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Introduction B1-02

| want to tell you about
Yantra magic squares
and

Agrippa-type magic matrices

And to illustrate our findings with postage stamps

HELVETIA 60
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Ganita Kaumudr (1356) by Narayana Pandita B1-03

€ xv ) Magic Squares. SahA
~Magic Squares are figures resembling a chegs-board in
which the terms of an arthmetical progression are so arranged
that their gum, whether taken diagonally or by rows or
columnsg, is always the same.
The construction of sach magic, squares containing an
odd or even number of cells had been known to the Hindus for

a long time. In Tantra Sastra they are called Yantras. As
they were sunpposed to possess mystical properties, they were
kept gecret and were not dealt with in Arithmetic by Indian
mathematicians. But Narayana, defying this superstitious
belief, tonched npon the subject of magic squares under the
heading of Bhadraganita and gave defintie rules for the construc-

tion of them «
AT 4 PADMAKARA DVIVEDI
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Ganita Kaumudr (1356) by Narayana Pandita: reprinted 2011 B1-04

THE GANITHA
KOUMUDI PART-2
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A 9 x 9 composite “Navagraha Yantra” magic square B1-05
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Yantra magic squares for 9 planets B1-06

We study various properties of Yantra magic squares:
“Yantra” is a “geometrical diagram used like an icon usually in meditation”.

A classic n x n magic square (magic matrix) is an arrangement of the numbers
1,2, ..., n% in an n x n array so that the numbers in every row, every column
and in the two main diagonals add up to the same magic sum

n(n®+1)
= 5 .
4 9 2
When n = 3 the 3 x 3 classic Luoshu magic matrix | 3 5 7 | with m=15.
8 1 6
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Yantra magic squares for 9 planets B1-07

We begin with 3 x 3 magic squares depicted on “Planet Yantras™

© Sun/Surya,

@ Moon/Chandra,

© Mars/Mangala,

@ Mercury/Budha,

© Jupiter/Brihaspati—Guru
© Venus/Shukra

@ Saturn/Shani,

@ Rahu,

Q Ketu.
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The lunar nodes Rahu and Ketu B1-08

The lunar nodes Rahu and Ketu are the points
where the moon's path in the sky crosses the sun’s path.

We also consider “Navagraha Yantras™ 3 x 3 arrangements of the nine
Planet Yantras, usually with a Sun/Surya Planet Yantra in the centre.
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Vaidika Pradishta Navagraha Yantra with Sun/Surya in the centre B1-09

Placing a Sun/Surya Planet Yantra in the centre, we construct
8 Navagraha Yantras, each in the form of a 9 x 9 composite fully-magic square.

A0 SO A

George P. H. Styan'?
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Philatelic Ly of the 9 planets with Jupiter in the centre B1-10

UAIRUR 'STATE ;
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The 9 planets in magic-square type L; with Jupiter in the centre

B1-11

6 1 8
7 5 3
2 9 4

Venus  Sun Rahu
Saturn Jupiter  Mars
Moon  Ketu Mercury

Dahomey Jaipur  Laos
Ciskei ~ Ciskei  Ciskei
Italy Ketu Austria

In the matrix L1 the numbers in the rows, columns,
and two main diagonals all add up to same magic sum 15.
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Planet Yantras each with a 3 x 3 magic square B1-12

The only images of the 9 Planet Yantras depicting magic squares
that we have found each depict a 3 x 3 magic square, respectively

Le=Li+(k—1)E, k=1,2,...,9,

where L; is the 3 x 3 double-flipped Luoshu fully-magic matrix

Here F is the 3 x 3 “flip matrix" and Ly the “standard” Luoshu magic matrix.
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The number Sanskrit “9" depicted in two different ways B1-13

Most of the Planet Yantras with 3 x 3 magic squares that we have found show
the numerals in Sanskrit, with the number “9" depicted in two different ways.

| o ¢ R ¥ %
ﬁ 0 1 2 3 4
] shuunyd ekah dvau tryah catvarah

— " g 9w ¢ 9
- pafica sat sapta asta nava
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Navagraha Planet Yantras

B1-14

Navagraha Planet Yantras arranged as 9 x 9 composite magic squares

- Lord Venus - L.fo:}n Lord Rahu Lord Rahu Lord Mars _Lord Mercury
1|6 13 13| 8(15 13| 815
12|10 8 | | 14|12/10 1412/10
7 149 ) f 9 1611 916 11
- \ / —r
Lord Satum Lord Jupiter Lord Mars Lord Sun Lord Jupiter
05|12 10512
| 9|7 { |r' n| 97
6 (138 6 (13| 8
Lord Moon v Lord Ketu Lord Mercury Lord Yenus Lord Satum Lord Moon
7]2[9 iﬂm\ L6 13]/ 7129
8l6l4 12/10( 8 864
3|0[5 /17 1419\ 3 10/5
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Planet Yantras arranged as 9 x 9 composite fully-magic squares B1-15

Our "Navagraha (nine-planets) Yantra magic square”
is defined by the eight composite 9 x 9 fully-magic matrices

N;=E®L +M,0E—EQE

=E®L;+(M;—E)®E;, j=12,...,8,

where the eight classic 3 x 3 magic matrices
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Eight classic 3 x 3 magic matrices B1-16

1 4 8 1 6
Mi=L;=|7 5 3|, Ma=FL;=|7 3], M3=LF=|3 5 7|,
1 8 4 2
6 7 8 6
Mg=L;=|1 5 9|, Ms=FL;=|1 , Mg =L\F= 1,
8 3 6 8
4 9 4 3 8
M; =FL;F=|3 5 , Mg=FLiF=[9 5 1
8 1 2 7 6
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The Luoshu magic matrix M; = FL;F B1-17

The magic square defined by

M7 = FL;F =

o W b
= o1 O
S NN

was chosen as “The Table of Saturn in his Compass” by
Heinrich Cornelius Agrippa von Nettesheim (1486-1535).

