resp. positive blowing-up solutions), and thus the set of solutions (resp.
positive solutions) of is compact in C%(M) by standard elliptic theory. In
this case, we let E(M, [g]) := —oo (resp E4(M,[g]) := —o0). If I(M,[g]) # 0 and
(uk)ken 1s a sequence of solutions of satisfying limsup,_, . E(ug) < E(M,[g]),
then by definition (ug)ren does not blow-up, and is thus precompact in C%(M).

As long as positive solutions are considered, F (M, [g]) is well understood: in the
proof of the compactness of positive solutions of the Yamabe equation, assuming
the validity of the Positive Mass Theorem when n > 8, Khuri-Marques—Schoen [20]
(with previous contributions by Schoen [62, 53], Li-Zhu [30], Druet [19], Marques
[31] and Li-Zhang [28] 29]) proved that

3 S n S 24 and (M,g) aé (Sn7gstd)7

(M, g) is Lef. and (M, g) % (S", gsta), Or
E.(M,]g]) = —oo when (=t (1.3)

n > 6 and Z |Vk VVeylg(ac)|2 >0 Vo e M,
k=0
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where Lc.f. stands for locally conformally flat and Weyl, is the Weyl curvature
tensor of the manifold. On the other side, Brendle [7] and Brendle-Marques [§]
proved that there exists a non-locally conformally flat metric g on S™ such that

E.(S",[g]) =Y (S", [gsta])?  when n > 25. (1.4)

The blow-up behavior of sign-changing solutions of is far less understood. A
simple application of Struwe’s celebrated H!-compactness result [54] (see Proposition
below for a proof) shows that if (M, g) is of positive Yamabe type, then any
sign-changing blowing-up sequence (uy)ren of solutions of satisfies

n

likn_1>i£fE (ug) > Y(S™, [gsta]) 2 + Y (M, [g])%. (1.5)

As a consequence, if g is the Brendle [7] and Brendle-Marques [8] metric, then, by
(1.4), we obtain
B(S", [g]) = B+(S",[g]) = Y(S".[gsta])®  when n > 25.

In dimensions n > 25, blow-up for thus occurs at the lowest energy level for
positive solutions. Our aim in this paper is to investigate the situation for sign-
changing solutions and in particular, the value of E(M, [¢]) in dimensions n < 24,
where the set of positive solutions of is compact, i.e. E4(M,[g]) = —oco. As
follows from (L.5), a lower bound on E(M, [g]) is given by Y (S, [gsa]) 2 +Y (M, [g]) % .
Our main result shows that this lower bound is attained in dimensions 11 < n < 24:

Theorem 1.1. Assume that 11 < n < 24 and let I be a finite subgroup of isometries
of (S™,g0), T # {Id}, acting freely and smoothly on S™. There exists a smooth,
non-locally conformally flat Riemannian metric g on S™/T of positive Yamabe type
and such that

B(M, [g]) = Y(S", [gaal) # + Y(S"/T, [g])%.

The metric g in Theorem is not the quotient metric gr but can be chosen
arbitrarily close to it. Theorem [[.1] is a special case of a more general result,
Theorem below, which holds true in any dimension n > 11 and for a larger class
of manifolds than the spherical space forms S™/I". We refer to Section [2| for more
details on this regard.

By (L.3)), the set of positive solutions of (L.1) on (S™/T', g), where g is given by
Theorem is compact in C?(M). As Theorem shows, however, in this case,

the set of sign-changing solutions is not compact and blow-up already occurs at the
minimal energy level. This phenomenon of loss of compactness for sign-changing
solutions in situations where the set of positive solutions is compact was recently
highlighted in Premoselli-Vétois [43] for critical Schréodinger-type equations in M.

We prove Theorem by constructing a sign-changing blowing-up sequence (uy)ren
of solutions of (|1.1]) such that

Jim B (uy) = Y(S", o) F + ¥ (M, [g)) ¥ (16)

As a counterpart of Theorem we also prove the following result, which
provides a lower bound for E(M, [g]) in smaller dimensions or under strong geometric
assumptions:

Theorem 1.2. Let (M, g) be a smooth, closed Riemannian manifold of dimension
n > 3 and positive Yamabe type which is not conformally diffeomorphic to the
standard sphere (S™, [gsta]). Assume that one of the following conditions is satisfied:



4 BRUNO PREMOSELLI AND JEROME VETOIS

o (M,g) is locally conformally flat,
e n<9,
e n =10 and uy # %| Weyl, |£2) for all points in M and all solutions ug of
(11.2) attaining Y (M, [g]), or
e n > 11 and Weyl, # 0 for all points in M.
Then
E(M,[g]) > Y (8", [gsa])? +Y (M, [g])=.

Under the assumptions of Theorem and by , the set of positive solutions
of is compact in C?(M), and thus blow-up for can only occur for sign-
changing solutions. If sign-changing blow-up occurs it happens at a possibly infinite
energy level that is, at least, strictly higher than the minimal one given by .
In particular, if the assumptions of Theorem are satisfied, then there exists a
constant g9 > 0 such that the set of all solutions u € C? (M) of satisfying

E(u) <Y(M,[g])? +Y(S™ [gstal) * + €0

is compact in C?(M). The contrapositive of Theorem provides necessary
conditions for sign-changing blowing-up solutions to exist at the minimal energy
level. In dimensions n > 11, this condition is that Weyl  vanishes at some (but not
all) points in M. This is consistent with Theorem since the sequence (ug)gen
that we construct to prove Theorem blows up at a point where Weyl, vanishes.
Hence, Theorems and are sharp in every dimension 11 < n < 24. The
condition arising when n = 10 is purely analytical (see below). The exact
value of E(M,[g]) when 3 < n < 10 is not yet known: as Theorem shows, at
least when n < 9, it is strictly larger than Y (M, [g])% + Y (S", [gsta]) 2. Computing
E(M,[g]) when 3 <n < 10 will be the focus of forthcoming work.

We conclude this subsection by mentioning an important additional motivation
for investigating the value of E(M,[g]) and, more generally, (non-)compactness
issues for sign-changing solutions of . Let ¢ be a Riemannian metric in M
of positive Yamabe type. For k € N and g € [g], we denote by Ag(§) the k-th
eigenvalue (counted with multiplicity) of the conformal Laplacian Az + ¢, Scal; in
M. Ammann-Humbert introduced in [2] the so-called k-th Yamabe invariant:

_ 2
(M, [g]) = inf Ax(g) Vol (M)™ .
gelgl
In the case where k = 2, test functions computations show that

pa(M, [g])% < Y(M,[g])% +Y (S, [gs1a]) * (1.7)

holds. For k > 2, extremal metrics attaining p (M, [g]), when they exist, are not
smooth in general. When (M, g) is of positive Yamabe type, Amman—Humbert [2]
established the existence of extremal metrics attaining ug(M, [g]) provided (M, g) is
not locally conformally flat and n > 11. Moreover, Amman—Humbert [2] obtained
that if po(M, [g]) is attained by a generalized metric § = uﬁg with u > 0 and
lull 2% (ary = 1, then there exists a generalized eigenvector w associated to 2 (M, [g])
such that u = |@| and w = py(M, [g])"T @ is a sign-changing solution of
satisfying F(w) = p2(M,[g])2. With (1.7), this shows that extremal metrics for
w2(M, [g]) give rise to sign-changing solutions of (|1.1)) whose energies lie below the
minimal blow-up level given by . Theorem thus provides a compactness
result for a range of energy levels including uo (M, [g]). Such a result is generally
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perceived as a strong indication that ps (M, [g]) is attained (at least for analogous
problems in the two-dimensional case, see for example Matthiesen—Siffert [32] or
Pétrides [38]): Theorem can therefore also be seen as a first step in a more
systematic investigation of ug (M, [g]).

1.2. Review of the literature and outline of the paper. Existence results for
the nodal Yamabe equation have been the subject of several work in the last
decades. On the standard sphere (S™, gstq), existence results of large-energy sign-
changing solutions of are in Ding [18], del Pino-Musso—Pacard—Pistoia [15] [16],
Musso—Wei [36], Medina—Musso—Wei [34] and Medina—Musso [33]; other existence
results at lower energy levels are in Clapp [11] and Fernandez—Petean [22]. For more
general manifolds, existence and multiplicity results of sign-changing solutions of
have been obtained by Ammann—-Humbert [2], Vétois [58], Clapp—Fernandez
[12], Clapp—Pistoia—Tavares [I3] and Gursky—Pérez-Ayala [23]. Multiplicity results
of sign-changing solutions of Yamabe—-Schrodinger-type equations with more general
potential functions can also be found in Vétois [58] and Clapp-Ferndndez [12].

Theorem is both a non-compactness and an existence result: it shows in
particular the existence of infinitely many solutions of (1.1)) on (S"/T',g). Theo-
rem on the contrary, is a compactness result for elow the energy level
Y (S™, [gsta)) 2 + Y (M, [g])2. Compactness and non-compactness results for sign-
changing solutions of Yamabe-Schrédinger-type equations have been obtained by
Vétois [58] and recently by Premoselli-Vétois [42] 43] (see also Robert—Vétois [47,[49],
Pistoia—Vétois [39] and Deng—Musso—Wei [I7] for existence results of sign-changing
blowing-up solutions to equations of type with asymptotically critical nonlin-
earities). A general pointwise description of finite-energy blowing-up sequences of
solutions of such equations, including the geometric case of , has recently been
obtained by Premoselli [40]. To the best of the authors’ knowledge, Theorem is
the first constructive result of sign-changing blowing-up solutions for the geometric
equation on a different manifold than the standard sphere.

The paper is organised as follows. In Section [2] we state Theorem [2.2| which is
a generalization of Theorem [I.1] in dimensions n > 11. We then prove Theorem
in Sections [3] and The proof relies on a constructive Lyapunov—Schmidt
reduction method. Our approach is inspired from the constructions on the sphere
by Brendle [7] and Brendle-Marques [8] (see also Ambrosetti-Malchiodi [I] and
Berti-Malchioldi [5]). In Section [3| we perform the Lyapunov—Schmidt reduction
and construct a blowing-up sequence of approximate solutions of of the form
up = —ug + Br+ lower order terms, where ug > 0 solves and By is a positive
bubbling profile modeled on the positive standard bubble (see below). In the
course of our construction we are able to control the lower-order terms in strong
spaces so that the solutions uy that we construct are pointwise equal, to first-order,
to —ug + Bj. They are therefore sign-changing, see Remark [3.6] below. In Section [
we reduce the proof of Theorem [2.2] to finding a critical point of an energy function
in R"*1 (see below). The main difference with the constructions of Brendle
[7] and Brendle-Marques [§] for positive solutions is that the critical point of F'
that we find is of saddle-type: this allows us to conclude up to dimension 11 but
in turn forces us to work with greater precision and expand the reduced energy to
the fourth order (see below). Finally, we prove Theorem in Section |5| by
using a Pohozaev-type identity together with the pointwise blow-up description for
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sign-changing solutions of recently obtained by Premoselli [40], which we refine
here by using an approach based on iterated estimates, in the spirit of the method
introduced by Chen—Lin [10] in the case of positive solutions (see also Marques [31]
for applications to the Yamabe equation).

