Analysis IV : Assignment 1 Solutions
John Toth, Winter 2013

EXERCISE 1  The Cantor set C is totally disconnected and perfect.

00 2"1
PROOF By construction, C = () |J Cps, where Ciy = [0, 3], C1o = [2,1],Co1 = [0, 3], Co2 = [3, 3], Cos = [, 7], Cou =

n=1i=1
[8,1], etc. We have |Cy;| = [Cpj| = 3+ for every 1 < 1,5 < 2" and nh_}r{)lo |Cp1| = 0. Notice that the endpoints of the
components C,; belong to the Cantor set.

To show that the Cantor set is totally disconnected, we must show that the only connected subsets are the empty
set or the singletons. It is enough to show that for any x,y € C, * < y, there is z € C° such that © < z < y, because
then if O is any subset of C containing x and y, we have O = ON|0,y)JON(y, 1], a disjoint union of two nontrivial
open subsets of the topology on O. Choose N such that |Cy;| < M—;y‘ Then x € Cy, and y € Cnp for some o # B.
From the construction d(Cnq,Cng) > SLN, so it is obvious that there exists z € C¢ with z < z < y. To show that the
Cantor set has no isolated points, let z € C and ¢ > 0 be given. Choose N such that |Cx;| < §. Then z € Cy, for
some « and Cyq () Be(2) = Cno. Now let y be an endpoint of Cy,, (if x is itself an endpoint of Cy,, take y to be the
other endpoint) : y € C and |z — y| < e. O

EXERCISE 2 Let £ C R? be compact and O,, be the open sets : O,, = {x : d(x, E) < 1/n}. Then

1. If F is compact then m(F) = lim m(O,,)

n—o0

2. However the conclusion is false if F is assumed to be closed and unbounded or open and bounded

PROOF

1. O, is a decreasing sequence of sets and () O, = {z : d(z,E) = 0} = E. Moreover E bounded implies
n=1

m(0;) < oo so by continuity from above m(E) = lim m(Q,).

n—00

2. A counterexample for the case when E is closed and unbounded would be E = {(n,0,0,...,0) € R¢ : n € N}.

Then m(E) = 0 but m(O,) = ém(Bi(k)) _ é 1B.(0)] = .

A counterexample for the case when E is open and bounded would be the complement of a Cantor-like set ¢
having nonzero Lebesgue measure, constructed as follows: Start with the interval [0, 1]. At the k™" stage of the

construction one removes 2¥~! centrally situated open intervals each of length [, chosen small enough so that
oo

ST 281, < 1. (If I, = 1/3" this construction corresponds to the original Cantor set and the sum equals 1.)
k=1

. oo 2k-1 c oo ¢ oo
HenceC=| UJ U O;ﬂ-> = (U Ok) . Let E = |J Oy. Then E is open and bounded. The closure of E is

k=1 i=1 k= k=1
[0,1] and so m(E) < lim m(0,,) = 1.

n—oo



EXERCISE 3 Let 6 = (81, ...,04) € R? where each §; > 0. Define the operator (also denoted by ¢) ¢ : R? — R?
§:(z1, .y q) — (8121, ..., 6424). Then E C R? is Lebesgue measurable iff F is Lebesgue measurable and m(JE) =
615dm(E)

REMARK  We follow the definitions m.(E) = mf{z |Q:] : Q; are cubes and U Q; DO E} and E is Lebesgue
i=1
measurable iff Ve > 0 3O open, with O D F and m*(O \ E) < e

PROOF  As a matrix, 6 = diag(dy, ...,04) and detd = H d; > 0. So ¢ is an invertible bounded linear operator.
i=1
In particular § is a homeomorphism. Notice that if Q C R? is a cube, Q = [a,b]?, then §Q is the rectangle
[01a,01b] X ... X [0qa,4b] and [6Q)| = detd |Q)].
If £ C Rd is measurable then 3 O open, with O D E and m(O \ £) < 155.

are cubes {Q;} such that U Q: D O\ E and Z |Qi| < 355 Then 6O is open and 60 D §E. Further U 0Q; =

=1

(,L:J1 Q;) D 6(O\ E) D 60 \ 6E. Thus € > detd ; Q= > m(6Q,) = ;m*(éQi) > m*(L:JlaQ,A) > m, (60 \ 6E).