Gerolamo Cardano (1501-1576) named this magic square “Luna”
after the moon (rather than Saturn).

In the magic matrix M7 the numbers in the rows, columns,
and two main diagonals all add up to same magic sum 15.
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The magic matrix M, = FL; B1-18

Paracelsus (1493-1541)
[born Philippus Aureolus Theophrastus Bombastus von Hohenheim]

named the magic square defined by

My = FL; =

S NN
= o1 ©
0 W H

Talisman de Saturne, ou Samedi (Saturday).
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Eight composite 9 x 9 magic matrices

B1-19

Lo

Ls

Ls

L,
Ls

L;

Ls

N~

Ls L,
Ls |, N> = | Ly
L, Lg
L, Lg
Lo |, Ns = | L:
Ly Lg
L L L
=|L Ls L7 |,
L L Lg
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The composite 9 x 9 magic matrix Ny B1-20

11 6 13 1 13 8 15

12 10 5 14 12 10

7 14 9 9 16 11
Le L1 Ls 12 7 14 10 5 12 8 10

Ni.=]|L; Ls L3| = 13 11 9 11 9 9 ,

Ly Lo L4 8 15 10 6 13 4 11

7 9 14 9 16 9 11

8 6 4 15 13 11 10 8

3

10 5 10 17 12 5 12
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F-associated magic matrices B1-21

The n x n magic matrix M with magic sum m is F-associated whenever
M + FMF = 2mE,

where E is the n x n matrix with every entry equal to 1/n
and F = F, is the n x n “flip matrix”

0 o --- 0 1
0 o --- 1 0
F=
0 1 0
1 0 0
The magic matrices N1, Ny, ..., Ng all have magic sum 81 and rank 5, and all
are F-associated, since Fg = F3 ® F3 and My, M», ..., Mg are all F-associated.
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An F-associated magic square B1-22

In an n x n F-associated magic matrix with magic sum m
the sums of pairs of entries diametrically equidistant

from the centre are all equal to 2m/n.

An F-associated magic square is often called
(just) “associated” (with no qualifier to the word “associated")

or “regular” or “symmetrical”.
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Magic-square planetary talismans (MSPTs) B1-23

Magic-square planetary talismans (MSPTs) were created from 1531-1653
by

@ Heinrich Cornelius Agrippa von Nettesheim (1486-1535),
e Gerolamo Cardano (1501-1576),

o Paracelsus (1493-1541)
[born Philippus Aureolus Theophrastus Bombastus von Hohenheim] ,

@ Athanasius Kircher (1602-1680).

for the seven planets:
Saturn, Jupiter, Mars, Sun, Venus, Mercury, and the Moon.
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Agrippa, Cardano, Paracelsus, Kircher B1-24

NOYTA PARACELSUS &
5011 Eﬂ ) S e e

# AT T NERLRAITY * R AT
4 VAR AVE A TATE &4«
e

HELVETIA 60

(from left to right) Agrippa [Wikipedia]; Cardano: Altai Republic 2011 (External Airmail);
Paracelsus: Switzerland 1993 (Scott 928); Kircher: Malta 2002 (Scott 1094).

George P. H. Styan3” Yantra & Agrippa-type magic



Agrippa, Cardano, Paracelsus, Kircher B1-25

@ Agrippa was a German magician, occult writer, theologian, astrologer,
and alchemist. His magic-square planetary talismans (MSPTs) were
first published in 1531 in his De occulta philosophia libri tres,

e Cardano was an Italian Renaissance mathematician, physician,
astrologer and gambler. His MSPTs were first published in 1539 in his
Practica arithmetice et mensurandi singularis.

o Paracelsus was a Swiss Renaissance physician, botanist, alchemist,
astrologer, and general occultist. His MSPTs were first published in
1567 in Archidoxa Magica.

o Kircher was a German Jesuit scholar who published in the fields of
oriental studies, geology, and medicine. His MSPTs were first
published in 1653 in Oedipi Aegyptiaci, Tomi Secundi.
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Two 3 x 3 magic-square planetary talismans (MSPTs) B1-26

(left panel) by Agrippa for Saturn; (right panel) by Cardano for the Moon.
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Luoshu B1-27

The Agrippa—Cardano magic square

-
|

0 W P~

= o1 O

D NN

is known as Luoshu or Lo Shu (Luo River Writing). Legend has it that the
very first magic square was discovered in China about 4000 years ago on the
back of a turtle in the River Luo, a tributary of the Yellow River in China.
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(left panel) by Agrippa for Mars: (right panel) by Cardano for Venus.
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Two 7 x 7 magic-square planetary talismans (MSPTs) B1-29

]

perprame el ST [22147[16[41]10[35] 4

(Ir R AR | 91231481 17142| 11|29
i B A J0| 6]24149| 18[36 12
IR "L"Jf:- 13031] 71231439 371
T |t - (390432 1]26] 44 ]
R RN A EE 21)39| 8 (3 3| 2[27|45]
i E ARG (48113140 9| 34] :3[28

(left panel3?) by Agrippa for Venus; (right panel) by Cardano for Mars.