2. Y-NON-DEGENERATE METRICS AND A REFINED VERSION OF THEOREM [L.1]

Let (M, g) be a smooth, closed Riemannian manifold of dimension n > 3 and
positive Yamabe type. By the resolution of the Yamabe problem (see Trudinger
[57], Aubin [3] and Schoen [51]) there exists a smooth positive function ug in M
that attains Y'(M, [g]) and solves ([.2). In particular [,, ud dv, = Y(M,[g])%.
Let ¢ € C°(M),p > 0. By the conformal invariance property of the conformal
Laplacian, tip = ug/p solves

Ngolio + ¢, Scaly, 4o = 42~ in M,

where we have let gy := ¢? ~2g. Assume that one of the positive minimizers wu
achieving Y (M, [g]) is non-degenerate as a solution of the Yamabe equation. This
means that
Ker(Ag + ¢, Scaly —(2° — 1)u(2)*_2) = {0}, (2.1)
where this kernel is regarded as a subset of H'(M). A simple application of the
Implicit Function Theorem shows that for any metric g, close enough to g in some
CP topology, p > 3, there exists a unique positive u, € C?(M) close to ug in C%(M)
that solves
Ag. us + ¢y Scalg, uy = u ' in M (2.2)
and that is also non-degenerate. Generically with respect to perturbations of the
metric, at least in dimensions n < 24 (see Theorem 10.3 of Khuri-Marques—Schoen
[26]), all positive solutions of are non-degenerate. In the locally conformally
flat case, concrete examples of situations where ug is non-degenerate are given
by up = ((n—2) /2)Tz on St (r) x S"!, where S!(r) is the circle of radius
r € (0,00)\ {i/v/n—2:i€ N} and S""! is the unit (n — 1)-sphere, both equipped
with their standard metrics (see Proposition 3.4 of Robert—Vétois [47]).

We introduce the following definition:

Definition 2.1. Let (M, g) be a smooth, closed Riemannian manifold of dimension
n > 3 and positive Yamabe type. We say that g is Y -non-degenerate if

e one of the positive minimizers ug achieving Y (M, [g]) is non-degenerate

e and there exists a constant e, > 0 such that for any metric g, satisfying
g+ — gllca () < €4, the unique function u, close to ug in C*(M) satisfying
still attains Y (M, [g.]), i.e. satisfies

/ “z*dvg* =Y (M, [g.])%.
M

By the conformal invariance of A4 + ¢, Scalg, if g is Y-non-degenerate in M then
any metric in the conformal class of g is still Y-non-degenerate. This notion allows
us to state a generalization of Theorem [T-1}

Theorem 2.2. Let (M, §) be a smooth, closed, locally conformally flat Riemannian
manifold of dimension n > 11 which is Y-non-degenerate in the sense of Definition
2.1 Then there exist a smooth, non-locally conformally flat metric g in M and a
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sequence of blowing-up sign-changing solutions (ug)ren, ux € C3*(M) for some
0 < a <1, to the nodal Yamabe equation for g:

_9 .

Aguy + h Scalg up = lug|* "2up in M,

which satisfies

w3

/M fusl? dvy 7Y (M, [g])% + V(S [gara])
as k — oc0.

The metric g in Theorem can be chosen arbitrarily close to the original metric
g in CP(M) for any p > 3. Theorem [2.2]is proven in Sections |3[and [4] In the rest of
this section, we prove that spherical space forms and their locally conformally flat
perturbations are Y-non-degenerate and that Theorem follows from Theorem
22l The first result is as follows:

Proposition 2.3. Let n > 3 and let T be a finite subgroup of isometries of (S™, gstd),
T £ {Id} acting freely and smoothly on S™. The quotient manifold Mr := S"/T
endowed with the quotient metric gr is locally conformally flat and Y-non-degenerate
in the sense of Definition[2.1}

Proof. By definition, (Mr,gr) is locally isometric to (S™, gstq), hence it is locally
conformally flat, has constant scalar curvature equal to n(n — 1) and is thus of
positive Yamabe type.

The constant function ug = (n(n — 2)/ 4)%2 is a solution of the Yamabe equation
on (S™, gsta), so ug descends to Mt as a constant positive solution, that we still
denote by ug, of the Yamabe equation
Agruo + qu =u2 ' in Mr. (2.3)
We claim that the linearized operator at ug in Mr, which is given by L = Ay — n,
has zero kernel. Indeed, if Ly = 0 for some ¢ € H'(Mr) then ¢ lifts to S™ as a
function @ € H'(S™) which is I'-invariant and satisfies A,_,,@ — n@ = 0. But the
kernel of A,_,, —n in S™ consists of the restrictions of the coordinate functions
(wi)o<i<n of R to S™, that are not I'-invariant. Hence » = 0 and ug is a non-
degenerate solution of the Yamabe equation in Mp. This proves the first point in
Definition 2.11

We now prove the second point. Since (Mr, gr) is Einstein, a celebrated theorem
of Obata [37] shows that ug is the only positive solution of , o in particular ug
satisfies )

/ ug*dvgr = Y(MF7 [QF])% = 7Y(Sn7 [gstd})%’
Mr Tl

By the Implicit Function Theorem there is 19 > 0 such that, for any £ small enough
and any metric g on My such that ||g — gr|cs) < €, there is a unique positive
function u, € C?(Mr) N B (v (ug,mo) satisfying

Agug + cp Scalg ug = uf]*_l in M. (2.4)

We also have |lug — ug||c2(ay) < Ce for some C' > 0 independent of ¢, so u, is still
non-degenerate for € small enough. We claim that for € small enough, we again have

/ w2 doy = Y (Mr, [g])
Mr
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for any g with ||g — grl|cs ) < €. Assume by contradiction that, for a sequence of
real numbers (¢;) ey such that e; — 0 as j — oo and a sequence of metrics (g;);en
with |lg; — grllesar) < €j, the latter equality does not hold. Then

/ u? dvg, > Y (Mr,[gj])% Vj €N,
Mr

where we have let u; := uy,. Since g; — gr in C*(Mr), we have Y (M, [g;]) —
Y (Mr,[gr]) < Y(S™,[gsta]) and thus, by the resolution of the Yamabe problem,
there exists a sequence (v;);en of positive solutions of (2.4) with g = g; satisfying
. n 1 n
/ Vi dvg, =Y (M, [g;])% < ﬁy(5n7 [95ta]) 2 +0(1) (2.5)
Mr

as j — oo. In particular, u; # v; for all j € N. Struwe’s H'-compactness result [54]
together with ([2.5)) show that the sequence (v;);jen strongly converges in H'(Mr)
as j — oo towards a positive solution of (2.3)). By the uniqueness result of Obata
[37], v; — wo, and hence the local uniqueness shows that v; = u; for large j, a
contradiction. O

Proof of Theorem[I1.1] Thanks to Proposition we can apply Theorem to
(M, g) = (Mr,gr) for some finite subgroup I' # {Id} of isometries of (S"™,gsta)
acting freely and smoothly on S™. We can then let g be as in the statement of
Theorem By definition of E(M, [g]), Theorem then gives

E(M,[g]) <Y(M,[g])% + Y (S, [gsea]) % -

The other inequality follows from Proposition below, which concludes the proof
of Theorem [L.1] O

The arguments developed in the proof of Proposition [2.3] similarly show that
if a metric g in M attains Y (M, [g]) at a unique positive minimizer ug, that is
also non-degenerate in the sense of , then (M, g) is Y-non-degenerate. With
this observation, we can prove the following result that provides additional Y-non-
degenerate examples to which Theorem applies:

Proposition 2.4. Letn > 3, let T be a finite subgroup of isometries of (S™, gstd),
T # {Id} acting freely and smoothly on S™ and let g be a locally conformally flat
metric in Mr, T' # {Id}, that is close to gr in CP(Mry) for some p large enough.
Then g is Y -non-degenerate.

Proof. This is a consequence of the uniqueness result of de Lima—Piccione—Zedda
[14] (Theorem 5). We provide some additional details here since the result of [14] is
not stated in this way. The analysis in [I4] leading to Theorem 5 applies as long
as sequences of Yamabe metrics close to gr can be made to converge strongly up
to a subsequence. This is the case for sequences of locally conformally flat metrics
(gk)ken on My close to gr in CP(Mr) for some p large enough. Local arguments
indeed show that any metric g; has positive Riemannian mass, with a positive
uniform bound from below, at every point of Mr. This is a purely local argument
that works for any dimension n > 3 and does not rely on the positive mass theorem.
The convergence of (gx)ren up to a subsequence then follows from the arguments of
Schoen [53] and Li-Zhu [30]. Hence for any metric g on Mp with |I'| > 2 that is
locally conformally flat and CP-close to gr for p large enough, the equation
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has a unique positive solution u4. This solution u, remains non-degenerate for g
close enough to gr. ([

Remark 2.5. A natural question connected with Definition [2.1], and with the
observation before Proposition is whether it is possible that the Yamabe equation
admits multiple minimizers. This is indeed the case. Examples of such situations can
be obtained by considering manifolds with a nontrivial isometry group. In particular,
Schoen [53] gave a detailed study of the multiplicity of positive solutions to the
Yamabe equation in the case of the product manifold S' (r) x S*=1 with r > 0. In this
case, if r is chosen large enough, then there exists a family of distinct (degenerate)
minimizers parametrized by S'. This example can be extended to more general
manifolds with different isometry groups (see Hebey—Vaugon [25]).

3. PrRoOOF OF THEOREM [2.2] — PART 1: A LYAPUNOV—SCHMIDT REDUCTION

3.1. The geometric setting. In this section and the next, we prove Theorem [2.2]
Throughout the paper, we denote by dg the Euclidean metric in R™.

Let (M, §) be a smooth, closed, locally conformally flat Riemannian manifold of
positive Yamabe type that is Y -non-degenerate in the sense of Definition In this
section and the next, we always assume that n := dim(M) > 11. Fix xg € M once
and for all, and let § > 0 and ¢ € C°°(By(o,80)), » > 0, be such that gy = ¢* ~2§
is flat in By (zo,80). By decreasing § if necessary and picking a local chart ® that
sends zp to 0, we can assume that Bj(xo,65) contains ®~1(B(0,46)) and that ®.go
is the Euclidean metric in B(0,46) C R™, where B(0,46) is an Euclidean ball.

For any k € N, we let yi, = (§/k,0,...,0) € R™ and we let (rx)gen be a decreasing
sequence of positive numbers converging to 0 such that rq < 6 and 4r < |yx — Yg+1]
for all K € N. Any two Euclidean balls B(yx, 2r;) and B(y, 2r) are thus disjoint
for k # £. Let (ex)ren be a sequence of positive numbers converging to 0 such that
er, = o(r}) for any p > 1. Define, for any k € N,

4
Uk :5,;1_10. (31)
Since n > 11 and &, = o(r}), we have p = o(r}) as k — oo for any p > 1. Let h be
a smooth, symmetric bilinear form in R™ that satisfies

tri(z) =0, divh(z); =0 and » wjhij(z) =0 (3.2)
j=1

for all x € R™ and 1 < ¢ < n, where we have let trh := 2?21 h;; and divh; =

Z?Zl Ojhj;. These are respectively the trace and the divergence of h with respect to
the Euclidean metric dp, but the subscript dy; will be omitted for clarity. We assume
that for any 1 <1i,j <mn, z — h;;(z) is a homogeneous polynomial of second-order
in R™. Examples of such h satisfying are given in below. Let x € C°(R)

be such that x = 1 on [0,1] and x = 0 on R\[0,2]. We define a new metric in

B(0,44) by
3(w) 1= exp (Z Exx ("”ky') hio— yk>> . (3.3)

k=1
We assume in addition that ), exry’ < 400 for all p > 0. Since the components
of h are homogeneous polynomials of second order, § is thus a smooth metric in
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B(0,49), is flat in B(0,4)\B(0, 3d) and satisfies

~ xr —

g(x) =exp (5;0( (lrkyk> h(x— yk)> (3.4)
in B(yg,2rg) for any k € N. When extended and pulled back to M, ®*g defines
a metric in By(xg,86), equal to gy in Bj(zo,80)\Bs(zo,65). The metric g =
22" ®*§ thus defines a smooth metric in By(z¢,85), equal to the original metric g
in Bj(z0,89)\Bj(x0,69), that we extend to be equal to § on M\ Bj(zo,85). We still
call this new metric g. We now define § = ¢? ~2¢, which is a smooth metric in M
such that ®,g = g as in (3.3]) in B(0,46). By (3.2), we have det g =1 in B(0,49).
Note that § can be chosen to be arbitrarily close to the Euclidean metric dy in

CP(B(0,46)) for any p > 3 by assuming that ), .yexr,,” is small enough. Hence g
can be chosen arbitrarily close to the initial metric § in C?(M) for any p > 3.

