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On the first and second variations of a nonlocal
1soperimetric problem

By Rustum Choksi') at Burnaby and Peter Sternberg® at Bloomington

Abstract. We consider a nonlocal perturbation of an isoperimetric variational prob-
lem. The problem may be viewed as a mathematical paradigm for the ubiquitous phenom-
enon of energy-driven pattern formation associated with competing short and long-range
interactions. In particular, it arises as a I'-limit of a model for microphase separation
of diblock copolymers. In this article, we establish precise conditions for criticality and
stability (i.e. we explicitly compute the first and second variations). We also present some
applications.

1. Introduction

This article is devoted to the computation and application of formulas for the first
and second variation of the following nonlocal variational problem: For fixed m € (—1, 1),

1
(NLIP) minimize &, (u) :=

|

[1Vul + y [|Vo]* dx,
Q Q
over all

1
@gjzudx:m and —Av=u—m 1in Q.

ue BV (Q,{£+1}) with
We consider both the periodic case, where Q = T", the n-dimensional flat torus of unit vol-
ume, and the homogeneous Neumann case where Q is a general bounded domain in R”. In
the former, the differential equation is solved over the torus T", and in the latter we impose
Neumann boundary conditions (i.e. Vv -v =0 on 0Q). The first integral in (NLIP) repre-
sents the total variation of u, which for a function taking only values +1 is simply the pe-
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rimeter of the set {x : u(x) = 1}. Thus, we refer to this problem as the nonlocal isoperimet-
ric problem (NLIP), since it is a volume-constrained, nonlocal perturbation of the area
functional. Problem (NLIP) is directly related to modeling microphase separation of di-
block copolymers (cf. [2], [9], [22], see also the Appendix) and is closely related to models
arising in the study of magnetic domains and walls (cf. [11], [17]). Melts of diblock copoly-
mers represent a physical system which exhibits the following phase separation morphology
(cf. [6], [34]): the phase separation is periodic on some fixed mesoscopic scale, and within a
period cell, the interfaces are close to being area-minimizing.

The modeling of (nearly) periodic pattern morphologies via energy minimization
involving long and short-range competitions is well-established and ubiquitous in science
(cf. [15], [20], [30] and the references therein). Alternatively, problem (NLIP) can be viewed
as a simple mathematical paradigm for this type of pattern morphology. Let us be clear
on which periodicity we are referring to here. There are two length scales for minimizers
of (NLIP). The first is set by the size of the domain Q, so that for example in the case
Q = T" any minimizer can naturally be regarded as periodic with period one. This is not
the periodicity we allude to, and the choice of periodic boundary conditions imposed by
working on the torus is made for convenience only: Indeed, in Remark 2.8 we indicate
how all of our results can be readily adapted to the homogeneous Neumann setting. For y
sufficiently large, a smaller scale is enforced as a weak constraint via interactions between
the perimeter and the nonlocal term.

Heuristically, it is not hard to see that minimization of the nonlocal term favors oscil-
lation: the constraint | udx = m fixes the measure of the sets {x : u(x) = +1} and distribut-
ing these two sets in an oscillatory way leads to oscillation of the Laplacian of v through the
Poisson equation, thus keeping down the value of the L?-norm of Vv. Accepting that oscil-
lations are preferred, it is not unreasonable to anticipate periodic or nearly periodic struc-
tures emerging as the value of y increases. In one space dimension, it has been proven that
minimizers of (NLIP) and its diffuse interface version (cf. (4.1) in Appendix) are periodic
on a scale determined by y (see [3], [19], [35] for the case m = 0 and [24] for general m).
In higher space dimensions, there is evidence to support the contention that minimizers
are at least nearly periodic (see [1] and the references therein). Whether or not minimizers
are exactly periodic and the precise nature of their geometry within a periodic cell remains
an open problem. We expect that minimizers are at least nearly periodic for large y, and
this inherent mesoscopic periodicity is one of the reasons why (NLIP) is of interest.

Setting y =0 leads to a fixed volume, area-minimization (isoperimetric) problem
(cf. [29]). Posing this problem on the torus gives the periodic isoperimetric problem which,
together with its diffuse interface counterpart (the periodic Cahn-Hilliard problem), is the
focus of an earlier paper of ours [10]. Note that for these local problems, the imposed peri-
odic boundary conditions associated with working on the torus are crucial—greatly influ-
encing the nature of minimizers.

One of the points of this article concerns the observation that in addition to favoring
periodicity on a smaller scale, the long-range (nonlocal) term will also affect the geometry
of minimizing structures. In fact the phase boundary of minimizers will not, in general, be
of constant mean curvature (CMC) as it is for the classical isoperimetric problem where
y = 0. This observation is made precise in Theorem 2.3, where a first variation calculation
reveals that along the phase boundary of a critical point u# one has the condition
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(n—1)H(x)+4yv(x) =4 forall x e d{x:u(x)=1}
for some constant 4. Here H(x) denotes the mean curvature of d{x : u(x) = 1}.