32The entry in position (6,2) should be “39".
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Two 9 x 9 magic-square planetary talismans (MSPTs) B1-30

i el (a0 s [37178I2e]700262] 3 143] 3
6 (aplm |3V 2|6 [14]40 “6[38179[30[71]22(63 |1 4146
a7 7139 (i3] 2] ss] 05 47| 7139/80( 3872123133143
{76 a5 (8 [so8fas |6 [aafs6  [26]48] B[40(BA[32[64 |2 4]56
57 17 (89 (4|7 [ g o8 3 571171491 o[43[73133 165 125
36 [55 (18 [so1 1 [ 4273466 [Z4]38]18]50] 1|42(74[3 4 |66

Gl plein A i6] B[] [STZIBIOB I 2(43(75]3
(68|19 (6011t 2| 3{aa[78] J6(68[1g[6a[Ll1|I2] 3 |44(76|
midleslwleinlslale)  [77281%120/5[12{53 | 44

(left panel) by Agrippa for the Moon: (right panel) by Cardano for Saturn3*.

3“'In both panels “45" in position (1, 8) should be “54"; in the left panel the “35" in position (2, 2) should be “38".
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Generating odd-order Agrippa-type magic matrices B1-31

We may generate odd-order “Agrippa-type” (Agrippa—Cardano) magic
matrices using a “magic matrix algorithm”, which we believe to be new and
which we now describe.

Our “magic matrix algorithm” generates classic nonsingular
n X n magic matrices A, for any odd number n > 3.

The Matlab algorithm magic(n) by Cleve Moler (1993) also generates
classic nonsingular n x n magic matrices with n odd but they
(all for n > 57) essentially differ from our Agrippa-type magic matrices A,.
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One-step forward shift matrix S, B1-32

We begin the description of our magic matrix algorithm with the
n x n “one-step forward shift matrix” S, (n=2,3,4, ...),
which has +1 in all n — 1 positions on the leading principal super-diagonal
and in the bottom-left corner and so is a circulant. When n = 5 we have

01000
00100
Ss=]1 00 010
0 0001
1 00 00O
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The n x n matrix T, =S, — S/, B1-33

We now define the n x n matrix

T,=S,-S,=S,-S,%

n

n=223,4,...

with +1 in all n — 1 positions on the leading principal super-diagonal
and in the bottom-left corner and with —1 in all n — 1 positions on the
leading principal sub-diagonal and in the top-right corner.

We note that S/, = S, ! since S, is orthogonal. When n = 5 we have

-1 0 1 0 O

Ts = 0O -1 0 1 O
0 0 -1 0 1

0 0 -1 O

George P. H. Styan32 Yantra & Agrippa-type magic



The n x n matrix U, = (F, — nl,)(S, — S,) B1-34

We now define the n x n matrix with n =2,3,4, ...
U,=F,T,—nT,=(F,—nl,)T,=(F,—nl,)(S,—-S))

where F, is the n x n flip matrix.

When n =5 we have

0 0 0 -1 1 -5 0 -1 5

-1 0 1 0 0 5 0 -6 0 1

Ts=| o0 -1 0 1 o0 |; Us=| 0 4 0 -4 o0
0 -1 0 1 -1 0 6 -5

0 0 -1 0 5 1 0 ~1

George P. H. Styan3° Yantra & Agrippa-type magic



Generating Agrippa-type magic matrices for odd n > 3

B1-35

Three equivalent formulas for our “magic matrix algorithm’:

A, = n(n2 - 1)U, + E,,)_1 — %n(n2 -3)E,

2(n2 —1)= \-1

= n(n® — 1)U + Ln(n® + 1)E,.

The matrix E, has every entry equal to % and U, = (F, — nl,)(S, —

George P. H. Styan“® Yantra & Agrippa-type magic
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Generating the Agrippa-Cardano magic matrix As

B1-36

01000 1 -5 0 -1 5
00100 5 0 -6 0 1
Ss—|oo0oo0o 10| Uus=| 0o 4 0 -4 o0
0000 1 1 0 0 -5
10000 5 1 5 —1

11 24 7 20 3

4 12 25 8 16

As = 120<U5A+7%§E5)_1:: 17 5 13 21 9

10 18 1 14 22

23 6 19 2 15

George P. H. Styan®!
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Two 4 x 4 magic-square planetary talismans (MSPTs) B1-37

(left panel) by Agrippa for Jupiter; (right panel) by Cardano for Mercury.
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Two 8 x 8 magic-square planetary talismans (MSPTs) B1-38

T s 9] 416 |61t | 8]58 159 3] 4l62]63]-1)
P 1_17 o) sg ) v fwo | X3 |4'9f15“4f5313””“0%
o T N R (4#1)23]22 (4414 5|1 9|1 8]

] KRN TR [32[34(35(29] 28 | 3813 9|25
o | | Wil iy 40126[27137]3 6130034 |33
i (47 as e | st 143 |4 | |17|47146]20 |21[43(42(24]
9 |35 |56 (os (st | (16 | 91551541 2]13% |51 30 [19]
Sl sy 61k 61y iy l‘h?-l 3161160] 6] 7137 |

(left panel) by Agrippa for Mercury; (right panel) by Cardano for Jupiter.
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Generating Agrippa-type magic matrices with n doubly-even B1-39

The matrix algorithm used by Matlab to generate magic matrices M, for
doubly-even n = 4k has been described in some detail by
Kirkland & Neumann (1995); see also Moler (1993, 2004).

