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UNIFORM ENERGY DISTRIBUTION FOR AN ISOPERIMETRIC
PROBLEM WITH LONG-RANGE INTERACTIONS

GIOVANNI ALBERTI, RUSTUM CHOKSI, AND FELIX OTTO

1. INTRODUCTION

This paper concerns the structure of minimizers for the following nonlocal varia-
tional (isoperimetric) problem in R™. For m € (—1,1) and Qr, := (—%, %)n C R™:

Minimize S(u) + / ; G(z,y) (u(z) —m) (u(y) — m) dx dy,

where u denotes a function defined on @ taking the values 1 or —1 with fixed
volume fractions so that

1
L Jq,

(1.1)

wdr =m,

S(u) denotes the interfacial area associated with the surfaces upon which « jumps,
and G(zx,y) denotes the Green’s function for —A on @ with Neumann boundary
conditions. The variational problem consists of competing short-range (S(u)) and
long-range (the nonlocal Green’s function term) contributions. The former term
is attractive, favoring large domains of pure phases with boundaries of minimal
surface area. The latter term is repulsive, favoring small domains which lead to
cancellations. The combination of the two leads to pattern formation on a scale
determined solely by the competition of the two terms.

Mathematically, the natural space for u is BV (Qp,+1), functions of bounded
variation taking values +1. The interfacial area is then simply half the total varia-
tion measure |Vu| on @y, i.e.,

ﬂ@:%/me.

With this notation, our problem can be restated as follows.
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For m € (—1,1) and Qr = (=%, £)" c R™
. 1
(1.2)  Minimize /QL |Vu| + 5 /QL /L G(z,y) (u(z) —m) (u(y) —m) dx dy

over all u € BV (Qp,+1) satisfying the mass constraint (LIJ).

Problem (L2)) is the sharp interface limit (in the sense of Gamma-convergence)
of a diffuse interface variational problem first introduced by Ohta and Kawasaki
in [2I] to model microphase separation in diblock copolymers (cf. [2]). Following
[19, @], this diffuse interface problem (suitably rescaled) can be written as follows:
For € small, minimize

(1.3) /QL €| Vul> + % dz + /QL o, G(z,y) (u(z) — m) (u(y) — m) dz dy

over all u € HY(Qp, [—1,1]) satisfying (LI)). A derivation of (I3]) from the statisti-
cal physics of interacting block copolymers can be found in [9]. However, problem
(T2 (or ([T3)) can be viewed as a mathematical paradigm for the ubiquitous phe-
nomenon of energy-driven pattern formation induced by competing short- and long-
range interactions. The connection between this type of energetic competition and
periodic pattern formation in nature is well-established (see for example [25] 14 [18]
and the references therein). The highly-cited article of Seul and Andelman [25]
addresses exactly this issue and provides a partial list of relevant physical systems
in Table 1. Problem ([2) is also very close to variational problems arising in the
study of magnetic domains and walls (see for example [15], [12] and the references
therein).

In one space dimension, it can be proven that minimizers of either (I2)) or (L3)
are periodic (c¢f. [1l 17, 22, 4, 29]). In fact, in one space dimension, a vanishing
first variation of (I2) is sufficient to enforce periodicity. Of course one-dimensional
pattern formation is rather restrictive, and a fundamental mathematical problem
is to address to what extent periodicity holds in higher space dimensions and what
effect the nonlocal term has on the geometry of the interfaces which, in general,
will not have constant mean curvature.

As we have mentioned, problem ([2)) is the sharp interface version of (3,
which was derived to model microphase separation of diblock copolymers. There is
a wealth of experimental literature on phase structures in diblock copolymer melts,
where observations yield phase boundaries strongly resembling triply periodic con-
stant mean curvature surfaces (see for example [2] 28] and the references therein).
Moreover, numerical simulations on the diffuse interface functional concur with the
experimental observations (see for example [26] [§]). Thus it is certainly natural
to conjecture that in higher dimensions, minimizers are at least nearly periodic.
However proving any periodicity result turns out to be a formidable task. In fact,
even in a discrete setting with a pair interaction potential, proving periodicity is
extremely difficult and was only recently successfully accomplished under certain
assumptions in [27]. In this article, we address a weaker statement, that of the
spatial distribution of the energy density of minimizers.
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The rigorous derivation of the first and second variations of (L2) was presented
in [10] (with a formal calculation presented in the appendix of [I7]). These methods
are inherently local and pertain to local minimizers. While it is certainly possible
that, for example, stability alone could enforce some sort of periodicity, here we
apply direct methods which are appropriate for the analysis of global minimizers.
To this end, we introduce a reformulation of the nonlocal term which, for our
purposes, is most natural and proves crucial in the analysis.

Given u € BV(Qp, 1) with 2 Jo, wdx =m, we have

[ 6w @) - m) (uty) ~ m) dody
QL JQrL

(1.4) = min {/L |b|2dx

b € L*(Qr,R"),

divb:u—minQL,b-l/zOonaQL},

where the differential equation relating b to v and the Neumann boundary condition
are interpreted in the sense of distributions. While it is rather straightforward to
establish (L4), we provide a proof for the convenience of the reader. Let v be the
solution of

—Av=u—m in Qp,

(1.5)
Vv-v=20 on 0Qp -

Thus v is unique up to addition of a constant and will often be denoted in the
following as the potential associated to u. We claim that the minimum at the right-

hand side of (I4) is attained when b = —Vuv, and it is equal to the left-hand side.
The vector field —Vv is indeed an admissible choice for b, and since v is given by

v(x) = G(z,y) (u(xz) —m)dx,
QL

an integration by parts yields

/L QLG(x’y) (ufz) —m) (“(y)—m)dfﬁdyZ/ (u—m)vdxz/ |Vo|? da .

L L

It remains to show that if b € L?(Qr,R") satisfies
(1.6) divb=v—-min@; and b-v=0o0ndQr,

then we have

/ \b\zda:z/ Vo[ dz.
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To this end, note that

/ |b?dz = / |VU|2dx+/ |b+Vv\2dx—2/ (b+ V) - Vudx
L QL QL

L

> / |VU|2dx—|—2/ div(b—l—Vv)vdx—Z/ v(b+ Vo) vdx

L L QL
= |Vol? dx .
@3, @3 Jq,

We arrive at the following reformulation of problem (L2)):
(1.7) Minimize FE(u,b,Qr) over (u,b) € A¢(Qr),
where )

Blub,Qu)i= [ Va4, [ [bPds
QL 2 Jq.
and

Ao(Qr) = {(u,b) u € BV(Qp,+1),b e L*(Qr,R™),

divb = u —m, b~V=00n8QL}.

This reformulation has several advantages. For example, it localizes the func-
tional and facilitates the use of cutting and pasting arguments. It further allows
us to demonstrate that the particular choice of boundary conditions does not in-
fluence the structure away from the boundary — our main result will support this.
In fact, in this reformulation, one could even dispense entirely with the boundary
conditions for b - v; in that case, the correct mean (c¢f. (L)) is enforced as a soft
constraint rather than a hard constraint.

Note that using the direct method in the calculus of variations, it is straightfor-
ward to show that a minimizer of (7)) exists. Our first two results concern the
uniform distribution of its energy. We prove that for a minimizer on a large cube
L > 1, if we zoom in on any subcube of size [ > 1, we find essentially the same
amount of energy. Let us state this precisely. For any I > 0, let Q;(a) denote the
cube in R" centered at a with side [, i.e.,

(18) Q) =a+ (-1 1)
. l = 27 2 )
with the understanding that if the argument a is absent, we take a = 0.

Theorem 1.1. There exist positive constants o*, C, ¢, depending only on the volume
fraction m and space dimension n, with the following property: If (ug,bg) is a
minimizer of E(u,b,Qr) on Ao(Qr), then for every | > ¢ and a € Qy, such that
Qi(a) C Qr, we have

(19) ’E(UOabOan(a)) 70_* § 9 )
n l
Moreover we have
E(u,b
(1.10) o* = lim [ min  25Qn) ’QL)] .
L—oo [ (u,b)€A(QL) L
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In view of (LI0), we may interpret o* as the ground state energy density. In
fact, as a byproduct of the proof of Theorem [[.T] we will also show that the same
limit holds true in (LI0) if we replace the Neumann condition in the definition of
Ay with free boundary conditions. This amounts to defining G in (L2)) to be the
Green’s function for —A with Dirichlet boundary conditions.

Let us remark that the decay rate in (L3) is optimal in the sense that for a
periodic pair (Uper, Pper) We have

E ers b er
limsup [ (up P Qi(a))

l—o00 n

- U(Upor, bpor) > 0,

where o (Uper, bper) denotes the energy per unit period.

We also prove that minimizers exhibit an equipartition of the surface and inter-
action energies with the uniform distribution estimate holding separately for each,
though with a worse rate of decay.

Theorem 1.2. There exist positive constants C' and c, depending only on the vol-
ume fraction m and space dimension n, with the following property: If (ug,bg) is
a minimizer of E(u,b,Qr) on Ao(Qr), then for every l > ¢ and a € Qr, such that

Qi(a) C Qr, we have
1 / 20*
— VUO — S .
" Jau A Y

L, e
Qi(a)

Theorems [[LT] and show that the energy of the optimal structure is uniformly
distributed on a set scale. This inherent length scale is implicitly based on the
constant ¢*, and, in order to set aside boundary and physical domain size effects,
is exactly captured in the limit of L — oo.

The optimality of the decay rate in (L) might seem to suggest that minimizers
should be nearly periodic. However, one could have structures which share these
energy estimates but are hardly periodic (¢f. the so-called random checkerboard
pattern discussed in Remark[6.2]). Let us pursue this further by considering another
approach, that of large scale density variations of the pattern. To this end, let
¢ : R™ — R be a standard mollification kernel, i.e., a smooth function such that

C
+

(1.11) ¢ >0, ¢=0outside B;(0), dpdr=1.
]Rn

For R > 0 and a € R™, let

(1.12) br(a) i= o (];) |

Consider any admissible (u, b) on Ag(Qy) for a very large value of L. For Br(a) C
Qr,, consider

(1.13) /B “ or(z) (u(x) — m) dx.

