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1 Introduction

These are the class notes of the Mathematical Logic course given by professor Marcin
Sabok at McGill University in 2014. There was no required textbook, but a reference:

e “A Mathematical Introduction to Logic” by Herbert B. Enderton
and also a recommended graphic novel:

e “Logicomix: an Epic Search for Truth” by Apostolos Doxiadis and Christos H. Pa-
padimitriou

All errors are responsibility of the author. If you find any error or typo, please notify the
author at yue.r.sun@mail.mcgill.ca.

2 Basic set theory

In set theory, everything is a set. A set is determined by its elements. Given any set X,
we can form the set {X}.

The empty set : @.
Examples of sets: {@}, {{@},{©,{D}}}.

Extensionality property: two sets are equal iff they have the same elements.
The formal axioms of Zermelo-Fraenkl set theory are presented later, in 9.5.

To interpret natural numbers as sets, we adopt the convention

0:=0

1:= {2}
2:={0,1}
3:={0,1,2}

n:={0,1,...n—1}
N := {0,1,2,3,..}

Definition. A set A is a subset of B, denoted A C B,if Va € A,a € B.



Example 2.1. {0,1} C {0,1,2,3}
{25} CN

3¢ (3,4}

3C4,and also, 3 € 4

Operations on sets
e Intersection
e Union

e Difference
A\B:={ac A:a ¢ B}

e Union of a set

JA:={xeB:Bec A}

In words, given a set A, [J A is the set consisting of those sets which are elements
of some element of A.

Example 2.2. {0} N{{?D}} =@
{oru{{2}} = {2 {2}}
U{A,B} = AUB

UN =N

Proposition 2.3. For any sets A, B, C,
(AUB)NC=(ANC)U(BNC)
Proposition 2.4. For any sets A, B, C,

(ANB)UC=(AUC)N(BUC)



Theorem 2.5. (De Morgan’s Laws)
For any sets A, B, C,
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= (A\B) N (A\C)
A\(BNC) = (A\B) U (A\C)

Definition. Given any set A, its powerset, denoted by P(A), is the set of all subsets of A.
Example 2.6. P({1,2}) = {®,{1},{2},{1,2}}.

Hasse diagram of powerset

{1,2}
/N
{1} {2}
NS
%)

Definition. Given two sets A and B, define ordered pair (A, B) so that
(A,B)=(A",B') &< A=A"and B=PH

If A=B, (A B)={{A}, {4, B}}.
If A #B, (A B)={{A}}.

Definition. The Cartesian product of sets A, B, denoted A x B, is the set of all ordered
pairs (a,b) such thata € A,b € B.

Definition. The set-theoretical definition of the set of rational numbers Q is

{(0,(p,q) €2x (N xN): ged(p,q) =1,9 #0}U{(1,(p,q) €2x (NxN): ged(p,q) =1,9 # 0}

where the binary digit in the first coordinate of the pair is used to indicate the sign of
the rational number.

Definition. A Dedekind cut of Q is an order pair (A, B) with A,B C Q and
elfac A, be B, thena < b;
elfucA dcQ, a <a thena € A;

e IfbecB, bV cQ b<l, thenl € B;



e Q=AUB;

e A has no greatest element.
Definition. The set of real numbers R is the set of all Dedekind’s cuts of Q.
Definition. n-tuple.

(aq,az,a3,...,a,) := (- ((a1,a2),43),...),an)

The set Ay x Ay X -+ x A, consists of all sets of the form (ay, a, ..., a,) with a; € A;, for
each1 <i<mn.

3 Relations and functions

Definition. A relation on sets Xj, Xy, ..., X;; is any subset R C X; X Xp X - -+ x Xj,.
A binary relation on sets X1, X5 is any subset R C X; x X».

Definition. A relation R is said to be

o symmetric if (x,y) € R, then also (y,x) € R.

antisymmetric if (x,y) € Rand (y,x) € R, then x = y;

reflexive if (x,x) € R for all x.

irreflexive if (x,x) ¢ R for all x.

transitive if (x,y) € R and (y,z) € R, then (x,z) € R.

If A is a finite set enumerated as
A={ay,a, ..., a,}
and R is a relation on A, then we can form matrix Mg of R

ailr 412 - aip

ap1 Ay --- d2p
Mrp=1| . } .

anl An2 -+ Ann



where
1 if (ai,a]-) eR
al] N 0 if (Lli,ﬂ]') g R
Definition. Given the binary relations R and S on a set X, their composition is

RoS = {(x,y) € X?: Iz such that (x,z) € R, (z,y) € S}

Remark 3.1. If R, S are relations on set A = {ay, 4y, ..., a, }, and Mg, Mg are matrices of R
and S, then (a;,a;) € Ro S if and only if the entry a;; > 0 in the matrix product Mg - Ms.

Definition. Given a binary relation R on X, its inverse is
Rt ={(y,x) € X*: (x,y) € R}

Exercise 3.2. Check that
e R = R7!if and only if R is symmetric.
e RUR lis always symmetric.

e (Ro S)_1 =G 1oR1,

Definition. The transitive closure of a relation R is

tr(R) = RURPUR*U---= [J R"
nelN+
whereR”:RoRo---olg.
—_—

n times

Proposition 3.3. tr(R) is the smallest transitive relation containing R.

Proof. If (x,y),(y,x) € tr(R), then (x,y) € R", (y,x) € R™ for some n,m € NT. Then
(x,z) € R" o R™ = R"*™ C tr(R). This shows tr(R) is indeed a transitive relation.

To show it is the smallest, it suffices to note that if S is transitive and R C S, then
tr(R) C S; It is so since given that S is transitive, SoS C S, so R> C S; similarly
S0S0SCS,s0R3CS,and so on, thus tr(R) = U,en+ R" C S. O

A symmetric relation is also called a graph. An arbitrary relation is also called a directed
graph.



In database theory, a database is a relation if
RCXixXpx---xX,
X;’s are called attributes. The composition of relations often serve as simple SQL query.

Example 3.4. If R, S are relations, RC X xY, SCY x Z.

SELECT Rx, Sz
FROM R, S compute R o S.
WHERE Ry=Sy

3.1 Equivalence Relations
Definition. A equivalence relation is a relation that is reflective, symmetric and transitive.?

Exercise 3.5. Check that the followings are equivalence relations.

e The relation = on Z, k € Z, defined by
x = yiffk|(x —y)
e The relation E on R? defined by
(x1,x2)E(y1,y2) iff x1 = 11

e The relation Eg on R
xEqyiff x —y € Q

Exercise 3.6. Show that the followings are not equivalence relations.

e The relation R on R defined by

xRy iffx —y >0

e The relation R on Z defined by

xRy iff x = —y

When you want to determine whether a given relation is an equivalence relation, just check these
three conditions one by one.



e The relation R on R defined by
xRy iff x —y € Q
Definition. If E is an equivalence relation on X and x € X, the equivalence class of x is
[x]p = {a € X :xEa}
We drop the subscript and write simply [x] when the context is clear.

The quotient of X by E is
X/E ={[x]g:x € X}

Exercise 3.7. Determine the equivalence classes in 3.5.

Proposition 3.8. If E is an equivalence relation on X and x,y € X, then
XEy <= [x]p = [ylE

Proof. Suppose xEy, we take z € [x|, zEx; by transitivity zEx, xEy = zEy, so z € [y]. So
[x] C [y]. Similarly [y] C [x]. For the “if” direction, suppse [x] = [y]. Then x € [x] =
Yl = x € [y] = xEy. O

Definition. A partition of a set X is a set P C P(X), such that P = X,® ¢ P and if
p1, P2 € P, then either p; = py or p1 N p2 = @.

Proposition 3.9. If E is an equivalence relation on X, then {[x|g : x € X} is a partition.

Proof. Clearly X = U{[x]g : x € X}, We need to show for x,y € X, either [x] = [y] or
[x] N [y] = @. If xEy, then [x] = [y] by 3.8. If xEy, assume [x] N [y] # @, let z € [x] N [y],
but then xEz, zEy, but transitivity, xEy. Contradiction. Thus [x] N [y] = @. O

Proposition 3.10. If P is a partition of a set X, then there exists equivalence relation E on X
such that P = {[x]g : x € X}.

Proof. Define xEy iff dp € P and x,y € P. Check that E is an equivalence relation. To
show P = {[x]g : x € X}, we prove a simple lemma first:

Lemma. Fix p € P, if x € p, then [x|g = p.
If yEx, then 3p’ € Pwith x,y € p/,but pNp’ & @. Since x € pNp’, so p = p’, hence
y € P. This shows [x]g C p.



Conversely if y € p, then xEy by definition of P, so y € [x]. Thus also [x]g D p. O

Take p € P, let x € p then p € [x]g by lemma. Let x € X, find p € P such that x € p and
get [x]g = p by lemma again. O

Form equivalence relation from any relation:

If R is a relation on X,
E=tr(IdURUR™)

is an equivalence relation.

If the relation T is symmetric, then T o T is symmetric, since (ToT)"! = T"1oT™! =
ToT.Then tr(T) = U,en+ T" is symmetric too.

3.2 Functions and their inverses

Definition. A function is a binary relation f C A x B such that for any x € A, 3!y € B
such that (x,y) € f. Alternatively, we can also define a function as a triple (f, A, B) such
that f C A x B is a function in the previous sense, we write f : A — B, dom(f) = A4,

range(f) ={y € B:3Ix € A, f(x) =y}.
Definition. For B’ C B, the inverse image of B is
fU(B)={a€ A:f(a) € B}
Definition. The set of functions from A to B
BA={fCAxB:(f:A— B)isa function}
If A =n, B" is the set of all n-sequences of elements of B.
Definition. The restriction of f to A’ C A is

f1A ={(ab)e A xB: f(a) =b}

Definition. If f : A — A is a bijection and A is finite, then f is also called a permutation.

Wewritef:(Zi Zi Z”)wherebiZf(ai).3

3The cycle notation can also be used.
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Definition. If f : A — B, g: B — C, then their composition is*
¢f ={(a,c) e AxC:3beB,(ab)ef (bc)c€g}

Definition. Given a function f : A — B and function g : B — A.
g is called a left inverse of f if gf = ids; g is called a right inverse of f if fg = idp.

Proposition 3.11. f is injective iff it has a left inverse.

Proof. =  Write B = range(f) and for b € B’, let a = g(b) be the unique element such
that f(a) = b. Next, let a € A be arbitrary and define ¢(b) = ag if b ¢ B’. Now g is
well-defined on B and gf = id4.