From the criticality condition above, one sees that the phase boundary will be nearly
of constant mean curvature precisely when it is close to being a level set of v. Indeed, one of
our long term goals is to rigorously address the extent to which minimizers of (NLIP) are
close to having CMC interfaces. The connection between CMC surfaces and phase bound-
aries in diblock copolymer melts is well-established in the literature (see for example [1], [4],
[34]). The problem (NLIP) is perhaps the simplest energetic model for phase separation in
diblock copolymers which takes into account long-range interactions due to the connectiv-
ity of the different monomer chains. Numerical experiments on the gradient flow for (4.1)
also suggest that its minimizers are close to being CMC ([33]). Since in the appropriate re-
gime the I'-limit of (4.1) is (NLIP) (cf. [9], [23]), one expects similar behavior for (NLIP). In
[27], [26], a spectral analysis of some simple CMC structures (stripes and spots, and rings) is
presented to establish instability for sufficiently large y (so called “wiggled” stripe and spot
instabilities) for (4.1). Not surprisingly, this closeness to CMC has also been observed in
general reaction-diffusion-type models for Turing patterns (see [12], [14] and the references
therein).

In part to address this issue further, a second and technically more involved point of
emphasis for this article is the calculation of the second variation of (NLIP). While it is
clearly the case that a full understanding of the complex energy landscape for such a non-
local problem will undoubtedly require tools beyond the second variation, which is inher-
ently local, this calculation seems a reasonable starting point for any stability analysis. Of
course the second variation formula for the area functional (y = 0) is a standard calcula-
tion leading to the well-known and useful criterion for the stability of constant mean cur-
vature surfaces:

J(Vaull? = 1Boal ) d#™ ! (x) 2 0
04

for all smooth functions { satisfying [ {(x)dx =0, cf. e.g. [5], [31]. Here we have let 4

oA

denote the set {x: u(x) =1}, Va4 denotes the gradient relative to the manifold d4 and
|| Ba||* denotes the square of the second fundamental form of 04, i.e. the sum of the
squares of the principal curvatures. However, in addition to the incorporation of the non-
local term, we must re-compute the second variation of area since we are taking it about a
critical point of &, not about a critical point of the pure area functional &y. We find in our
main result, Theorem 2.6, that the stability criterion of non-negative second variation for
(NLIP) in the case Q = T" takes the form of the following inequality:

J (Veall® = 1Baall ) do ™1 (x) + 87 [ [ Glax, )L dA™(x) d A7)
o4 404

+ 4y [Vo-vda" ' (x) =0,
04

for all smooth functions { : T” — R satisfying | {(x)dx = 0. Here G denotes the Green’s
o4
function associated with the Laplacian on the torus and v denotes the unit normal to ¢4
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pointing out of 4. A slightly modified version also holds on a general bounded domain
with homogeneous Neumann boundary conditions; see Remark 2.8.

The paper is organized as follows. We carry out the calculation of the first and second
variations in Section 2. In Section 3, we present some applications of these formulas, in-
cluding an analysis of the stability of lamellar structures for small and large values of y
(Propositions 3.5 and 3.6). Our hope is that the first and second variation formulas will
prove to be useful tools in the stability analysis of critical points of (NLIP) of non-constant
mean curvature as well. Finally, in the Appendix we describe the diffuse version of the
functional &,.

Acknowledgments. Part of the work for this project was carried out while P.S. was
visiting the Institute for Mathematics and its Applications in Minneapolis. He would like to
thank the I.M.A. for its hospitality during this visit.

2. The first and second variations of (NLIP)

In this section, we calculate both the first and second variation of the nonlocal iso-
perimetric problem. For the majority of this section, we choose Q = T" and work with pe-
riodic boundary conditions. This is for convenience only and in Remark 2.8, we address the
necessary modifications for working with homogeneous Neumann boundary conditions in
a general domain Q. To fix notation, we will analyze the functional &, given by

(2.1) &, (u) = E(u) + yF(u),

/

where E : L'(T") — R is defined by

1
3 [IVu| if [ul| =1ae.,ueBV(T"), [ u=m,
'D'n

E(u) = i

+0o0 otherwise,

and F : L'(T") — R denotes the functional

[ |Vol*dx if |u| = 1 ae., ue BV(T"), [ u=m,
F(l/l) =T T

400 otherwise,
where v : T” — R! depends on u as the solution to the problem
(2.2) —Av=(u—m) inT", [v=0.
‘l]'"

In the definition of E, we use | |Vu| to denote the total variation measure of u evaluated on
T" (cf. [13]). T

Note in particular that v satisfies periodic boundary conditions on the boundary of
[0,1]". We can write v in terms of the Green’s function G = G(x, y) associated with the pe-
riodic Poisson problem (2.2). Precisely, for each x € T", let G(x, ) be the solution to
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(2.3) —0,G(x,y)=(0x—1) onT", [G(x,y)dx=0,
"ﬂ'ﬂ

where J, is a delta-mass measure supported at x. In particular, if we introduce the funda-
mental solution

1 .
—— log|x| ifn=2,
2n
D(x) := 1

. iftn>2
wp(n — 2)|x|”72

then, for any fixed x e T",
(2.4) G(x,y) — ®(x — y) isa C” function (of y) in a neighborhood of x.