This is a measure of average volume-fraction fluctuations (or density variations) in
a subsystem of size R where 1 < R < L . If the pattern is exactly periodic, then one
finds that such fluctuations decay exponentially fast. More precisely, if (uper, Pper)
are periodic, then for R sufficiently large, we have (cf. Proposition [6.1[(1))

(1.14) /BR(a) or(x) (Uper(z) —m)dx = O (%) for every p > 1.
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On the other hand, let (ug,bg) be a minimizer of E on @ with bg = —Vuv for
some v € H'(Qr). The basis of proving Theorem [LT] will be a uniform L> bound
(Lemma [B.6]) on bg. Thus

[ onto) tunte) m)da [ o) dvda
Br(a) Bg(a)

/ Vor(z) - Vodz
Br(a)

< C |Vér(z)| dx
Lemma [36] Br(a)
< S vew)
- R JB,(a)
C
1.1 < —.
(1.15) < 7

The contrast between ([LI4) and (LIH) highlights that there is a gap between the
behavior of a periodic pattern and what we are able to prove with Theorem [l
However, based upon Theorem [[L1] we will establish Theorem [[.3] below, which
proves that not only by but also the associated potential v, where by = —Vu,
are uniformly bounded. This allows us to integrate by parts once more in (L15])
to obtain a better decay rate of 1/R?, one step closer to periodicity (cf. Proposi-

tion [B.I1(i1)).

Theorem 1.3. There exist positive constants C' and c, depending only on the vol-
ume fraction m and space dimension n, with the following property: If (ug,bg) is
a minimizer of E(u,b,Qr) on Ao(Qr) with L > c, then there exists v € H (Qr)
such that by = —Vwv, and for all z € Qp,

(1.16) lo(z)] < C.

As we will explain in Section 6, this better decay rate allows us (in dimension
n < 4), to reinforce the notion of uniform structure for minimizers by ruling out
certain structures whose energy would also be uniformly distributed on a set scale,
but whose pattern within a set cell is random, for example a random checkerboard
pattern (cf. Proposition [6.11(iii)).

As we have already pointed out, problem (1) is perhaps the simplest nonlo-
cal problem to address short and long-range competitions. Surprisingly there has
been little rigorous work addressing the structure of minimizers in R, with n > 1.
Recently, however, this functional (and its diffuse interface counterpart) has ap-
peared increasingly in the mathematical literature because of the relevance of its
diffuse interface version to a model for microphase separation of diblock copoly-
mers. In particular, there has been work in one space dimension (see for example
[19, 20] 22| [4]), on rigorous scaling laws ([6]), and also much work, especially by
Ren and Wei, on local minimizers (see for example [23] 241 5] [10]).

The paper is organized as follows. In Section 2, we introduce the relevant nota-
tion and definitions. Section 3 begins with a brief sketch of the proof of Theorem [Tl
and how it is broken down into a (mostly) progressive series of lemmas. We then
state precisely these lemmas, for which Theorem [[.1] is a direct consequence, and
provide a proof of Theorem The proofs of the lemmas comprise Section 4
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wherein the arguments for the crucial Lemmas [3.4] and are reminiscent of The-
orem 2.1 in [I1], where an anisotropic (1 + 1)-problem is treated. Finally the proof
and consequences of Theorem [[3] are reserved for Sections 5 and 6 respectively.

2. BASIC NOTATION AND DEFINITIONS

We begin with an important comment on constants. Throughout this paper,
when we use the word constant, we mean a constant which may depend on the
volume fraction m and the space dimension n, but on these parameters only. In the
sequel, we suppress this dependence.

e We will use indexed notation such as Cy, Cq, etc. to denote constants that
we wish to keep track of within a particular section and, for example, ref-
erence in different lemmas.

e We will use C to explicitly denote a constant whose value, depending on the
context, may change within a particular proof. When arguing with a par-
ticular sufficiently large C, we occasionally use 1/C to denote a sufficiently
small constant.

e When there is no reason to explicitly denote the constant, we adopt the
notation < and 2 for inequalities up to a constant. In principle, we adopt
this notation whenever possible. However, it is sometimes more convenient
for expository purposes to explicitly use the C.

Unless stated otherwise, * = (z1,...,x,) denotes a point in R™. By dz we
mean n-dimensional Lebesgue measure, and when it is clear we are integrating
with respect to Lebesgue measure, we often leave the dx out. For & C R™ and
u € BV(Q), [, |Vu| denotes the total variation measure evaluated at 2. By B,(a)
we mean the n-dimensional ball with centre a € R™ and radius r > 0.

For @y, defined by (L)), v denotes the normal to Q) which always points in the
positive axis direction; that is, on each face of Qp, of the form x; = +L/2, v; =1
and v; = 0 for j # i. We use Q, to denote the closure of Q. For u € BV (Qr, +1)
and b € L?(Qr,,R"), the differential equation divb = u —m is always taken in the
sense of distributions. When we write divb+m € [—1, 1], we mean divb+m € L*>®
taking values in [—1, 1] a.e. For any pair (b, u) with divb = «—m, we note that b-v
has a well-defined trace on the boundary of any cube contained in QJr. In general
the trace is not a well-defined function but an element of the negative Sobolev space
H~1/2 and throughout this article b-» on the boundary of any cube is interpreted
in this trace sense. However, for our purposes, the details of the space H~'/2 are
not important, as we shall use trace estimates only for minimizers of E: Hence
b = —Vuv, where v solves a Poisson equation, and the trace of b - v will in fact be
in L? (cf. Remark 2.1)).

We will often use mollification. To fix notation, let ¢ be the standard mollifica-
tion kernel of (III)). For r > 0, let ¢, be defined by (II2) with r in place of R
and a = 0. For any function f we define its mollification with ¢, by

(2.1) Fr(@) = (f *d0) () = / F(x— 1) éo () dy,

with the understanding that the domain of f must be sufficiently large so that the
above integral makes sense.



576 GIOVANNI ALBERTI, RUSTUM CHOKSI, AND FELIX OTTO

We need the following definitions of optimal densities. We define (cf. Remark 2-1))

. 1
o(Qr) = (U{E;EAEE(U,b,QL),
1
0 = i —F(u,b
g (QL) (U%IQAO n (’U,, 7QL)7

where

1
E(u,b,Qr) ::/ |Vu|+§/ |b|2d$,

A(Qu) = { (u.b)

u€ BV (Qr,£1),b e L?(Qr,R"), divb =u — m} ,

Ao(Qr) = {(u,b) u€ BV(Qp,+1), be L2(QL,R”)7

divbzu—m,b-uzOonaQL}.

It will also be necessary to consider optimal densities for F with prescribed nonzero
boundary conditions on b - v. In fact, it will be convenient to have such a density
on rectangular boxes as well. To this end, we denote by R, any rectangular box of
size L which is not too anisotropic; that is, any set of the form

RL = (alvbl) X oo X (an;bn)a
where a;, b; satisfy
1
(2.2) §L§b1—a1,...7bn—an§L,
and we denote by |Ry| its n-dimensional volume. For g € L?(ORy), we define

1
9(Ry) := i ——F(u,b, R
g ( L) (u,%l)lélAg |RL| (’LL, ) L)a

where

Ag(Ryp) = {(u,b) u € BV(Rp,+1), b € L*(Rz,R"),

divb =u —m, b~ygon8RL}.

Remark 2.1. Note that the direct method of the calculus of variations implies that
the densities 0°(Qr) and o(Qr) are attained by at least one optimal pair (ug, bg).
By properties of the trace space H~'/2, this is also the case for o9 (Ry1) provided
Ag(Rp) # 0, i.e., provided the boundary data g is sufficiently small to be compatible
with the fact that, for some u € {—1,1},

(2.3) / g:/ u—m < 2L".
ORL, Ry,

Note that when using 09 (¢f. Lemmas B4l and B7), we will always impose a suitable
smallness condition on g consistent with ([2.3)).

Moreover, following the basic arguments of (I4]), one sees that the optimal by
for either 0¥ or o9 is a gradient: That is, by = —Vv for v solving —Av = ug —m
with by - v = 0 or by - v = g respectively on the boundary; in the case of free
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boundary conditions (i.e., for o), the same holds true with the natural boundary
conditions being Dirichlet conditions for v (i.e., v = 0 on the boundary).

A key ingredient in the proof of Theorem [Tl which will circumvent the need
for optimal constructions, is the relaxed problem associated with o9:

inf{/ 1\b\Qd:U
Ry, 2

Note that we may again invoke the direct method in the calculus of variations to
show that a minimizer for the relaxed problem does indeed exist; hence the infimum
above could be replaced with a minimum.

be L*(Ry,R™),

(2.4)
divb+me[-1,1] in Ry, b-v =g on 8RL} .

3. THE PROOFS OF THEOREMS [[L1] AND

Theorem [I1] is a direct consequence of two lemmas which are, in turn, conse-
quences of other lemmas. Theorem will directly follow from Theorem [[I] by a
simple rescaling argument. Thus let us first focus on outlining the proof of Theo-
rem [[L] and how it is broken down into a progressive series of lemmas involving the
densities ¢, 0° and 9. The reader is encouraged to read this sketch in consultation
with the statements of the lemmas which follow.

Sketch of the proof of Theorem [LIl In Lemma [3.I] we start with some elementary
inequalities involving the two minimal energies per volume, namely o for the free
boundary condition and ¢ for the zero-flux boundary condition. Trivially, the free
boundary condition admits a lower energy than the zero-flux boundary condition
(Lemma [B11(i)). By cutting and pasting, one easily sees that o(Q;) is essentially
increasing in the size [ > 1 of the cube, while 0%(Q;) is essentially decreasing
(Lemma B(ii) and (iii)). A straightforward construction and an elementary inter-
polation argument show that ¢°(Q;) is bounded above and o (Q;) is bounded below
uniformly in I > 1 (Lemma Bl(iv) and (v)).

With Lemma [BI] in hand, we will be able to establish the existence of the limit
of (LI0), or more precisely Lemma B.I0, by elementary calculus arguments if we
can bound ¢° by o on cubes of comparable size. The appropriate bound is stated
in Lemma B8 Together with Lemma B9 Lemma B.§ also yields (I9). Hence
Lemmas 3.8 and are the core technical statements leading up to Theorem [I.11
For the remainder of this discussion we focus on Lemma [3.§ and its derivation from
Lemmas -B7

The heart of Lemma [B.8 rests on, given a minimizer (ug, bg) of o, constructing
an appropriate comparison function (u,b) for ¢°. This means that we need to
construct a b with zero-flux boundary conditions from a by with generically non-
vanishing flux g = bg-v at the boundary at hand. Rephrasing the problem, we need
to construct, on cubes of comparable size, an appropriate comparison function (u, b)
for 0¥ given a minimizer (ug, bg) of 9. This is done in Lemma[B.71by a construction
in a boundary layer, which relies on an L*-bound on g. In fact, A :=||g||p~ is the
width of the boundary layer and thus determines the quality of the estimate.