<  Suppose gf = ida. If f(a1) = f(az) then a; = g(f(a1)) = g(f(a2)) = ap, so f is

injective. [

Proposition 3.12. f is surjective iff it has a right inverse.

Proof. = Suppose f : X — Y is surjective, for any y € Y, 3x € X such that f(x) =y,
for each y € Y, choose one x € X with this property and call it ¢(v). ¢ defined this way
satisfies the requirement, ¢ : Y — X, fg = idy.

< Suppose fg = idy. For y € Y, note that f(g(y)) = y, so 3x(= g(y)) such that
f(x) =y and f is surjective. O

Definition. Given f : A — B, we say that g : B — A is the inverse of f if gf = id4 and

Remark 3.13. The inverse of a function is unique. If f and g both have inverses, then so
does their composition fg, (fg) ! =g 1f 1.

Proposition 3.14. If f : A — B is a function, the followings are equivalent:
o f has an inverse;
e f is a bijection;
e f~! (as a relation) is a function.

Proof. Exercise. O

Proposition 3.15. For function f : X — Y and A,B C Y,

41t is also sometimes confusingly written as f o g to parallel the notation used in composition of rela-
tions Ro S.



11

e fIAUB) = (A UF(B);

e FUANB) = fLA)Nf1(B);

o FUA\B) = FI(A\FI(B).
For A,B C X,

e F(AUB) = f(A)Uf(B)S

°It does not always hold that f(ANB) = f(A)N f(B) or f(A\B) = f(A)\f(B). For instance, take
fix+—x2, A=R",B=R", then f(ANB) = f(0) =0, but f(A)N f(B) = Rt NR* = R*.
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4 Cardinality

Definition. Two sets X and Y are said to be equinumerous, denoted X ~ Y, if there exists
a bijection f : X — Y.

Proposition 4.1. 1. For each natural number n, there does not exist an injective function®

fin+tl—mn

2. If n and m are natural numbers and n ~ m, then n = m.

3. IN # n for any natural number n.

Proof. (1) Suppose exists such a function. Let ny be thee smallest such natural number.
Note that 1y # 0 because there exists no bijection from {@} to @.

Let fo : np +1 — np be bijective.

Case 1: ng — 1 & range(fo). Then fy | no : ng — ng — 1 is still bijective, thus contradicts
the minimality of n.

Case 2: ng — 1 € range( fp). Let i be the unique number in 1y + 1 such that fy(i) = ny — 1.
Construct go : np — no — 1 as follows:

ifx<i
wt) = { P RS

then go : ng — np — 1 is a bijection, again contradicts the choice of n.

(2) Suppose n ~ m and n # m. Say n < m, thenn+1 < m. Let f : m — n be a bijection,
so f [n+1:n+1 — nisinjective, contradicting (1).

(3) Suppose IN ~ n for some natural number n. Let f : IN — n be a bijection, then
fIn+1:n+1— nisinjective. his Contradicts (1) again. [

Proposition 4.2. If X is a set, then ~ C P(X) x P(X) (i.e. for a,b € P(X), a ~ b iff there
exists a bijection from a to b) is an equivalence relation.

Lemma 4.3. If a < b, c < d are real numbers, then

[a,b] ~ [c,d]

6Recall that from our definition, 7 is also a set.
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Lemma 4.4. For every set X, we have
P(X) ~2%

where 2% denotes the set of all functions from X to {0,1}.

Proof. Define f : P(X) — 2%, equivalently, f : P(X) — (X — 2) as
fom={7 ks
f is clearly injective. The inverse of f is g : 2% — P(X),
g(t) = {xe X :t(x) = 1)
Check that f o g = idyx, go f = idg(y). O
Theorem 4.5. (Cantor)

For every set X, there is no surjection from X to P(X).

Proof. Suppose for the sake contradiction that f : X — P(X) is a surjection. Consider

Yi={xeX:x¢&f(x)}

We claim that Y ¢ range(f). If Y € range(f) then Y = f(x() for some xg € X.
If xo ¢ Y then xg € f(xp) =Y. Butalso, if xo € Y then xg € f(xo9) = Y. Contradiction, so
such f does not exist. O

Corollary 4.6. For any set X and Xy C X, P(X) # Xo.
Proof. If g : x9 — P(X) is a bijection, then let f : X — Xj be an injection, then fg: X —
P(X) is surjective, this contradicts Theorem 4.5. O

Corollary 4.7. There does not exist a set of all sets.

Proof. If X is the set containing all sets, P(X) C X, contradicting Theorem 4.5 again. [

By Lemma 4.4, 2N P(IN), we call 2N the Cantor set, i.e. the set of all infinite sequence
of {0,1}.

This is equivalent to the Cantor ternary set obtained by removing middle intervals. Each
number in [0,1] can be represented uniquely as

(o]

in .
23—2:1,16{0,2}

n=1
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. Check that there is a bijection x™N — C := {y3° é—’z tip € {0,2}} defined by

f) = Y 2

n=0

where x € xN

Definition. A topological space is a pair (X, T) where T C P(X) such that
e 0, XeT;
e If TN, TheTthen Ty NT, € T;
e If Ty CT,then Ty € T.

Remark. The Cantor set 2N is a topological space U € T <= U C 2N, either U = @ or
for every x € U, there exists n € N such that {y € 2N :y [ n = x [ n} C U.

On the ternary Cantor set, there is a topology U C C, it is open if for every x € U there
exists a < b,x € (a,b),(a,b) C U.

Definition. A set X has cardinality continuum if X is equinumerous with 2N,

Theorem 4.8. (Cantor-Bernstein-Schroder Theorem, abbr. CBS)
If X and Y are sets such that there exist injective functions f : X — Y and g : Y — X, then
X~Y.

Proof. TO DO O
Corollary 4.9. If X and Y are sets such that there exist surjective functions f : X — Y and
g:Y = X, then X ~ Y.

Proof. Since f and g are surjections, they have right inverses f’,¢’. Now f’,¢’ have left
inverses so they are injective. Apply CBS theorem. O

Example 4.10. Show that
[0,1] ~ 2N

The function f : 2N — C C [0, 1] defined by

=2 2%
f(x0,x1,%2,...) = 21 311. !

1
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is injective. Also we can find an injective function ¢ : [0,1] — 2N. For any x € [0,1],
choose a binary representation x = Y'%°, 2!, then define g as

i=1 i’
g(x) — (x()/ X1, X2, )
By CBS Theorem 4.8, [0,1] and 2NN are equinumerous.

Example 4.11. Show that

[0,1] ~[0,1)
We define injective functions:
f:10,1] —[0,1)
X x/2
g:[0,1) — [0,1]
X=X

Apply CBS Theorem 4.8.

Proposition 4.12. A set X is countable if and only if X is either empty or there exists a surjection
from IN onto X.

Proof. The “only if” direction is straight-forward: suppose X is countable, then there it
is equinumerous with IN or is finite. Construct the surjection when X # @. For the “if”
direction, @ is countable, assume X is infinite an let f : INtoX be a surjection. We are
going to produce another surjection g : X — IN. By induction, choose arbitrarily a, € X
such that a, ¢ {ag,a1,...,a,-1}, §(an) = n. Map everything else to 0, since {ap, a1, ...}
may miss some elements of X. O

Proposition 4.13. If A, is countable for each n € IN, then \J,,c An is countable.

Proof. (sketch)
For each n € IN, choose surjective function fy : A, — IN, then

h:NxN-— (] A,
nelN

(n,m) = fu(m)
is surjective. u
Proposition 4.14. Let A, B, C be sets, then
e IfBNC =@, then ABYC ~ AB x AC.
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° (AB)C ~ ABXC'
Example 4.15.
RN ~ R

Since RN ~ (2N)N  oNXN 5N R,
Exercise 4.16. Show that each of

QxQ, ZxN, |JZ"

nelN

is countable.

Show that each of
NN, Q xR, [0,1)N

is uncountable.

Here are a few more exercises (requiring much more creativity to solve!), roughly in
increasing order of difficulty:”

Exercise 4.17. (Lazar, 1936)

For each x € IR, associate a finite set A(x). A set I C R is said to be independent if for any
x,y € I,x ¢ A(y), in other words, I N A(I) = @. Show that there exists an uncountable
independent set. (Hint®)

Exercise 4.18. Can a countably infinite set contain uncountable many nested subsets?
(Hint”)

Exercise 4.19. (Putnam, 1989)
Can a countably infinite set contain uncountable many subsets whose pairwise intersec-
tions are finite? (Hint'")

"These are beyond the level of this course, they are just for fun.
8You will need the pigeonhole principle, which basically says if you put an uncountably infinite many
pigeons into a countable number of holes, some hole will contain uncountably infinite many pigeons. Now
associate an interval J(x) to each pigeon x € R, the question is, how should you choose these intervals
(these are the holes)?
9Construct the nested subsets. Index them by real numbers.
10Construct sets indexed by irrational numbers; for any number, there’s a sequence of rational numbers
converging to it.
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5 Propositional Calculus

Set of variables: p,q,r,v1, 02, ... ;
Set of binary connectives: #, V, A\, =, <.

Definition. Formulas are defined on the variables recursively as follows:
Each variable v is a formula;
If 91 and ¢, are formulas, then so are —@1, @1V @2, 1 A\ @2, 1 — @2, ¢1 <> @.

Definition. A truth assignment is a function s : V.— {0,1}. If |V| = n < oo, then there
are 2" truth assignments.

Given a truth assignment s : V — {0, 1}, the associated evaluation of formula is defined
as §: Form(V) — {0,1}, inductively as follows:

§5(v) =s(v)ifveV
5(—¢) =1-3(9)
5(p1V ¢2) = max(5(¢1),5(¢2))
5(¢1 A @2) = min(3(¢1),5(¢2))
oe=(3 i
_ [0 5(g1) #5(e2)
(CRTOES ER A e

Notation. We often write ¢[s] for §(¢).!"!

Definition. If |V| = n < oo, then for a given formula ¢ € Form(V), its truth table is a
function from the set of all 2" truth assignments to {0,1}, s — ¢[x].

Example 5.1. ¢ = p Vg

Plo 1
00 1
1 (1 1
p=(pVaqg) Vg

The reason is, §(¢) as defined here, is thought as the function § maps the formula ¢ to a Boolean
value; In writing ¢[s], we think it has “plugging in” the value of the variables as dictated by s into ¢, in
the same way we evaluate a polynomial, say 1+ x + x2|,. 5.
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;P10 1
0 |1 1
1 (1 1
p=(p—q) —p
Plo 1
0 |0 1
110 1

Definition. A formula ¢ € Form(V) is a tautology if for every truth assignments: V —
{0,1}, we have ¢[s] = 1.1?