The functions G and v are then related by
(2.5) vo(x) = | G(x, y)u(y)dy.
‘H’n

Calculation of the first and second variations of E alone about a critical point of E is
a standard procedure (see e.g. [31]) that corresponds simply to the first and second varia-
tions of area subject to fixed volume. However, what makes this particular part of our cal-
culation non-standard is that we are not computing this second variation about a critical
point of E but rather about a critical point of E,; hence the phase boundary will not be of
constant mean curvature and the formula will necessarily include an extra term that reflects
this change. More significantly, to our knowledge, the variations of F' have not been previ-
ously computed in this context. Before presenting the result, we should mention that in case
the requirement |u| = 1 a.e. is dropped, then the calculation of the second variation of F is
trivial. To this end, note that

(2.6) F(u) = Tf" Vol dx = _TLU(X)AU(X) dx = 1Tf”v(x) (u(x) — m) dx

= [o@u(x)dx = | [Glx,pux)u(y)dxdy.
T T T"

With this representation in hand, one can easily compute

_ d? . N
O?F (u; it) := I Flu+eu)= [ [G(x,y)u(x)u(y)dxdy,
o0 T T

where the variations # run over all functions in L'(T”") satisfying [ #(x)dx =0 so as

to respect the mass constraint | u = m. However, taking the constraint |u| =1 a.e. into
‘U’Vl

account puts a severe restriction on the variations. Indeed one should really view &, as a

functional depending on a set, say 4 = T”, through the formula

I ifxed
2.7 _ 7
27) u(x) {—1 if xeA°.
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Here A€ denotes the complement of A4, i.e. 4° = T"\ 4, and the n-dimensional measure of
A, which we write as |A4|, is compatible with the mass constraint on u, so that 2|4| — 1 = m.

Our goal is to compute the first and second variations of &, as we allow a critical
point 4 = T” to vary smoothly in such a way as to preserve its volume to second order.
Given a set 4 = T" with C? boundary, we say a family of sets {A4i}1c(_¢ ) for some 7 >0
represents an admissible perturbation (or flow) of A for the purpose of calculating a first
variation if the family {4,} < T" satisfies the following three conditions:

(2.8) X4, = X4 ast— 0in L'(T"),
(2.9) 04, is of class C?,
d
2.10 — |4,/=0
(2.10) G lal=0

where y denotes the characteristic function of a set. Note that necessarily 49 = 4. For the
purpose of calculating a second variation, we will need to consider a family of sets {4,}
that in addition to (2.8)—(2.10) satisfies the second order condition

d2

2.11 —
(2.11) i

|4, = 0.

‘t:[]

Corresponding to each of these families, we define U(x, ¢) and U(x, t) respectively by

1 ifxed,

B . 1 ifxed,
(2.12) U(x,z)—{_l it x e A°, and U(x,t)—{

—1 if xed®.

Note that U(x,0) = U(x,0) = u(x) given by (2.7). Also, for any te (—1,7), we define
V(-,t) and V(-, 1) to be solutions of

(2.13) —AV(,0)=U(-,0)— [U(y,t)dy, [V(x,t)dx =0,
(2.14) —AV(,t) = U(-,1) — ff](y, 1) dy, IV(X, t)dx =0,

respectively. Note that V' (x,0) = V(x,0) = v(x) where v : T" — R! satisfies
(2.15) —Av=(u—m), [v(x)dx=0,
'H'ﬂ
with u given by (2.7).

We now state precisely our notion of criticality and stability.

Definition 2.1. A function u given by (2.7) is a critical point of &, if

(2.16) %l &(U(,1) =0

for every U = U(x, t) associated with an admissible family {A4,} satisfying (2.8)—(2.10).
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Definition 2.2. A critical point u of &, is stable if

d2

(2.17) =

&,(U(-,1) =0

li—o

for every U = U(x, t) associated with an admissible family {4,} satisfying (2.8)—(2.11).

Clearly if u is a local minimizer in L' of &, such that 4 is C? then in particular u will
be stable in this sense.

For the remainder of the paper, we use .#"~! to denote (n — 1)-dimensional Haus-
dorff measure. Our two main results are the following:

Theorem 2.3. Let u be a critical point of &, given by (2.7) such that 04 is C* with
mean curvature H : 0A — R. Let { be any smooth function on 0A satisfying the condition

(qJ"C(x) d#" ' (x) = 0.

Then for v solving (2.2) one has the condition

(2.18) a£ ((n— 1) H(x) + 4yv(x)){(x) d#™ (x) = 0.

Hence there exists a constant A such that
(2.19) (n—1)H(x)+4yv(x) =4 forall x € 0A.

Remark 2.4. When y = 0, one is simply studying critical points of area subject to a
volume constraint so, as is well-known, one gets constant mean curvature as a condition of
criticality. For y > 0 but small one sees from (2.1) that the curvature is almost constant, but
it will not actually be constant unless it happens that 04 is a level set of v solving (2.2). This
will be the case for a periodic lamellar structure (see Proposition 3.3) but note, for example,
that a sphere (or periodic array of spheres) will never be a critical point—unless one works,
as in [26], within the ansatz of radial symmetry.