We find that our Agrippa-type magic matrices Az = FMyy for k = 1,2,
i.e., the Matlab My, are just our A4y with the rows flipped:

8 58 59 5 4 62 63 1
49 15 14 52 53 11 10 56

14 15 1 41 23 22 44 45 19 18 48
9 7 6 12 32 34 35 20 28 38 39 25

A, =FMy = ; Ag =FMg =
5 11 10 8 40 26 27 37 36 30 31 33

17 47 46 20 21 43 42 24
9 55 54 12 13 51 50 16

16 2 3 13
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Generating Agrippa-type magic matrices with n doubly-even B1-40

Our procedure for generating Agrippa—type magic matrices A,, for doubly-even
n=4,8,... uses the (partner) “magic-basis matrix" or “B-matrix” B,, defined by

n?+1

1 2
A,,:§<nB,,+FB’,,F+(n2+1)E>; Bn:m(nAn—FAﬁ,F>— —E

7 7 7 7

Fi _3 3 3 _3 5 - - 5 5 -5 -5 5

3 & - 3 3

B 1 1 1 1 B. — 1 L. =g = 1 R |

o= == 1 AT | B —1 |3 1 L = =3 1

a 3 3 3 3 3 - 8

3 _3 _3 3 / =B B B -5 -5 5 B B

\ 7 -7 -7 7 7 -7 -7 7

The 8 x 8 matrix Bg is “bordered” (really 2-bordered) in that the 4 x 4

“inner-core” matrix Bgs) say, formed from Bg by removing its top 2 rows,
bottom 2 rows, first 2 columns and last 2 columns, is also a magic-basis matrix.
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Generating Agrippa-type magic matrices with n doubly-even B1-41

8 58 50 5 4 62 63 1

40 15 14 52 53 11 10 56
4 1415 1 41 23 22 44 45 19 18 48
9 7 6 12 | 32 34 35 20 28 38 39 25
5 11 10 8 40 26 27 37 36 30 31 33
17 47 46 20 21 43 42 24
9 55 54 12 13 51 50 16
64 2 3 61 60 6 7 57

have the "two-diagonals-in-progression” (2-dip) property,
with parameters (n,1; n— 1, n+ 1), indicating that the starting numbers are
n and 1, respectively, on the main forwards and backwards diagonals, with
corresponding step sizes n— 1 and n+ 1,

n, n+(n—1), n+2(n=1), ..., n+(n—=1)(n-1);

L, (n+1)+1, 2(n+1)+1, ..., (n=1)(n+1)+1=n%
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The 8 x 8 magic-basis matrix Bg B1-42

The top row of the 8 x 8 magic-basis matrix Bg contains precisely
4 entries equal to —7 and 4 entries equal to 7, and the second row contains
precisely 4 entries equal to —5 and 4 entries equal to 5, and so on.

We call B, and partner A, “smooth” whenever in the 2-dip magic-basis matrix
B, the numbers in row R add up to 0 and are all equal in absolute value to

—2R+n+1 WhenRS%n and 2R—n-1 WhenRZ%n—i—l.

We find that A4, Ag, B4, Bg are all smooth.
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Row-balanced, column-balanced, doubly-balanced B1-43

We will say that the n x n magic matrices A, and B,, are “row-balanced” whenever

(1+F)(nA, — FALF) = (n* +1)(n - 1)E
or equivalently
(1+FB,=0 <= B,=-FB,

We find that A4, Ag, B4, Bg are all row-balanced.

We will say that the magic matrices A,, and B,, are “column-balanced” whenever

B,(I-F)=0 <« B,=B,F <= (nA,—FA.F)(1—F)=0.

We will say that the n x n magic matrices A, and B, with doubly-even n > 4 are
“doubly-balanced” whenever they are both row- and column-balanced, and then

B, = B,F = —FB, = —FB,F.

We find that A4, Ag, B4, Bg are all doubly-balanced.

George P. H. Styan?® Yantra & Agrippa-type magic



Magic-basis vectors B1-44

From the special sign pattern in each of the rows Bg together with Bg
being smooth and doubly-balanced, we find the following procedure for
generating n x n doubly-balanced Agrippa—Matlab magic-basis matrices for
doubly-even n =4, 8, 12, ...

Let n =2k and so k = n/2,

—I
A, = %(nB,, —- B, +(r*+ 1)En); B, = <F:> Dibibi (e Fi)

where the k x k diagonal matrix

D, =diag(n—1, n—3, n—5,..., 5, 3, 1); n=2k

George P. H. Styan®® Yantra & Agrippa-type magic



Magic-basis vectors B1-45

Then the k x 1 “magic-basis vector” by =

b =(+1 -1 -1 41 41 -~ -1 -1 +1 +1 -1)"; n=2k,

generates the Agrippa—Cardano matrices A4 and Ag.

Drury (2011) created an algorithm for generating classic 2-dip smooth
row-balanced A, with magic-basis vector

bP = ( +1 +1 41 +1 41 -~ -1 -1 -1 -1 —1); n=2k

the sign change being between the entries in positions 7 and 7 + 1.