Example 5.2. The followings are all tautologies:

pV-p Law of excluded middle
Tp e p Double negation
=(pVyq) < ((=p)A(—q)) De Morgan’s Laws
~(pAg) < ((=p) V(=)

pV(gAr) < (pVvg)A(pVr) Distributivity Laws
pA@@VT) < (pAg)V(pAT)

((pAg) = 1)< (p— (g — 1)) Exportation Law
(p—=p)—p Clavius’ Law
(p—q)—=p)—p Pierce’s Law

Definition. Two formulas ¢; and ¢; are equivalent, denoted ¢, = ¢ if for every truth
assignment s, we have

¢1ls] = ¢2[s]
Note that ¢1 = @7 if and only iff ¢; <> @7 is a tautology.

Example 5.3. (p — q) — p is equivalent to p.
What is special about the connectives =, A, V, =, <+ ?
Not much. You only need a few of them to express the others. Since

pVg=-(-pA—9q),

12These can be verified by checking all truth assignments, despite being long and boring, it’s unlike the
validity of formulas in first-order logic which is undecidable...
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we can remove V from all formulas.
Similarly using the equivalences,

perg=(p—q)A(q—p)

and
p—qg=-pVq

we can write any formula in equivalent form using only {—, V}, or {—, A}, or {—, = }.

We can also form new connectives, for instance
p NOR q:= ~(pVyq)

Logical connectives are functions from sets of possible truth assignments to {0,1}. This
leads us to...

5.1 Boolean functions
Definition. An n-ary Boolean function is a function from {0,1}" to {0,1}. Binary Boolean

functions such as V, A are called binary connective; — is unary.

Remark 5.4. The variables correspond to projection function.

[1:{01}V — {01}

Uq

[ 1(s) =s(va)

Uq

Remark 5.5. The constant functions with values 0 and 1 are treated as 0-ary Boolean
function, denoted L and T.

5.2 Functional Closure

Now we define functional closure of a set of Boolean function. Crudely speaking, the
functional closure is the set of all Boolean functions that can be obtained from & or the
identity function by “composition” of union types. If you have encountered the notion of
closure before, it is what you would expect; but the formal definition just look terrifying.
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Definition. Given a set ® of Boolean functions, define the following sequence of sets of
Boolean functions:
Qy=0U{id, T, L}

For every fi1, f2, ..., fi, if
fi:{0,1} — {0,1}“

fi: {0,1}% — {0,1}

with f1, ..., fx € ®,, and dy,dy, ..., dg,c1,¢2,...,cx € N, and
g: {0,1}c1+cz+...+ck N {0’1}6
with ¢ € ®, and ¢ € IN;
if
h:{0,1}4 — {0,1}°
d € Nissuchthatd >d; > --- > d; and
h(Py, Py, ..., Py) = §(f1(P11, s Prdy) s ooor fk(Pits ooor Pra,))

for some P, € {0,1}, then hh € ®,, .

The functional closure of ® is the set

U @
nelN
Example 5.6. The binary connective A belongs to the functional closure of {V,—}, since
AP q) =~(V(=(p), ~(9)))

in Polish notation.

Here,

Vv, € Py
(p,q) = V(=(p), —(q)) € P
(p.q) = =(V(=(p), =(9))) € &2
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Definition. A set ® of Boolean connectives is n-functionally complete or simply n-complete
if every Boolean function from {0,1}" to {0, 1} belongs to the functional closure of ®.
A set @ is functionally complete or complete if ® is n-complete for every n € IN.

Proposition 5.7. The set {—,V} is 1-complete and 2-complete.

Proof. Easy check. L

Proposition 5.8. If a set ® of Boolean functions is 1-complete and 2-complete, then it is n-
complete for each n € IN.

Proof. By induction on n. Base cases are given. Suppose the claim holds for n.
Let F: {0,1}"*! — {0,1}, define Fy, F; : {0,1}" — {0,1} as follows:

Fo(Pi, ..., Py) = F(Py, ..., Py, 0)

and
Fy(Py, ... Py) = E(Py, ..., Pu, 1)

Fy and F; belong to the functional closure of ® by induction hypothesis. Now F can be
written as

F(Py, ..., Py, Pyst) = (Pas1 AFL (P, oy Pa)) V (= Pyst AFo(Py, ..., Py))

Since A, V, - belong to the functional closure of {—,V}, which in turn belongs to the
functional closure of @, this shows that ® is (n + 1)-complete. O

Remark 5.9. Can we find an even smaller set of complete binary connectives?

Yes! {NAND} and {NOR} are both complete. You can verify this claim by using 5.8 and
checking each of {NAND} and {NOR} is 1-complete and 2-complete.'?

Truth table for NAND:

p

0
1

[N )
[ R Sy N

Truth table for NOR:

IBNJAND is also written as 1, called “Sheffen stroke”; NOR is also written as |, called “Pierce’s arrow”.
I find these names sound too mythological.
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e}
O = O
o Ol

5.3 Parsing trees

Definition. The length of a propositional formula is the number of symbols used in it,
including parentheses.

Example 5.10. =((p) A (¢)) has length 10.

Definition. The parsing tree of a formula is defined by induction as follows.

o If ¢ is a variable, then its parsing tree is

¢

o If ¢ = —¢; and the parsing tree of ¢; is T;, then the parsing tree of ¢ is

—

o
Ty

o If ¢ = @1 A @2 and the parsing tree of ¢ and ¢, are respectively T; and Ty, then
the parsing tree of ¢ is

Similarly for other binary connectives.

Example 5.11. The parsing tree of (p A (—q)) V (=(pV q)) is
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5.4 Switching Circuits
5.5 Satisfiability

Definition. A set ® of propositional formulas is satisfiable if there is a truth assignment
s such that ¢[s] =1 Vg € .

Remark 5.12. If ® = {¢}, then P is satisfiable <= —¢ is not a tautology;
If ® = {¢1,.., ¢n}, then ® is satisfiable <= {1 A--- A ¢, } is not a tautology.

Therefore the following questions are equally difficult:
e determine whether a formula is a tautology;
e determine whether a formula is satisfiable;

e determine whether a finite set of formulas is satisfiable;

Theorem 5.13. (Compactness Theorem) '+

look up Given a set of propositional formulas ®, the followings are equivalent:
o O is satisfiable;

o Every finite subset &y C P is satisfiable.

Proof. We will prove that the second statement (for now, call ® “finitely satisfiable”)
implies the first only for countable set of variables. Note that Form(V)= U,en Fr is
countable, where F, is the set of formulas of length < n. For each n, F, = U,,en F,
where F is the set of formulas of length < n using only the variables {vy, ..., vy}, so
each F)" is finite.

Step 1. We will produce a finitely satisfiable set ¥ O &, such that for every f € Form(V),
either f € ¥ or =f € Y. We start by producing a sequence of sets " such that

e ®¥ = P, the original set;
o ®" is finitely satisfiable;

e Either f, € Y or -f, € ¥ for n > 0.

14As its name suggests, this is related to topology of some space. Turns out it is equivalent to the
compactness of the Stone space of the Lindenbaum-Tarski algebra 6.2. That also leads to a much shorter
and elegant proof, which you can look up online.
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Lemma 5.14. If A is a finitely satisfiable set of formulas and ¢ € Form(V'), then at least one of
AU{p} or AU {—¢} finitely satisfiable.

Proof. Suppose not. Then there exist Ag € AU {¢} and A; € AU {—¢} that are not
finitely satisfiable. Note that ¢ € Ag and —¢ € A;. then Ay = {¢, ¢1, 2, ..., ¢} and
At =A{~¢, @ni1, -, Pm} where ¢; € A V1 < i < m, and possibly ¢; = ¢; for some i # j.
Since ¢ ;{pi} C A, there exists a truth assignment s such that ¢;[s] = 1 for all i.

If p[s] =1, then Ay is satisfiable; if ¢[s] = 0, then A1 is satisfiable; O

Let @1+ — dU{f,}  ifitis finitely satisfiable
| PU{—fu} otherwise

where {f1, f2, ...} is an enumeration of elements of Form(V).

Define
Y= ] o
nelN
Claim 1. Y is finitely satisfiable.
Proof. Every finite subset of ¥ is contained in some ®". O

Claim 2. If ¢ V¢ € ¥ then at least one of ¢ € ¥, ¢ € ¥ holds.

Proof. Suppose not, then by construction, =¢ € ¥, =9 € ¥. But {9 V ¢, =¢, —~p} is not
satisfiable. O

Claim 3. If ¢ — ¥ is a tautology and ¢ € ¥, then ¢ € Y.
Proof. If p € ¥, then —¢p € ¥, but {¢, ~p} is not satisfiable. O
Step 2. Define truth assignments: V — {0,1}.

sy 1 ifocy
10 ifog?

Claim 4. ¢[s] =1 < ¢ € VY.

Proof. By induction on length of ¢. If ¢ has length 1, claim holds by definition of s.

If ¢ = —9, easy check.

If p =91 Vipp,and if ¢ € ¥, then by Claim 2, ¢, € ¥ or ¢, € ¥ or both. By the induction
hypothesis, ¢[s] = max(¢1[s], ¥2[s]) =L if ¢ € ¥, then ¢y ¢ ¥ and ¢, € ¥ (otherwise,
Y1 — P71 V P, contradicts Claim 3). By the induction hypothesis, ¢1[s] = ¢z[s] = 0, so
¢[s] = 0. O
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Claim 4 shows Y is satisfiable. Since ® C Y, ® is satisfied by the same truth assignment
s, and we are done. O

Definition. A formula ¢ is in disjunctive normal form (abbr. DNF) if
§0:§01v§02\/"‘\/([)n

where each ¢; = ¢} A -+ A @}, and (pg is either a variable or negation of a variable.

Definition. A formula ¢ is in conjunctive normal form (abbr. CNF) if
§0:§01A§02/\"'/\§9n

where each ¢; = ¢} V-V ¢, and qo{ is either a variable or negation of a variable.
Example 5.15. p, p V q are in both DNF and CNF.