Remark 2.5. A comment needs to be made regarding the assumed regularity of the
critical point in Theorem 2.3, as well as that to be made in Theorem 2.6 to follow. When
y = 0, it is well-known (see for example [16]) that in dimensions n < 8, the phase boundary
associated with any L!-local minimizer must have constant mean curvature and be an
analytic (n — 1)-dimensional manifold, while in dimensions #n = 8, the same is true off of
a (perhaps empty) singular set of Hausdorff dimension at most n — 8. While the phase
boundary associated with a local minimizer for y > 0 will, in general, no longer have con-
stant mean curvature, we strongly suspect that this lower-order, compact perturbation will
not destroy regularity, so we expect that the phase boundary associated with a local mini-
mizer of &, is still an analytic (n — 1)-dimensional manifold in dimensions n < 8, and in
particular is C2. In any event, the hypothesis of a critical point with C? boundary is hence-
forth adopted, though accomodation could be made for a low dimensional singular set as
was done in [32].

Computation of a second variation about a critical point u then leads to:
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Theorem 2.6. Let u be a stable critical point of &, given by (2.7) such that 04 is C*.
Let { be any smooth function on 0A satisfying the condition

S A" (x) = 0.
Then for v solving (2.2) one has zheL condition
(2.20) J(8) == ﬁj;(WaACIZ — |Boal?C?) d " (x)
+8y [ [ Glx, X)) dA™ (x)doa™ " (y)

04 04

+4y [Vo v da" ' (x) = 0.
oA

Here Vy,( denotes the gradient of { relative to the manifold 0A, By denotes the second

Sfundamental form of 0A so that ||Bay H Z k% where K1, ..., 1,1 are the principal curva-
i=1
tures and v denotes the unit normal to 0A pointing out of A.

A formal derivation of essentially the same formula appears in the appendix of [20].
Remark 2.7. We remark that for any {,

| S GO, )Xy doa (x)da" (y) 2 0,

04 04

and hence this term is stabilizing. To see this, let x4 denote the measure given by
A" 9A. Since u so defined obviously satisfies i« #"~! | 04, it is easy to check
that the potential w given by

w(x) = [G(x,y)du(y)

"

is bounded. Then it follows from classical potential theory that in fact w is an H' (weak)
solution to the equation

(2.21) —Aw=pyu onT",

and satisfies

J Gl A0 ™ ()" ) = | [ Gl ) ) diy) = J IV d
04 A T T
(cf. [18] Chapter 1). Alternatively, one may view the above as ||ul|3,- 7, @ version of the

H~'-norm squared of the measure yu (cf. [28]).

Before beginning the proofs of our two theorems, we indicate a way to construct ad-
missible families (flows) {4,} and {4,} satisfying (2.8)—(2.10) and (2.8)—(2.11) respectively.
Our approach here is rather explicit and is therefore efficient for pursuing our goals. We use
an ODE to produce a flow deformation of 4 whose boundary instantaneously moves ac-
cording to a perturbation vector field X, and which instantaneously preserves volume (in
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the sense of (2.10)). We then apply a correction to insure it instantaneously preserves vol-
ume to second order as well (i.e. (2.11) is satisfied). This is essentially the approach of [32]
where, in fact, a flow was obtained which identically preserved volume for a finite time in-
terval. However, for the purposes there and here, the instantaneous notions of (2.10) and
(2.11) suffice. We should note that if one only wanted to establish the existence of a volume
preserving flow, instantaneously associated with a perturbation vector field X, a simple ap-
plication of the implicit function theorem, as was done in [5], would suffice. However, this
construction would not make the computations necessary for the second variation explicit.
In any event, our hands-on approach via the correction 4, does not significantly expand the
proofs.

Let X : T" — R” be a C? vector field such that

(2.22) [X -vd#"(x) =0,
04

where v denotes the outer unit normal to 4. Then let ¥ : T" x (—7,7) — T" solve

oY

(2.23) e X(¥), WY(x,0)=x,
for some 7 > 0 and define

(2.24) A, =Y(A4,1).
Expanding in ¢ we find that

1
(2.25) D¥(,1) =1 +1VX +3 *VZ + o(1),
62
where Z := Fr has i™ component given by
=0
(2.26) z0 = x0x W,

Xj

Here and throughout, we invoke the summation convention on repeated indices.

Letting J¥ denote the Jacobian of ¥, we then invoke the matrix identity
1
(2.27) det (1 +1d+3 B+ 0(t2)>
1
=1+ ttrace 4 + ztz[traceB + (trace A)* — trace(42)] + o(1%),

which holds for any square matrices 4 and B. This yields

(2.28) % JY¥ = trace VX = div X.