From an algorithm given by Cavendish (1894) we find that choosing by, =

b = (41 -1 41 -1 +1 - —1 41 -1 +1 —-1); n=2k

)

also generates classic 2-dip smooth row-balanced A,, for doubly-even n =4, 8, ...
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Magic-basis vectors B1-46

When n = 4 our three choices bil), bf), bf) of the magic-basis vector coincide
and we have

414 15 1
, 9 7 6 12

= (FL ) A= S o
16 2 3 13

We believe that the Agrippa matrix A4 here is the only 4 x 4 classic 2-dip smooth
doubly-balanced rank-3 fully-magic matrix.
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Three choices: Agrippa—Matlab b‘(ll), Drury bf), Cavendish bf') B1-47

bV =(+1 -1 -1 +41); bP=(+41 41 -1-1);

Al — O
8 58 59 5 4 62 63 1 8 7 59 60 61 62 2 1
49 15 14 52 53 11 10 56 16 15 51 52 53 54 10 9
41 23 22 44 45 19 18 48 41 42 22 21 20 19 47 48
32 34 35 20 28 38 39 25 ) 33 34 30 29 28 27 39 40
40 26 27 37 36 30 31 33 ' 25 26 38 37 36 35 31 32
17 47 46 20 21 43 42 24 17 18 46 45 44 43 23 24
9 55 54 12 13 51 50 16 56 55 11 12 13 14 50 49
64 2 3 61 60 6 7 57 64 63 3 4 5 6 58 57

8 58 6 60 61 3 63 1
49 15 51 13 12 54 10 56
24 42 22 44 45 19 47 17
33 31 35 29 28 38 26 40
25 39 27 37 36 30 34 32
48 18 46 20 21 43 23 41

9 55 11 53 52 14 50 16
64 2 62 4 5 59 7 57

b =(+1 -1 41 -1); AP=
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Agrippa—Fermat magic matrices A, for singly-even n > 6 B1-48

Our objective here is to obtain a sequence of classic fully-magic matrices
Ag, Aqq, ..., starting with, and having many of the properties
of the (original) Agrippa—Cardano magic matrix

32 3 34 3 1
11 27 28 8 30
19 14 16 15 23 24
18 20 22 21 17 13
25 20 10 9 26 12
36 5 33 4 2 31

This matrix Ag is the only n x n Agrippa magic matrix with n singly-even.

We now seek n x n fully-magic matrices A, and B-bar partners Bn/z’n,
for singly-even n = 4k 4+ 2 > 10 which, like Ag,
satisfy our 7 desiderata in Table 6.1 below.
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Pierre de Fermat (1601/7-1665) & Pére Marin Mersenne (1588-1648) B1-49

We will use a 14 x 14 “bordered” magic square due to
Pierre de Fermat (1601/1607-1665) and so we will call our
Ag, A1g, A1y, ..., “Agrippa—Fermat magic matrices”.

We also use a 22 x 22 magic square
specially constructed for us 4 la Fermat by Christian Boyer in Paris.

Fermat's 14 x 14 magic square was given in a letter by Fermat to
Pére Marin Mersenne (1588-1648). The original copy of this letter
has been lost but a hand-written copy by
Félix Vicq d'Azyr (1746-1794)
is in the Bibliothéque nationale de France in Paris.
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Hand-written copy by Félix Vicq d'Azyr (1746-1794)

B1-49x

Vi 2-igs vl 5\"”7

!
=i 5_-- Tz A
’;o x ‘ f’?-l'? ¥ : H’* 3-‘!‘37-‘ ,
7 -

L
- 144- F}’ 5"- ‘49 49- 14
3 Mﬁﬁ_&u&ﬂ
9a

;73-,‘ 23y 22 t“‘z.i 2o
:37 iI'K L AN AR
2 mfm-mfe, rfé"

: 7 1-
S b 26 25 2HATTC A6 '75 174 ‘T_ﬁf‘;‘—s i
1§, Ws 26 2 l’:;ﬂ 35;“ 3},,%'{- I

" ‘ 178+ 115.' --rghllzo "? 79- .
-;:j- ?:f 2 'u«y- Iogh ey g1 925 gd. 103 up ‘;”
5 : W\. ?3n,,5 “‘""*-\’W 74
e g N peing 777820 ,,?-?'&4.\ 1272 :
126, 13l \&*t‘{“' 138+ Iff 15N fﬁln? 59‘ I'Z,?.‘;

jam——r- T R 1o 17,,&?2- :;lw*yﬁf‘_’?—i

G

From Copies de lettres et opuscules de Fermat, Descartes, Galilée, etc., Fol. 1, Copies de lettres de Fermat a
Roberval, au P. Mersenne, a Frenicle, etc., by Félix Vicq d'Azyr (1746-1794), MS #10556, Département de

manuscrits, Bibliothéque nationale de France, Paris. Via Christian Boyer.
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Pierre de Fermat (1601/7-1665) and the Mersenne prime 213460917 _ 1 B1-50

x.‘!+.y.'.':z.‘: x ' -0
n'a pas de solution pour des entiers n> 2z

LAVERONE

AABRAASDSSASSSSSSSSSSSSSA

ASSASSESS BASASS BES

(left panel) Pierre de Fermat (1601/1607-1665) and Fermat's Last Theorem: France 2001;
(right panel) The Mersenne prime 213466917 __ 1. | jechtenstein 2004, Scott 1297.
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Agrippa—Fermat magic matrices A, for singly-even n > 6 B1-51

Table 6.1: Desiderata for our Agrippa—Fermat magic matrices A,; n =4k +2 > 6.