=1

O\ E is measurable so there are

The same argument repeated with 6=! gives the converse.
Finally, given E measurable, let ); be cubes such that |J Q; D E. Then m(6E) < m(d |J Q) < Y. m(0Q;) =
i=1

=1 =1

detd Z |Q;|. Taking the infimum over all collections {Q;} yields m(0F) < (detd)m(F). Repeating the same argument
with 5 gives: m(E) =m(671(0F)) < (detd 1 )m(JE) = (detd) "'m(JE). O

EXERCISE 4  Let A be the subset of [0, 1] which consists of all numbers which don’t have the digit 4 appearing in
their decimal expansion. Then m(A) = 0.

PROOF  This is similar to the calculation of the measure of the Cantor set. We construct a Cantor-like set as
follows: Start with the interval [0,1]. At the k' stage of the construction one removes 9*~! open intervals each of
length 1/10% and situated at four tenths of their respective components. These open intervals are disjoint, hence

(GQU Oki) = igi m(oki)zli%—_;j:l. A= (GQU (9M> and so m(A) = 0.

k=1 i= k=1 i=1 k=1 i=1

EXERCISE 5  (Borel- C’antelli Lemma #1) Let {E;}32, be a countable collection of measurable sets in R? satisfying

kzl n=1k=n
REMARK (] U Ex ={x € U E : z belongs to infinitely many FE}}.

n=1k=n k=1
PrOOF  Countable unions and countable intersections of measurable sets are measurable, hence F is measurable.

il



Let € > 0 be given an choose N € N such that for all n > N, >~ m(Ey) < e. Then m( ﬂ U Er) < m( U Ey) <
k=n n=1k=n k=

> m(Ey) < e. Now let € — 0. O
—N

EXERCISE 6  There exists a continuous function that maps a Lebesgue measurable set to a non-measurable set.
PROOF  We take for granted the existence of a non-measurable set A C [0, 1] (Theorem 3.6 in Stein & Shakarchi).

Recall that the Cantor set C = {}_ g¢ : ax = 0 or 2}. Consider the Cantor-Lebesgue function defined by F': C —
k=1

[0,1], F : Z — Z /2 Tt is readily seen that F is surjective, based on the observation that every number in

e e}

[e.e]
[0, 1] admits a binary expansion ) gk, where a; = 0 or 1. Now we show that F is continuous. Let x = ) % € C
k=1 k=1

and € > 0 be given. Choose N so that 1/2V < ¢ and then let 6 =1/3Y. If y = 3> % € Byjsn(2) NC, then referring
k=1

to the notation in Exercise 1, there exists « such that x and y belong to the same component Cy,. Then it must be

that s =t for 1 <k < N. Hence |F(z) — F(y)| =| > (Sk;#\ < > 5 = 3v < e and F is continous at z.
k=N+1 k=N+1

Finally the claim is that the function F’ = F' [p-1(4) is a continuous map from a Lebesgue measurable set to a non-

measurable set. The only thing left to prove is that F~'(A) is Lebesgue measurable. But m(F~'(A)) < m(C) = 0.