Since § is Y-non-degenerate, so is go = ¢? ~2§, and we can let 7y be a non-
degenerate positive solution of
S . Lo* o1
A gy g + ¢ Scalg, Uy = Ug in M,

that also satisfies
[ 8 oy, =Y OL)® = V(1. 3%

Definition then yields the existence of a unique positive function iy € C?(M)
solving

Agitg + ¢n Scalyig = a2 ~' in M, (3.5)
that is still non-degenerate in the sense of (2.1) and satisfies

| oy =YL 1a)E = (. 9.

In the rest of this section and in the following one, we construct, when n > 11, a
sequence of sign-changing solutions (uy)zen of class C>¥(M), 0 < a < 2* — 2, to

Aguy + ¢ Scalg uy, = |uk|2*_2uk in M, (3.6)

where ¢, = 4(’;7’_21), that satisfies

/ ug[* dvg /Y (M, [g)% + Y (S", [gera]) -
M

Since § = ¢ ~2g, and by the conformal invariance of the conformal Laplacian, by
replacing wuy with @uy, this will prove Theorem

3.2. The ansatz of the construction. Define D*?(R™) to be the completion of
C°(R™) for the norm u + ||Vu| z2(gn), that we endow with the associated scalar
product. We fix A > 0 to be chosen later, and for (¢, 2) € [1/A, A] x B(0,1), we let

pe(t) = pet  and  Ek(2) =y + iz, (3.7)

where yj, is as in the previous subsection, and for = € R",
n—2

Hr(t) 2

By () = wer

—& ()17 ?
(e (t)? + L)




SIGN-CHANGING BLOW-UP FOR THE YAMABE EQUATION 11

For any (t,z) € [1/A, A] x B(0,1), By, solves
Nsy By, =B} inR",

where §g is the Euclidean metric in R™ and A, := —divs, V. For x € R", we let
= T
Vo(x) := %ﬂ and, for 1 <j<n, Vj(@):=—""——+ (3.8)
[z )2 =2 2
(1 + n(n72)) (1 + n(n72))
We then let
_n T — z 2
Zopesep= W (D) Loop,. @
and, for 1 < j <n,
_n T — z
Zj,k,tyz(x); = ,uk(t)l 2 V} (516()> = —nt@ZjBk’t’z, (310)
oo (£)

and we let

Kyt ;=span{Zjp:.: 0<j<n},
which is a finite-dimensional subspace of D'?(R™). We denote by K, , its orthog-
onal complement in D'2(R™). The functions Z; j ; . satisfy

NsyZip. = (2" =1)By [ *Zigy. mR"

for all 0 < j < n, and by a result of Rey [45] and Bianchi-Egnell [6], they form an
orthogonal basis of the set of solutions of this equation in DV2(R"). Letting h be
as in the previous subsection, we define, for £k € N and z € R"”,

hi(z) :=h(x —yg). (3.11)

By (3.2), hg is trace-free and divergence-free in R™. As a first result, we obtain the
following lemma:

Lemma 3.1. For any (t,z) € [1/A, A] x B(0,1) and k € N, there exists a unique
Ryt € K,ﬂ-jm that satisfies

Nsy Rtz — (2" = 1By PRis. =~k Y (hi)pgOpgBre= inR".  (3.12)
p,q=1
This function Ry .., also satisfies, fori € {0,1,2},
2 t)+|x—Ek(z
s 1n< poie () +] 2 —Ek )I)

) , (t)
V'R, (w)] < Cerpup(t) -
() + |z = &))"

for all x € R™, for some C > 0 independent of k,t, z.

Proof. Let u € C*(R™) be such that u € L*(R"), (1 + |z|)|Vu(z)| € L*(R™) and
(1 + |z|)?|V?u(z)| € L*(R™). Define then

1 n
Gi(u) := 5/ Z (hi) pgOput Oqu dz.
n =1

(3.13)

Integrating by parts and since hy, is divergence free, we get that

1 n
Gilu) =~ / S (i)t 0, u da.

p,q=1
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Choose now u = By, for t > 0 and z € B(0,1), which is admissible for G}, since
n > 11. Explicit computations show that

1 w(t)3268 n
Bk,t,z 8quk:,t,z = _E a ( ) P (P‘)le n—1 n_2 8ka,t,z ank,t,zv
(,Ltk (t)2 + 71,(nk—2) )
which gives, since hy, is trace-free, Gy (Bi.t,.) = — 25 Gr(Bi,t,.), and s0 G (Bg,s,.) =

0. Differentiating with respect to t and z, using (3.9) and (3.10) and integrating by
parts shows that for any j € {0,...,n},

n

/ Zj,k,t,z Z ( )pq aquk,t,z dr =0
Rn

P,q=1
holds. Since, by Bianchi-Egnell [6], As, — (2* — 1)32*_2 is Fredholm and injective

on K,c t the existence of a unique Ry ;. € K,c tx satisfying (3.12)) follows. By
standard elliptic theory Ry ;. is smooth.

By (3.2), Ay is trace-free and satisfies Y, (x—y); (hi)ij(z) = O forall 1 < j <n
and z € R™. Direct computations then show that

" 2 i =
Z (hk)pg aquk,t,z = _ﬁ Z (hi)pa2pzq i (t) =R
B i )
It is then easily seen that, for all x € R"™,
3-2 T —y
Rpi-(z) =ceppy, Ry ( i k) (3.14)
holds, where Ry . is the unique solution in Kj", of
n—2 n
. . tz >0 hpgzpz .
Do Brs = (2 = DB Res = oo = L iR, (3.15)
(t2 4+ L=z ) 2
n(n—2)
where we have let
. 22\ 2
Bt,z(x) = tTQ <t2 + ’I’|L(’r7,—|2)) (316)

and

K, , =span{0;B; ,0: Bt »,...,0:, B .}.
Since t € [1/A, A] and z € B(0, 1) and since the h;; are homogeneous of degree 2,
we can again write

for some smooth function Sy , € K fjo that satisfies

| D60 S0, (y) = (2 = 1) Bro(y)* S0, ()] < Cl2* (1 + [y)) ™"

for all y € R™, for some C' > 0 independent of ¢ and z. We can now write a
representation formula for As, — (2* — l)BiO_2 (see for example Lemma 3.3 of

Premoselli [41]) that shows that, for any = € R™,
n o In(2 + |z
S0 < ClaP [ o=y )y < Gl ED,

(L+Jz])"
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for some constant C' > 0 independent of z. Differentiating the representation formula
similarly yields

In(2 In(2
BRI a8y (@) < Ol RELIE)

(1+ |z) (1+ |z])

for any « € R™. Going back to Ry ¢, ., this proves (3.13). ([l

VSo.2(x)] < Clef?

Let again x € C°(R) be such that x =1 on [0,1], 0 < x <1 and x =0 on
R\[0,2]. For t € [1/A, A] and z € B(0, 1), we let

Ups.(2) == x (”” — y’“) (Brot2(z) + Rir.o(2)) (3.17)

Tk
for any x € R”, and
Wit (x) == Uk (®(z)) — to(x) (3.18)
for any x € M, where ® is the chart around x( introduced in the previous subsection,
and where g is as in . We let

f(s):=|s]* 2s VseR. (3.19)
We also let for k € N and (¢, 2) € [1/A, A] x B(0,1),
Ek,t,z = (Ag +cp Scalg) Wk,t,z — f(Wk:,t,z)' (320)

Until the end of this section, C' will denote a positive constant independent of k, ¢
and z, that might change from one line to the other.

Lemma 3.2. For any k € N and (t,2) € [1/A, A] x B(0,1), we have

nt2
1zl 2y gy < Crii® - (3.21)

Proof. By (3.1) and (3.13), we have ||Rk1tvz/Bk1t»Z||L°°(B(yk oy 0 as k — 00
uniformly with respect to ¢, z. As a consequence, and since ,ui =o(rg),

(Biyt,z 0 P) in ®(B(&r(2), V(1))
(Bk7t7z o <I>) otherwise.

Since 1 satisfies (3.5)) and § = ®,g in B(0,44), we obtain

1Bk ezll ) 2y ) < (8 + o Scalg)Usk .z — f(Uk.e.:)ll

2% -2

|f(Wk,t,z) - f(Uk,t,z o (ﬁ) + f(ﬂo)’ S C {

n+2

4

Cu,*

(3.22)
where g is given by . First, by using together with straightforward
computations, we obtain

(Ag + ¢ Scalg)Ugt,. — f(Uky,2) =0 (uk Ty ) (3.23)
in B(yk, 2r)\B Yk, rr). In B(yk, k), by (3.4), we have

g = exp (exhi(z)),

where hy, is defined in ([3.11)). Since the components of h are homogeneous of degree
two, |exhi(x)| < Cexri = o(1) holds for all z € B(yk, 7). The definition of g
therefore allows to expand its inverse as

L (By2r))

gij( ) - 61] - gk(hk z] ?k Z hk zp hk p_]( ) +0 (€2|$ — yk|6) (3.24)
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for 4,7 € {1,...,n}. Similarly, the Christoffel symbols of § expand as

I}(9)(x) = %k (0i(hw) je(@) + 95 (hi)ie(x) — De(hi)ij(x)) + O (gi]@ — ye|*) (3.25)

for i,7,£ € {1,...,n}. Using Proposition 26 of Brendle [7], and since hy, is trace-free
and divergence-free, the scalar curvature of g expands as

Scalg( fak Z i (hi)je(2))? 4+ O (e} |z — yil ) - (3.26)

1,5,4=1

Remark finally that, by definition of £ (2) in - there exists C' > 1 such that for
any * € B(yk,Tk),

1 r + T — gl
[ QLELEREE LS LA S N O
C ™ o+l —&(2)| —

holds true. Using (3.24)), (3.25) and (3.26), we thus have, for x € B(yx, %),
(Mg + cnScaly) Byt . — f(Bru,s)

= (4 Aso)BktﬁO(skuk (b + o — y])*™ )

—ee 3 (e OB+ 0 (S (m+ e —m)*™).  (327)
p,q=1

Since Uy 1., () = By t,2(x) + Ry t..(x), by ,
|f (Ukt,2(2)) = F(Brt,2(x)) = £/ (B2 (2)) Rie,2 (€)] < CBp,2(2)? "* Ry 2 (@)’

holds for any « € B(yx, ). With (3.1), (3.13), (3.24), (3.25), (3.26) and (3.27)), we
obtain that, in B(yk, %),