Thus we need to know that for a minimizer (ug, bg) of (@), the flux g = by v at
the boundary satisfies an L°°-bound uniform in [. This is the purpose of Lemma[3.0]
where we show that by itself satisfies an L°°-bound uniform in [. The L°°-bound



578 GIOVANNI ALBERTI, RUSTUM CHOKSI, AND FELIX OTTO

on by follows from a bound on [~" sz(a)ﬂQL |bg|? that is uniform in [ > 1 and a.
The argument relies on elementary elliptic regularity theory applied to by = —Vuyg
which satisfies —Avy = ug —m € [-2,2]. The bound on [~" le(a)mQL |bo|? is
contained in the bound on the energy density 7" FE(ug, bg, @;(a) N Q) stated in
Lemma [3.5] which is a weakened version of Theorem [[LT] Here we show that the
energy density is uniformly bounded—albeit not by the asymptotically optimal
constant o*.

Roughly speaking, the merit of Lemma 33l is to convert the global energy bound
E(ug,bg, Qr) < CL™ of the minimizer (ug, bg) (with free boundary conditions, say)
into the local energy bound E(ug,bg,@i(a) N QL) < CI™ on subcubes @Q;(a) with
a € Q. This is done by an ode argument in [ — E(ug, bg, @;(a) N Qr). To derive
the appropriate nonlinear differential inequality, we glue in the optimal construction
for 09(Q;(a)NQr) with g taken to be bg-v on 9Q;(a)NQ . This yields a competitor
(u, b) for (ug, bg), and thus allows us to estimate E(ug,bg, @;(a) NQr) in terms of
c9(Qi(a) N QL) (and a perimeter term of lower order). We then use Lemma 3.4l to
estimate 09(Q;(a) N QL) in terms of a nonlinear expression in f(’)Ql(a)ﬁQL |bo - v|?
and notice that fan(a)nQL |bg - v|? itself is bounded by % E(ug,bg,Qi(a) N QL).
This approach is reminiscent of [11] and yields the desired nonlinear differential
inequality.

Hence the crucial ingredient for Lemma [3.5lis Lemma [3.4] where it is shown that
on some not too anisotropic rectangle Ry, (R = Q;(a) N Q in the application to
Lemma [35]), the minimal energy per volume ¢9 for inhomogeneous flux data g on
ORy is estimated in terms of the L%-norm of g. It is crucial for Lemma that
the exponent Z—ﬁ is strictly less than the isoperimetric exponent ™.

In order to derive Lemma [3.4] we first establish the corresponding bound for
the relaxed problem (2.4) in LemmaB3|(b). Lemma B4l follows easily from Lemma
B3(b): We take the optimal by from the relaxed problem and replace the function
divbg + m, which takes values in [—1, 1], by a function « with values 1 that is
piecewise constant on rectangles of diameter of order 1 and is of the same local
volume fraction. The surface energy and the additional bulk energy are of the
order L".

The relaxed variational problem (24 is convex and thus admits a dual formu-
lation on the level of the potential v, ¢f. Lemma B3(a). The dual formulation
allows us to reduce the upper bound on the energy of the relaxed problem to a
trace estimate, stated in Lemma It is the scaling of this trace estimate in the
boundary layer thickness e which sets the crucial exponent in Lemma B3(b) and
thus Lemma [3.4]

We now present the precise statements of the lemmas involved in the proof of
Theorems [[.Jl Proofs are postponed to the next section.

Lemma 3.1 (Basic inequalities). There exists a constant C' < oo such that for

1>C,
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Lemma 3.2 (Trace estimate). For any v € H'((0,1)") and 0 < € < 1, we have
(3.1)

2
1
/ lv|? da’ < e/ |Vo|? de+ W/ [v|dz | .
{0}%(0,1)n—1 (0,6)%(0,1)n 1 e (0,6)x (0,1)n 1

Lemma 3.3 (Duality and upper bound for the relaxed problem).
(a) We have the following duality relation for the relaxed problem ([24): For
every rectangular box Ry, and g € L?>(ORy) there holds

inf{/ Lipp
Ry 2
. 1 2
= —inf §|Vv| + (mv + |v|) + gu
Ry, R ORL

(b) Let b € L*(Ry,R™) be a minimizer of the relazed problem Z4). There exists
a constant Cy with the following property: For every rectangular box Ry satisfying
@22) and every g € L*(ORy) such that

(33) / 92 S LLTL-Fl ,
ORy Co

(divb+m) € [-1,1] in Rp,b-v =g on (9RL}

(3.2)
v e Hl(RL)} .

we have
n+2

Lemma 3.4 (Upper bound for ¢9(Ry,)). There exists a constant Cy with the fol-
lowing property: For every rectangular box Ry satisfying 22) with L > 1, and

g € L2(ORy) such that
1
2 n+1
g S —L )
/(‘)RL Ch

1 L\ 7
o9(Ry) < Cy 14— g .
L ORp,

Lemma 3.5 (Uniform energy distribution - first version). There exists a constant
Cy with the following property: Let (ug,bg) be a minimizer of E(u,b, QL) on either
A(QL) or Ag(Qr). Then for all centres a € Qr, and L > 1> Oy,

E(ug,bg, Qi(a) NQr) < 3C1I"™,
with Cy as in Lemma [3.4].

we have

Lemma 3.6 (L°°-bound for minimizers). There exists a constant C' with the fol-
lowing property: Let (ug,bo) be a minimizer of E(u,b,Qr) on A(Qr) or Ao(QL);
then we have

[bo| < C'.

Lemma 3.7 (Comparison of ¢ and 09). There exzist constants C3,C with the
following property: For every g : 0Qr — R with

1
A:=suplg| < —0L,
BQL|| 2C5
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we have
3
() 0%(Qu) < 0" (@uosepn) + AL
3
() 0" (@uiacin) < 07(Qu) + T,

Lemma 3.8 (Comparison of ¢® and o). There exist constants Cy,C such that
C
o°(Qric,) <o(Qr) + 7

for all L > Cy.

Lemma 3.9 (Uniform energy distribution - second version). There exist constants
Cs, C with the following property: Let (ug,bg) be a minimizer of E(u,b,Qr) on
Ao(Qr). Then for any Q;(a) C Qr, with I > Cs, we have

E(uo, bo, Q1) c

n SUO(QFQ)—!—T.

Lemma 3.10 (Large ! behavior of o(l),0°(l)). There exist two constants o* €
(0,00) and C < oo such that for all l > C,

C C

o =T <o(@) <o Q) <o+
Proof of Theorem [IL.1l Theorem [[.1lis now a direct consequence of Lemmas[3.9] and
BI0 O
Proof of Theorem [L2 Let (ug,bp) be a minimizer of E(u,b,Qr) on Ay(Qr), and
let @Q;(a) C Qr. By Theorem [[] there exists constants C' and ¢ such that
¢
l
when [ > ¢. For every A € [1/2,3/2] we consider the rescaled couple (), by) defined
by

(3.5) L B, bo, Qu(a)) — o*| <

ln

uy (\x) := ug(z) and ;b())‘()\x) :=bo(z).

One easily checks that (ug,by) belongs to Ag(Qxr), and therefore Theorem [I1]
also implies

1 C 20
) — —ot > >_2Z

(3.6) )\nlnE(Ummexz()\a)) ot 2= 2

for Al > ¢. For the rest of the proof we assume that I > 2¢; hence (B3] and (3.6)

hold for every A.

Next we define

(3.7) fN) = )\nlnE(Uo,me/\l()\a))-
Then B3] and B8] imply that
(39 =0 =25 -3¢

l l

Moreover a simple computation yields
(3.9) FO) =ar\? + a7,
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where

1 1 1
=— —|bg|* dx and b= — |Vug] .
" Jua) 2 " Jaua
Note that a +b = f(1) = 17" E(ug, bo, Q(a)), and therefore (B3] can be rewritten
as

(3.10) a:

(3.11) |a+b70*|§%.

Now we apply the following elementary statement (we omit the proof): Let
f:[1/2,3/2] — R be a function of class C? and let 6,m be positive constants such
that

(3.12) = F1) =6 and  f'(N) <2m

for every A € [1/2,3/2]. If § < m/4, then

(3.13) /()] < 2Vmé .

Let us check the assumptions: the first inequality in ([BI2) follows from (B8] pro-

vided we set ¢ := 3C/l; the second inequality in [B.I2]) follows from the estimate
(N = 2a + 2bA72 < 16(a + b) < 16(c* + C) =: 2m,,

where the last inequality follows from ([B.IT]) provided that I > 1; finally, assumption
0 < m/4 is verified for [ > 12C/m. Note that the assumptions on ! so far add up
to I > max{2¢,1,12C/m}.

Taking into account (9], conclusion ([BI3]) becomes

1
2a — b S —,
| | < Vi
and recalling (311]) we get

1
3a—oc*|<|la+b—0"|+|2a—b < —.
| | <| |+ | 7

In a similar way one obtains |2b — o*| < 1/v/1, and the proof is complete. O

4. PROOFS OF THE LEMMAS

Proof of Lemma Bl Statement (i) is obvious by definition of o(Q;) since Ap(Q;) C
A(Q).

For (ii), consider a minimizer (u,b) for o(Q;): For at least one of the k™ sub-
squares of size [ of Q;, the energy of (u,b) on this subsquare must be smaller than
one k"-th of the energy on the square Q;, and since the restriction of (u, b) to this
subsquare is admissible for o(Q;), the inequality follows.

For (iii), let (u,b) be a minimizer for 0°(Q;), extend this pair by periodicity
to Qpi, and denote such an extension by (u, B) Since b - v = 0 on 0Q, (u, B) is
admissible for 0%(Qy;), and

E(,b, Q) < kK" E(u,b,Q;) + CK " ",

since we may introduce jumps in @ at the interfaces of the cubes of size . Dividing
both sides by k™", we have

(ﬂa Ba le)

o%(Qu) < b i SUO(Q1)+%~
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Statement (iv) follows by computating F for a suitable test function u and a com-
patible vector field b; for example taking for u a lamellar pattern with volume
fraction m and period 1.