Consequently, (2.22) and the Divergence Theorem imply that
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d d

2.2 — |4 —
( 9) dl‘z:o | t| d[‘r 0 A

[J¥dx =0,

and the family of sets {A4,} constitutes an admissible perturbation of A4 for the purpose of
calculating a first variation, cf. (2.10). However, we note that further use of (2.25) and (2.27)
yields

d2

W dx

1:0

(2.30) 612

div Z + (div X)? X(’>X dx

=1
;I

) (div X (x)) (X (x) - v) do#" 1 (x),

I

where we obtained the last line through the two identities
(2.31) divZ = Xg)x x4 XE]I)XEI])
and
(2.32) div((div X)X) = (divX)® + X1, x 1.

i Xj

Hence, in light of the requirement (2.11), we see through (2.30) that {4,} is not, in general,
admissible when calculating a second variation, and we must modify it.

d? . . -
If it turns out that —  |4,| # 0, then we define the modified perturbation {4,} as

d 2 t 0
follows. We first introduce the distance function d : T" x (z,7) — R by
(2.33) d(x,t) = dist(x, 04,),

which will be smooth on [0, 7) and (—7, 0] for small enough 7 in light of the assumed regu-
larity of 04. We will make frequent use of the fact that |Vd(x, )| = 1. We next note that for
A, constructed as above, the quantity |4,| is a C? function of z. Hence by (2.29) and (2.30),
there must be a 7’ > 0 such that for |¢f| < 7’ either |4,| < |4| or |4, > |A]|. If |4,] < |4],
then for |7] < 7" we let

(2.34) A=A, 0{xe A° d(x,1) < e11*},
while if |4, > |A4], we let
(235) ff[ = A,\{X € A[ . d(x, t) < _Cllz}.

Here the constant ¢ is given by

Ji(dle X)) (X(x) - v)da" " (x),

l\)l'—‘

(2.36)

where the average { denotes the integral divided by # "~1(04).
oA
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We will verify that condition (2.11) holds in the case |4;] < |A4|. The other case is
handled similarly. Writing |4,| = |4,| + (|4,| — |4;|) we use the co-area formula (cf. [13]
or [31]) to see that

d? - d? [
S A = Vi (e.)| d
dtz\::o t ! dlzllzo A~ {0<d(x,t)<c1 2}
d2 (’112 | |
=g . of A" ({x e A - d(x,1) =s})ds = 2c;. 4" (04).

Then (2.30) and (2.36) combine to imply (2.11), making {4,} admissible for the purpose of
calculating a second variation.

Proof of Theorem 2.3. Let { be a smooth function on 04 such that
(2.37) [¢(x)d#" (x) = 0.
A
Then take X = X; € C*(T",R") such that
(2.38) X:(x) ={(x)v(x) on 04.
Such a vector field will then satisfy (2.22) and through (2.23), (2.24), (2.12) and (2.13), we

obtain the admissible family {A4,} verifying (2.8)—(2.10) and corresponding functions U (x, t)
and V(x, ). Then we have

1
&,(U(1) =5 [IVUGOl +p [IVV(x,0)*dx
‘D’n ‘D’”
=: E(t) + yF(?).
Our goal is to compute the first variation E'(¢) + yF'(¢) at t = 0.

We begin with the calculation of E’(0). Let ® : 04 x (—7,7) — T" be defined as the
restriction of ¥ to the (n — 1)-manifold dA4. Then we have

E0) = | 0JD(x)

dA#"(x),
04 ot li=o ( )

.....

where JO is the Jacobian map (relative to 04) for ®@. Let {z;(x)},_; , ; be an orthonor-
mal basis for 7(0A4), the tangent space of dA4 at x. Then following [31], Chapter 2, and
making further use of (2.27), one finds

. 1 . . nl
(239)  JO=1+1tdivgu X —&—512 <leaA Z + (divey X)* + E_:l (D X)*|?

— ”f (ti - D X)(1; - D,,.X)) + o(£)

where (D, X)" := ((D;,X) - v)v and divo4 X = (D,,X) - 7;. Hence, in particular we see that
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(2.40) E'(0) = [ divoy X d#" ()
04

= [ (divoa X - divey XT)dA ™! (x),
0A4

where X+ := (X -v)vand X7 := X — X*. Using (2.38), we find X7 = 0 on 04, while
divos X =D (X -v)v) -ti = (X - v)(Dyv) -7 = (n— 1)H(X - v),
so that (2.40) gives the familiar formula for the first variation of area:
(2.41) E'(0) = (n - 1) [ Hx){(x) do" ™ (),
o4
where H(x) denotes the mean curvature of 04 at x.

Now we compute F'(z) at t = 0. We find through integration by parts that
, 0
(2.42) F'(ty=2[VV(x,1)-V Y Vix,t) ) dx
‘H’ﬂ
0
==2[AV(x,1) (— V(x, t)) dx
T ot

=2 [(U(x,1) —m") (gt V(x, z)) dx,

"

where m! j U(y,1)dy. Note that

Vix,t)= [G(x,y)U(x,1)dy = (A j) (x,y)dy,

T oA

where G is defined by (2.3). Hence

0 0 0
eo) gren=g(Jewna) L [owna)
Changing variables we find:
0
(2.44) p JG(x, y)dy
A,

0
== G(x,y)dy
6’\1’({,;)

0
= EJ G(x,¥(z,1))J¥(z,1) dz

= [,6(x.¥(z.0) gq’(; NIz 1) + G(x, (2, 1) % (¥ 1) d-.
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Using (2.23) and (2.28), we find

% (JG(’“ ) dy) = JVyG(x, ¥) - X(») + G(x, y) div X (y) dy

= [div,(G(x, )X () dy = [ G(x, p)(X(y) - vy) dA""} ().
A o4
Going back to (2.43), we combine this with the analogous calculation on 4; to obtain

(2.45) g V(x, 1) = 2(44 G(x, ) (X(y) . vy) dA""(y).