Theorem 5.16. For every formula ®, there are 9Nt in CNF and ¢PNF in DNF such that

— ,CNF — ,DNF.
=9 = ’

Proof. (Sketch)

By induction on length of ¢. Base cases of length 1 (¢ is a variable) and length 2 (¢ the
negation of a variable) hold. Since {—, V} forms a complete set of Boolean functions, any
formula ¢ can be expressed using the connectives —, \V/, we have two cases to consider:

Case 1. If ¢ = - for some ¥, just apply De Morgan’s Law 5.2 on ¢“NF or ¢PNF,
Case 2. If ¢ = ¢1 V ¢y, then PNF = pPNE/ pDNE,
For CNE take

PENEV pSNE = (ph A AV (A A AR = A9V )

i,j

where we applied the Distributivity Law 5.2 at the last step. O

Given a Boolean function f : {0,1}" — {0,1}, how do we find a propositional formula
¢ that realizes f? i.e. for any s € {0,1}", f(s) =1 <= ¢[s] = 1.

Answer: Use DNF form, let s, 5, ...,5; be all s € {0,1}" such that ¢(s) = 1. For s;, let
@i = aj A --- Aaj, where



26

lXi' _ Z)]' if si(vj).: 1
] -0, otherwise

Finally write ¢ := @1 V@2 V- - - V ¢.

Example 5.17. Let f be given by the table

Then we have

81 = (0,1) Q1= "01 N0
s> = (1,0) P2 = v1 A0y
s3=(1,1) P3 =0V AUy

so that
@=@1V PV o3 =(-v1Av2)V (v1 A—02) V(01 A Do)
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6 Boolean algebra

Definition. A Boolean algebra is a tuple (B, +,-,—,0,1) where +, - are functions from B?
to B, — is a function from B to B, and 0,1 € B, and Va,b,c € B,

a-(b+c)=(a-b)+(a-c) a+b=b+a a+0=a

a+b-c)=(a+b)-(a+c) a-b=b-a a+1=1
a-(b-c)=(a-b)-c a+(—a)=1 a-0=0
a+(b+c)=(a+b)+c a-(—a)=0 a-1=a

Example 6.1. Given a set X, (P(X),U,N, ¢,@, X), where ¢ denotes the complement, is a
Boolean algebra. Every finite Boolean algebra is a subalgebra of this type.

Example 6.2. Let V be the set of variables. Let = be the equivalence relation on Form(V),
so ¢ = P iff ¢ <> ¢ is a tautology.
Let LT(V) = (Form(V)/=,V,A,—, T, L) where

T = [ —101];

1 =[v; A—ovq]=
[pl=V [¥]==[oVy]=
[pl= A [¢l= = [o A Y]=

—lol= = [-ol=

This is called the Lindenbaum-Tarski algebra.

Theorem 6.3. (Idempotent Law)
If (B,+,+,—,0,1) is a Boolean algebra, for a € B, we have

a+a=a,a-a=a

Proof.
at+a=a-1+a-1=a-(1+1)=a-1=a.
a-a=a+0)-(a+0)=a+(0-00=a+0=a.
O
Remark 6.4. The Boolean algebra is self-dual in the sense that if an equality ¢ is satis-

fied in the Boolean algebra, then the equality ¢’ obtained by exchanging + and - and
exchanging 0 and 1 is also satistified.
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Lemma 6.5. (Absorption Law)
If (B, +,-,—,0,1) is a Boolean algebra, Va,b € B,

a-(a+0b)=a, a+(a-b)=a
Proof.
a-(a+b)=(a+0)-(a+b)=a-(0+b)=a+0=a.
By Remark 6.4, a + (a - b) = a also holds. O
Lemma 6.6. If (B,+,:,—,0,1) is a Boolean algebra, for a € B, 3'b € B such that a-b =
0, a+ b = 1. Denote it —a.

Proof. Clearly —a satisfies the equations by axioms, suppose a’ and a” such that

ad-a=d"a=0 d+a=dad"+a=0,

then
A =d-1=d -(a+d")=d -a+d -a"=0+d-d"=d da"
and
W' =d" 1=d" (a+d)=a"-a+d" -a=0+d"-d =da"-a
therefore a’ = a”’. O

Proposition 6.7. If (B, +, -, —,0,1) is a Boolean algebra, then Va,b € B,
—(a+b)=(-a)- (D)
—(a-b) = (—a) + (=)
Proof. . Using the axioms, we have
(@+b)+(—a)- (=b) = ((a+b) + (—a)) - (a+b)+ (=b)) = (1+b) - (1+a) =1-1=1
(a+0b)-(=a)-(=b) = (a-(—a)- (=b)) + (b (=a)- (=b)) = (0-(=b)) +(0-(—a)) =0+0=0

Now result follows from Lemma 6.6. ]

Remark 6.8. If ¢ and ¢ are propositional formulas built using V, A and ¢ < ¥ is a tau-
tology, then a, = ay is satisfied in all Boolean algebra, where a,, ay are obtained from
@, P by substituting + for V, - for A, — for —.
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Definition. A binary relation is a partial order if it is reflexive, antisymmetric and transi-
tive. A partially ordered set is called a poset.

Definition. The Boolean algebra(B, +, -, —,0,1) has a natural partial order < defined as

a<bifa-b=a

Proposition 6.9. If (B, +,-, —,0,1) is a Boolean algebra, then Va,b € B,

a-b=a < a+b=0>

Proof. Using the Absorption Law 6.5,
= a+b=(a-b)+b=b,
< ab=a-(a+b)=a. O

Proposition 6.10. The relation < defined on Boolean algebra(B,+,-, —,0,1) above is indeed a
partial order.

Proof. e Reflexivity: a - a = a by the Idempotent Law 6.3;
e Antisymmetry: ifa < b,b <athena=a-b=0b-a=0b;
e Transitivity: a+b=a,b+c=0bthena+c=(a+b)+c=a+ (b+c)=a+b=a O

Remark 6.11. 0 < a <1 for every element a in a Boolean algebra.
Definition. An element a of a Boolean algebra(B, +,-, —,0,1) is called an atom if #veB

such that
b<a, b#0,b+#a
Equivalently, we can define an atom to be an element that is minimal along the nonzero

elements, or alternatively, an element that covers 0. A coatom is an element covered by 1.

Definition. A Boolean algebra with no atom is said to be atomless."> A Boolean algebra
in which every element is the join of atoms below it is said to be atomic.

Proposition 6.12. If (B,+,-,—,0,1) is a Boolean algebra, and a,b,c € B are such that a <
c,b<cthena+b<c.

Proof.
(a+b)-c=a-c+b-c=a+b

5For instance, the Boolean algebra generated by left half-closed intervals is infinite and atomless.
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Example 6.13. Atoms in LT(V)

Assume |V| > 1. Is [p]= an atom in LT(V)? No, since [(pAg)]= < [pl]zas (pAg) Ap =
(p A q). Extending this idea, we infer that if V is finite, say V = {v1, vy, ..., v, }, then the
atoms of LT(V) are of the form [a; A ay A ... A a,y|= where a; is either v; or —v; of each
1<i<n.

If V is infinite, then if ¢ is any formula ¢ # L, and v € V is a variable that does not
appear in ¢, then [¢ A v]= < [¢]=, so LT(V) does not contain an atom.

Proposition 6.14. If (B,+,-,—,0,1) is a finite Boolean algebra, then for any b € B,b # 0,
there exists an atom a € B such that a < b.

Proposition 6.15. If a,b € B,a # b are atoms, then a - b = 0.

Definition. Given Boolean algebras A and B, a function f : A — B is a homomorphism if

If f is also a bijection, then f is an isomorphism. We often denote A ~ B.
Lemma 6.16. Ify €c Band Y :={a € X:a <y}, then y = +Y := +,cya}.

Proof. Let Y = {y1,y2, ... Yy}, we want y; +yo+-- -+ yx = y. Since y; <y Vi, y1 +y2 +
-+ Yk <yby6l2 Notethaty =y- (yi+y2+--+ye) v (= +y2+- -+ W)
Letb=—(y1+y2+---+yk). ffb#0,leta < bbeanatom,soa <b < yanda=y; for
some 1.

Now applying De Morgan’s Law, a = a-b=vy;-y- (—(y1 +y2+--- + ) = v~ (—v1) -
e (i) - (=yi) - o - (yx) < 0, contradicting that a is an atom. Thus b = 0, so y =
y-+yp+-+y)thusy <wyi+yo+- -+ ypy =+Y. .

Theorem 6.17. If (B, +,-, —,0,1) is a finite Boolean algebra, then there exists a finite set X such
that B is isomorphic to (P(X),U,N,°, D, X).1°

1More generally, a Boolean algebra is isomorphic to the powerset of some set X equipped with the
usual set-theoretic operations iff it is complete and atomic. This theorem says that every finite Boolean
algebra is complete and atomic.
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Corollary 6.18. Any finite Boolean algebra has size 2" for some n € IN.

Proposition 6.19. The Lindenbaum-Tarski algebra on a countably infinite set of variables is
countably infinite.

Proof. Exercise. O
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7 Partially ordered sets

Recall that a binary relation is a partial order if it is reflexive, antisymmetric and transi-
tive. A partially ordered set is called a poset.

Definition. Let (P, <) be a poset, an element a € P is called
o maximal if ;b € P, b #a, b > a;
o minimal if Ab € P, b #a, b < a;
e greatestif a > b,Vb € P;

o smallest if a < b,Vb € P.

Remark.
o If a greatest (or smallest) element exists, it is unique;
e A greatest (resp. smallest) element is maximal (resp. minimal).
e Atoms are the minimal elements in (B\{0}, <).

Definition. Let X C P,b € P is an upper bound of X it b > a,Va € X; b is the supremum
(also called join) of X if b is the smallest upper bound of X.

Similarly, b € P is an lower bound of X if b < a,Va € X; b is the infimum (also called meet)
of X if b is the greatest upper bound of X.

Example. Consider the poset (Q, <) and X := {g € Q : g < v/2}. X has an upper bound
but it does not have a supremum.

Definition. A subset C of poset (P, <) is a chain if (C, <[cxc) is linear.

Definition. A subset A of poset (P, <) is an antichain if for every distinct x,y € A, we
have x £ y, i.e. x and y are incomparable. Thus any antichain can intersect any chain in
at most one element.

Example.
¢ (R, <) is a linear order, thus any subset of R is a chain.

e (P(X),C) is not a linear order if |X| > 2.
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e {®,{1},{1,2}} is a chain in P({1,2}).
e {{1},{2,3},{2,4}} is an antichain in P({1,2,3,4}).”

Definition. Given a poset (P, <), the width of (P, <) is the maximum number of elements
in an antichain of P.