2

2
© classic, with entries 1, 2, ... n w

in some order, magic sum
@ 2-dip with parameters (n, 1; n—1, n+1)

© nonsingular, with partner B-bar matrix 1_3,,/27,, of full row rank n/2
@ row-balanced, with B, = —FB,

@ smooth, with all entries of B,,/z,,, equal to £1

@ bordered, and with

@ characteristic polynomial: det(\l, — B,) = A"3(\3 + 120).
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Factorizing the magic-basis matrix B1-52

When n = 6 we have

2 37 1 -1 -1 -1 1
Bs = — (6A¢ — FA,F) — —E =
6 35( 6 F) 7
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“Reduced magic-basis matrix” or “B-bar matrix” B1-53

The magic-basis matrix Bg is row-balanced in that its last 3 rows flipped coincide
with its first three rows with a sign change, i.e.,

Bs = —FBs

which we write as
Bs = Js.3D3B3 6

where
I5 500 _ 11 -1 1 1 -1
J63 = . D3 = 0 0 |; Bseg= 1 -1 1 1 -1 1
_F3 0 1 1 -1 -1 -1 1 1

We call the 3 x 6 matrix I§3’6 a “reduced magic-basis matrix” or “B-bar matrix".

o W
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The full 13 x 26 matrix is 313726 B1-54

Our B-bar matrices B,,/z_,, for n =6, 10, 14, 18, 22, 26 are shown below.

The full 13 x 26 matrix is 513,26; the B-bar matrix formed by

removing the (outer) is the 11 x 22 matrix B11,22. And so on.

And then removing the gives the 3 x 6 matrix B3¢ for As.

1 2 3 4 5 6 7 8 9 0 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26
1 -1 1 -1 1 1 -1 1 1 -1 -1 1 1 1 -1 -1 -1 1 1 -1 -1 1 1 1 -1 -1 -1 1
2 -1 -1 -1 -1 1 1 1 1 1 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 -1 1 1 -1 -1 2
3 - 1 -1 1 1 -1 1 1 -1 -1 1 1 1 -1 -1 A 1 1 -1 -1 1 1 -1 -1 1 -1 3
4 -1 1 -1 -1 1 1 1 1 1 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 -1 -1 -1 1 -1 4
5 - 1 -1 1 -1 1 1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 &
6 -1 1 -1 1 -1 -1 1 1 1 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 -1 1 -1 1 -1 6
7 A 1 -1 1 -1 1 -1 1 1 -1 1 1 1 11 A 1 1 -1 1 -1 1 -1 1 -1 7
8 -1 1 -1 1 -1 1 -1 -1 1 1 1 1 1 1 1 -1 -1 -1 -1 -1 1 -1 1 -1 1 -1 8
9 -1 1 -1 1 -1 1 -1 1 -1 1 1 -1 1 -1 1 1 -1 1 -1 1 -1 1 -1 1 -1 9
0 -1 1 -1 1 -1 1 -1 1 -1 -1 -1 1 1 1 1 -1 -1 1 1 -1 1 -1 1 -1 1 -1 10
17 A 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 11
2 -1 1 -1 1 -1 1 -1 1 -1 1 -1 -1 1 1 -1 1 1 -1 1 -1 1 -1 1 -1 1 -1 12
13 -1 1 -1 1 -1 1 -1 1 -1 1 1 -1 -1 -1 1 1 1 -1 1 -1 1 -1 1 -1 1 -1 13
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The full 13 x 26 matrix is B13 26 B1-55
The B-bar matrices Bs 1o (green border) and B7 14 (yellow border)
are based on the 14 x 14 Fermat magic square.
The B-bar matrices Bg 15 (blue border) and B11 2, (pink border)
are based on the 22 x 22 Fermat—Boyer magic square.
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26
1 -1 1 -1 1 1 -1 1 1 -1 -1 1 1 1 -1 -1 -1 1 1 -1 -1 1 1 1 -1 A -1 1
2 -1 -1 1 4 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 A 1 1 -1 2
3 el 1 -1 1 1 -1 1 1 -1 -1 1 1 1 -1 -1 -1 1 1 -1 -1 1 1 -1 -1 1 -1 )
4 el 1 -1 A 1 1 1 1 1 1 1 1 1 1 1 1 -1 1 1 1 1 -1 -1 - 1 -1 4
5 - 1 -1 1 -1 1 1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 - 1 -1 1 -1 5
6 -1 1 -1 1 -1 -1 1 1 1 1 1 1 1 1 1 -1 -1 -1 -1 -1 1 -1 1 -1 6
7 - 1 -1 1 -1 1 -1 1 1 -1 1 1 1 -1 -1 -1 1 1 -1 -1 1 -1 1 -1 1 -1 7
8 -1 1 -1 1 -1 1 -1 -1 1 1 1 1 1 1 1 -1 -1 -1 -1 -1 1 -1 1 -1 1 -1 8
9 - 1 -1 1 -1 1 -1 1 -1 1 1 -1 1 -1 -1 1 1 -1 1 -1 1 -1 1 -1 1 -1 9
70 -1 1 -1 1 -1 1 -1 1 -1 -1 -1 1 1 1 1 -1 -1 1 1 -1 1 -1 1 -1 1 -1 170
17 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 11
2 -1 1 -1 1 -1 1 -1 1 -1 1 -1 -1 1 1 -1 1 1 -1 1 -1 1 -1 1 -1 1 -1 12
3 -1 1 -1 1 -1 1 -1 1 -1 1 1 -1 -1 -1 1 1 1 -1 1 -1 1 -1 1 -1 1 -1 13
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The 22 x 22 Fermat—Boyer magic square constructed a /a Fermat B1-56