1=0

Then (2.42) and (2.45) yield
(2.46) F'(0) = 4TJ; { (u(x) — m) qj; G(x, ) (X(») - vy) dxn! (y)} dx.

Hence by (2.41), (2.46) and the definition of a critical point (2.16), we have

(247) 0= E'(0) +yF'(0)

_ | [(n “DHG) + 47 J (u(x) — m) G, y) dx} () dr ()
0A T"

= [{(n = DH(y) +4po(»)}(») d#" ().
o4
Since (2.47) holds for any smooth  satisfying (2.37), equality (2.1) follows. []
Proof of Theorem 2.6. We again let { be any smooth function on dA4 such that
[L(x)d#" (x) = 0.
A

This time, however, we will extend { to a neighborhood of ¢4 such that the extension f
satisfies

(2.48) Ve-v=0.

That is, ¢ is locally constant along normals to dA4. There also exists a smooth vector field v
extending the unit normal v to 04 such that

(2.49) =1,
in some neighborhood of 4. Consequently, there exists X; € C*>(T", R") such that
(2.50) X;(x) = {(x)#(x) in some neighborhood of 04.

We proceed by taking X = X; and then define {4}, {4,}, U(x,1), U(x,1), V(x,t) and
V(x,t) according to (2.24), (2.34), (2.35), (2.12), (2.13) and (2.14).
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Writing
1 - 1 -
-=§J UGl E() =5 V0,0,
T" T"

= [V U(x,t)dx and F(t):= [V U(x, 1) dx
T T

(cf. (2.6)), the second variation of &, with respect to the admissible perturbation {A,} is ex-
pressed as E”(0) + yF"(0).

We will begin with the calculation of E”(0). We wish to emphasize here that while
the calculation of the second variation of area is a well-known procedure, there are two com-
plicating factors here. The first is that we are computing it with respect to the specific volume-
preserving variations {4, }. The second is that we are computing a second variation of area
about an (n — 1)-manifold 04 that is not in general a critical point of the area functional.

Step 1: Calculation of the difference E"(0) — E"(0). Let us assume, without loss of
generality, that |4,| < |A| for |#| small so that 4, is given by (2.34). The other case is handled
similarly. In light of the fact that 0A, is the level set AS " {x:d(x,t) = c1£*}, and since
|Vd(x,t)| =1, we can apply the Divergence Theorem and the co-area formula to obtain

E(t)—E(t)= [Vd-vy; dA" " (x)+ [Vd-vos,d#" ' (x) = | Ad(x,1)dx
04, 04, A~,\A,
(‘1[2 (‘1[2
= | [ Ad(x,t)yd#" " (x)dr =: [ f(t,7)dx.
0 {xd(x,t)=t} 0

In the first line above, v,; and vy4, denote unit normals pointing out of the set AN,\A,. Di-
rect calculation and (2.36) then yield

(251)  E"(0) = E"(0) = 2c1/(0,0) = 2c1(n — 1) [ H(x) d#" " (x)
04
~(n =1’ H [H@)C(x) A (x),

where we have used /i to denote the average of mean curvature { H(x)d#" ' (x) and we
have computed o4

Ad(x,0) =divv= (n—1)H(x) forxe dA.

Step 2: Calculation of E"(0). We appeal again to the expansion (2.39) to see that

(2.52) E'0) = [ FIO(x)

2 d#"(x)
o4

lizo

n—1
= J‘ (diV@A Z+ (diV@A X)2 + Z ’(DT,,X)J'|2
04

i=1

- _nfl(ri D X)(1; - DT,,X)> d#"(x).
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Writing divsy Z = divy Z7 + div4 Z+ where
T n—1
ZT.=3(Z 1)t and Z*:=(Z vy,
i=1

a straightforward calculation leads to the conclusion that

(253) j diVﬁA Zd%l’l*l(x) = j diV??A ZL d%ﬂ*l (x)
oA o4

= (n—1) [ H)(Z ) dA" () =0
04

since (2.26), (2.48), (2.50), and differentiation of the expression in (2.49) imply that
Z -v =0 on 0A. Here we have also used the Divergence Theorem on 04 ([31]) to conclude
that [ divoq ZT d#" ' (x) = 0 since 04 itself has no boundary.

a4

The other three terms in expression (2.52) are easily evaluated using (2.50) to obtain