O

EXERCISE 7 There exists a measurable function f and a continuous function ® so that f o ® is non-measurable.
PrROOF  Consider a Cantor-like set C with m(C) > 0. Such a set is described in part 2 of Exercise 2. We can write

R oo 2k . " R oo 2k

C = U Cin where |Crpn| = [Chm| for all 1 < n,m < 2*. Consider also the standard Cantor set C = (| | Crn. At
k=1n=1 o ) 2 ) k=1n=1

each step of the construction we have a bijection ® : |J Cgy —> |J Ckyp such that @5 (Cy,) = Cyy, is a linear function

n=1 n=1
for all 1 < n < 2%, mapping the left (resp. right) endpoint of Cy, to the left (resp. right) endpoint of Chy. For all
k> 1 we have @y [ = Dpy1 [opr1 . In this way the sequence {®} induces a bijection & : C — C. Let
nL:J1 Clrt1)n nL:J1 Clrt1)n

A C C be a non-measurable set (to prove the existence of such a set, mimic the proof of Theorem 3.6 in Stein &
Shakarchi). Let f = xa(a), the characteristic (or indicator) function supported on ®(A). Then fo® : C —s {0,1}
is a non-measurable functlon since (f o ®)7!1({1}) = A. Note also that although A is not measurable, ®(A) is
measurable since m,(®(A)) < m,(C) = 0. O

il



EXERCISE 8 Let I' C R? be a curve given by the continuous function y = f(z). Then m(T') = 0.
PROOF  Decompose I'intoI' = |J I'N[n,n+ 1] x R = |J I',. It is enough to show that m(I,,) = 0 for all n.

nez nez (
Wlog we show m(I'g) = 0. Let € > 0 be given and choose § > 0 so that |z —y| < 20 = |f(z) — f(y)| < e. Let
0] x R C R;. Then

x
N = |3]. Then for 0 < i < N, there exists a rectangle R; of size  x € such that I'g([id, (i + 1)
m(T )<Z (Ri) = (N +1)de < (1 +d)e. Now let € — 0. O

EXERCISE 9  Let w € [0,1]. Then w can be written in the form Z where a; = 0, 1. Moreover this expansion is
7=1

unique when we restrict to nonterminating series.

PROOF  (taken from Rodrick Kuate Defo) Let w € [0,1). If w € [0,

3), let a; = 0 and if w E 3, ) Suppose

_ ,1 _

that a; has been determined for j = 1,2,..n — 1. Then w € [E Z 2—3 L) Ifwe [Z =, Z L 2n)
=7 A =

2n

let a, = 0, otherwise let a, = 1. Let w, = Z 54 The sequence (w,)22; is Cauchy in (R, |- ), since for m > n,

n=1
m n m
|wim —wn| =13 5 Z = Z = < Z 5 = 5-. Hence the sequence converges to unique element in R. This
Jj=1 J=1 Jj=n+ Jj=n+1
oo
element is w, since by construction, at the n' step |w — wy| < 5. This proves w = lim w, = ;—j

o
Now suppose w admits two distinct expansions Z 57 Z oF - Suppose that Z 57 18 a nonterminating expansion

J=1 J= Jj=1
(by that we mean that there are infinitely many a;’s taklng the values 0 and 1). Let k* be the smallest integer
such that ap- # by-. Wlog ap- = 1 and by« = 0. Then %—Z%:T’“*—i— > i R 5 =0,
Jj=1 Jj=1 Jj=k*+1 j=k*+1

where the strict inequality comes from the fact that there is 7 > k* + 1 such that a; = 1, making a; — b; > 0. This

contradiction shows uniqueness for nonterminating series. On the other hand, if w has a terminating series then it is

the endpoint of one of the intervals in the construction. In this case, w will admit two distinct representations, both
00 1

,53=00L.5=>" 2% =0.10...0 = > 2%

Jj=2 Jj=1

being terminating series. For example,

NOTATION  Given a function f: A — R, by {f > a} we mean {z € A: f(z) > a}.

EXERCISE 10 (| Chebyshev s inequality) Let f :[0,1] — R be a non-negative monotone function.

Then m({f > a}) <% fo fdxz with the integral on the right being the Riemann integral.

PROOF  Let [a,b] be a finite interval. If f : [a,b] — R is monotone then f is Riemann integrable, i.e. fab fdx < o0
(for a proof of this, see for example theorem 7.2.7 in Bartle & Sherbert. In this case the Riemann and Lebesgue

integrals coincide and fab fdz = [ fdm. Hence fol fde= [ fdm> [ fdm> [ adm=am({f>a}). O
[a,b] [0,1] {f>a} {f>a}

v



EXERCISE 11 A gambler has an initial stake of one dollar. Calculate the probability of ruin at times 1, 3 and 5.
Show that the chance of eventual ruin is at least 70%.