Theorem 7.1. (Dilworth)
If (P, <) is a finite poset of width w, then there exist chains Cy,Cy, ..., Cy such that P = L, Ci

Proof. By induction on the size of P. Base case |P| = 0 or 1 trivial.

Induction step, assume claim holds for |P| < n. Let (P,<) be a poset of size n. Let
a € P be maximal. Let k denote the width of P’ := P\{a}, so there are disjoint chains
C1,Cy, ..., Cx covering P'. For each i < k, let x; be the maximal element in C; that belongs
to an antichain of size k.

Claim that {x1, x2, ..., X} is an antichain. Suppose on the contrary x; < X Let A]- be an
antichain of size k in P’ such that xj € Aj. Lety € Aj N Ci, so y < x; by the choice of
x;. By transitivity, y < x; < xj, then y and x; are distinct comparable elements in Aj,
contradicting A; is an antichain.

Case 1: a is not comparable with any x;; then {a,x1,..., x¢} is an antichain and P =
{a}uCiU---UCy, so width of P is k+ 1.
Case 2: 4 is comparable with any x;, so x; < a. Let C = {a} U{y € C; : y < x;}. Consider
P"” := P\C, P” cannot contain an antichain of size k because x; was the greatest element
of C; that belongs to an antichain of size k, so the width of P” is k — 1. Let C}, ...,C;_ be
disjoint chains covering P”. Then P = CUCj U---UC;_; and the width of P is k.

0

Definition. Given a poset (P, <), the height of (P, <) is the maximum number of ele-
ments in a chain of P.

Theorem 7.2. (Mirsky)'®
The height of a finite poset (P, <) equals the smallest number of antichains into which P can be
partitioned.

Proof. For any element x, consider the chains having x as their greatest element. Let
N(x) denote the size of the largest of these chains. Then each set N~!(i)is an antichain,

7The largest antichain in (P(X), C) is the largest Sperner family, which has size ([P‘(}\(/‘Z])

18The dual of Dilworth’s theorem. Not covered in this course.
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and they partition P into a number of antichains equal to the size of the largest chain. [

7.1 Lattices and Zorn’s Lemma

Definition. A poset (L, <) is called a lattice if every finite subset of L has a supremum
and an infimum. Equivalently, (L, <) is a lattice if every two-element subset has a supre-
mum and an infimum.

Example. Every linearly ordered set is a lattice.

Example. Every Boolean algebra is a lattice, since sup(a,b) = a + b.

Non-Example. ({{1},{2}}, C) is not a lattice.

Definition. A poset (L, <) is called a complete lattice if every subset of L has a supremum.
Example. (R, <) and ([0,1), <) are complete lattices.

Claim 7.3. Let (P, <) be a poset. The followings are equivalent:
e (P, <) is a complete lattice;
e Every subset of P has an infimum;

e Every subset of P has a supremum and an infimum.

Proof. 2 = 1. Let X C P, consider Y = {p € P : p is an upper bound of X}, then
infY = sup X.

1=3. Analogous.

3 = 2. Trivial. O

Theorem 7.4. (Knaster-Tarski)
If (L, <) is a complete lattice and f : L — L is order-preserving, i.e. x <y = f(x) < f(y),
then f has a fixed point. 1°

Proof. Let X = {x € L : f(x) < x}. Let xp = infX, thus x9 < x Vx € X. Then by
monotonicity of f and definition of X, f(xg) < f(x) < x, so f(xp) is a lower bound of
X and f(xg) < xo. Applying f once again, we obtain f(f(x9)) < f(xp), thus f(xg) € X.
Also xg < f(xp) by definition of xg. Thus f(xo) = xp, i.e. xp is a fixed point of f.

0

9The set of fixed points of f is also a complete lattice
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Lemma 7.5. Let (P, <) be a poset such that every chain in P has a supremum, and let f : P — P
be such that for every x € P,x < f(x)?", then f has a fixed point.

Proof. First note that @ is a chain and sup @ is the smallest element of P. Call it a. Define
o ={ACP:acAxecA= f(x) € A,chainLC A=supL € A}.

Now we show through the series of claims that Ay = (). is a chain and Ay € «/. Then
take any element x € Ay, the chain x < f(x) < f(f(x)) < ... has a supremum in Ay.
This supremum is a fixed point of f.

Claim 1: Ag € «/.

Proof. Clearly a € Ag. If x € Apg,x € AVA € 7,50 f(x) € A, thus f(x) € Ap. Similarly,
if the chain L C Ap, then L € A VA, sosupL € A VA, thus supL € Ap. The set Ay
satisfies the three criteria, thus Ay € .«/. H

Claim 2: Ay is a chain.

Proof. Consider B={x € Ap: (y <x, y € Ag) = f(y) <x}. Forx € B, let B, = {z €
Ap:z <zor f(x) < z}. If we show that Ag = B = By for every x € A, then Ay is a chain,
since if x,y € Ay, then either y < x or x < f(x) <y, thus x and y are comparable. [

Claim 3: If x € B, then By € &/. Consequently, Ay = By for every x € Ay.

Proof. Clearly ag € By.

Suppose z € By, we want f(x) € By. Case 1, z < x, then either (z = x, so f(z) = f(x) €
By) or (z < x, then f(z) < x € B, thus again f(z) € By). Case 2, f(x) < z, but also
2 < f(z), 50 f(x) < f(2).

Suppose L C By is a chain. If every | € L is such that / < x,supL < x, then sup L € B,.
if for some I € L, f(x) <1 <supL, then clearly L € B,.

Since By C Agp and Ap := () </, we have Ay = By. O

Claim 4: B € /. Thus B = Ajy.

Proof. Clearly ay € B.

Suppose x € B, ie. y < x,= f(y) < x}. If y < f(x), then y < x by Claim 3, thus
fly) <x < f(x). Ify =x, then f(y) < f(x),sox € B= f(x) € B, i.e. B is closed under
function application.

Now take any chain L C B. Let y < sup L, then 3! € L such that I £ y, so y < [ since by
Claim 3, Ag = B;. Since ] € B, f(y) <[ < sup L, this shows sup L € B.

Thus B € o/, and B = Ay. H

20Such f is said to be progressive
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O]

Axiom of Choice (abbr. AC)
If X is a nonempty family of sets such that @ ¢ X then 3f : X — |J X such that for every
a€X, f(a)€a.

Lemma 7.6. If (P, <) be a poset such that every chain in P has an supremum, then P has a
maximal element.

Proof. Suppose not. For each x € P, define Ay = {y € P : y > x}. Using AC, we have
a function f : P — P, f(x) € Ay, thus x < f(x). By Lemma 7.5, f has a fixed point,
contradicting absence of a maximal element. O

Theorem 7.7. (Hausdorff maximal principle)
For any poset (P, <), there exists a maximal chain in P.

Proof. Consider S := ({C C P : C is a chain}, C). We will show any chain in S has a
supremum.

Let C be a chain in S, we have JC C P. Take arbitrary x,y € |JC, then 3C;,C, € C
such that x € Cy, y € C,. Since C is a chain, C; and C; are comparable. Wlog, assume
C1 C Cy, then x,y € Cy; since C; is a chain, x, y are comparable. Therefore | JC is a chain,
and JC = supC € S. By Lemma 7.6, S has a maximal element, which corresponds to a
maximal chain in P. H

Theorem 7.8. (Kuratowski-Zorn Lemma)*!
If (P, <) is a poset such that every chain in P has an upper bound, then P has a maximal element.

Proof. Let C C P be a maximal chain, its existence is guaranteed by 7.7. Let b be an
upper bound of C. Note that b € C since otherwise C U {b} would be a larger chain. If
dc such that ¢ > b, then again C U {c} would be a larger chain, contradicting maximality
of C. Therefore b is a maximal element in P. O]

Corollary 7.9. For any poset (P, <), there exists a linear order < on P that extends <, i.e.
(< C<KCP).

Proof. Consider S := ({R C P x P:Risaposetand < C R}, Q).

Claim 1: Any chain C in S has an upper bound in S.

ZlWhat's sour, yellow, and equivalent to the Axiom of Choice? Zorn’s lemon.
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Proof. We will show that [JC is a poset containing <. Assume [JC # @, otherwise < is
an upper bound. Clearly, |JC contains < since any element of C contains <. Showing
UC is a poset is just a routine check:

e [JC is reflexive since each R € C was;

o If x is related to y, and y is related to x in |JC, then x is related to y in Ry, and y
is related to x in R; for some Ry, Ry € C. Since C is a chain, wlog, R; C Ry, thus
x = y by antisymmetry property of Ry, thus [JC is also antisymmetric;

e If x is related to y, and y is related to z in (JC, then x is related to y in R; and y
is related to x in R; for some Ry, Ry € C. Since C is a chain, wlog, Ry C Ry, so by
transitivity of Ry, x is related to z in Ry, thus x is related to z in [J C.

Therefore | JC € S and it is an upper bound of C?2. O
Claim 2: A maximal element in S is a linear order.

Proof. Suppose R is a poset in P which is not linear, so 3x,y € P such that xRy, yRx. Let
R' = RU{(a,b) : aRx,yRb}*. By this construction, xR’y but xRy, so R C R’, i.e. Ris
not maximal; i.e. a maximal element in S has to be a linear order. O

By Kuratowski-Zorn Lemma 7.8 and Claim 1, S has a maximal element; by Claim 2, this
maximal element is a linear order. O

Definition. A poset (P, <) is well-founded if every non-empty set of P has a minimal
element.

Definition. A poset (P, <) is a well-order if it is well-founded and linear.

Example. IN is well-ordered. (INU{w}, < U {(n,w) : n € N}) is also well-ordered.
Example. Any finite linear order is well-ordered.

Non-Example. (Q, <) and (R4, <) are not well-ordered.

Theorem 7.10. (Well-ordering theorem)
Assuming the Axiom of Choice, for any set X, there exists a well-order on X.

2In fact, |JC = supC, just as in 7.7.
23 Again, one should check that R’ is indeed a poset. Note that {a € P:aRx} N {b € P: yRb} = @.
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Definition. A poset (T,<) is a tree if |T| > 1 and forevery t € T, {s € T : s < t} is
well-ordered by <.

Definition. Given a tree (T, <) and t € T, we say that t’ € T is an immediate successor of
tif t <t t # t' (for simplicity, we also write t < ') and #' is minimal in {s € T : t < s}.

Lemma 7.11. If (T, <) is a tree, then for every t € T, either {s € T : t < s} is empty or there
exists an immediate successor of t.