[ dives X)2 4™ () = (0~ 1) [ HC de (),
o4 4

n—1
I Z|(DT,X)l|2d=%"_1(x) — I|V0AC|2 chn—l(x)
oA

04 i=1
and
n—1
I3 (6 Dy X) (g Do X)do ™ () = JIBogl 2 don ™! ().
0A I, j= 04

Combining these identities with (2.53), we see through (2.52) that
E"(0) = 8{1 (IVaull> = |1Boall’C* + (n — 1)2H ) do#" ().
Hence, in light of (2.51), we have
(2:54) E"(0) = [ ([Vaall® = 1 Boal "0 dA" " (x)

,\

04

+(n—1)? [(H - HYHP d#" " (x).
04

Having completed the calculation of the second variation of the perimeter term, we
now turn to the evaluation of the second variation of the nonlocal term, i.e. F”(0). To this
end, we decompose F as follows:

(2.55) F(t) = F(1) + j V(x,0)(0(x,1) — Ulx, 1)) dx
+ TJ:’ 0(xa [) (V(x, t) — V(x, l)) dx

=:F(t) + Fi(t) + Fx(1).
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Step 3: Calculation of F"(0). To calculate F"(¢), we note that

:(/{—Aj) xzdx_(j j)[( ), 1) (z,1)] d=.

Hence,

F'(r) = (/{ - Ac) [VXV(‘I'(Z, 0),1) - ¥i(z, ) J¥(z,0) + V(¥(z,1),1) %J‘P(z, £)

+ Vi(¥(z,1),1)J¥(z, t)] dz
Then adopting the summation convention,

<j j){ Vi (P (2, 0), )Y (2, )9V (2, 1) (2, 1)
+ 2V Vi (¥(z, 1), 1) - Wiz, t)J‘I‘(z, t)

+ 2V V (W(z,10),1) - Wi(z, z) J‘I’(z )

QJ\P(Z, 1)

+ ViV (W (z,0),1) - Wulz, ) T¥(z, 1) + 2V, (W(z, 1), 1) Py

2

+ V(¥(z1),1) s

JY(z,0) + Viu(¥(z,1),0)J¥(z, 1) | dz.
Recalling (2.26), we can then write

(2.56)  F'(0) = (I J)[ o (10X D)X (3) 1 2V, (7,0 - X ()

+2V, V' (»,0) - X () div X () + V,V(»,0) - Z(y)

2

. 0

3 JY¥(,0) + Vi(»,0)| dy.

We now proceed to compute all seven terms in (2.56). We will often exploit, without cita-
tion, the Divergence Theorem.

Recall from formula (2.45) of the proof of Theorem 2.3 that

Vilx,0) =2 [ Glx, y) (X (3) - vy) dA ().

Consequently, grouping together the second and fifth terms of (2.56) we find

(2.57) (f I){v Vi(0.0) - X(3) + Vi, 0) div X ()} dy

A€

(I J)dIV(Vz(y, 0)X (y)) dy

AC
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—4er P, 0)X(y) - vyd A" (y)

=8 [ [ Gl »)(X(x) - va) (X(») - vy) dA ™ (x) d A" (p).

0A 0A
Next, using (2.26), we note that
div([V, ¥ (»,0) - X (»)]X (1))
= (V,V(3,0) - X() div X () + V3, (5,00 XV (3) XD () + V, ¥ (,0) - Z(»).

Hence, the first and fourth terms of (2.56), along with one factor of the third term gives

(2.58) (J" J") s (1, 0 X)X () 1 9, 7(3,0) - X () div X ()
+V,V(p,0)-Z(y)dy
= 2(;[1 (Vo(y) - X () (X (p) - vy) dA™ ().
By (2.25), (2.27), (2.31) and (2.32) we have

82

(2.59) et

¥(x,0) = div Z(x) + (div X (x))” - XV x{/

= X)XV 4 (divX(x))°

X,‘Xj

= div((div X)X).

Hence the sixth term in (2.56) can be computed as

2
(2.60) (}1[ - AJ;) V(x,0) %J‘P(x, 0) dx

<,{ B A[)“C“V«div X)X) dx

=2 [v(divX)(X -v)d#"Y( ( = >(Vv X) (div X) dx.

04

Note that the last term in (2.60) will cancel with the remaining factor of the third term of
(2.56).

It remains to compute the last term of (2.56). Recall from (2.43) and (2.44) that

= (1{ —Afc> [VyG(x,‘P(z, t)) ‘P(Z NJY¥(z, 1) + G(x, ¥(z, Z)) J‘P(z 1)| dz.
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We must take some care in differentiating again with respect to #: since the second deriva-
tives of G are not integrable close to the singularity, differentiation under the integral sign is
illegal. In the end, we care only about the integral of V(x,0), and hence we circumvent
differentiating G twice by first integrating over x, applying the divergence theorem, and
then performing the z-differentiation. We wish to compute

(2.61) (J_ j) Viu(x, 0) dx

AC

_ %, 0 (J _ AC) ({ - AC) {VyG(x,‘P(z, ) aa—\f (z, 0¥z, 1)

+ G(x,¥(z,1)) %J‘P(z, Z)} dz dx.