18 19 20 21 22
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B-matrix for the 22 x 22 Fermat—Boyer magic square

B1-57

—21 21
—-19 19
17

15

13

11

-9 9
—ur g
-5 5
-3 3
-1 1
1 -1
3 -3
5 -5
T -7
B 9
2T -1
35 13
15 —15
17 —17
19 19
21 —21

—48 21 21 21 21
19 19 19 19 19
8245 _ 8245 _ 8245 _ 8245

17 483 T 483 T~ 48 T a3
1B 15 15 15 15

-9 9 9 -9 9
-7 -7 -7 7 7
5 5 =5 5 =5
-3 3 -3 -3 3
-2 1 1 -1 -1
To-1 -1 1 1

3 -3 3 3 -3

5 -5 5 -5 5

7 7 L

9 -9 -9 9 -9
-1 —11 -1 11 11

—13 13 —13  —13 -13
-15 —-15 —15 -—15 —15

8245 s245  £245 5245
17 3 483

s i3 483
-19 -19 -19 -19 -19
488 21 -21 -21 -21

George P. H. Styan®3

—15

8245
483

-19
21
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8245
483

—19
21

-19

21
—-19
—17
—15
—13
—11

3599

483




Fermat—Boyer magic square after “moving the furniture” B1-58
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Smooth B-matrix for the modified 22 x 22 Fermat—Boyer magic square B1-59

—21 21 21 =21 21 21 =21 =21 21 21 21 -21 -21 =21 21 21 =21 =21 21 21 -21 =21

—19 -19 19 19 19 19 19 19 19 19 19 19 9 -19 -19 -19 -19 -19 -19 -19 -19 -19
-17 17 =17 17 17 =17 17 17 =17 =17 -17 17 17 17 =17 -17 17 17 =17 -17 17 —17
—15 15 =15 =15 15 15 15 15 15 15 15 15 15 —=15 =15 —15 -=15 -15 —15 =15 15 =15
—13 13 —13 13 —13 13 13 —13 13 13 13 —13 —13 -13 13 13 —13 -13 13 —13 13 —13
—11 11 11 11 -11  —11 11 11 11 11 11 11 1 -11 —11 -11 —11 =11 11 11 11 -11
-9 9 -9 9 -9 9 -9 9 9 -9 9 -9 -9 9 9 -9 9 -9 9 -9 9 -9
=7 7 -7 7 =7 7 -7 =7 =7 7 7 7 7 - =7 7 7 =7 7 -7 7 =7
=5 5 -5 5 =5 5 -5 5 -5 5 -5 5 5 =5 5 -5 5 =5 5 -5 5 =5
-3 3 -3 3 -3 3 -3 3 -3 -3 3 3 -3 3 3 -3 3 -3 3 -3 3 -3
-1 1 -1 1 -1 1 -1 1 1 -1 -1 -1 1 1 1 -1 1 -1 1 -1 1 -1
1 -1 1 -1 1 -1 1 -1 -1 1 1 1 -1 -1 -1 1 -1 1 -1 1 -1 1

3 -3 3 -3 3 -3 3 -3 3 3 -3 -3 3 -3 -3 3 -3 3 -3 3 -3 3

5 -5 5 -5 5 -5 5 -5 5 -5 5 -5 -5 5 -5 5 -5 5 -5 5 -5 5

7 -7 7 -7 7 -7 7 7 7 -7 -7 -7 -7 7 7 -7 -7 7 -7 7 -7 7

9 -9 9 -9 9 -9 9 -9 -9 9 -9 9 9 -9 -9 9 -9 9 -9 9 -9 9
1 -11 11 —11 11 m -1 -1 -1 —-11 —-11 11 —11 11 11 11 11 1 —11 11 —11 11
13 -13 13 —13 13 —13 —13 13 —-13 —13 —13 13 13 13 —-13 —13 13 13 —13 13 —13 13
15 —15 15 5 —-15 —-15 —-15 —-15 —-15 —15 —15 —15 —15 15 15 15 15 15 15 15 —15 15
17 —17 17 —-17  —17 17 —17 17 17 17 17 —-17 17 17 17 17 —17 17 17 17 -17 17
19 9 -19 -19 -19 —-19 -—-19 -—-19 —-19 —-19 —-19 —-19 —19 19 19 19 19 19 19 19 19 19

21 —-21 -21 21 -21 -21 21 21 —-21 —-21 -21 21 21 21 -21 -21 21 21 -21 -21 21 21
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B1-60

Smooth 13 x 26 B-bar matrix

With some trial and error we found this smooth B-bar 13 x 26 magic-basis matrix

-1 -1
-1 -1

1

-1 -1 -1 -1 -1 1

-1 -1

-1 -1 -1

-1

-1 -1 -1 -1 -1

-1

-1 -1

-1 -1

and then we constructed its partner Agrippa-type magic matrix Aog

Yantra & Agrippa-type magic
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Agrippa—Fermat—Boyer-Styan magic matrix Ayg