It is only the last statement (v) which is nontrivial. The proof involves an
interpolation-type inequality. If we were concerned with either periodic or Neumann
(b - v = 0) boundary conditions for b, the result would directly follow from an
interpolation inequality between BV 4+ H~! and L?; see for example Lemma 2.3
in [7]. For the case of free boundary conditions, a slightly different inequality is
needed. To this end, let (u,b) € A(Q)), and define

w:i=u—-m.

Thus we have divb = w. Let Q C Q] be n-dimensional cubes with the same
centre as ; but with side lengths %Z and %l respectively. Let n be a smooth cut-off
function such that

n=1inQ; and 7n=0inQ;\Q;.

Without loss of generality, we may assume [ > 4. On @), consider the mollifications
wi and by (i.e., (I12) and I) with » = R = 1 and centre a = 0). Note that,
by assumption, we have 1 < dist(0Q;,0Q;). Since divb = w on @Q, we have
divb} = w} on Q'. We show that the first and second terms of F(u, b) are bounded
below by ng njw — wi]? and fQi n|wi|? respectively.

Integrating by parts, we find

/ o}
Q/

1

[ tbiyu;
Q

’
l

- / bt - V()
Q

’
l

- 7/ b V(i)
Q

w)'(]

(/Q 2|lo|2> %
</Q;|b|2> (/Qi(nwi‘P) :

where in line (A1) we used the Cauchy-Schwarz inequality, and in ([@2]) we used
the fact that [|[V¢||e depends only on the dimension n. Thus

(4.3) / nwil? < / b,
Q] Q)

For the surface energy, we have

/n|w—wi|2 < /nlw—wi‘
Q Q]

’
1

1
2

[N

(4.1)

IN

IV(an)’{I2>

W=

(4.2)

N

=
N
A
N
B
|
£
A

< [ 1vul= [ vl
Qi Qi
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Combining (A3) and @A), we find

Vil + [ bRz [ awiP [ ale - wif
Qi Qi Q; Q

1

z/an;/nz@mzw. 0
Q] Q;

1

Proof of Lemma B2. Let v € H*((0,1)") and 0 < € < 1. The proof of (3] follows
from two estimates. The first is the trace estimate

(4.5) / |v|? da’ 56/ \V’U|2dw+/ 5|? da’
{0}x(0,1)n—1 (0,e)x(0,1)n—1 (0,1)n—1

where v is defined by
— / 1 ¢ /
(4.6) o(a’) = E/ lv(x1,2")| dxy
0

where 2’ := (22,...,2,) € R"1. The second is the following (n — 1)-dimensional
Nash-type inequality (cf. [16]): For w € H'((0,1)"1),

s =)
/ lw|* dz < / \Vw|? dx / |w| dz
(0,1)m=1 (0,1)m=1 (0,1)m=1
2
+ / |w|dz | .
(0,1)n71

We first prove (BI) assuming (@3) and (@T). To this end, we apply @) to
w(z') =v(a’). Note that by (£4),

1 1 [°
/ [v] da’ = —/ lv]dz  and |Vv(2')|< —/ |Vo(xq, 2")| dzy.
(0,1)n—1 € J(0,e)x(0,1)n~1 €Jo

Hence by Jensen’s inequality,

(4.7)

1 €
Vi) < 2 [ [Vo(ena) P o

and so
1

/ |VT|? do’ < —/ V() de .
(0,1)n—1 € J(0,e)x(0,1)n—1

Thus (1) turns into

n—1 4

1 Ga e T
/ T2 de’ < f/ Vol da 7/ o] do
(0,1)7—1 € J(0,e)x(0,1)7—1 € J(0,e)x(0,1)n—1
1 2
+ —/ lv|dz | .
€ J(0,6)x(0,1)»—1
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Inserting this into (£3]), we find
/ |v|? da’ Se/ |Vo|? da
{0}x(0,1)n—1 (0,e)x(0,1)n—1

1 not [ 1 4
+ —/ |Vo|? da | n+1 —/ [v| dz | »+1
€ J(0,6)x(0,1)n—1 € J(0,¢)x(0,1)n—1
2
1
(4.8) + —/ lv|dz | .
€ J(0,6)x(0,1)n—1

By Young’s inequality, we have

n—1

_4
1 n+1 1 n+1
—/ |Vo|? dx —/ |v| dx
€ J(0,e)x(0,1)n—1 € J(0,e)x(0,1)7—1

n—1

el ) 254
= e/ |Vo|? da e*%/ |v| do
(0,e)x(0,1)n—1 (0,6)x(0,1)n—1

2
(4.9) < e/ Vol dx + e / lv|dz | .
(0,€)x(0,1)™ 1 (0,6)x(0,1)™ =1

Inserting ([49) into (@8] implies the estimate [B.1I) since e < 1.
It remains to prove (@A) and [@7). The estimate (@35 is easy. It is based upon
a standard one-dimensional trace estimate which yields

€ 1 €
(4.10) [v(0,2")| < / |0z, v(x1, 2")| dzy + Z/ [v(z1, 2| dxy
0 0

for all 2 € (0,1)"~'. We square both sides of ([I0) and apply Jensen’s inequality
to find

€ 1 € 2
(0,22 < 26/ 100, v(21, 2|2 dy + 2 (Z/ |v(:v1,x’)|dx1> .
0 0

Integrating with respect to 2’ yields (Z3).
To prove the Nash-type estimate (£7]) we set d = n — 1. Hence ([@7)) reduces to

_2_ _d_
(4.11) lwllz S lwlli* [IVwlls™ + fJwll

where ||wl|, denotes the LP norm on (0, 1)<.

We begin with some preliminary estimates. For every v € W1((0,1)%), denote
by m(v) the average of v. It is well-known that ||Vv||; + |m(v)| is equivalent to the
usual Whlnorm, and therefore the Sobolev embedding theorem yields

[v

1= S IVolly + m(v)],

where 1* = d/(d — 1) is the Sobolev exponent (for d = 1 we convene that 1* = o).
We apply the previous estimate with v := w?: Taking into account that |m(v)| <
[w[|F and [Jofli+ = |lw||2 with g :=2-1*, we obtain

lwlly = ol S IVolls + Im(v)] < [Jw Vwl], + [lw]?,
and taking into account the general inequality ||fgll1 < || fll2]lg]l2 we get

1 1 1
(4.12) lwllg < (lwll2l| Vellz + lwll?)* < lwl3 [Vwll3 + [wll -
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We can now prove ([EIT). Since ¢ = 2 - 1* is always strictly larger than 2, by
Hoélder’s inquality we have

(4.13) [wllz < flw]li~* w3,
where ) solves the equation % =(1- )\)% + )\%; that is,

4

4.14 = .
( ) A d+1

Plugging ([£12) into [@I3]) we get
=), 0112 3
lwlle S flwlli ™ lwlls [Vwlls + flwll

and taking into account that [|w|; < ||w||2 we finally obtain

1—2 _ A 1—2
lwlly™® S Jwlli MVl + llwll, 2

~

This estimate and ({14]) imply (EITI). O

Proof of Lemma B3 (a) For the duality we have,

inf{/ l|b|2
Ry 2
divb+m € [-1,1]in Ry,b-v =g on 8RL}

1
:inf{/ Lipp2
u,b Ry 2

b € L*(R.,R™),

b€ L2(R,,R"), u € L=(Ry,[~1,1]),

divb:u—minRL,b-V:gonﬁRL}

(4.15) mfsup{/ 1|b|2—l—(b-Vv—i—(u—m)v)—/ gu
u,b o Ry 2 AR,
beLZ(RL,R”),ueLOO(RL,[—l,l]),veHl(RL)}
(4.16) —suplnf{/ 1|b|2—l—(b-Vv—i—(u—m)v)—/ gu
v u,b Ry, 2 Ry,
beLZ(RL,R”),ueLOO(RL,[—l,l]),veHl(RL)}

1
(4.17) sup{ — /R §\Vv|2 (mv + |v]) / gu|ve HI(RL)}

1
— inf { / ~|V|* + (mv + |v]) / gv
v Ry 2

ngl(RL)}.



586 GIOVANNI ALBERTI, RUSTUM CHOKSI, AND FELIX OTTO

The passage to line [@LTI3]) follows from the simple observation: For any f defined
on Ry, the supremum of fRL fv over all v € HY(Rp) is +oo unless f = 0. In
our case f = u —m — divb. The passage to line (LI8) follows from a min-max
theorem (an infinite-dimensional version which fits our needs is given in [3], Chapter
I, Proposition 1.1); note that the functional is convex in (u,b) and linear - and
therefore concave - in v. Line (£I7) follows by noting that for fixed v, the minimum
is attained when b = —Vv and u = signv.

We turn to part (b). The trace formula of Lemma was stated and proved
on a unit cube for convenience. However, one readily notes that the same estimate
holds true for a rectangular box R = (0,1) X (az,b2) X -+ X (ap, by) provided

Sbg—ag,...,bn—angl.

N[ —

Thus for v € H*(R) and any 0 < € < 1,

/ |v|? da’
{0} x(az,b2) X X (an,bn)

1 2
< 2 -
NG/R|V’U| dx+<6(n+l)/2/R|v|dx) .