Proof. Suppose {s € T : t < s} is non-empty. Choose any ¢’ € T such that t < t’. Look
attheset A:={s € T:t < s <t"}. Thisisasubsetof {s € T:s <t"}, hence there is a
minimal element of A, this element is an immediate successor of t'. O

Definition. Given a tree (T, <), an infinite branch in T is a sequence (¢, t1, t2...) such that
to is the least element of T, and #;, 1 is an immediate successor of t; for all i < 0.

Definition. A tree (T, <) is finitely branching if for every t € T, the set of immediate
successors of t is finite.

Theorem 7.12. (Konig’s Lemma)
If (T, <) is an infinite finitely branching tree, then there exists an infinite branch in T.

Proof. By construction. Let T =: Tj be infinite and finitely branching, and let ¢y be the
least element of T. Inductively choose t, € T, such that ,,1 is an immediate successor
of t, and the set T, 1 := {t € Ty : t,11 < t} is infinite. O
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8 Propositional Calculus, revisited
Given a propositional formula ¢ € Form(V), we write
ki
if ¢ is a tautology.
More generally, given a set I' of formulas, write®*
I'Fe

if for every truth assignment s, y[s] = 1 for every 7y € I' implies ¢[s| = 1.

8.1 Syntactical deduction

Definition. A deduction system for propositional logic consists of

e aset A of propositional formulas, called axioms;

e a set of finite sequences (¢1, ..., ¢, ¢y+1), Written % , called deduction rules.
n+

We will consider deduction system for propositional logic where all the deduction rules

are of the form, ¢ . , called modus ponens.

In this section, we will use only the connectives {—, —}, since this set is functionally
complete, there is no compelling reason to use more.

Definition. A formal proof or inference in a deduction system D from the set of formulas
I' is a sequence of formulas ¢4, @2, ..., ¢, such that for each i < n, either

e @, is an axiom of D;
e gicl;

e there are iy, 1y, ..., iy < i such that M is a deduction rule.
1

24read “T semantically entails ¢” or “T tautologically implies ¢”
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Definition. We write I Fp ¢ % if there exists a proof ¢1,..., ¢, in D from T such that
Pn = @-

Definition. A deduction system D for propositional logic is sound if for every formula ¢
and set of formulas T, T +p ¢ = T @. ?°

Proposition 8.1. If D is a deduction system with only modus ponens as inference rule, then D
is sound iff all axioms are tautologies.

Proof. Suppose D is sound. Clearly Fp ¢ for every axiom ¢, then F ¢ by soundness,
meaning ¢ is a tautology.

For the reverse direction, let all axioms be tautologies. Suppose I' =p ¢, let @1, @2, ..., p»
be a proof of ¢ . We show by induction on i, where 1 <i <, that I' F ¢;.

Base case, ¢1 must be an axiom of I', so I' F ¢1. For the induction step, suppose I'
@;j Vj < i. If ¢; is an axiom, then we are done; otherwise there exist j,k < i such that
¢r = (¢j — @), i.e. ¢; is obtained from ¢; and @) by modus ponens. By the induction
hypothesis, I' F ¢; and I' F @y, so we let s be any truth assignment with y[s] = 1 Vy €T,
then ¢;[s] = 1 and (¢; — ¢;)[s] = 1, so we get @;[s] = 1, which means T F ¢;. Therefore
I' E ¢4, and D is sound. O

Definition. A deduction system D for propositional logic is complete if for every formula
¢ and set of formulasI', I'Fp ¢ & T F ¢

8.2 Completeness of deduction system D,

Now we will state a few simple lemmas and use them to show that an example deduc-
tion system 8.6 is complete.

Lemma 8.2. A concatenation of two formal proofs is a formal proof.
Lemma 8.3. If ¢1, @2, ..., ¢y is a formal proof and i < n, then @1, @2, ..., @; is a formal proof.
Lemma 84. If T CT"and T F ¢, then T' - ¢.

Lemma 8.5. If T I g, then there exists a finite Tg C T such that Ty - ¢.*

Bread “T syntactically entails ¢” or “T entails ¢” or “T proves ¢”

261f a deduction system is not sound, then one can prove false statements - so such a deduction system
would be worthless.

?’Compare this lemma with the Compactness theorem 5.13.
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Example 8.6. Consider the deduction system Dj with only modus ponens as inference

rule and the following axioms?®:

AD) ¢ —(p—9)

A2) 9= @W—x)—= ((¢—=¢)— (¢ —Xx))
(A3)  (mp = ¢) = (g = ~9) = ¢)

(A3)  (—¢— ) = (v = ¢9)

The axioms A3 and A3’ are equivalent. For simplicity, we write I' - ¢ for I -p, ¢.
Theorem 8.7. D is complete.
Lemma 8.8. In Dy, = ¢ — ¢ for every ¢.

Proof. From Al, ¢ — (¢ — ¢);

From A1, ¢ — ((¢ = ¢) — ¢);

From A2, ¢ = ((¢ > ¢) = @) = ((¢ = (¢ = 9)) = (¢ = 9));

By modus ponens, (¢ — (¢ = ¢)) = (¢ — ¢);

By modus ponens again, ¢ — ¢. ]

Lemma 8.9. In Dy, {¢} = ¢ — ¢ for every ¢ and .
Proof. From {¢}, we have ¢;

From A1, we have ¢ — (¢ — ¢);
By modus ponens, i — ¢ as desired. O

Theorem 8.10. (Deduction Theorem)
If T is a set of formulas and ¢, are formulas, then

TUu{e}Fy < TFo¢—¢

Proof. <= 1If 1, 2, ..., pn is a formal proof from I of ¢, = (¢ — ¢), then @1, @2, ..., P, @, P
is a formal proof from I' U {¢} of .

= Suppose I' - ¢ — ¢, let 91, ¢2, ..., p» be a proof of i from I' U {¢}. By induction on
i < n, we show thatI' - ¢ — ¢,. Base case, by Lemma 8.9, {¢1} - ¢ — ¢, since ¢ is
either an axiom or an element of I', I' = ¢ — ¢ by Lemma 8.4.

28Check that all these axioms are tautologies



42

Now suppose I' - ¢ — ¢; forall j < i. If ¢; is an axiom or element of I, then we are done.
Otherwise ¢; is obtained by modus ponens from ¢;, ¢ = (¢; — ¢;), where j,k < i, and
by induction hypothesis, T - ¢ — ¢;and T - ¢ — (¢; — ¢;). By A2, we have
¢ — (¢j = ¢i) = ((¢ = ¢j) = (¢ — ¢;)) =: x- Now if P is a proof of ¢ — ¢; from T,
and P, is a proof of ¢ — (¢; — @;) from T, then Py, P2, x, (¢ — ¢j) = (¢ — @), ¢ — @i
is a proof of ¢; from I', thus I' - ¢ — ¢;. O]

Lemma 8.11. For every ¢, 1,
{¢.—p} Fpand {—¢} - ¢ = .

Proof. From the set of formulas {¢, ¢}, we have =¢p — ¢, since by Lemma 8.9 {¢} -
¢ — ¢. Similarly we have —i) — —¢, again by Lemma 8.9.

From A3, (¢ — ¢) — (- — —¢) — ¥); by modus ponens, (-9 — —¢) — §;
applying modus ponens agains, we get . The second statement in this Lemma follows
from Theorem 8.10. O

Definition. A set of formulas I' is consistent if 3¢ such that I" ¥ .
A set of formulas I is inconsistent it Vi, I = 4.

Lemma 8.12. If I is inconsistent, then there exists a finite I'y C I' which is inconsistent.

Proof. Fix I' and ¢. Since T' is inconsistent, I' = ¢ and I' = —¢. By Lemma 8.5, there exists
finite I'g,I'1 C I such thatI'o - ¢ and I'; = —¢.

Since I'yUT; F ¢ and Ty UT; - ¢, by Lemma 8.4 and Lemma 8.11, {¢, ~¢} F 1, thus
I['oUT1 F ¢. Therefore I'g UT'; is an inconsistent finite subset of T'. [

Lemma 8.13. If ' U {—¢} is inconsistent, then T F ¢.
If T is consistent, then at least one of T U {¢@} or I' U {—¢} is consistent.

Proof.
Tu{—¢}F-(¢— ¢) using A3’
I'=¢— (¢ — ¢) by Deduction Theorem 8.10
(¢ = —(¢p = ¢)) = ((¢ = ¢) = ¢) using A
I'((¢p = ¢) = ¢) by modus ponens
Fo— @ by Lemma 8.8
I'-e by modus ponens

If T U {—¢} is inconsistent, then T' F ¢, so I' U {¢} is consistent. O
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Lemma 8.14. If T is consistent, then there exists a consistent set A such that I C A and for
every formula @ either ¢ € A or ¢ € A.

Proof. Consider the set P := {S C Form(V) : Sis consistent and I C S}. Consider the
relation of inclusion C on P so (P, C) is a poset.

Claim 1: if A € P is a maximal element, then for every ¢ either ¢ € A or —¢ € A.

Proof. If AU {—¢} is consistent, then AU {—¢} € P, so AU{—-¢} = A by the maximality
of A, hence ¢ € A. If AU {—¢} is inconsistent, by Lemma 8.13, A - ¢, so AU {¢} is
consistent, thus ¢ € A. ]

Now use Zorn’s Lemma 7.8 to show that P contains a maximal element.

Claim 2: Every chain C has an upper bound in P.

Proof. Suppose C #, otherwise I is an upper bound. Clearly |JC contains I' and s for
every s € C. If |JC is not consistent, then |JC I ¢ and |JC F - for some ¢. By 8.12,
there exists a finite T C (JC so that T - ¢ and T = 1. Then there exists ¢y, ¢y, ...,¢, € C
such that T C ¢y Ucy U...Ucy. Since C is a chain, without loss of generality ¢, is the
greatest among ¢y, ¢y, ...,cy. So ¢y = ¢ and ¢, = —¢, contradicting ¢, € P. Therefore | C
is an upper bound of C. O

O]
Theorem 8.15. (Completeness Theorem)
o I' is satisfiable <= T is consistent.

o' < TI'F o

Proof. The “only if” direction follows from soundness 8.1. For the “if” direction, sup-
pose I' is consistent. We construct a truth assignment satisfying all formulas of I'. By
lemma 8.14, there exists a consistent set A D I' and for every ¢ either ¢ € A or —¢ € A.

