
Problem Solving Seminar. Fall 2022. Problem Set 9. Miscellaneous.

1. Putnam 2018. A1. Find all ordered pairs (a, b) of positive integers for which

1

a
+

1

b
=

3

2018
.

2. Putnam 2018. A2. Let S1, S2, . . . , S2n−1 be the nonempty subsets of {1, 2, . . . , n} in some
order, and let M be the (2n − 1)× (2n − 1) matrix whose (i, j) entry is

mij =

{
0 if Si ∩ Sj = ∅;
1 otherwise.

Calculate the determinant of M .

3. Putnam 2018. A3. Determine the greatest possible value of
∑10

i=1 cos(3xi) for real numbers
x1, x2, . . . , x10 satisfying

∑10
i=1 cos(xi) = 0.

4. Putnam 2013. A1. Recall that a regular icosahedron is a convex polyhedron having 12
vertices and 20 faces; the faces are congruent equilateral triangles. On each face of a regular
icosahedron is written a nonnegative integer such that the sum of all 20 integers is 39. Show
that there are two faces that share a vertex and have the same integer written on them.

5. Putnam 2013. A2. Let S be the set of all positive integers that are not perfect squares.
For n in S, consider choices of integers a1, a2, . . . , ar such that n < a1 < a2 < · · · < ar and
n · a1 · a2 · · · ar is a perfect square, and let f(n) be the minumum of ar over all such choices.
For example, 2 ·3 ·6 is a perfect square, while 2 ·3, 2 ·4, 2 ·5, 2 ·3 ·4, 2 ·3 ·5, 2 ·4 ·5, and 2 ·3 ·4 ·5
are not, and so f(2) = 6. Show that the function f from S to the integers is one-to-one.

6. Putnam 2017. B1. Let L1 and L2 be distinct lines in the plane. Prove that L1 and L2

intersect if and only if, for every real number λ 6= 0 and every point P not on L1 or L2, there

exist points A1 on L1 and A2 on L2 such that
−−→
PA2 = λ

−−→
PA1.

7. Putnam 2017. B2. Suppose that a positive integer N can be expressed as the sum of k
consecutive positive integers

N = a+ (a+ 1) + (a+ 2) + · · ·+ (a+ k − 1)

for k = 2017 but for no other values of k > 1. Considering all positive integers N with this
property, what is the smallest positive integer a that occurs in any of these expressions?

8. Putnam 2017. B3. Suppose that f(x) =
∑∞

i=0 cix
i is a power series for which each

coefficient ci is 0 or 1. Show that if f(2/3) = 3/2, then f(1/2) must be irrational.