The same application of Lemma yields an analogous inequality with respect
to the i-th faces of a rectangular box R = (a1,b1) X --- X (a;—1,b;—1) x (0,1) x
(@it1,bit1) X -+ X (an,by). Now let Ry, be a rectangular box satisfying (Z2]) and
let L; := b;—a;. For each of the i-th faces, we may rescale the appropriate inequality
in z; by L;. Then adding the respective terms in the inequalities for all the faces of
ORy, taking the square root of both sides of the inequality, and using (2.2)) again,
we obtain for any v € H'(Ry) and 0 < e <1

1/2
</ |v|2d:1:’>
ORy,
) 1/2 1
1/2 2
§C<(6L) (/R Vol dx) +W/RL |v|dx> ,

for some constant C, fixed for the remainder of the proof.
Let € > 0 be defined as

(4.18)

(4.19)
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Note that by 33), ¢ < 1 for a suitable choice of Cy. By the application of
Lemma [3.2in the form of [IS), we have for any v € H'(Ry),

1
[ 5ol [ moieh+ [ g
Ry, Ry, ORL
1
> [ g agm [l [ g
Ry 2 Ry ORy

o f o f () ()

1
> [ SIVoP (1 )
@ Jr, 2

e )t (], )
e[, )
B (e (], )) L

ok=x =Sy
(4.22) N — </ g2> .
& 2(1 — |m|)»+T \Jor,

Here we used the Cauchy-Schwarz inequality in (£20) and the trivial inequality
ta? —ab > —3b? for @ZI). Part (b) of Lemma B3 now follows from ([B2) and
(#22), with a modified choice of Cy to accommodate both [@22) and € < 1 in

@), O

Proof of Lemma B4l Let g € L2(ORy) satisfy (33) and let b be a minimizer of the
24). By Lemma B3]

Ziﬁ
(4.23) /\B|2§Co(/ 92> :
RL 8RL

where Cj is as in Lemma By definition there exists & € L>°(Rp,[—1,1]) such
that divb +m = @, and b-v = g on Ry. By 22) we may divide Ry, up into
boxes R; whose side lengths are all between 1/2 and 1. Note that the number of
R; is bounded above by 2"L™. On each R; we may choose u; € BV (R;,{+£1}) such

that
/ U; = / ’l~l,,
R; R;

where u; has exactly one interface of the form z1; = a. We may now solve

7A’l)i = U; — o in R1
(4.24)
Vv, -v=0 on OR; .

Setting b; = b — Vu;, we find

diVbl':diVB+u1’*ﬂ:ﬂ*m+ui*ﬂ:ui*m on R;.
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On the other hand, we have

w2 [ v = [ con [ weins ([ @ _@z)é (] U;)é |

Since the rectangle R; has side lengths between 1/2 and 1, Poincaré’s inequality
(for functions with zero mean) gives

(/ 2) s(/ wﬂ) ,
Ri Ri

which combined with (23] yields

[ el s [ u-asir <1
R; R;
Thus defining (u,b) on Ry, to be (u;,b;) on R;, we find

divb=u—m onR;,, b-vr=g ondRj.

Note that the additional interfacial area introduced by piecing together the w; is
bounded by 2nL™. Thus using (£23)),

1
E(b,u,Ry) < - b;|? YV, "
i) 5 S (5[ wl [ wul)+
< 1/ B>+ > 1/ |Vu»|2+/ |Vu,| | + L™
~ 2 RL - 2 Rl 7 Rl 1

Lﬁ
S </ g2> + LM L4 L.
ORy,
Finally,
n42
1 1 ,) 7
O-g(L)S _nE(bauvRL)SC 1+_n g ;
L L Ry
for some constant C. Lemma [3:4 now follows with C := max{C, Cy}. O

Proof of Lemma BEl. We give the proof for minimizers over A(Qp) and Ay(Qr)
simultaneously. Let (ug, bg) be a minimizer of E(ug, b, @) on either A(Qr) or
Ao(QL), and let a € Q. For I < L we define

h(l) == E(uo, bo, Qi(a) N QL) -

Note that evaluating the energy on @Q;(a) N Qr takes into account the part of the
measure |Vug| concentrated on the surface 0Q;(a) N Q. In particular, h(-) is an
upper semi-continuous, nondecreasing function.

By Lemma [B4] applied to g := 0,

(4.26) ML) < E(ug,bo,Qr) = 0(Qr) L™ < 0%(Qr) L™ < C1 L™,

for the case of minimizers over A(Qr). The same holds true for minimizers over
Aop(Qr) provided we remove the third term in this chain of (in)equalities.
We may assume that there exists an [ < L such that

(4.27) h(l) > 301" ;
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otherwise there is nothing to prove. Consider the subset of R,
S = {l € [0, L] ‘ h(l) > 3Cll"} .

Since h is upper semi-continuous, S is closed and, in view of ([£27), nonempty.
Hence

ly :=sup S
belongs to S, and by ([@26]), l. < L. Thus we have
h(ly) > 3C41} and h(l) <3Cyl" Vie (I, L].

Since h is nondecreasing, we must have

(4.28) h(l,) = 3C,1

and

(4.29) h' (1) == lim sup hit- +¢) = hL) <3nCym .
e—0t €

Our goal is now to show that [, must be bounded above independently of L. To
this end, without loss of generality we may assume

8
(4.30) I, > max {(3n)1/201, —"} .
C1
For all € > 0 we have, by definition of h,
1 1
(4.31) - S[bol® <

/ h(l, +€) — h(l,)
€ J(Qite(a)=Qi.(a))NQL 2 €

Next we take the limsup as ¢ — 0% in ([£31]). To pass to the limit in the integral
on the left-hand side we need, for instance, that by is continuous. This follows by
standard elliptic regularity: Indeed, since

boz—Vv, divbozuo—minQL,

with v = 0 on 9Qy, in the case of A(Qr), and Vv - v = 0 on dQp, in the case of
Ao(Qr), standard Schauder theory implies

veCH(Q), and hence by e C**(Q;),
for all & < 1. Thus we deduce from ([@29), (£30), and (@3] that
1 1 1
(4.32) / —(bg-v)* < / —|bo|* <3n Oyt < T
oQ. ()NQL Q1. ()Qr 2 1

Notice that the rectangular box @Q; (a) N QL is not too anisotropic in the sense
that it satisfies (2.2)) with L replaced by [.. Also note that

9(Qu.(a) N QL) = (9Qu. () N Q1) U (Qr(@) N 9Qs) -
Hence by ([£32]), we may apply Lemma B4 to

by v on dQ, (a)NQrL,
g:=

0 on Qy, (a) NOQy,
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b.d.=byv b.d.=bgv

. - b.d.=0
-

o . 0, (a)nQ,

FIGURE 1. Two possible positions for Q;, (a)N@Qy,, and correspond-
ing Neumann boundary conditions on 9(Qy, (a) N QL).

(see Figure[ll) and obtain

n+2

1 1 n+1
o?(Q1.(a) N QL) < C1 I+ (/ §g2>
* 9(Q1, (a)NQrL)

Hence there exists (u*,b*) on @, (a) N QL with

(4.33) b*-v=0 on @ (a)NIQr and b*-v=bg-von dQ;, (a)NQr,

and
nt2
1 n+1
Ew",b*,Q(a)NQr) < Ci |+ (/ §(b0 : y)2>
9Q1, (a)NQr,
(4.34) < O (z:+ (3n Clszl)ﬁfﬁ) .
@
By @.33),

(U*vb*) on Ql* (CL) N QL?

(ug,bo) on Qr\ Q1 (a)
is admissible on A and Ag respectively. Hence in either case,
E(uo,bo, Q1. (a) N QL) + E(uo, bo, QL \ Q1. (a))
E(ug,bo, QL)
E(ii,b,Qv)
E(u*,b*,Qy.(a) NQr) + E(up, by, Qr \ Q1. (a)) +4n 271,

(@,b) =

IN AN IA

Thus

E(ug,bo, Qi.(a) NQr) +4n i}~
E(u*,b*,Q.(a)N QL) +8nll!
o (1;} + (3n Clz:fl)ﬁfﬁ) 4 8n !

n+2

2011? + Cl (STL Cll:_l) ntl |

Combining the above with ([£28]), we find
30" < 2041 + Cy (3n Cylm Yyt |
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SO
1y 22 n+t1
< (BnCyll h) ", e, 1L, <(3nCy)2
Hence the lemma, follows for
Cy = max{(3n)1/201, g—n, (3nCl)n;r1} . O
1

Proof of Lemma B8l Asin LemmalB.5l we present the proof for a minimizer (ug, bp)
of E(u,b,Qr) over A(Qr) and over Ay(Qr) simultaneously. Since here there is no
need to keep track of constants, we adopt the < convention.

The crucial ingredient here is Lemma [3.5] which yields a uniform bound on local
averages of |bg|?; that is,

(4.35) / bol? <1
Q1(a)

for every cube Q1(a) contained in Q..

The rest of the proof relies on a standard argument of elliptic regularity theory
and is briefly sketched. First of all, we recall that for every p with 1 < p < co the
norm

[Av]lp + 1Vollp + (vl

is equivalent to the standard norm on the Sobolev space W2*(Q;). Then a standard
compactness argument shows that the same holds true for

[Av]l, + Vol + [m(v)],

where m(v) denotes the average of v on Q. Since W227(Q;) is embedded in
Wh°(Q1), we have

(4.36) [ollwroe S lollwezn S 1 A0[I2n + [Vl + [m(v)]

for every v € W227(Q), and by density also for every v € Wh(Q1).

In order to apply estimate ([36) to by we recall that there exists v € H'(Qr)
such that b = —Vv in Q. Fix a cube Q1(a) contained in Qr: Upon addition of
a constant we can assume that the average of v on Q1(a) vanishes. Hence (£35),
([@34), and the fact that Av = divb = u —m yield

bollee = Vlloo S |A0[I2n + [[Vlly + [m(v)] = [[u = mll2n + [lbollL ST,

where all norms refer to the domain Q1(a). The L*®-bound for by on the whole
Q1 is obtained by covering this cube by cubes of the form Qi (a). O

Proof of Lemma Bl The proofs of statements (i) and (ii) are very similar. We
present (ii). Let (u, b) be a minimizer for E on A9(Qr). Let C5 denote a constant
which we will choose shortly. Since L > 2C5A, the frame Qria2c,a \ QL can be
partitioned into rectangular boxes R; of side lengths between %CgA and C3A (see
Figure [2)).

We now apply Lemma [3.4] to any of these R; with C3A playing the role of L and
with boundary data

g onOdR;NIQrL,

0 ondR;\Qr.
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|

— O . b.d.=0 b.d=g
| ] — Oroca

FIGURE 2. Left: Frame Q20,4 \ @1 partitioned into rectangular
boxes R; of side lengths between %C;;A and C3A. Right: Boundary
values on OR; for the application of Lemma 3.4

The assumption on the boundary data in Lemma [3.4] becomes

(4.37) / g> g—(cg, L
OR;NOQ L Cl

where C) is the constant from Lemma B4l Since sup |g| = A, it is satisfied by

choosing
Cg =V 2n Cl .