(Ag + ¢ Scalg)Uk,tvz — f(Uk,t,z)
_ (Ag +ep SC&lg)Bk,t,z — f(BkJZZ) —+ AéoRk,t,z — f/(Bk:,t7 (I))Rk t,z

+ (85— Dso)Rit,z + O (7 (e + |z — yil)?| Ri,2]) + O (Bi Rp, z)

:0&wk<w+wfmo ")

holds. With (3.1] , and - this finally shows that

n+2 2 _n n+2
2 4
| B¢ ZHL 2& (M) = <C (Nk + /uk T ©F ‘Skﬂk) <Cu*
where the last inequality follows since n > 11 and py = o (r}) for any p > 1. O

3.3. The Lyapunov—Schmidt reduction. We endow H'(M) with the norm

lwll ) == \// (IVul2 + ¢, Scalg u?) dug,
M

and for u € H*(M), we let

1 1 x
I(u) == 3 /M (IVul? + ¢, Scaly u?) dvg — 5 % dvy.
For (t,z) € [1/A, Al x B(0,1), 1 < j <nand z € M, we let

N 2 ~
Zo ket () = mt&ng,t’z(x) and  Zjps.(x) = —ntd,, Wy (), (3.28)
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and we let
Kyt = Span{Zj,k,t L 0<5< n}

which is regarded as a subset of H'(M). We denote by K ktz its orthogonal

complement in H*(M). The following proposition shows the existence of a canonical
solution of (3.6]) in Kkl,t,zi

Proposition 3.3. There exists C > 0 and, for large k € N, a function ¢ :
[1/A, A] x B(0,1) — H*(M) of class C* which is the only solution of

—1
Hktt,z (Uk7t,z — (Ag +cp Scalg) (f(uk,tyz))> =0
in the set
{o e ktee i Iolman < ClBal oy |
where we have let ug ¢ . := Wyt + ¢ir(t, 2). In particular,
et 2y < Cll B,z 2 2 )

for some C > 0 independent of k,t,z. In addition, for large k € N, the function
Ukt,» 1S a critical point of I (hence a solution of (3.6))) if and only if (t,2) is a
critical point of the mapping (t,2) — I (ugt.5).

Proof. By (3.18]), we have, for 0 < j <n and z € B(yx, 2ri),

Zipos (871(@) = x (”” - y) (Zypos(e) 4 Quine(®)).  (3:30)

Tk

(3.29)

where we have let Qo .. := %t O Ry v» and Qj g t,» := —nt Oz, Ry ¢ .. By differ-

entiating (3.12)) and using (3.13]), one gets that, for 0 < j < n, k € N, z € B(y, 21%)
and any (¢,2) € [1/A, A] x B(0,1), Qj k- satifies

| 850 Qjke,z — (27— 1) bir Qikz| < Corpn® (ot 16(2) — )" (331)

As in the proof of , a representation formula yields once again that, for
i€{0,1,2},

2#k(t)+\ﬂ3—€k(2)\)

IViQj k()| < Ce (t)”T“ : ( 11 (2)
J.k.t,z =~ kMK (,uk(t) T ‘I - é.k(z)‘)n—2+i

for z € R™. With (3.9), (3.10) and (3.28), we then obtain, for 0 < j < n and
x € B(yg, 2ry), that

(3.32)

_ Tr —
Zikt- (@71 (2) = x ( yk) Zj kt,2(T)

Tk

210 (1) o6 ()
Oka i G

+ O | erpik “— |, (3.33)
() + |z = & (2))"
V(Zj’k,t,zo(ﬁ_l)(l’) =V <X ( ) ]ktz)
, ]n 2pk(t)+|z—Ek(2)]
+O [ ep(t)= 0 ) (3.34)

(uk(t) + o =&)D"
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With these estimates, we can easily adapt the proof of Proposition 5.1 of Robert—
Vétois [48] (see also Esposito—Pistoia—Vétois [21]), and Proposition [3.3| follows. [

We let K,, be the optimal constant of the Sobolev embedding D'?(R")
L? (R™). As explained in the introduction, K2 = Y(S", [gsta]). Since the latter is
attained by the stereographic projection of the bubbles By . defined in (3.16)), for
all (t,z) € [1/A, A] x B(0,1), we have

/ BZ, dx:/ |VB;..|%de = K™
R R

The explicit value of K, is known (see Aubin [4] and Talenti [55]). The next result
is an expansion of (t,z) — I (Wi .) as k — cc.

Proposition 3.4. We have, as k — oo:

1 n_2 n—2 1
I(Wit) = —K;" + (i) + . (A(n)uo(xo)t o3 / VR [*de
Rn

: , n—2 - 22
+1 / Z fip p; 0Btz 0 Br.s dx—m/z (0ihje)” By, dzto (1)),
bip=l i,7,4=1
(3.35)

where g is as in (3.5), Ry, is as in (3.14) and where A(n) is a positive dimensional
constant given by (3.38)) below. This expansion holds true in C1([1/A, A] x B(0,1)).

Proof. First, by (3.13) and (3.17), it is easily seen that 0 < Ug;, < CBgy . in

B(yg, 2ry). By (3.18), we can then write, for some 0 < < 2* — 2, that
Wit o2 = Uz 0 @) = i +2" (Upao 0 @)V itg + 2 (o 0 @) 0 |
= ((Bk,t,z 0 ®)* 0 4 By o ‘I’)He)

holds in M. As a consequence, and since g solves (3.5)), straightforward computa-
tions show that, for 0 < 6 < %,

I (Wk,t,z) =1 (Uk,t,z o (I)) + I(ﬂo) + / (Uk,t,z o (13)2*_1 ﬂodvg
M

M
* n—2
(U0 ®)+ 1(i0) + [ Urreo®) induy +0 (7 7). (330)
M

Independently, by (3.13) and (3.17), and since 1 is of class C?, we have

*_ n— n—2
[ Wi o®) ™ i doy = Aol ®'F +0 (™ ). (337)
M
where py(t) := pit is as in (3.7)) and where we have let
A(n) '—/ LI (3.38)
" Jre n(n —2) ' '

‘We have thus proven that
n—2 n=2
I (Wits) = I (Upe. 0 ®) + I(iig) + A(n)iio(zo) s (t) “E- + o (uk 2 ) . (3.39)
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It remains to expand I (Ug; . o ®). By definition, we have § = ®*g in By(zo,69),
where g is given by (3.3), so by (3.17) and since det g = 1, we have

1

I(Usszo®) =3 / (|v (Bhtz + Riz)|2 + cn Scaly (Bry - + Rk,t,zf) dw

1 * n—2
-0 | B+, + Rk’t,z|2 dxr+o (,uk2 ) , (3.40)
R’ﬂ.

where Ry, ; . is given by Lemma In the latter equality, we implicitly assumed,
in accordance with (3.3)), that § has been extended as a metric in R™ that coincides
with the Euclidean metric in R™\ B(0,49). First, by (3.13) and (3.24]), we have

1 1

5/ |V (Bk,t,z + Rk;t’z)lf‘] dx = 5/ |VBk,t,Z|2d$ +/ <VBk,t,z7 VRk’t,Z> dl’
n R™ n

1 Ek -
+ 3 /Rn \VRk,t,Zde -5 /n Z (hi)ij 0iB.t, 0j By, dx

i,j=1

g2 -
v / S (i )ip (k) 0By, 05 B - d
R™ G p=1

n—2

- Ek/ > (h)ij ;B 0 R,z di + 0 (MICT) , (341
" 1,7=1
where hy is as in (3.11]). Similarly, using (3.1)), (3.13) and (3.26)), we have

Cp, Cn .
5 SC&1§ (Bk,t,z + Rk,t,z)z dr = 7*(5,% /n Z (8i(hk)j€)2B]3,t7z dx

8
R i,4,0=1

+o (uf) . (3.42)

Finally, using (3.13]), we have

1 . 1 . .
27* Rn |Bk,t,z + Rk7t7z|2 dx = 27* /R" Blit’zdm + /Rn Blz’t’lek,t,z dx

* n-2
+ (2 - 1)/ BE PR, de+o (1 ). (343)
R"'L

As shown in the proof of Lemma [3.1] we have

/ Z (hk)ij ain%Z @Bkyt,z dﬂ? = 0 (344)

ij=1

for any (t,z) € [1/A, A] x B(0,1). We now integrate (3.12)) against Ry .: after
integrating by parts and using that h is divergence-free, we find that

/R |V Ry, | 2dz — (25 — 1) /]R By, PR}, . dv

= é‘k/l; Z (hk)ij 81Bk,t7z 8]'Rk7t,z dx. (3.45)

1,j=1
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It remains to plug (3.41), (3.42)), (3.43), (3.44) and (3.45) into (3.40). This gives

1 1
I (Ugy,o0®) = EK;” - 5/ |V Ryi.-|?dx
RTI,

g2 -
+ Zk /R Z (hi)ip(hi)pj OiBi 1,z 05 Bi .z dx

4,,p=1

n — 2 2 n 2 2 n—2
- 32(71_1)51@/"’ Z (0i(hk)je)"Biiy,. dx + 0 <ﬂk2 ) :

i,5,6=1
Simple changes of variables using (3.11]) and (3.15]) now yield

ez -
Zk/R > (h)ip(hr)p; 0iBit,2 0By, da

i jip=1
n—2 -
- 32(71_1)€i/ Z (0i(ht)je)* B . dx
R™; je=1
1 - n—2 -
=crup <4 /]R Z hip hyp; 0;By . 0; By dxfm /n‘ Z (&hjg)QBf,z dx)
i,7,p=1 i,7,6=1
and ) )
5/}1{ |VRk,t$Z|2dx = isiué/R \VRt’Z|2dac7

where R; . and By, are as in (3.14)) and (3.16). Together with (3.1)), (3.36), (3.37)
and (3.39)), this concludes the proof of (3.35). The expansions of the derivatives
with respect to ¢ and z follow from similar estimates. ([

To conclude this section, we show that I (u. ) expands at first-order as I (W, ;)
and that this expansion is C! in ¢:

Proposition 3.5. We have

T(upe) =T (Wia2) +0 (1.7 ) and 9 (I (un.2)) = 00 (T (Wiea.2)) +0 (17 )

as k — oo, uniformly with respect to (t,z) € [1/A, A] x B(0,1), where uk . is as in
Proposition [3.3.