1 ifoeA
Lets(0) = { 0 ifodA

We claim that s satisfies all formulas in A. By induction on the length of formula ¢ that
pls]=1if p € A and ¢[s] =0if ¢ & A.

Base case trivial.
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o If ¢ = —y for some 1, then claim follows from assumption on .

® Say ¢ =9 — X

- If ¢[s] =0, then ¢[s] =1 and x[s] = 0. So by induction hypothesis ¢ € A and
X € A. If ¢ € A then by modus ponens x € A, contradiction. Thus ¢ ¢ A as
desired.

- If p[s] =1, then ¢[s] = 0 and x[s| = 1. In the first case, P € A, so =) € A; by
Lemma 8.11, =¢p =3 — x, s0 ¢ = ¢ — x € A. In the second case, x € A. By
Lemma 8.8, x - ¢ — x, so again ¢ = ¢p = x € A.

Therefore s satisfies all formulas in A.

For the second claim, suppose for a contradiction that T' ¥ ¢, then T U {—¢} is consistent
by Lemma 8.13, which means I' U {—¢} is satisfiable by the first claim, thus there exists
a truth assignment s satisfying I' U { ~¢}, implying T ¥ ¢. O
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9 First-order logic

9.1 Languages and models

Definition. A model or structure is a tuple M = (A, f1, ..., fx, P1, .., Pu, C1, ..., C;) where A
is a nonempty set, called the universe of M, sometimes denoted || M|| and

e each f; is a function such that f; : A7 — A for some r; >0 ;
e each P; is a relation such that P; C Als-i for some s; > 0 ;
e each C; is an element of A known as a constant.

If n = 0, i.e. there are no relations, then M is called an algebraic structure.
If Kk =0, i.e. there are no functions, then M is called an relational structure.

Example 9.1. For any nonempty set A, (A, €) is a structure with one binary relation €,
namely the set-theoretic inclusion relation.

Example 9.2. A poset (P, <) is a relational structure.

Example 9.3. A Boolean algebra (B, +,-, ©,0,1) is an algebraic structure, where +, -, ¢
are the functions and 0, 1 are the constants.

How to talk about models:

Definition. A language is a tuple L = (f1, ..., fx, P1, ..., Pu, C1, ..., C;), where each f;, P;, C; is
called a symbol of the language, equipped with an arity functiona : {fy, ..., fx, P1,.... Pa} —
N+_29

Definition. Given a model M = (A, f1, ..., fx, P1, ..., P1,C1,...,C;) and a language L =
(f1, e firs P1y s Py, Co, ..., Cpr), we say that M is an L-structure/model for L if k = k/,n =
n',1 =1" and each f; : A"fi) 5 A and each P; C A%(F),

Example 9.4. Let L = {R} where R is a binary relation symbol, then (P, <) and (4, €)
are L-structures.

To speak language L, we need

2 A function or relation of arity 7 is said to be n-ary. Unary is the common name for 1-ary, and binary
is the common name for 2-ary, because they sound much better.
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symbols of the language

logical symbols

— connectives A, V, —, <>, —

- quantifiers 3,V

auxiliary symbols

— parentheses

— commas

variables x,y,z, ...

equality symbol =

Definition. Terms are defined inductively:
e Any constant symbol is a term;
e Any variable symbol is a term;

e If 1, Ty, ..., Ty are terms and f is a function symbol of arity n, then f(7, T, ..., T) is
a term;

e Nothing else is a term.

A constant term is a term that does not contain any variables.

Interpretation of constant terms in a structure:

If T is a constant term in L and M is a L-structure, then interpretation of T in M, denoted
™, is defined by induction as follows:

e If T = C;, then ™ = C; as well;
e If T = fi(11, 12, ..., u), then ™ = fM(tM M _ M),

Definition. Formulas in L are also defined inductively:

e If 71 and 1, are terms, then 71 = 1 is a formula;

30In some texts, these are called well-formed formulas; for us, a formula is always well-formed.
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If 74, Ty, ..., Ty are terms and P is an n-ary relation then P(7y, 1y, ..., Ty) is a formula;

If ¢ and ¥ are formulas, then p AP, ¢ VP, ¢ — ¢, ¢ < P, - are formulas;

If v is a variable and ¢ is a formula, then Jv ¢ and Vv ¢ are formulas;

Nothing else is a formula.

Example 9.5. Let L = {—, <}, where — is a unary function and < is a binary function.
Then —(x) and —(—x) are terms, and x < —(y), Vx Jy x < —(y) are formulas.

Definition. The set of free occurrences of variables in a formula ¢ is defined by induc-
tion:*!

o If ¢ is atomic, then all occurrences of variables are free;

oIf p = 1 ANy or 1V @y or 1 — @ or @1 <+ ¢y or —@q, then the set of free
occurrences of variables in ¢ are those of ¢; and’? those of ¢,.

e If ¢ = Jx ¢’ or Vx ¢/, the set of free occurrences of variables in ¢ are those of ¢/,
except for the occurrence of x.

Definition. Substitution. If t is a term and x is a variable, ¢(t/x) denotes the formula
with all free occurrences of x replaced with ¢.

We use the notation ¢(x3, ..., x,) if all free occurrences of variables in ¢ are occurrences
of the variables x1, ..., x;.

Example 9.6.
p(x,y) = (Vxx<y)AN(FyVzx <y+z)

Definition. A substitution is correct if no variable of t becomes bounded in ¢(t/x).*

Example 9.7. Let t = v + x, then
p(t/y) = Vxx<x+0)A(FyVzx <y+2z2)

is not a correct substitution.

311f you know about A-calculus, this definition and the ones below are exactly what you would expect
them to be.

$2Natural language “and”, meaning the union of the two sets involved

33This is the terminology introduced in class. Some texts only allow for substitution when it is “correct”;
in other words, we can perform this substitution only if ¢t is free to substitute for x in ¢.
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Definition. A sentence is a formula without free variables.

Definition. Suppose M is a L-structure, the language L(M) is the language LU {a :a €
M, a is a constant}.

Interpretation of constant terms of L(M) in M:

e If T is a constant term of L(M)

— If T is a constant ¢ of L, then ™ = ¢M;

M:

— If T = a for some constant a of M, then T a;

o If T = f(1y, 2, ..., Tu), then ™ = fM(tM M M)
Definition. If M is an L-structure and ¢ is an L(M)-sentence,
MFE ¢
is defined by induction as follows:
o If ¢ is atomic,
- o= (h=t) MF gif tM =t}
- ¢ =P(t1, .., ta), ME @ if PM(tM M),

elfop=p1Npy, ME @if ( MF ¢ and M F ¢y).
Similarly for other connectives.

o If p =Vx ¢'(x), MFE ¢ if for all constants a € M, M F ¢'(a/x).

o If ¢ = 3x ¢'(x), M F ¢ if there exists a constant a € M such that
ME ¢'(a/x).

Convention. If ¢ = ¢(x1,...,x,), then @ := Vxq,...,x, ¢(x1,..., %), and it is called the
universal closure of . We say M = ¢ if M = .

Definition. We say ¢ is a valid L-formula if for every L-structure M, M F ¢.
Given a set I' of L-formulas, I' F ¢ if for every L-structure M, (Vy e T MEF vy = MF ¢.)
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9.2 Application to game theory

Consider a two-player game in which players I and II alternatively choose their moves.
Let M be the set of all possible moves, and we assume that each game ends after a given
finite number of moves. If M is finite, the game is finite iff each play (one instance of the
game) is finite.

Let n be the number of moves in a game G. A winning condition for player I is a subset
Ar € M", and similarly, a winning condition for player II is a subset A;; C M"; we
assume that there is no draw, thus A; U A = M™.

A winning strategy for player I is a function

sir |y MM

k:even k<n

so that for every sequence (mq, my, ..., m,) € M", if my = sy(my, ..., my_1) for each k odd
then (my, ..., my,) € Ay

A winning strategy for player Il is a function

Si1 - U Mk — M
k:odd k<n

so that for every sequence (my, my, ..., my) € M", if my = syy(my, ..., my_1) for each k even
then (ml,..., mn) € Aqr.
Clearly it is impossible for both players to have a winning strategy, but we can say more:

Theorem 9.8. In any finite two-player game, one of the players has a winning strategy.

Proof. Consider the language L consisting of one n-ary relation R. Let M be the L-
structure with Aj being the interpretation of R. Consider the sentence

o = Jx1Vxp3x3...Qx, R(xq, ..., xp)

where Q is Jif n is odd and Q is V is n is even.
Observe that if M ¢ then player I has a winning strategy; if M ¥ ¢ then

M E Vx13xVx3...Q x;, = R(x1, ..., X)

where Q' is V if n is odd and Q is 3 is n is even. In this case, player II has a winning
strategy. O
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9.3 Axioms and inference rules

Axioms.

(A0) All instances of tautologies of propositional logic

A1)  (Vx (¢ = ¢)) = (¢ — Vx ¢) if x does not occur free in ¢;

(A2) Vx ¢ — @(t/x)if tis aterm and ¢(t/x) is a correct substitution;

(A3) x = x for all variable x,
(x=y) — (t(x/z) = t(y/z)) where t is a term and the substitution is correct;

(x =y) = (¢(x/z) = ¢(y/z)) where ¢ is an L-formula and the substitution is
correct;

Inference rules.

(modus ponens) 4 1(/f 4
(V-rule) qu) , also called the generalization rule

Let From(L) denote the set of L-formulas.
Define dx ¢ := —Vx —¢.

Proposition 9.9. This proof system is sound, i.e. for any language L and an L-formula @, if = ¢
then ¢ is valid.

Proposition 9.10. + (Vx ¢) — (3x @) for every formula ¢ with one free variable x.

Proof.
al Vx p(x) — @(y/x) by A2, y is a variable not appearing in ¢
a2 Vx —p(x) = —e(y/x) by A2, y is a variable not appearing in ¢
a3 a2 — (Vx =¢(x) = —¢(y/x)) by the contrapositive law in A0,
ad Vx —p(x) = —@(y/x) by modus ponens on a3, a2
a5 al — (a4 — ((Vx ¢) = (Ix ¢))) by A0, wehave (p = q) = (g —=71) = (p—71)
a6 a4 — ((Vx ¢) = (Ix ¢)) by modus ponens on a1, a5
a7 (Vx @) — (Ix ¢) by modus ponens on a4, x6
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Proposition 9.11. For any formula ¢, ¢ = ¢ and ¢ = ¢.