Thus Lemma B4 yields (u;, b;) on R; such that

n+2
n+1
E(ui, bi, RZ) S Cl ((CgA)n + (/ 92) )
OR;NOQ L,

(4.38) < CA"(1+A?)
(298374
and
g=b-v ondR;NIQy,
bi V=
0 on OR; \ Qf, -
Thus the pair
(ua b) on QLa
(uy, by) :=

(ui,b;) on OR;
is admissible for 0%(Qr2c54), and hence

(L+2C30)"0%(Qri2c5n) < (u*7 b.,Qri2c,)

< u,b,Qr) +Z (i, by, Ri)+4n(CsA)" )
L n—1

< L”ag(QL)+C(K> (A"(1+A%) + A1),

(E38)

In the last line above, we used the fact that the number of R; does not exceed
(L/A)""'. Thus

P(Quincan) < o*(Qu) + TEIATAD < o, 4 CLEAD,

The proof of (i) is very similar, with the reverse roles in both the frame and
boundary data of Figure [2} see Figure [3 O
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||

L Q1 aca . b.d=0 b.d=g
‘ ‘ — 0y

FIGURE 3. The analogous structure for the proof of statement (i)

Proof of Lemma B8l Let (ug, bg) be a minimizer of E on A(Qr). Trivially, (ug, bg)
is also a minimizer for ¢9(Qr) with

g=bg-v ondQy.
Hence
(4.39) o(QrL) = 0?(QL).
By Lemma 3.6 we have

lgl S 1.

By Lemma [37](ii), there exist constants Cy4, C' such that

o%(Qric,) < 0%(Qr) + % ,

provided L > Cy. Combining the above with ([@39]) gives the result. O

Proof of Lemma B9l Let (ug, bp) be a minimizer of F on Ay. Let @Q;(a) C @ and
let (us, bs) be a minimizer for 09(Q;(a)) where

bo-v on 9Q(a) NQy,
g:

0 on 8QLﬁQl(a).
Thus (@, b) defined by
(U*ab*) on Ql(a)7

(ug,bo) on Qr \ Qi(a)

(i,b) =

is admissible for ¢°(Qr). Thus
E(u()a bOa QL) < E(fl’a Ba QL) :
By construction, we have
E(”Oa bOa Ql(a’)) < E(u*a b*a Ql (CL)) +4n lnil

or

(4.40) = Bluo, bo, Qifa)) < o*(@Qi(a) + 5 .

for some constant C. Lemma [3.6] implies that

|g‘§1 on an(a)mQL7
and hence by Lemma [B77(i) there exist constants C5,C such that

Qi) < " (Quc) + 5

for I > C5. This combined with ([@40) yields the lemma. O
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Proof of Lemma 310, Let
oy = lilm info¥(Q;) and o* :=limsupo(Q;).
— o0 l—o0

Notice that from Lemma Bl we have the following results: Statements (iv) and (v)
respectively imply

(4.41) ol < o0 and o* >0;
statement (i) gives
(4.42) o <ot
and from statements (ii) and (iii) respectively we have for all [ > C,
(4.43) o(Qp) < limsup o(Qu) <o’
k—o0, kEN
and
(4.44) Q) 2 Jiminf o*(Qu)~ S 20t - 5.

On the other hand, Lemma [3.8] implies that

(4.45) (Quie) <o)+ iz 0l

Thus for any [ > Cy, we have
¢
T

* c *
oy < o%(Qire,) < o(@)+ < ol +
(292 Ez3)

_|_ -

I+ Cs @m)
Letting [ tend to infinity yields 0% < ¢*, which, combined with (£42), yields
equality. Let

(4.46) ot =0 =0".
By @A), o € (0, 00).

Finally, we have for all [ > Cy,
C C C
> g9 - = > - =
U(Ql) = O (QZ+C4) I ,_ o 1+ 04 1

On the other hand, for [ > 2CY,
C . C
O'O(Ql) < U(QZ—C4)+ ﬁ < o —|—l R

E1m) — Y4 @E3), @&36) — Ly

This combined with Lemma B{i) concludes the proof. O

5. THE PROOF OF THEOREM [[3]

The proof will follow from Theorem [T} the L>° bound for minimizing b (Lemma
[B6), and a suitable weak formulation of the Euler-Lagrange equation. Under a reg-
ularity assumption for the interface associated with u, the Euler-Lagrange equation
reduces simply to an equation relating the mean curvature of this interface to the
potential v associated with b (¢f. [I0]). In Lemma Bl we give a weak version of
this statement which holds regardless of the regularity of the interface associated
with w.

Throughout this section, given a function u € BV (Qr,+1), we denote by p the
density of the vector-valued measure Vu with respect to its total variation |Vu|. We
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recall that this unit vector field corresponds to the measure-theoretic inner normal
of the set of finite perimeter A := {u = 1} (¢f. [13], Chapter 3).

Lemma 5.1. Let (ug,bg) be a minimizer of E on A¢(Qr). Then there exists
vy € CY(Qpr) such that by = —Vvy and

GO il [ v (D¢ [l =0,

for any smooth vector field ¢ with compact support in Q. Here D( denotes the
matriz of partial derivatives 0;¢; and pu denotes density of Vug with respect to |Vug).

Note that, while we only need the result for ¢ with compact support, Lemma [5.]]
also holds for all smooth vector fields ¢ on @ with (-~ =0 on 9Q.

Proof of Lemma Bl The existence of a potential vy associated to by was already
established in the Introduction, while the C'(Qp) regularity is a by-product of
Lemma [30l Let Ag := {up = 1} and let ¢ : Q@ — R™ be a compactly supported
smooth vector field. Note that any admissible u for Ay(Qr) must have average
m; alternatively the set {u = 1} must have volume fraction (1 + m)/2. Thus the
optimal ug is a mass constrained minimizer, and this must be taken into account
when computing the variation of E associated to a vector field (.

The assumption m € (—1,1) implies 0 < |Ag| < |QL], and hence there exists a
vector field Z , compactly supported in @, such that

~ 1 ~
(5.2) 0+# div(dr = = / ugdiv{ dx .
Ao 2Jq,

We now consider the flow F; s : @ — Q1 defined by

o~

Fis(@) ==z +t((z) + s¢(z),

for ¢, s sufficiently small. Let u; s be given by

S { 1 on F4(Ag),

b8 - —1 on QL \Ft,s(AO) .

Our goal is find s = ¢(t) such that |F;, 4;)(Ao)| = |Ao| for small ¢. To this end, note
that the Jacobian of F; , denoted by JF} , satisfies (¢f. the proof of Theorem 10.4
in [13])

JF, s =1+tdiv(+sdiv(+o(t, s).
Thus setting

V(t,s) = |Fya(Ao)| = / JF, dz,

Ao
we have V(0,0) = (1 4+ m)/2 and
oV (t, s)

Os

= / div(dzx #0,
s=t=0 Ao

and therefore we may apply the implicit function theorem to the equation V (¢, s) =
(1+m)/2 to obtain a function s = ¢(¢) such that ¢(0) = 0 and

Vit g(t) = -+

2 for small ¢.
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Note that
B / A, divCde
/ Ao div ¢ dx

It follows that the volume of the set F} 4 (Ao) is equal to the volume of Ag for
t sufficiently small, which is equivalent to saying that the functions u; 4(;) satisfy
the mass constraint LL fQL ug,g¢) = m and therefore belong to Ag(Qr). Let vy
denote any potential associated with u, g(¢), i.e., —=Avy = uy g4y —m with Neumann
boundary conditions. Note that ugo = up and —Vvy = bg. Hence setting E; =
E(ug, (1), =Vt p1), QL), we must have

dE
(5.3) = =0

dt |,_,
To calculate the left-hand side of (53)), note that this consists of two terms, the
surface energy and the nonlocal energy. For the surface energy, the calculation
is identical to that of Theorem 10.4 of [I3], whereas for the nonlocal part, the
calculation is identical to that of Theorem 2.3 of [10]. Together, these calculations
yield

¢'(0) =

| [oole+#0) - u] 19l

QL
+ [ [av(c+000) = (D¢ + 6O )n) -] Tua] =o0.
Qr
Hence

0 = /L(UOC'M)|VU0+/QL [div ¢ — i~ (DG )] [Vo|
L H0) (/Q (v0C- 1) Vol +/Q [aivC — - (D) |Vuo|) |

Thus (5.1) will follow by modifying v € C*(Qr) by the addition of a constant so
that

|l alVul+ [ [divC= (DT 4] Tuol =0,
L L
This is possible because of condition (5.2). O

We now prove Theorem For convenience of notation, let us break from the
tradition of using 0-subindices for denoting the minimizing pair for E on Ag(QL)-
It will be denoted simply by (u, b).

Proof of Theorem [L3l The indexed constants C; and Cs in this proof will have no
relation to those of the previous sections, and note that the generic constant C' may
change from line to line. Let (u,b) be a minimizer of E on A¢(Qr) and let v be as
in Lemma [5.Jl The proof relies on Theorem [[.T] which implies

(5.4) / [Vu| S R* forallae @p and R >1s.t. Br(a) C Qr,
Br(a)

and on Lemma which implies
(5.5) sup [Vu| < 1.

L
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These two bounds will be coupled via Lemma [E.1] with a suitable choice of test
function ¢. This test function is a localized piece of the gradient of a mollification
of u. The localization is centered at a € QJr, and there will be two constant length
scales associated with : A localization length scale R and a mollification length
scale r. These two scales will be set within the course of the proof. In fact, once
constants C; > 1 and Cy > 1 are chosen, one may choose R and r such that

1

. < —
(5.6) r_Cl

<C; <40, < R.

Fix a smooth cut-off function 7(x) such that
0<n<1, suppnC By)2(0), n=1o0n By;,(0).