C'-expansions in the z variable also hold true, but we will not need them here.
Proof. By the mean value theorem, (3.21)) and (3.29), we have
I (up2) = T (Wig,2) + DI (Wies,2) (o4(8,2) + O (lon(t, 23 an))

n—2

n—2
=1 (Wiyt,) +/ B t,2px(t, 2) dvg + 0 (Mkz ) =1(Wgt2)+o (fo ) ;
M

which proves the first equality. We now show the C'—estimate in t. By Proposition
there exist, for any (t,z) € [1/A, A] x B(0, 1), real numbers (X} (¢, 2))o<;<n such
that uy ¢ . satisfies

(Ag + cnScalg) up s, o — f(urt,z) = Z )\i(t, z) (Ag + cn Scaly) Zﬂj’k,t’z in M. (3.46)

n
j=0
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By definition of uy . ., we have independently
(Dg 4 cnScaly) uptr — f(ut,z) = Egr. + (Dg + ¢ Scaly — f' (Wir.2)) @i(t, 2)
— (furz) = FWia2) = F'(Wr,2)or(t, ), (3.47)
where Ej 4, is as in (3.20). By (3.21) and (3.29), Theorem 4.3 of Premoselli [40]

applies and shows the existence of a sequence oy, of positive numbers with o, — 0
as k — oo such that for any x € M and (¢, 2) € [1/A, A] x B(0,1),

lor(t, 2)(2)] < o (1+ Ukyp,2 (B())) (3.48)
holds. By (3.13) and (3.18)), we can then let R > 0 be large enough so that
1
Wk:,t,z ((I)_l(-r)) Z §Bk:,t,z(x)

holds for any = € B(&x(2), /ie/R) C R™ and for any k € N and (¢, z) € [1/A, A] x
B(0,1). In @~ (B(&k(2), y/fix/R)), we then have

[FQu) = F(Wia ) = FWer)n(t,2)] < C Uk 0 @) u(t,2)*
In M\®! (B(& (), /Ex/R)), similarly shows that
|f(urt,s) = F(Wie,2) = ' (Wie2)en(t, 2)] < Clor(t, 2)-
We let j € {0,...,n} and integrate against Zjpr.. Since |Zjpi.| <

C (Ug,,» o ®) in M, by using the latter inequality together with straightforward
computations, we obtain

/M (Fluns) — FWies) — F'(Wiee)ou(ts 2)) Zn.z dug

=0 (/ (Uniz 0 ®)* 2 |l Z)|2d%>
8=1(B(& (), /R))

+0 (/ (Ug,t,2 0 @) |or(t, 2)] dvg>
M\®~1(B(¢x(2),/Iix/R))

=0 <|90k(tvz)”%ll(M) + ot ) | Bro,

n—2
=o(m™)

holds, where we have used (3.21]) and (3.29)) in the last line. With (3.33)), (3.34)),
(3.46) and (3.47)), the latter shows that

n2+n2(]R"\B(£k(Z)7\/lTk/R)))

. N n—2
(14 0 WIVV Mt 2) = [ BrseZinedog+0 (™)

M
+ / Pk (t, Z) (Ag +cn Scalg *f/(Wk,t,z)) ZAj“If,tvz d’Ug. (349)
M
By (3.28)) and Proposition we have
2

/ Ek,t,zZO,k,t,z dUg =¢ "= 2 s
M —ntd., (I(Wk,t,z))zo(ug ) if1<j<n.

n—2

0, (I (Wiy)) =0 (u,f) ifi=0

(3.50)
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By (3.13), (3.18]), (3.28)) and (3.30)), we have, for 0 < j < n and x € B(yx, 2r%),

(Dg+cnScaly —f' (Wit 2)) Zjne (@71 ()

= (Ag +cn Scalg _f/(Bk,t,z)) (Zj,k,t,z + Qch,t,z) (1‘) + 0 (rk_nuk%>

ot ( {Bk,t,xx)?*? i o - ()| < ma)}) |

+0
(1 + 1€ (2) — 2|)" Byt () otherwise

Using then (3.24)), (3.25)), (3.26), (3.31)) and (3.32), we find that, for + € B(yx, 2rg),

n—2
Ekfy 2

(i + & (2) — z[)"—2

(Ag 4 cnScaly — f'(Bi,2)) (Zjgtz + Qjrez) () =

holds. Thus,
(23 + e Scaly = (Wet.2)) Zjs.z (07 ()]

Bry:(2) 72 ifJo — &(2)] < \/ukof)})

n—2
<C|r;™"u,?> +e.B )+
( b H kBres(@) Byt . () otherwise

(3.51)
holds for any = € B(yg, 2r). As a consequence, with (3.1)),

H (Ag + ¢, Scaly —f’(Wk’tyz)) ZAj,k,t’Z

n—2 n+2
—n 5 2 1
L3 () §C(Tk Mr” T Erb T 1y, )

n—2
<Cp* .
Hence, with (3.21)) and (3.29)), Holder’s inequality shows that

A n—2
‘ / er(t2) (g + ca Sealy ' (Wies,2)) Zina dvg| =0 (1,7 ). (352)
M
Together with (3.49) and (3.50)), this shows that
n . n—2
SN =0 (1 ). (3.53)
7=0

We can now use ([3.46)) to write that
o (I (Uht,z)) =DI (Uk,t,z) (atuk,m)

= Z A‘]]g (t7 Z) (Zj,k,t,27 ath:,t,Z + atsok (t; Z))HI(M)’
7=0

where Wy ; » is as in (3.18). On the one side, with (3.9), (3.10), (3.33) and (3.34),

we have
- n—2 9
(Zj,k),t,zy ath7tvz)H1(M) = 75J0||V‘/0||L2(R") +o (1)

as k — 0o, where J;o is the Kronecker symbol. On the other side, since ¢y (t, 2) €

IA(,i-’t’Z, we have (cpk(t, z), Zjvkvtaz)Hl(M) =0 for all 0 < j < n, hence

(Zj,k,t,za 3t§0k(t7 z))Hl(M) = _(ath,k,t,za on(ta Z))HI(M) =0 (1) )
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where we have used (3.21)), (3.29), (3.33) and (3.34). Together with (3.53)), we thus
obtain that

n—2 n_2
00 (L (wh.2)) = “5=050[TVo Iy Mot 2) 0 (1,7 )

Together with (3.49), (3.50) and (3.52)), this becomes

815 (I (Uk,t,z)) = 8,5 (I (Wk,t,z)) 40 (/J/]:;2> 7

which concludes the proof of Proposition [3.5) (]

Remark 3.6. Estimate (3.48)), together with the definition of uy: . in Proposition
and with and (3.18), shows that there exists a sequence (oj)k>0 of
positive numbers converging to 0 such that, for any x € M and for any k > 0 and
(t,z) € [1/A, A] x B(0,1),

.2 () + 80 (2) = Vg2 (@(2))| < b (i10(2) + Upg (@) (354)

holds. Let ((tk, zx))k>0 be a sequence in [1/A, A] x B(0,1) converging to some (t,z)
and let ux, = ugt, -, and wi, = P71 (& (21)) where & (z) is given by . Let
w = limy_, oo Wy € By(xo,60) C M. It is easily seen with that up, — —tg <0
in CF (M\{w}) as k — 400 and that uy(yx) — +oo. This shows that all the
functions uy ;. that we constructed in Proposition are sign-changing.

4. PROOF OF THEOREM [2.2] — PART 2: FINDING CRITICAL POINTS OF THE
REDUCED ENERGY

Let n > 11 and let W : (R")* — R be a four-linear form in R™ possessing the
same symmetries as a Weyl tensor, that is Wijre = —Wjine = —Wijee = Wi,
Yo Wijie = 0 and

Wijke + Wikie + Wiije =0
for any 4,5, k,£ € {1,...,n}. Assume that W is not identically zero, that is

n

W2= > (Wijre)* > 0.
i,j,k,0=1

For any k,¢ € {1,...,n}, let

The = Z Wipgr + Wirgp) Wepgr + Wergp) - (4.1)

p,q,r=1

Straightforward computations using the symmetries of W show that

Tee=3 Y WipgWipgr and > Tp =3|[W[* > 0.
p,q,r=1 k=1

We let, for x e R® and 1 <i,j < mn,

1 n
h(x)” = § Z Wiqul‘pl‘q. (42)

p,q=1



22 BRUNO PREMOSELLI AND JEROME VETOIS

Using the symmetries of W it is easily seen that h satisfies (3.2). We define, for
t>0and z € B(0,1),

F(t,z) = / Z Rip hp; By 8; By . dz — nil /n Z (0ihje)* B}, da

1,5,p=1 i,7,0=1
1 ne
- 5/ |V Ry .|*dz + A(n)do(xo)tTZ
= Fi(t,2) + Fa(t, 2) + F3(t, 2) + An)tio(zo)t =, (4.3)
where 1 is as in and To is as in the beglnnlng of Section [3| l R; . is defined by

(3:14) for h given , B, . is as in and A(n) is the positive numerical
constant given by 1-) The function F is smooth in (0,00) x B(0,1). By (3.15),
the uniqueness of R; , and since h(—z) = h(x) for all + € R™, we have, for any
t>0,z € B(0,1) and x € R", R; _,(v) = R ,(—x) and thus F(t,—z) = F(t,z2).
This shows that, for allt > 0 and 1 <1i,j,k <mn,

010, F(t,2).=0 =0 and 9,03

2i2j 2k

F(t,2)j2—0 = 0. (4.4)

For real numbers p,q > 0 with p > ¢ + 2, we define

[q._/”Ldr
P

The following induction formulas are easily proven (see Aubin [3]):

—q—1 1
Sk Sy TR R (¢ . by (4.5)

17 p+1_p7 1 p+1-

p+1 —

From (4.5) the following expressions are easily obtained:

n n _n=2 nt2  p42 p  on=2 ni4 (n+4)(n+2) n=2

I2 — I 2 I 2 — I 2 I 2 — I 2
"op—2t n—4n—2"" """ " 4n-2)(n+1)" 7’

nt2 n+2 n=2 n-2 4(n—1) n=2 4dn(n — 1) n=2
=— I 12 zifnz Iz =——7J,%2 . (4.6
R TD)) n-2 n—4 "2 (n—4)(n — 6) (46)

Recall that, for any ¢ > 0 and z € R", we have [, sz dr = K. A simple change
of variables then yields
n—2 2 n
L7 = 2 (an—2) K, (4.7)

n
Wn—1

where w,,_1 is the volume of the standard unit sphere of dimension n — 1. This
allows us to compute the integrals in (4.6)).

We first prove the following lemma which shows the existence of a strict global
minimum of ¢ — F(¢,0):

Lemma 4.1. Assume that n > 11. Then t € [0,00) — F(t,0) possesses a unique
global minimum to > 0 such that F(tg,0) < 0. This minimum is also non-degenerate,
meaning that 02 F (ty,0) > 0.

Proof. First, by (3.15)) and the uniqueness of R; ., we have R; o = 0, hence F3(¢,0) =
0 for all ¢ > 0. Let t >0 and » € B(0,1). Since >°7_; x;h(z);; =0 forall 1 <i<mn
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and by definition of B, ., we have

n

1 > h(@)iph(x)p; 0By, (x) 9By s (x)
1,j,p=1
1 tn—
n (t2+ |1,’ 2| ) 1
n(n—2) ,,p=

Thus Fi(t,0) = 0 and F(t,0) = Fy(t,0) + A(n)iig(z0)t "= for any ¢ > 0. By (&.2),
we have, for all z € R™,

0; hﬂ Py Z jitp T W; p&) (4~9)

OJ

Hence, by (4.3)), we have
oo r*Hldp
Fy(t,0) = / Z (Dihje(x))?do(x) / % 2
snt i,j,0=1 0 (1 + n(n72))

Recall that
Wn—1

/ zixjdo(x) = ——0;; (4.10)
§n—1
for all i,5 € {1,...,n}. As a consequence, we have
[, 3 @utorrants) - %522 S
§n—1 )

where Ty is as in (4.1)). Independently, straightforward computations with (4.6)
and (4.7)) give that
/OO rotldr _4An?(n—1)(n—2) K"
n—2 _ _ .
o (14 7i) (n—4)(n—6) wp

This shows that

n(n — 2)? - n—2
F(t,0)=- (mn(_ 4>53_ 3 K;"kz_lm> t+ Am)io(ao)t ™. (4.11)

Since A(n) >0, @y > 01in M, >}, Tir > 0 and n > 11, Lemma follows. [

The value of ¢y only depends on n, W and g, that have been fixed from the
beginning. From now on, we will let A > 0 be chosen large enough so that
to € [2/A, A/2]. We now show that the second derivatives of F at (¢,0) in z vanish
for every t > O:

Proposition 4.2. Let n > 11 and let t > 0 be fixred. Then, for any 1 < k, £ <n,
82 (t Z)\z:O = 0

ZkZe

Proof. Let t > 0 and k,¢ € {1,...,n} be fixed throughout this proof. First, by

(3-15) and the uniqueness of R, ., we have R; o = 0 and 0, (Rt,Z)\Z:o = 0 for all
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1 < i < n. As a consequence, 8ZkZZF3(t,z)‘Z:0 = 0. On the one hand, with (4.8)
and differentiating under the mtegral we get that

0% _I(t = E h(z —tndd
Fhze 1t Z)‘Z =0 2n2 n i iy h (t2 (\x|22))”'
r™T3dr

h k gdo‘( ) / - —
02 /S 12:: o) o (1+0=)

By using the symmetries of W, it is easily seen that

1
=T,

D Wipig (Wepij + Wejip) = 5

Pyi,j=1

where Ty, is as in . Using (4.2) and Corollary 29 of Brendle [7], we thus obtain

Wn—1
e d L
/Sn IZ Dy M@)pe do (@) = 70 =55 The

p=1
Together with (4.6) and (4.7), we then obtain

?2n—-2___

8ZkZ(F1(t Z)‘Z 0 — 36mKn

By using (4.9) together with change of variables, we obtain

"The. (4.12)

Fy(t,z) = / ZT T+ 2)p(z+ 2)4 1" Cda
2 288 (n—1) Jpn pa (2 + )"

so that differentiating and using , and ([4.10]) yields

n—2 t2dx ?n—2___
.., Falt, 2)|m0 = 71)Tke/ (— = K- "Te.