B1-61

26 675
52 51
78 600
79 574
105 571
131 545
182 519
208 493
209 467
235 441
286 415
312 366
338 340
339 314
365 288
391 262
442 236
468 210
469 184
495 158
546 132
547 106
573 103
624 77
625 649
676 25

341

393

440
466

674

673

621
101
569
543
517
491
465
439
413
368
342
316
290
264
238
212

265

317
360
369
412
421
464
473
499
525
568
83
74
3
22

21
630

73
578
567
151
515

411

670
631
618
579
566
527

241

345

669
632
617
580
565
528
513

435

Our piéce de resistance:

18
633

70
581
122
529
512
477
226
243
269
304
330
347
382
399
425
460
191
174
139
564

616
35
668

George

17

251

615

667

665
636
613
584
561
532
509
480
223
428
402

119

664
637
612
585
118
533
508

560

P. H. Styan®”

13
638

65
586
559
534
169
482
221
430
404
378
325
351

455

507
144
117

611
40
663

Yantra & Agrippa-type
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639

64
587
116
535
168
483
220
431
405
298
353
327
376
272
249
454
197
506

11
42
63

354

115

640

660

43
608

95
114
147
504
199
459
244

641

659

44
607

96
555
148
503
200
217
434
278
295
321

373
408
252
451
486
165
538
113
590

61
642

46

59

98
553
150
163
189
228
254
267
293
319
358
384
410
423
462
488
501
540
111
592
605
644
657

656

47
604

99
110
136
500

@ &

magic

135

239

648
55
81

128

154

159

185

315

445

28
623
597

522

54

104

157

443




Pierre de Fermat (1601/1607-1665) and Fermat's Last Theorem

B1-62

Der grofie fermatsche Satz

[Der grosa fermatsche satz
| Pierre |h hmnl ot

nm - Quairate - Satz

sbF s pednsl
anme N:pprim

o e

(|2

Pierre Ae E?:ermﬂt

Pierre de Fermat (1601/1607-1665) and Fermat's Last Theorem: (left panel) Germany 2011,
(right panel) France 2001, with statue of Fermat in his birthplace Beaumont-de-Lomagne.
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Two 6 x 6 magic-square planetary talismans (MSPTs)

B1-63

[6]3] 3| 3af3s]| 1 632 3I84133) 1.
7 iy |88, |7011|27]28] 8l5.0
39 )14 (16115 133 (34| |1i34|16]15(23)24
18130317 |13 [18]20)22]:2[17|X3:
shaot oo la6(2; |25]29{10]-9|26[12
315 i34l als] [36]°5033)4l231]

(left panel) by Agrippa & (right panel) by Cardano, both for the Sun.
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Three flavours of Agrippa-type 6 x 6 magic matrices B1-64

The Agrippa—Cardano magic matrix

32 3 34 3 1
11 27 28 8 30
19 14 16 15 23 24
18 20 22 21 17 13
25 20 10 9 26 12
36 5 33 4 2 31

Ag =

is not the only 6 x 6 classic nonsingular row-balanced smooth 2-dip magic matrix.

George P. H. Styan’® Yantra & Agrippa-type magic



The smooth B-bar matrix I§3,6 B1-65

CD 11 1 1D
s~ | . C1¥ 1 1 EN 1
1 -1EDED 1 1

and we observe that in each row there are 3 entries equal to —1
with 2 of these 3 entries “fixed” by the 2-dip property.

In the top row the “free” —1 is in column 3,
in the second row the “free” —1 is in column 1,
and in the third row the “free” —1 is in column 2.

We may, therefore, write |§3,6 = Bgféz)-
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Three flavours B1-66

In all there are 64 = 43 possible versions of B3

running from B(211) to B(566)
with just 16 (flavour A) yielding a classic nonsingular fully-magic matrix,

confirming a result of Drury (2011).

The 48 singular magic matrices A all have rank 5,
with 24 having magic-basis partner B of rank 3 (flavour B)
and 24 of rank 2 (flavour C).

None of the these 48 singular magic matrices A are classic.
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An open question B1-67

We want to know in how many ways x, and in which ways,
can we create a 5 x 10 reduced magic-basis matrix 35710

that is partner to an Agrippa-type magic matrix A1g which is

© 00 6 00O

classic, with entries 1, 2, ... n? in some order, magic sum @
2-dip with parameters (n, 1; n—1, n+1)

nonsingular, with partner B-bar matrix Bn/zn of full row rank n/2
row-balanced, with B, = —FB,,

smooth, with all entries of I§,,/2,,, equal to +1

bordered, and with

characteristic polynomial: det(Al, — B,) = A"~3(\3 + 120).
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... to the number of ways w1, and in which ways, we can set up the +1 in the
green cells below so that the (full) 5 x 10 B-bar matrix Bs 19 partners a classic
smooth nonsingular 2-dip 10 x 10 Agrippa-type magic matrix A1p?

The +1 in the 22 brown cells are fixed.
The row sums must all equal 0 and so w; = 56°.
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Let the 3 x 2 blue matrices be Q1, bottom left and Q2 bottom right.
If, as here we have Q> = Q1F, then we may choose the +1
in the blue cells in wo = 23 ways. Hence

x < wy X wp =562 x 23 =72 x 29 = 25088.
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Please do not hesitate to send me your comments B1-70

| look forward to hearing from you!

My e-mail is styan@math.mcgill.ca
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