PROOF  (taken from Rodrick Kuate Defo) The idea is the following: the gambler has to bet on the outcome of a
game of which there are 2 possible outcomes (e.g. flipping a coin). If he is right, he wins (W) one dollar, if he is
wrong he loses (L) a dollar. To play the game, he must have an initial stake and he is secretly forced to play the game
until he is ruined. After the 1% iteration, the sample space, or the collection of all possible events is {{W}, {L}}.
The probability of each event being the same, P({W}) = P({L}) = 1/2. After the 2"¢ iteration, the sample space
is {({WW},{LL},{WL},{LW}} and each event has probability of 1/4. In the k" iteration there are 2% possible
events each with probability 1/2%. At the k" iteration of the game, set Ry = 1 if the gamer wins and R;, = —1 if he
loses. For example if w is the event {WW L}, then Ry(w) = 1, Ro(w) = 1, R3(w) = —1. The amount money made

N
after N iterations is Sy(w) = > Rk(w). Given an initial stake of z, the probability of ruin after IV iterations equals
k=1

P({w: Sp(w) > —zforall 1 <k < N, Sy(w) = —z})

There is a connection between measure theory and probability. Consider the interval [0, 1] and write each w € [0, 1]
as w = 0.wjwows..., with w; € {0,1}. We associate the event {W} with the set {w € [0,1] : wy = 1} = [3,1], {L}
with the set {w € [0,1] : w; = 0} = [0,3], {WL} with the set {w € [0,1] : w; = 1,ws = 0} = [}, 3] etc. Thus

PUW}) = m([}, 1]) = 1/2, P({L}) = m([0,1]) = 1/2, PUWL}) = m([L,2]) = 1/4. Define Ry(w) = 2wy — 1 and

N
Sy(w) = > Ry(w). Then the probability of ruin after N iterations equals
k=1

m({w € [0,1] : Sp(w) > —z for all 1 <k < N, Sy(w) = —x})

e The probability of ruin after time 1 is given by P({R; = —1}) = 1/2.
Recall the notation: P({R; = —1}) = P{w : Ry(w) = —1}).

e The probability of ruin after time 3 is given by P({Sy > —1 for all 1 < k < 3, S3 = —1}). Since it is game
over at time 3 but not before, it is clear that in this event he must win on the first iteration and lose on the 3rd
iteration. Thus S3(w) =1+ Ry(w) —1 = —1 = Ry(w) = —1. This event is {W LL} and has probability 1/8.

e The probability of ruin after time 5 is given by P({Sy, > —1 for all 1 < k < 5, S5 = —1}). Again we know
that Rj(w) = 1 and Rs(w) = —1, i.e. w; = 1 and w; = 0. Also notice that the overall number of times
the gamer loses is once more than the number of times he wins. If Ry(w) = —1, this forces R3(w) = 1 and
Ry(w) = —1. If Ry(w) =1, this forces R3(w) = —1 and Ry(w) = —1. So the probability of ruin after time 5 =
P({WLWLL}) + P(WWLLL}) = 2.1

e The probability that he is eventually ruined is
m({w € [0,1] : 3N such that Sp(w) > =1 forall 1 <k < N, Sy(w) = —=x})

= m( U {w €1[0,1] : such that Si(w) > —1forall 1 <k < N, Sy(w) = —z})
N=1

= Z m({w € [0,1] : such that Sg(w) > —1forall 1 <k < 2N + 1, Soni1(w) = —x})
N=1
because the sets are disjoint and because Sy(w) = —1 is not possible when N is even. The probability of ruin
after time 7 is > P{W LW LW LL}) + P({WWWLLLL}) = 2-%.. Hence the probability that he is eventually

128~
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