For fixed R and a € @, such that Br(a) C @, we define

nr(z) =1 <xRa> :

We choose a mollifying kernel ¢, supported in By /4(0), and define our test function

in (51)) to be

C:=nr Vu.y,
where the mollification «} is defined by (Z1). It is convenient to extend ¢, u, etc.
to 0 in the complement of their domains.
We claim that the following estimates hold for the terms in (G.1)):

Rn
5:7) [ e ey vl £ 3
Rn
(58) [ 1o s T
and
59) ¢ plvul 2 R
QL

We first show how (&), (B8] and (E3) imply

1 1
(5.10) suap [ S5+ =R
B mr(a)NQL r r

for all r, R satisfying (5.6). Note that since a can be any point such that Br(a) C
Q1, inequality (BI0) will imply an upper bound on v(xg) which holds for all g €
Qr, and thus we have (LLI6). For z¢ € B zr(a) N QL, we have

v(x0) /Q CoulVul = /Q oC - 1Vl + /Q (v(z0)—v)C - |V

= _/QL (dive—p - (Dgu))|Vu|+/ (v(wo) —v)¢ - plVul,

L
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and hence

pl S g (e 0cu)

)

+] AR

< 1 R" R™

< = —+ sup l[v—v(xo)|—
ED), E3) r Br(a) r

S i2+57

(m) T T

which gives (G.10).
It remains to prove (5.7), (E8) and (&9). We start with (57). First notice that

1
(5.11) sup |Vuir| < sup  |Vui| < sup |y Vo, < -
Bpry2(a) Br/24r/4(a) Br/24r/2(a) R™ r
and
1
612 swp [DPul< s |Duil< sw o ful [ 0% S
Brya(a) Br/atr/a(a) Br/a4r/2(a) R™ r
Thus from
D¢ = nrD*ul + Vuis @ Vg
we obtain
(513) Sup|DC| S sup |D urr‘ + 5 sup |Vurr S ) + -5 S o
R™ Br/2(a) R Br/2(a) r rR G "
Thus
. < R"
(div¢ — g~ (DCp)) [Vul| < sup |D( Vul < —,
L R™ Brya(a) G, 6™ "

which gives (&1).
Estimate (58] is very similar. Indeed,

1
(5.14) sup ¢ < sup [Vuii| S -,
Br(a) Bry2(a) G "
and hence
Rn
|16 ulivul < sup] v 5 2
L R™ Brya(a) G2, 6@ "

The proof of (5] is more involved. In order to focus on the heart of the estimate,
note that (5.9) follows from the next two estimates if R is chosen sufficiently large,
that is for a suitable choice of constant C; in (5:6): There exists a constant C' such
that

(5.15) } Culvil = [ vl | < cr
Qr Qr

and

1
(5.16) | wlvuif = gre.

L
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To prove (5IH), note that

CulVul = [ Ve - / meVu) uVal = [ (e Vu); -V
QL L L
- / (Vs — (ng Val)s) - V).
Hence
] ¢oulval - [ < sup IneVult — (g Vul):l Vu
QL QL Br(a) Bry2(a)
(5.17) S R"sup [nrVurr — (nr Vug)rl .
=D Br(a)

For the supremum note that

(153~ (e Vu);) &) = [ (o) = el — ) V(o — 1) 00 (o) dy.
so that

sup [nRVult — (e Vud)i| < sup [Vis| sup  [Ver / 1yl 6+ (3) dy
Br(a) Br(a) BRr/a+tr/a R~
1 1 1
(5.18) < =_.
g Rr R

The combination of (5I7) and (5.I8) yields (B.13]).
It remains to prove (B.16]), which is the most involved. First we note that (510)

will follow if we can show

1
(5.19) / |Vur|? > =h"2
By (a) C
for all a,r, h with Bay(a) C Qr and
r< i <(Cy<h,
=G 2

where C5 > 1, and hence R, are now chosen such that R > 4Cy > C;. To see this,
let h = Cs. There exist a family of points {a;};cs such that

~ - . 1 R"
(5.20) Bn(a;) C Brya(a), {Bn(ai)}ier are disjoint, #1 > Ch
Hence we have
[ omivar = [ wap
Qr Brya(a)
> [ v
E20) ; Bp(aq)
> 1Rhn72_1R: 1R”.

cm em C h" T Chr T CCE
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We turn to establishing (5I9). It will follow from the following four estimates:

.2
(5.21) / wr— Lm Ch2/ Vi,
By (a) f77h By (a)
. C
(5.22) nn(uy, —m)| < 5 U
By (a) Bp(a)
(5.23) / uf — uf2 < Crhn,
Bh(&)
2 1 n
(5.24) |lu—m|* > =h
B (a) c
for some constant C'. To see this, note that
h" < c lu—m|?
E=Z By (a)
< C / |u;‘f—m\2+/ lu — k|
By, (a) By, (a)
< C |t —m|* + Crh"
E=) By (a)
* |2 * 2
< C / ui _ fnhur +hn Inh(ur m)‘ +Crh®
By, (a) fﬁh f77h
< c h2/ |Vui > + "2 4 rh™ |
EZD), E2) Bn(a)

and so

C
We lastly address (5.21)) - (524). Upon rescaling, (5.21]) turns into

/ 3/ Va2,
B1(0) B1(0)

where @ is a re-scaled version of w). This inequality is a version of Poincaré’s
inequality with mean value zero and is established via a compactness argument.
Estimate (5:22)) follows since

/ 7Mﬁ—m=/' memm=/’ Vo - Vo
Bp(a) By (a) By (a)

/ Mh -
Bp(a)

1
/ |Vui> > Zh" 2 —pnt —rh" 2,
Bp(a)

implies

S =

t/ i (uf — )
By (a)

For estimate (0.23]), note that since u* — u is bounded,

/‘|@—Ws/'|w—w
Bh (&) Bh (&)

< sup |Vv| [Vor| < vl =
By (a) E3)



ISOPERIMETRIC PROBLEM WITH LONG-RANGE INTERACTIONS 601

We also have
/ [Vul < (h+r/4)" <h™.
Bpyrya(a) ((5e)

Thus the estimate (523) nows follows from the standard estimate

[ w—uise [ v,
By, (@) Bhyrya(a)
Finally (524)) follows from the fact that v € {—1,1} and m € (—1,1). O

6. INTERPRETATION AND CONSEQUENCES OF THEOREM [I.3]

Recall from the Introduction the notion of large scale average volume fraction
fluctuations: That is, for ¢g satisfying (LII)) and ([I2)), we take any admissible
(u,b) on Ag(Qr) for a very large value of L, and consider the quantity

(6.1) /B | onle) )~ da

for Br(a) C Qr. We are concerned with the rate of decay of (6.1)) as R gets larger.
As we described in the Introduction, the bound on the potential yields a certain rate
of decay of these fluctuations as R tends to +o0o. Our goal here is use Theorem [[3]
to show that, while this rate of decay is much weaker than rates for a truly periodic
structure, for n < 4, it is stronger than the one for a random checkerboard pattern.
In this sense, the optimal pattern has less large scale variations of the average
volume fraction than a pattern with a finite correlation length.

In Proposition 6.1l we investigate the behaviour of quantity (6.1I) in several
cases, to conclude that, while our result (6.0]) for a minimizer is much weaker than
for the periodic structure (63]), for n < 4, it is stronger than the behavior of a
generic random pattern with strongly decaying correlations. Let us first make a
few definitions.

By a genuinely periodic structure u, we mean a function v defined on R™ such

that for some [, we have
u(z) =14 (lz) ,

where @ is 1-periodic with mean m, i.e.,

w(r+k)=1a(x) VreR" keZ"” and adr =m.
Q1
We define what we mean by a generic random pattern with strongly decaying
correlations. For convenience, we define our pattern over R™. For each x € R™, let
u*(z) be a random variable with mean m. We use (u*(x)) to denote the expected
value (ensemble average). We further assume that the spatial covariance function
V of the random field, u*(x),z € R™, decays on a length scale [, in the sense that

(6.2) <(u*(a:)—m) (u*(y)—m)>=V(z_y) Va,y,€ R™,

Ly
with

(6.3) / V()| < oo.
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We will use the term generic (¢f. Remark [6.2) to mean

(6.4) V() #0.
Rn
Proposition 6.1. We have the following:
(i) If u is a genuinely periodic structure, then for any a € R™ and positive integer
p there holds

(6.5) /B  on@) ut) —m) | <O W)

(ii) If (ug, bo) is a minimizer of E(u,b,Qr) over Ag, then

1

(6.6) =

< C(n,m)

/ 6r() (uo(w) — m) dz
Bpg(a)

(iii) If u* is a generic random configuration with mean m and strongly decaying
correlations, then

1/2

(6.7) < (/BR(G) or(x) (u*(z) —m) dx) > > C(u*)# .

Proof. (i) Fix p € N. Since @ — m is periodic with mean zero on @)1, there exists a
bounded periodic © on R™ such that

ANPO=1u—m.

Hence

or(z) (u(x) —m)dx
RTI,

[ onlw) B30 (f) dz

2 [ APpR(z) v (“'”) da

R l*

IN

Ersupll [ ALon(a)| do
RW ]Rn
1
(ii) This follows directly from Theorem [[3] by integrating by parts once more in

(CI5).

(iii) We claim that

©9)  Jm R <( [ ontar —m>)2> ([ &) ([ vo)e

Hence by (6.4) we have

2
(69) <( [ ontur =) > > s

for R sufficiently large.
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To show (6.8), we note that

<(/ ¢R(“m)>2> - </ ¢R<w>¢R<y><u*<x>m)(u*(y>m>dxdy>

[ o) ont) (@) = m) (@)~ m) drdy
[[ ¢t onwv (”““ - y) dz dy

l:/ br(2) dr(x — 1,2) de V(2)d2

(6.10) = ;;/ ¢1(2) ¢1 (2 — L.R™'2) di V(2)dz.

Since
}%iinoo/¢1(9%)¢1 (- LR '2) di = /qﬁ(;ﬁ) dz,

equation ([G.]) follows from (EI0), (G3) and Lebesgue dominated convergence the-

orem. O

Remark 6.2. We end by noting that (6.2)), (63) and (6.4)) hold for a random checker-
board pattern. By this we mean a function u* which is piecewise constant on the
cubes

{h+ Kkl + (0,1.)" }rezn

for some fixed h € (0,1,)™, and such that the values on these cubes are independent,
identically distributed random variables taking the value 1 with probability (1 +
m)/2 and the value —1 with probability (1 —m)/2. For fixed h € (0,1.)", we have

1—m? if x,y are in the same cube,
((u*(z) —m)(u*(y) —m)) =

0 otherwise.

In order to make the pattern statistically homogeneous, we randomize the shift A
to make it uniformly distributed over (0,1.)™. We obtain

(u*(x) —m)(u*(y) —m)) = (1 —m?)p(z,y are in the same cube)

= (1-m? max{lw, 0}

---max{l—ml;yn,O}.

The covariance function V is hence given by

V(z) = (1 m?) max{l_ |71|a0}~--ma><{1—|zl—",o},

*

which clearly satisfies (62), [63]) and (©4).