144(n — 1+ (\l’lz ))”_2 36n—4""
(4.13)
Together with (4.12)), this concludes the proof of Proposition ([l

In order to prove that (tp,0) is a non-degenerate critical point of F', we now
expand, for a fixed value of ¢, z — F(t, z) to the fourth order as z — 0. A first,
obvious, remark is that for 4,7, k,1 € {1,...,n}, we have

ol Fy(t, 2),—0 = 0. (4.14)

ZiZjZKZl
This easily follows from the expression of Fy given by (4.3). Indeed, by (4.2),
Z?’j’[:l(&hﬂ(x))Q is a second-order polynomial in z, hence F(t, z) is a second-
order polynomial in z by a change of variables. We now expand F; + F5:
Proposition 4.3. Lett > 0. We have, as z — 0,

n

37 (hpa(2))* +0 (1)

p,q=1

—n

Fi(t,2) + Fs(t,z) = F5(¢,0) + -

Proof. By definition, F; and F5 are even in z. The expansions to second-order
thus follow from Fy(¢,0) =0, 4 12 and (4.13). By (4.14), we only have to expand
Fi(t, z) to fourth order. By (4.3] and a change of variables, we have

1 = 2
Fi(t,2)= e /Rn W Z h(z+ 2)ip h(z + 2)p;2izj de.

n(n—2) ) i,5,p=1
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It is easily seen that, for any z,z € R" and 1 < a,b,c,d < n,
(x4 2)a(z+ 2)p(x + 2)e(T + 2)d = TaZpTeTd + TaTpTeZd + TaZpTaZe + TaleTdZp
+ TpTeTdZa + TalpZeZd + Tale2b2zd + TaldZbZe + ToTeZaZd + ToTdZaZe + TeTdZa2p
+O (2P 2] +[2]") -
As a consequence and by , we have, as z — 0,
Fi(t,2) + Fa(t, 2) = Fo(t,0) + G(2) + O (|2°)
where

1 ‘x|2 —n n
G(Z) = 36n2 /Rn (1 + TL(’II—Q)) Z Wiapprcdeizj(xaxbchd

i,3,p,a,b,c,d=1

+ TqXe2p2d + TaTdipie + TuTeZald + ToTqZaZe + xcxdzazb) dx.

By (4.6), (4.7) and (4.10)), we have, for 1 < a,b < mn,

Ty d
/ : mlbm\zx = nK, " 0qp.
Rm (1 + n(n—2))

Since W is totally traceless, we thus obtain

n

1
G(Z) = 36777,K;n Z (WiapprajczbchiZj + WiapprcjaZchZiZj

1,5,p,a,b,c=1
+ WiappWpbjczazcziz; + WiapprcjbzaZcZiZj) . (4.15)

Since Wpaje = —Wpaej, we have sz,p,mb’c:l WiappWpajezvzcziz; = 0. Similarly,
we obtain that the last two terms in the right-hand side of (4.15) vanish. Since
moreover Wiycjo = Wjgpe, we then obtain

T
G(Z) = ﬁKn Z WiapijapczbchiZj
" i,5,p,a,b,c=1
2
= gen " D0 | 7 2 Wiawma | = oKL Y (hap(2))
a,p=1 i,b=1 a,p=1
by (4.2)), which concludes the proof of Proposition O

We next expand F3(t, z) at fourth-order in z at (¢,0) for some fixed ¢t > 0:

Proposition 4.4. Lett > 0. As z — 0, we have

n

n—+4 .
_mKn p;l (hpg(2))* + 0 (12°) -

Proof. By (3.15)), for (¢, z) € (0,00) x R™, we have R; , = Rt,z(x — z), where ha is
the unique solution in K#O of

Fg(t,Z) =

tz Zz,q:1 hpq(T + 2)2p2q

n+2 ’
"D ()

AsyRi () — (2° = 1)Byo(x)? 2R, .(z) = —

(4.16)
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where h is given by (4.2). Hence, for fixed ¢ > 0, all the derivatives of R, ,
with respect to z, taken at z = 0, belong to Ktl,o. We let in what follows, for
a,be{l,...,n},

Loy =82 ., (Re2) oo € Kip-

ZaZb

Since R;o = 0 and 0, (R; »)
1<a,b,c,d <n, we have

om0 = 0 for all 1 < ¢ < n, it is easily seen that, for

0, F3(t, 2)|.=0 = 0, H? F3(t, 2)).—0 = 0, o2 F3(t,2)).=0 =0 and

ZaZb ZaZbZc

o Fg(t, Z)‘Z:() = —/ (<VLab7 VLcd> + <VLQC, VLbd> + <VLad, VLbd>) dx.

ZaRbRcZd
(4.17)
Differentiating (4.16) shows that L, satisfies
* 2% 2 2T hab(7)
A(SoLab(x) - (2 - 1)Bt0 Lab(x) = nt2 *
, w2 (g e

In particular, for any z € R™, we have Lqy(z) = ¢!~ 2 LY, (z/t), where LI, € Ki,
satisfies

2 hab(ac)
") () T

Dsy Ly (x) = (27 = ) B Loy (2) = — (4.18)

Coming back to (4.17), we also have, with a change of variables,

84 F3(ta Z)\z:O = _/ ((VLgbv VL(c)d> + <VL2cv VLgd> + <VL2d7 ngd>) dx.

ZaZbZcZd
Rn
(4.19)
We first find an explicit expression for LY,. Since W is totally traceless, h is a
harmonic polynomial in R™. As a consequence, we can look for a solution of (4.18)
under the form

Loy(2) = hav(2) f(|2]*).

Simple computations show that f(t) = —% (1 + m)—n/z satisfies (4.18) for all
t € R. By using (4.2)), we thus obtain

Loy(x) = *l% = L Z;41:1 I/Ilfai:quf,xq
1+ n(rf—z)) ’ (14 n(zfz)) 2

(4.20)

for 1 < a,b < n and all z € R". Note that LY, given by ([4.20) belongs to Kf:o,
which follows again from the symmetries of W, and is thus the unique solution of
(4.18) in K 1L,0- Straightforward computations with (4.20]) then show that
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where

1 |£C|2 n n
Al = W an (1 + ’I’L(?’L—2)> ‘ Z (Waibp + Wapbi)(Wcidq + chdi)xpxq d.’IJ,

1 2 T e
tm e [ () e

4 2\
Agi=m — 14+ — hav () heq(z) da.
vm g o () el
By (4.6), (4.7) and (4.10), we have

Ay = *K;n (Wapbq + Waqbp) (chdq + chdp)

p,q=1
n

9n Kn Wapbq (WCqu + chdp) :
p,q=1

Using again Corollary 29 of Brendle [7], we have

Wn—1 Z Wapbq (chdq + chdp)
P,q=1

1
/Snil hap(z) heq(z) do(x) = T

Together with (4.6) and (4.7, we thus obtain

A 1 o0 rn+5 d h h d
> n2(n—2)2/0 (1-&-%)7}—1—2 T'Ln71 ab(l') cd(IE) O'(QC)

n(n—

n+4 n
m Z Wapbg Wepdq + Wegap) -
p,q=1

Similarly, we get

A - K Wa WC WC .
3= n Z pbq pdg + qdp)

9
p,q=1

Combining the latter equalities with (4.21)) finally shows that

n+4 Kn
/" <VL2b, VLgd> dr = m pqzl Wapbq epdg T+ chdp)

Going back to (4.19), we have thus proven that
n+4 -
— K" W, W, W,
36(n n 1) n p;l( pbq( pdg T qdp)
+ Wapcq<Wbpdq + qudp) + Wapdq(Wbpcq + quCp))~ (4~22)

Using the symmetries of W, it is now easily seen that

84 F (t’z>‘z:0 = —

ZaRbRcZd

Z Wapbg (Wepdq + Weqdp) Zazb%cza = 18 Z (hpq(z))z .

a,b,c,d,p,q=1 p,q=1
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A Taylor formula for F3 at fourth order in (¢,0) thus shows with (4.22)) that

1 n
FB(tv Z) = 24 Z a;lazbzczdFZi(ta Z)\z:OZaZchZd +0 (‘Z|5)
a,b,c,d=1

ntd
- _mK” Z (hpq(z))2 +0 (|z|5)7

p,q=1

which concludes the proof of Proposition [4.4] O

Combining Propositions[4.2] [£.3|and [4.4]and since F' is even in z, we have therefore
proven that, for any ¢ > 0 fixed,

n

K" Y (hp(2))* + O (12P) (4.23)

p,q=1

n? —8n — 12
F(t,z) =F(t,0) - —————
(1) = F(t,0) - "
as z — 0. It is easily checked that n? — 8n — 12 > 0 for n > 11. We are now in

position to conclude the proof of Theorem

Proof of Theorem[2.3 Let (M,g) be a locally conformally flat manifold that is
Y-non-degenerate in the sense of Definition Let W : (R")* — R be a four-linear
form as in Section [4f and h be defined by (4.2)). By the symmetries of W, h satisfies
(3-2). We assume that W is chosen so that
D" (hpg(2))® = C|z[*  forall z € R" (4.24)
p,q=1
for some constant C' > 0 independent of z. Assumption (4.24) is for example
satisfied when W has the following diagonal form:

A
Wijke = % (0irdje — 0jkbir) s
where A is a nonzero symmetric matrix satisfying A;; = 0 and 2?21 Ay =0

for any 1 < i < n and A;; # 0 whenever ¢ # j. Let (ex)k, (ur)r and (ri)x be
sequences as in Section |3 § and g be defined as in and ¢ and g be defined
as in ([B.5). The analysis of Section [3] applies. For (t,z) € [1/A, A] x B(0,1), we
let ugt . = Wiy + @r(t, 2), where Wy, . is as in and ¢ (t, z) is given by
Proposition [3.3] For k € N, we let F}, : [1/A, A] x B(0,1) — R be defined by

1-2 1 . .
Fy(t,2) =, ? (1 (un1.2) = K —I(uo)).