Proof. ¢ = @ by the V-rule.
By A2, - ¢ — ¢(x/x),so ¢ - ¢ by modus ponens. O

We also have the analogues of some theorems and lemmas from propositional logic:

Theorem 9.12. (Deduction Theorem)
If T is a set of L-formulas and ¢, are L-formulas, then

Tu{elrFy <= Tkep—>y
Lemma 9.13. If T U {—¢} is inconsistent, then T = .

Theorem 9.14. (Completeness Theorem for first-order logic, Gédel 1930)>*
If ¢ is an L-sentence and T is a set of L-sentences, then

I'Fe <= T'Fog

In particular, T is consistent <= T has a model.*

Proof. (by L. Henkin) The “only if” direction follows from soundness. For the “if” di-
rection, fix the language L, assume it’s countable, then Form(L) is countable as well. Let
{cn : n € N} be a set of new constants, i.e. not appearing in L.

Let L' =LU{c, :n € N}, let S := {@u(x) : n € N} be the set of all L’-formulas which
has one free variable, they do not need to have the same free variable, we just use x for
whatever the free variable is. Pick a bijective increasing function f : N — IN such that
Cf(n) does not appear in {¢;(x),..., pn(x)}. Define S, = SU{Ix ¢;(x) — picsi/x)}.
Note that by definition,

SCSCSC..C8:=JS;
neN

For each n € IN, S, is consistent. Otherwise, choose the smallest n such that S, is
not consistent, then S,_1 = —(3x @u(x) — @ulcs)/x)), equivalently, S, —1 = 3x @u(x)
and S,-1 F =¢n(cs(y)). Since cg(,) does not occur in S,—1, we can apply the V-rule,
and get S,,_1 F Vx —¢,(x). Since Jx¢ is equivalent to —-Vx—ip, S,,_1 F =Vx—¢,(x) and

3Not to be confused with the even more famous Gédel’s Incompleteness Theorem 9.24
%Meaning there exists an L-structure M such that M F « Vy € T.
3The formulas 3x ¢;(x) — @;(cf(;)/x) are called Henkin axions.
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Sy—1 F Vx—¢,(x) contradict the consistency of S,,_1. Therefore S, is consistent for each
n, and S is consistent by Compactness Theorem 5.13.

Apply Zorn’s Lemma 7.8, let S’ O Sq, be a maximal consistent set of L'-sentences.
Given S’, we define an L'-structure M from S’ as follows:

Consider the equivalent relation ~ defined on C = (Cnih € N}ascy, ~cpyif S ey =
cm. Let M= C/~ = {[cs) : n € N}. Given L = {Ry, ..., Ry, f1, ..., f1, constants C}, then

wa([cl],..., [cu]) if S" F Rj(cy, ... Cn)

f]-M([cl],..., [cn]) = [cm] if S" fi(c1,rcn) = cm
C: :C]'

Claim 1. For an term ¢ in L/, there exists an #n such that S’ - t = ¢,,.

Claim 2. For any L'-sentence ¢, M F ¢ <= St ¢.
Proof: By induction on the length of ¢. Exercise. O

The deduction system studied so-far in this section is an example of Hilbert-style system.
Let’s briefly take a look at another proof-system:

9.4 Natural deduction

The objects that we prove are so-called sequents, which have form
A«
where A is a set of formulas. For propositional logic, there is only one axiom,
Ao

For first-order logic, one adds the following rules:
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Vx ¢ - o(t/x) Rule of universal specification

A Rule of universal generalization

Y EVx e

o(t/x) F 3x ¢(x) Rule of existential generalization

e
Jx ¢ - 9(x)

Rule of existential specification

Theorem 9.15. If I is a set of sentences and ¢ is a sentence, then I = ¢ is a sequent provable in
the natural deduction system if and only if I & ¢ is provable in the Hilbert system.

Definition. Given a set A of L-sentences, the set of consequences is

Con(A) :={c €Sent(L): At o}

Definition. A set T of L-sentences is called a theory if T = Con(T). A theory T is complete
if for each sentence o, eitherc € T or o € T.
Note that T is complete iff it is maximal consistent.

Definition. If T = Con(A), then A is said to be a set of axioms for T.

Definition. Given two sentences ¢, T and a set of sentences T, we say that ¢ is T-
equivalent to 7, denoted o =7 7, if TF 0 < 7.

We simply write = for =g.

Definition. Given a set of sentences T, the Lindenbaum-Tarski algebra of T is defined as

the set {[c]=, : 0 € Sent(L)} with the same operations as in 6.2, with
0=[Vxx#x|=,and 1 = [Fx x = x|=,

We denote this as LT(T); if T # @, it is call the Lindenbaum-Tarski algerbra of first-order

logic.

Definition. A sentence ¢ is in prenex normal form if

0 = Q1x1Q2x2...Quxn @(x1, X2, ..., Xp)
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where each Q); is either a 3 or V and ¢ does not contain any quantifiers.

Example 9.16.
VaVydz (x <yAz=x)A(3tt >y)

is not in prenex normal form;
VaVydz3t (x <yAz=x)A(t >y)

is in prenex normal form;

Theorem 9.17. For any sentence o, there exists a sentence o’ such that ¢ = ¢’ and ¢’ is in
prenex normal form.

Proof. Let ¢’ be obtained from ¢ by changing the variables to new ones such that no
variable appears more than once after a quantifier and moving all quantifiers to the
front without switching order, then ¢ = ¢’ follows from the Completeness Theorem
since any model satisfying ¢ also satisfies ¢’ and vice-versa. O

Definition. Given a model M, a subset A C M is definable®’ if there exists a formula ¢(x)
with one free variable x such that

A={aeM: ME ¢(a/x)}

Similarly, a relation B C M is definable if there exists a formula ¢(x, ..., x,) with n free
variables x1, ..., x,; such that

B=A{(ay,....,an) € M" : ME o(ay/x1,....an/xn)}

9.5 Zermelo-Fraenkel set theory with the axiom of choice
Language L = {€}.
1. Axiom of extensionality

VaVy (Vz (z€x <z €y) > x=1y)

2. Axiom of regularity

Vx[Fa(aex) =y (yex)A-Iz(z€yAz € x)]

By cardinality consideration, “almost all” subsets of IN are not definable.
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3. Axiom schema of specification

Given a formula ¢(x, z, wy, ..., wy),

VzVwy, ..., Vw,3yvx (x ey <> (x €z A @))

4. Axiom of pairing
VxVy3z (x ez Ay € z)

5. Axiom of union
VFIAVYVx (x e YAY €F) > x € A)

6. Axiom schema of replacement

Given a formula ¢(x, z, wy, ..., wy), let 3y ¢ denote (Fyp) A ((VxVz @(x) A @(2)) —
X =z).

VAVwy, ..., Ywu[Vx x € A — 3ly ¢ - IBVx (x € A — Jy (y € BA ¢))]

7. Axiom of infinity

Let S(w) denote w U {w},

IX (e XAVy (ye X) € S(y) € X)

8. Axiom of powerset

LetzCxdenoteVyy €z =y € x,

VxIyVz (z Cx — z € y)

9.6 Peano arithmetic
Lpa = {+,-,5,0,<}; Lpg = Lpa U {exp}
Axioms.

1.xS=yS—=x=y

2. xS#0
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3. x+0=x

4. x+yS=(x+y)S

5. x-0=0

6. x-(yS)=x-y+y

7. x<0—=>x=0

8. x<yS— (x<yVx=yS)
9. x<yvy<x

10. x9=0

11. x¥5 = x¥ + x

Induction schema:
[Z(0) A (Vx A(x) — A(xS))] — Vx A(x)

The theory generated by these axioms is called Peano arithmetic, abbreviated PA.
Definition. A set A C N is arithmetic if it is definable in IN.

Write EXP for the set of all finite sequences of symbols of Lpr except those starting with
the symbol S. For n € IN, we write 71 to mean 0 &SV_LS .

n—many S

For an expression ¢ = a5 - - - a,;, we will associate a natural number called the Godel num-
ber of o, denoted g(¢) in base 19 as follows:

Use this table to assign a unique Godel number to each individual symbol.

Symbol s 0S + - exp < =x'"1 3 V = =5 A VvV ()

Numberg(s) 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
where # plays the role of a white space to separate formulas, and ’ is for creating vari-
ables x, x/, x" etc.

Then for the expression ¢, ¢(0) := (g(a1) - - - g(an))19, i.e. the Gédel number of an ex-
pression is the concatenate of the code number g(.) of its symbols in base 19.

Example 9.18. For o = x + (x)’, g(0) = (7216 7 17 8)19.
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Example 9.19. ¢(77) = ¢( 055..5 ) = (011 ..1 )q9.
p 8 gL Y225 N

n—many S n—many 1's
Let * denote concatenation of numbers in base 19.

Proposition 9.20. The following relations are arithmetic.

1. x is a power of 19, abbr. Pow9(x)
Jy x =197

2. y is the smallest power of 19 bigger than x
Powqg(x) A (x < y) AVz (Powrg(z) ANx < z) =y < z.

3.y =19°
(x=0Ay=19)V (x Z0AS(x,y))

4. z=xx*y
FuTou = 198" AN (v =u-xNz=0+y)

5. z=2x1%..xXxy

Diagonalization.

Definition. Given a set A C IN, we say that 7 is a Godel sentence for A if

vis true <= g(y) € A

We write E, for the expression whose Godel number is .
Given m € IN, write E,(m) for Vx (x = 1) — E,.

Consider the following function, y(n, m) is defined to be the Godel number of E,(m).
Proposition 9.21. (-, -) is arithmetic (i.e. y(x,y) = z is arithmetic).

Proof.
z=g(V) xg(x) xg(() xg(x) x g(=) * g(y) * g(—) x g(n) x g())
0

Consider the function d(-) defined as d(n) := r(n,n). For A C N, denote A* := d~!(A).
If A is arithmetic, then so is A*.
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Theorem 9.22. (Tarski’s undefinability theorem, 1936)
The set T of Godel numbers of sentences which are true in IN is not arithmetic.

Proof. (sketch)

Suppose for a contradiction that T is arithmetic so it is defined by some formula #(x).
Its complement IN\T is also arithmetic and defined by —t(x), so then IN\T is a Godel
sentence. Contradiction. [

Proposition 9.23. The set of sentences P provable in PE is arithmetic.

The set of true statements T in number theory is beyond the arithmetic hierarchy, so
PCT.

Theorem 9.24. (Godel’s First Incompleteness Theorem)
PA is not complete.

Theorem 9.25. (Gddel’s Second Incompleteness Theorem)

PA ¥ Con(PA)
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