604

GIOVANNI ALBERTI, RUSTUM CHOKSI, AND FELIX OTTO

ACKNOWLEDGMENTS

The research of the first author was partially supported by the MURST research
project Calcolo delle Variazioni. The research of the second author was partially
supported by an NSERC (Canada) Discovery Grant. The research of the third
author was partially supported by the German Science Foundation through SFB
611 and by the Hausdorff Center for Mathematics. The third author also thanks
the Pacific Institute of Mathematical Sciences for their hospitality. We would also
like to thank the anonymous referees for many helpful comments on the manuscript.

[1]
2]
3]

8

9

(10]
(1]

(12]

[13]

[14]

(15]

[16]
[17]

18]

REFERENCES

Alberti, G.; Miiller, S.: A new approach to variational problems with multiple scales. Comm.
Pure Appl. Math. 54 (2001), no. 7, 761-825. MR1823420 (2002f{:49016)

Bates, F.S.; Fredrickson, G.H.: Block copolymers - Designer soft materials. Physics Today
52 (1999), no. 2, 32-38.

Brézis, H.: Opérateurs mazimaux monotones et semi-groupes de contractions dans les espaces
de Hilbert. North-Holland Mathematics Studies 5. North-Holland Publishing Co., Amster-
dam, 1973. MR0348562//(50:1060)

Chen, X.; Oshita, Y.: Periodicity and uniqueness of global minimizers of an energy func-
tional containing a long-range interaction. SIAM J. Math. Anal. 37 (2005), no. 4, 1299-1332.
MR2192296/|/(2006k:49027)

Chen, X.; Oshita, Y.: An application of the modular function in nonlocal variational prob-
lems. Arch. Ration. Mech. Anal. 186 (2007), no. 1, 109-132. MR2338353

Choksi, R.: Scaling laws in microphase separation of diblock copolymers. J. Nonlinear Sci.
11 (2001), no. 3, 223-236. MR1852942 (2003h:82091)

Choksi, R.; Kohn, R.V.; Otto, F.: Domain branching in uniaxial ferromagnets: a scaling
law for the minimum energy. Comm. Math. Phys. 201 (1999), no. 1, 61-79. MR1669433
(2000¢:49060)

Choksi, R.; Peletier, M.A.; Williams, J.F.: On the phase diagram for microphase separation
of diblock copolymers: an approach via a nonlocal Cahn-Hilliard functional. Submitted.
Choksi, R.; Ren, X.: On the derivation of a density functional theory for microphase sep-
aration of diblock copolymers. J. Statist. Phys. 113 (2003), no. 1-2, 151-176. MR2012976
(2004k:82065)

Choksi, R.; Sternberg, P.: On the first and second variations of a nonlocal isoperimetric
problem. J. Reine Angew. Math. 611 (2007), 75-108. MR2360604

Conti, S.: Branched microstructures: scaling and asymptotic self-similarity. Comm. Pure
Appl. Math. 53 (2000), no. 11, 1448-1474. MR1773416//(2001:74032)

DeSimone, A.; Kohn, R.V.; Miiller, S.; Otto, F.: Recent analytical developments in micro-
magnetics. In The science of hysteresis. Vol. II. Physical modeling, micromagnetics, and mag-
netization dynamics (G. Bertotti and I.D. Mayergoyz. eds.), pp. 269-381. Elsevier/Academic
Press, Amsterdam, 2006. MR2307930

Giusti, E.: Minimal surfaces and functions of bounded variation. Monographs in Mathemat-
ics, 80. Birkhauser Verlag, Basel, 1984. MR775682|/(87a:58041)

Goldstein, R.E.; Muraki, D.J.; Petrich, D.M.: Interface proliferation and the growth of
labyrinths in a reaction-diffusion system. Phys. Rev. E (3) 53 (1996), no. 4, part B, 3933—
3957. MR1388238 (97b:35100)

Kohn, R.V.: Energy-driven pattern formation. In International Congress of Mathematicians.
Proceedings of the Congress held in Madrid, August 22-30, 2006. (M. Sanz-Solz et al., eds.),
vol. I, pp. 359-383. European Mathematical Society (EMS), Ziirich, 2007. MR2334197
Lieb, E.; Loss, M.: Analysis. Graduate Studies in Mathematics, 14. American Mathematical
Society, Providence, RI, 1997. MR1415616 (98b:00004)

Miiller, S.: Singular perturbations as a selection criterion for periodic minimizing sequences.
Cale. Var. Partial Differential Equations 1 (1993), no. 2, 169-204. MR1261722 (95k:49030)
Muratov, C.B.: Theory of domain patterns in systems with long-range interactions of
Coulomb type. Phys. Rev. E (8) 66 (2002), no. 6, 066108. MR1953930 (2003k:82028)


http://www.ams.org/mathscinet-getitem?mr=1823420
http://www.ams.org/mathscinet-getitem?mr=1823420
http://www.ams.org/mathscinet-getitem?mr=0348562
http://www.ams.org/mathscinet-getitem?mr=0348562
http://www.ams.org/mathscinet-getitem?mr=2192296
http://www.ams.org/mathscinet-getitem?mr=2192296
http://www.ams.org/mathscinet-getitem?mr=2338353
http://www.ams.org/mathscinet-getitem?mr=1852942
http://www.ams.org/mathscinet-getitem?mr=1852942
http://www.ams.org/mathscinet-getitem?mr=1669433
http://www.ams.org/mathscinet-getitem?mr=1669433
http://www.ams.org/mathscinet-getitem?mr=2012976
http://www.ams.org/mathscinet-getitem?mr=2012976
http://www.ams.org/mathscinet-getitem?mr=2360604
http://www.ams.org/mathscinet-getitem?mr=1773416
http://www.ams.org/mathscinet-getitem?mr=1773416
http://www.ams.org/mathscinet-getitem?mr=2307930
http://www.ams.org/mathscinet-getitem?mr=775682
http://www.ams.org/mathscinet-getitem?mr=775682
http://www.ams.org/mathscinet-getitem?mr=1388238
http://www.ams.org/mathscinet-getitem?mr=1388238
http://www.ams.org/mathscinet-getitem?mr=2334197
http://www.ams.org/mathscinet-getitem?mr=1415616
http://www.ams.org/mathscinet-getitem?mr=1415616
http://www.ams.org/mathscinet-getitem?mr=1261722
http://www.ams.org/mathscinet-getitem?mr=1261722
http://www.ams.org/mathscinet-getitem?mr=1953930
http://www.ams.org/mathscinet-getitem?mr=1953930

[19

20

ISOPERIMETRIC PROBLEM WITH LONG-RANGE INTERACTIONS 605

| Nishiura, Y.; Ohnishi, I.: Some mathematical aspects of the micro-phase separation in diblock
copolymers. Physica D 84 (1995), no. 1-2, 31-39. MR1334695 (96g:35196)

| Ohnishi, I.; Nishiura, Y.; Imai, M.; Matsushita, Y.: Analytical solutions describing the phase
separation driven by a free energy functional containing a long-range interaction term. Chaos
9 (1999), no. 2, 329-341. MR1697656 |(2000d:35244)

[21] Ohta, T.; Kawasaki, K.: Equilibrium morphology of block copolymer melts. Macromolecules

[22

[23

19 (1986), no. 10, 2621-2632.

] Ren, X.; Wei, J.: On energy minimizers of the diblock copolymer problem. Interfaces Free
Bound. 5 (2003), no. 2, 193-238. MR1980472/|(20041:82077)

] Ren, X.; Wei, J.: Wriggled lamellar solutions and their stability in the diblock copolymer
problem. STAM J. Math. Anal. 37 (2005), no. 2, 455-489. MR2176111|/(2006m:35112)

[24] Ren, X.; Wei, J.: Existence and stability of spherically layered solutions of the diblock copoly-

25
26
[27
[28

29

mer equation. SIAM J. Appl. Math. 66 (2006), no. 3, 1080-1099. MR2216732/|(2007a:34088)

| Seul, M.; Andelman, D.: Domain shapes and patterns: The phenomenology of modulated
phases. Science 267 (1995), no. 5197, 476-483.

| Teramoto, T.; Nishiura, Y.: Double gyroid morphology in a gradient system with nonlocal
effects. Journal of the Physical Society of Japan 71 (2002), no. 7, 1611-1614.

] Theil, F.: A proof of crystallization in two dimensions. Comm. Math. Phys. 262 (2006),
no. 1, 209-236. MR2200888 (2007f:82018)

| Thomas, E.L; Anderson, D.M.; Henkee, C.S.; Hoffman, D.: Periodic area-minimizing surfaces
in block copolymers. Nature 334 (1988), no. 6183, 598—601.

| Yip, N.K.: Structure of stable solutions of a one-dimensional variational problem. ESAIM
Control Optim. Calc. Var. 12 (2006), no. 4, 721-751. MR2266815| (2007g:49027)

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI PISA, LARGO PONTECORVO 5, 56127 PIsa,

ITALY

E-mail address: galbertil@dm.unipi.it

DEPARTMENT OF MATHEMATICS, SIMON FRASER UNIVERSITY, 8888 UNIVERSITY DRIVE, BURN-

ABY, BC V5A 1S6 CANADA

E-mail address: choksi@math.sfu.ca

INSTITUTE FOR APPLIED MATHEMATICS, UNIVERSITAT BONN, WEGELERSTR 10, D-53115 BONN,

GERMANY

E-mazil address: otto@iam.uni-bonn.de


http://www.ams.org/mathscinet-getitem?mr=1334695
http://www.ams.org/mathscinet-getitem?mr=1334695
http://www.ams.org/mathscinet-getitem?mr=1697656
http://www.ams.org/mathscinet-getitem?mr=1697656
http://www.ams.org/mathscinet-getitem?mr=1980472
http://www.ams.org/mathscinet-getitem?mr=1980472
http://www.ams.org/mathscinet-getitem?mr=2176111
http://www.ams.org/mathscinet-getitem?mr=2176111
http://www.ams.org/mathscinet-getitem?mr=2216732
http://www.ams.org/mathscinet-getitem?mr=2216732
http://www.ams.org/mathscinet-getitem?mr=2200888
http://www.ams.org/mathscinet-getitem?mr=2200888
http://www.ams.org/mathscinet-getitem?mr=2266815
http://www.ams.org/mathscinet-getitem?mr=2266815

	1. Introduction
	2. Basic notation and definitions
	3. The proofs of Theorems 1.1 and 1.2
	4. Proofs of the lemmas
	5. The Proof of Theorem 1.3
	6. Interpretation and consequences of Theorem 1.3
	Acknowledgments
	References