By Propositions [3.4] and we have
Fi(t,2) = F(t,2) + AYt,2) and  0:Fy(t,2) = 0, F(t,2) + Aj(t,z)  (4.25)

uniformly with respect to (¢,2) € [1/4, A] x B(0,1), where A and A} converge
uniformly to 0 in compact subsets of [1/A, A] x B(0,1) and F is as in (4.3). By
Lemma [£.1] (4.23) and (4:24)), F has a saddle-type geometry on [1/A, A] x B(0,1),

we can let € and 7 be small enough so that

min  F(¢,0) = F(to,0) > max F(t, z)
t€[to—n,to+n] t€fto—m,to+n],|z|=¢
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and O;F(to—n,z) < 0 and O, F (to +n,z) > 0 for any z € B(0,¢). Since F(tp,0) < 0,
by decreasing € and 7 if necessary, we can also assume that

max F(t,z) <0.
(t,2)€[to—n,to+n]x B(0,e)

By (4.25)), choosing k large enough, we again have

min  Fy(¢,0) > max Fi(t, 2),
tE[to—mn,to+mn)] tE€[to—mn,to+n],|z|=¢

and 0, Fy(to — n,2) < 0 and 0;Fk(to + n,2) > 0 for any z € B(0,¢). Thus F} also
has a saddle-type geometry for k large enough. Lemma A.1 of Thizy—Vétois [50]
then applies and shows that, for k large enough, F) admits a critical point (tx, zx)
in (to —n,to +n) x B(0,e). By Proposition [3.3} ups, -, is then a solution of (3.6).
Remark shows that, for any k£ > 0 large enough, uy ¢, ., changes sign in M.
Standard arguments show that uy blows-up as k — oo. Finally, by Propositions [3.4]
and [3.5 and since uy4, -, solves (3.6), we have

* * n-2
[ s g =0l () = K [ o4 ™ (Pt ) +0 (1)
M M
<K,;n+/ ﬂg*dvg
M

since F(ty,2x) < 0. Since [,, 43 dv; = Y(M,[g])¥ by the Y-non-degeneracy
assumption, this concludes the proof of Theorem O

Remark 4.5. If g is defined as in (3.3), it follows from an expansion at first-order
i x — Yy that g satisfies
Weyl; (yr) = —exW

for any k € N. In view of (4.11)), Proposition then shows that

-2

T (Wieo) = K™+ 1(10) + Aln)ioro)yue ()7 — C(m)| Weyly (ys) B (1)

n—2
o(m”),

an expansion that is reminiscent of those in Esposito—Pistoia—Vétois [21] and
Premoselli-Wei [44].

5. ASYMPTOTIC ANALYSIS AT THE LOWEST SIGN-CHANGING ENERGY LEVEL AND
PROOF OF THEOREM

n
2

We begin this section with a simple result showing that Y (S™, [go]) 2 +Y (M, [g])
is the minimal energy level for the blow-up of sign-changing solutions of (1.1)):

Proposition 5.1. Let (M, g) be a smooth, closed Riemannian manifold of dimension
n > 3 and positive Yamabe type. Let (uy),cy be a blowing-up sequence of solutions
to (L.1)). If up changes sign for large k and blows-up as k — oo, then

E (ur) 2 Y (M. [g)* +Y (8", [gaeal) * +0(1) (5.1)

as k — oo. Moreover, if equality holds true in (5.1) and (M, g) is not conformally
diffeomorphic to (S™, gsia), then up to a subsequence and replacing ui, by —uy if
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necessary, ug is of the form

n—2
=
Up = up — Lz +0(1) in H' (M) as k — oo, (5.2)
2 dg(+,€k)
Hi + n(n—2)

where ug 1s a positive solution to the Yamabe equation that attains Y (M, [g]),
dy is the geodesic distance with respect to the metric g and (p), and (), are two
families of positive numbers and points in M, respectively, such that pr — 0 and
& — &o as k — oo for some point £y € M.

Proof of Proposition[5.1 We let
E=lminf E (uy) and Ey:=Y (M, [9)2 +Y (S, [gsea)? -
—00

On the one hand, Y (M, [g]) <Y (S", [¢9sta]) when (M, g) is not conformally diffeo-
morphic to (S™, gsta) by the results of Trudinger [57], Aubin [3] and Schoen [51].
On the other hand, it is easy to see that the energy of any sign-changing solutions
to the Yamabe equation on (S", gs:q) is greater than 2Y (S, [gstd])%. Struwe’s
decomposition [54] then shows that up to a subsequence and replacing uy by —uy, if
necessary,

(5.2) holds true with ug =0 in M if F < Ej,
(5.2)) holds true for some energy-minimizing solution ug of (1.2)) if F = Ey and
(M, g) is not conformally diffeomorphic to (S™, go).

We are left to show that (5.2) cannot hold true with ug = 0 in M. Assume
by contradiction that this is the case. For large k, by testing (L.1) with uz =
max (ug,0), we obtain

/ (|9} 2 + e Scaly (u})? ) du, = / () do,. (5.3)
M M

Since uy changes sign the right-hand side in (5.3) is nonzero. An easy density
argument then gives

Ju ([t |* + caSealy (wf) vy [y, (IVul® + e Sealy u?) doy
(fM (UZ)2 dvg>2/2* T ueC>= (M), u>0 (fur uz*dvg)2/2*
=Y (M, [g]) (5.4)
where ¢, := 4(’;7’_21). By using and , we then obtain

enY (M, [g]) < ( /M () dvg)Q/n. (5.5)

Since Y (M, [g]) > 0, it then follows from (5.5) that u; /4 0 in L?" (M) as k — oo.
This is in contradiction with (5.2)) when ug =0 in M. O

The rest of this subsection is devoted to the proof of Theorem By Lee and
Parker’s construction of conformal normal coordinates [27] there exists a smooth
family of metrics (95)56M> ge = A§*72g, such that for every point £ € M, the
function A is smooth, positive and satisfies

Ae(§) =1, VAc(§) =0 and dvg (z) = (1+0(|2|"))dvs, (z)  (5.6)
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in geodesic normal coordinates, where dvy, and dvs, are the volume elements of
the metric g¢ and the Euclidean metric dg, respectively, and N € N can be chosen
arbitrarily large. In particular (see [27]), it follows from (5.6) that

Scalg, (§) =0, VScaly, (§) =0 and AgScalgg(Q:%|Weylg(§)|3. (5.7)

Also, if g is locally conformally flat in a neighbourhood of £ € M, then g can be
chosen flat in a neighbourhood of £. We first state some preliminary lemmas that
apply to the more general case where the weak limit ug is a possibly sign-changing
solution of i
Agug + ¢, Scalg ug = |u0|2 24y in M. (5.8)
The following lemma is essentially contained in Premoselli [40] (see also Druet—
Hebey-Robert [20] and Hebey [24]) in the case of positive solutions):

Lemma 5.2. Let (M, g) be a smooth, closed Riemannian manifold of dimension
n > 3 and ug be a solution to (5.8). Assume that there exists a sequence of solutions

(ur)pen of type (5.2) to (L.1)). Let (95)§GM> ge = Ag*_zg, be the Lee—Parker family
of conformal metrics to g. Let (fiy),cy and (Ek) be families of positive numbers

keN

and points in M, respectively, such that

ur (&) = minuy = 7, *. (5.9)
Then

up — uo + B, =0 (Br + 1) (5.10)
as k — oo, uniformly in M, where By is defined as

s
By (z) := Az (2) ——— Vxe M.
&k ., d‘qfk (r,{k) 5
R + n(n—2)

Proof of Lemmal[5.2 Since (uy), is of the form (5.2)), the main result in Premoselli
[40] shows that

n—2 n-2

5 2

W = Uy — at m——— (2“’“2> (5.11)
2 | d(@&)”) 7 g +dg (- &)

Hi n(n—2)

as k — oo, uniformly in M, where (uy), and (§), are as in (5.2)). Let (%), and
(&) ., be such that (5.9) holds true. It then follows from (5.11)) that

fip, ~ . and  dg (&, &) = o (uk) (5.12)
as k — 0o. Moreover, since Agk (Ek) =1, we obtain
dge, (xfk)Q =dy (x’gkf +0 (dg (%&)3) (5.13)

uniformly with respect to £ € N and x € M. By using again that Afk (Ek) =1

together with (5.12)) and (5.13]), we obtain

n—22
2
al — =Bi+o(By+1) (5.14)
dg(z,§ 2 2
(v + 452555

as k — oo, uniformly in M, so that (5.10)) follows from (5.11)) and (5.14). O
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We then state the following result from Premoselli-Vétois [43], which essentially
follows from a Pohozaev-type identity together with the estimate (5.11)):

Lemma 5.3. (Lemma 3.2 in [43]) Let (M, g) be a smooth, closed Riemannian
manifold of dimension n > 3 and ug be a solution to . Assume that there exists
a sequence of solutions (uy),cy to satisfying (5.2). Let (1), (Ek)k, (Bk),
and (ge) be as in Lemma . Then

N n—2. L 9 -
(<VU}97 ~>50 + 5 uk> ((Agk — Ago) U + ,u%hkuk) d’l)g,C

/B(OJ/M)

1 n-2 nt2 _n-2 _n=2
= 3T (=) F w0 (80) 7T o (7 ) (5.15)

as k — oo, where

e (y) =77 (A ) (expg, (), 9 (9) = o gg, (My)  (5.16)
and
I, (y) := e Scaly, (expg, (Try)) (5.17)

for all points y € B (0,1/\/[i,), wn—1 is the volume of the standard unit sphere of
dimension n — 1, dg is the Euclidean metric in R"™, expg, is the exponential map at

the point &, with respect to the metric e, and we identify Tng with R™.

Finally, to prove Theorem in dimensions n > 7, we need the following
refinement of Lemma [5.2}

Lemma 5.4. Let (M, g) be a smooth, closed Riemannian manifold of dimension

n > 7 and ug be a solution to (5.8). Let (u)y, (Fi)g (Zk)k, (Bi)y, and (ge), be as
in Lemma[5.4 Then, fori <€ {0,1,2},

|V* (u, — uo + By) ()]

1 — if (M,g) islc.f.
(7 + do, (,8))
=0 n—2
1 7, ?

+ otherwise

(e 4y, 28)) (et @8))
(5.18)

uniformly with respect to k € N and x € M, where l.c.f. stands for locally conformally

flat.

Proof of Lemma[5.4f We only need to prove (5.18) when i = 0, since the cases i = 1
and ¢ = 2 follow by standard interior estimates. Remark that when x satisfies

dggk (z,€) > /My, the estimate (5.18) Whel’ii = 0 follows from ({5.10]). Therefore,
it suffices to consider the case where dgfk (:c, {k) < /I, as k — oo. In this case, we

use an approach inspired from the work of Chen—Lin [I0] in the case of positive
solutions that was applied to the Yamabe equation by Marques [31]. By letting

T = expg, (Fry) for y € B(0,1/\/fy,), it is easily seen that (5.18]) is implied by the
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following estimate:

if (M,g) islc.t.

P,

. - otherwise
L+ @[y "

where 4y, is as in (5.16]) and we have let

n—2

2 T2

As mentioned before, we only have to prove (5.19) for i = 0. By conformal invariance
of the conformal Laplacian, the equation (|1.1)) can be rewritten as

Ag iy, + byt = |a” P in B(0,1/\/7y), (5.21)
where hy, and gr are as in ([5.16]) and (5.17)). We let yi € B(O, 1/«/ﬁ,€) be such that
(4 + Bo) (y)| = __max__[(dr + Bo)| =: A, (5.22)

B(0,1//Fix)

and we define
Vi =\, " (s, + Bo) -
By (5.10), Ax = o(1) as k — oco. By using (5.21) together with the equation
As, By = BY 71, we obtain
Agtps = (27 = 1) By g+ A fie in B(0,1//Ty), (5.23)
where
Fr o= (Ag, — Asy) Bo—T2hti, + i |> 2 i+ B2 1 —(2* — 1) A\ B 24, (5.24)

We now estimate the terms in the right-hand side of (5.24]). Since By is radially
symmetric, it follows from ([5.6)) that

—N N
(A, = 83, Bo () = O (7 [yl VB ()] ) =O (M) (5.29

uniformly with respect to k € N and y € B(0,1/y/f1;,). By using (5.7) and (5.10)),
we obtain

0 if (M,g) islLc.f.
hi (y) an (y) = 0 ( i ly|” (5.26)
(1+ [y~

uniformly with respect to k € Nand y € B(0,1/1/f;,). Since 2*—2 < 2 whenn > 7,
by using (5.10) together with straightforward estimates, we obtain

) otherwise

i P+ BY T - @ = DB P =o (MBE Plwal)  (5.27)
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as k — oo, uniformly with respect to y € B(0,1/\/f;,). Let Gj be the Green’s
function of the operator Ay, in B (0,1/+/f;,) with zero Dirichlet boundary condition.
Then

Ui (y) = /B(o,l/\/@ G (y:°) ((2* - I)Bg*_lekJF/\];lfk) s,
- /33(0,1/\/;Tk) 0, G (y,-) i dog,  (5.28)

for all points « € B (0,1/v/fi,). Standard estimates on Green’s functions (see e.g.
Robert [46]) give that for large k,

Gr (y,2) =0 (ly — z|2_") for z € B(0, 1/\/ﬁ7) (5.29)
and
8,Gr (y,2) =0 (ly—2|""") for z € B(0,1/\/Tiy,) (5.30)

uniformly with respect to k € N and y € B(0,1/y/;,). Remark also that (5.10))
gives
n—2
dr=0 (A,;ﬁﬁ) as k — oo, uniformly in B(0,1/+/7;)\B(0,1/2/Tz) - (5.31)

By using (5.25)), (5.26]), (5.27) and (5.28)—(5.31) together with straightforward
integral estimates and the fact that n > 7, we obtain

[r (2)] dz _q_n=2
=0 + A 2
wk <y) </B(0,1/\/Mk) |y Zln_2 (1 |Z|)4 kP

At
_}_W if (M,g) is not l.c.f. (5.32)
+ |y

uniformly with respect to k € N and y € B(0,1/4/f;;). We now claim that

n—2
Ae=0 (ﬁf {+7+ if (M, g) is not 1.c.f.}) (5.33)
uniformly with respect to k € N. Assume by contradiction that (5.33)) does not hold
true, i.e. there exists a subsequence (k;);y of positive numbers such that
n—2
kj =0 and 72 {47, if (M,g) isnot Lef} =o(\,) (5.34)

as j — oo. Since |¢y,| < 1in B(0,1/,/7,.) and g, — &y as j — oo, uniformly in
compact subsets of R™, it follows from (5.23)—(5.27) together with standard elliptic
estimates that up to a subsequence, (wkj ; converges in CL_(R") as j — o to a

loc
solution g € C? (R™) of the equation

Asytho = (25 —1) B2 ~%y in R™ (5.35)
Independently, it follows from (5.32)) and (5.34]) that
Uiy () = O ((L+[y)) ™) +o(1) (5.36)

as j — oo, uniformly with respect to y € B(O, 1/, /ﬂkj). Passing to the limit into
(5.36]) as j — oo, we then obtain

do(y) =0 (A+]y)~?) (5.37)
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uniformly with respect to y € R™. By applying Lemma 2.4 of Chen—Lin [9], it

follows from (5.35)) and (5.37)) that

1— |y|22 n "
Yo (y) = Co% + Zciﬁ

y P y

(1 + n(n—?)) ! (1 + n(n—2))

for some numbers cg,...,c, € R. On the other hand, it follows from (5.9 that
Y1 (0) = [V (0)] = 0, which gives ¢ (0) = |V (0)| = 0. Therefore, we obtain
co="++=¢, =0, and so 1o = 0 in R™. Since ¢y, (yx,) =1 for all j € N, where yj,
is as in (5.22)), we then obtain that |ykJ| — 00 as j — 00, which is in contradiction
with (5.36). This proves that (5.33) holds true. Finally, by using (5.33) together
(.32

with successive applications of ([5.32)), we obtain that

In (2 n=2 DY)
Yr (y) =0 <n(+|}lj|)2 + A, {—i—(ku)iﬁ if (M,g) is not l.c.f}>

Yy € R"

(14 [yl) 1+ 1yl
(5.38)
uniformly with respect to k € N and y € B(0,1/y/7i;). The estimate with
¢ = 0 then follows from and (5.38). O

We can now use Lemmas [5.3] and [5.4] to prove Theorem

Proof of Theorem[I.3. Assume by contradiction that
E(M,[g]) <Y (S [gstal) 2 + Y (M, [g])%.

By using the definition of E(M, [g]) together with a diagonal argument, it follows
that there exists a sequence of blowing-up solutions (ug);cy to (L.1) such that

E(ur) <Y (M, [g)% +Y (S, [gsta)) ¥ +0(1)

as k — oo. In the case where the functions u; do not change sign, we obtain a
contradiction with the assumptions of Theorem by applying the compactness
results for positive solutions of the Yamabe equation (see Schoen [52] 53], Li-Zhu
[30], Druet [19], Marques [31], Li-Zhang [28, [29] and Khuri-Marques—Schoen [26]).
Therefore, in what follows, we assume that the functions u; change sign. It then
follows from Proposition that up to a subsequence and replacing ux by —uy
if necessary, the functions uy are of the form for some energy-minimizing,
positive solution ug to (1.2)). In the case where n < 6, we can apply a more general
compactness result that we obtained in Premoselli-Vétois [43] (Theorem 1.2 in [43]
Therefore, in what follows, we assume that n > 7. By using (see also @

and (5.25)), we then obtain

~— T

— N
(Bg, = As,) g = O (M + 131 = 80) ()92 (i + Bo) )|

+ IV (gr = 60) W[V (@k + Bo) ()] )

ez [ @l .
=0|pm,* {+——— if (M,g) isnot lc.f. 5.39




36 BRUNO PREMOSELLI AND JEROME VETOIS

uniformly with respect to k € N and y € B(0,1/1/i;,). It then follows from (5.18]),
(£-20) and (5.39) that

N n—2, A
/ (<Vuk7 Vo T 5 uk) ((Agk = Ag,) e + uihkuk) dvs,
B(0.1//ix)
_9 n—2 N
—u/ <VB,- +B)th dus
oty \ 200 T ot
2 if (M, g) is Lef.
-0 My (M, g) (5.40)

ﬁ,? + 7% otherwise

for large k. On the other hand, by using (5.6]) and (5.7)) together with straightforward
computations and symmetry arguments, we obtain

_ 2 N
/ (<VBO, Voo + ”BO> hy. By dus,
B(01/v/7) 2

0 it (M,g) is Lef.
= { (5.41)

an, |Weylg (&) |£27 I +o (ﬁi) otherwise

as k — oo, where

ap = (n— 2)2/ PR U R (P O (5.42)
" 24 n n(n —2) n(n —2) n(n—2) ’
The constant a,, is computed by using (4.5) and (4.7)), and we obtain

cnm®(n—2)"% 73 n"s (n —2)"" o
Qp =————""—wp_11°> ; = Wn—11n
6 n—6 Mt T 19— 6)(n—4) "
n(n —2)? _
=2 K" 5.43
6(n—6)(n—4) ™ (5:43)

By putting together (5.15), (5.40)) and (5.41]), we then obtain

1 n-2 nt2 _n=6 2 __
in 2 (n — 2) 2 Wp—1UQ (fo) ljsz — an lweylg (go)’g /’[/2

n—6
2 if (M,g) is Lef.
—o"" (5.44)
T +H,°  otherwise
as k — oo. In the case where n = 10, we obtain
5
2-107*87 %19 = —— wy. 5.45
aio 567 Wo ( )
Finally, by using (5.44]) and (5.45)), we obtain a contradiction with the assumptions
of Theorem O

Remark 5.5. The approach used in the proof of Theorem[1.9 can be extended to
the case of sequences of solutions (uy),cy of type (5.2)) to linear perturbations of
the Yamabe equation of the form

Aguy + (¢, Scaly +eph) up, = lug® Zup in M, (5.46)



SIGN-CHANGING BLOW-UP FOR THE YAMABE EQUATION 37
where h € C%? (M), ¥ € (0,1), and (cx), is a sequence of positive real numbers
such that e, — 0 as k — co. In the case of positive solutions, perturbed equations
of the form (5.2)) have been studied for example by Esposito—Pistoia—Vétois [21],
Morabito—Pistoia—Vaira [35], Premoselli [41] and Robert—Vétois [50]. In this case,

in place of (5.18), we obtain, for i € {0, 1,2},

’Vi (uk —ug + Bk) (SU)|

n—2
1 7 2
——+ LA ———m i (M,g) islcf.
(ﬁk +dge, (Ivfk)) (ﬁk +dge, (xafk))
pry O n—2 —
1 0% (Ek +ﬁi+d¢5k ($7§k)2) )
— + — i otherwise
(7 + dog, (,8)) (7 + dog, (,€))

uniformly with respect to k € N and x € M, and in place of (5.44), we obtain

1 n2 nt2 _n=6 _
ST (=2 T wsiuo (§0) BT — an [Weyly (€0)[] 727 + buewh ()

if (M,g) islc.f.

n—=6
ek + ﬁi +m,?  otherwise

ek + 10,

as k — oo, where an, is as in (5.42)) and b, is another positive constant depending
only on n. This yields that there does not exist any sign-changing blowing-up
sequences of solutions of type (5.2)) to (5.46) in each of the following situations:

3<n<6,

h>0and7<n<09,

h>0,n=10 and uy > %| Weyl, |§ for all points in M,
h<0,n=10 and up < %| Weyl, |3 for all points in M,
h>0,n>11 and (M,g) is locally conformally flat,

h <0, n > 11 and Weyl, # 0 for all points in M.

Conversely, it is not difficult to adapt the constructive proofs in Esposito—Pistoia—
Vétois [21] and Robert—Vétois [B0] to prove that if ug is a nondegenerate positive
solution to , then there exists a blowing-up sequence of solutions of type (5.2)
to in each of the following situations:

° m}vi[nh<0 and 7<n <9,

. m]Vi[nh <0,n=10 and uy > %| Weyl, |3 for all points in M,
_ 5 2 PR

. In]\é/}Xh >0, n =10 and ug < 5z | Weyl, [ for all points in M,

° mzvi[nh <0,n>11 and (M, g) is locally conformally flat,

. mﬂz/}xh >0, n > 11 and Weyl, # 0 for all points in M.

This is again in sharp contrast with the case of positive solutions (see Esposito—
Pistoia—Vétois [21]), where blowing-up sequences of solutions to (5.46) exist when
mj\?xh > 0 in all dimensions n > 4.
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