Focusing on the first term, note that
V.G(x,¥(z,1)) = V,G(x,¥(z,1)) D¥(z, 1)
so that

V,G(x,¥(z,1) = V.G(x,¥(z,1)) [D¥(z,0)] .

X {G(x, ¥(z,1)) diV([D‘P(z, N~ %’ (z,0)J¥(z, z)) } dz dx
+ 2( ;1|" - AJ"C > £ (G(x, ¥(z,1)) [DP(z,1)] aa—lf (z,0)J¥(z, z))
v d A" (2) d.

Having performed the integration by parts above, we are now free to take the #-
derivative inside the integrals in (2.61). We first note that

D¥(x,1) =1+ DX(x)t+ O0(*) sothat [D¥] ' =1— DX (x)t+ O(?)
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and hence,

< (D)

=-DX.
dt

‘ =0

Using this, along with (2.23), (2.28) and (2.26), one has

(2.63) d G(x,¥(z,1)) div [D\P(z,z)rla—qj(z,z)m(z,t)
dt ot

= G(x,y)div(X(y)divX(y)) + V,G(x, y) - X (p) div X (y)
= div, (G(x, ) X () div X ().

We also note that

N R GO E LT ey

=0

= (V,G(x,»)- X(3)X(») + G(x, y) X (y) div X (y)
= X(p)div,(G(x, )X (»))

and, through an appeal to (2.59), that

2es 4 (6l Za0n)

=V,G(x,y) - X(y)divX(y) + G(x, y) div(X div X)
= div, (G(x, )X (y) div X (p)).

Working with identities (2.63)—(2.65) to carry out the differentiation of the integrals
in (2.61) with respect to ¢, we can return to (2.61) to find

(2.66) ( ;’[ - ,;[ > Vi(x,0) dx

=2(J= 1) L (60 X0 (X)) o™ ()

Ac/ 04
_ 26£divy{ (J Gx. y)dv = [ G(x,) dx> : X(y)}X(y)
vdA " (y)

= 24£div(v(x)X(x))X(x) ved A" (x),

thus obtaining an expression for the seventh term of (2.56).
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Combining (2.57), (2.58), (2.60) and (2.66), along with an appeal to (2.50), we then
see that (2.56) implies

61 FO)=8] [Glx i) A () ()

+ 4{£diV[U(X)X(x)M(x) A1 (x)

Step 4: Calculation of F{'(0) and F,'(0). Recall from (2.55) that

Fi(1) = TJ; V(x,t)(U(x,0) — U(x, 1)) dx
=2 [ V(x,t)dx=2 [ V(x,t)dx.
A\, ANA,

From the constructiog of A~,, recall that either 4, = A, or A, = A,. We will again address
the case where A, = A4;. The other case is handled in a similar manner. Using the co-area
formula and (2.33), we have

Cltz

Fi(t)=2 [ V(x,)dx=2 | i V(x,t)d#"""(x)dr.
A\A, 0 Afn{x:d(x,t)=1}

(’112
=2 [ A(z,1)dr,
0

where

A(z, 1) := | V(x,t)d#"(x).
Af n{x:d(x, t)=t}

Hence differentiating with respect to ¢, one finds

F/(0) =0 while F/(0)=4ciA(0,0) =4de; [v(x)da" ' (x).
04

Thus, by (2.36), we have

(2.68)  F/'(0) = —2( [o(x) dyf“m) ( f(div X (x))¢(x) dyf"l(x)).

Now recall that
F(1) = Tjﬂ Ux,0)(V(x,0) = V(x,1))

= [(V (e, 0) = V(x,0)dx — [ (V(x,1) = V(x,1)) dx.

4, A¢

As before, we will only pursue the case where 4; A, Hence, we have
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B)=2 [ (P -V )dx+<]" {)( (61) = V(x, 1)) dx

ANA,

61[2 -
=2 (V(x,0) = V(x,0) dA#" (x)dt
0 Afn{x:d(x,t)=t}

# ([ 1) P00, = V(¥ 0.0)0% 0
4 A
=: G1(t) + Ga2(1).
Since ¥ (x,0) = V(x,0) = v(x), we find as in the calculation of F(0) above that

G/(0) =4c; [ (V(x,0) — V(x,0)) d#" ! (x) = 0.

04

On the other hand, setting w(x, 7) := V(x, ) — V(x, ), we have
(2.69)  Gi(1) = (J" J") [va( 0),1) - (y, )T (p, 1)

0
—JY¥(y,1)| dy.

+w (Y(», 1), )T (y, 1) + w(¥(y,0),1) 5

To differentiate (2.69) again, first note that w(x,0) = 0 and hence V,w(x,0) = 0 = wy,,(x,0)
fori,j=1,...,n. Moreover,

J°¢ af’ n—1
wi(x, 1) = 25 [ G, y)dy = 2atf [ Gxy)da™(y)dr.

A\A, 0 Afn{x:d(x,t)=t}

It follows that w,(x,0) = 0, and

wu(x,0) =4c; [ G(x, ) dH"'(y)
o4

:—2<Jf(diVX(x)) (x)dAa"( )(J“Gx y)ax"(y ))

04

As in (2.56), we differentiate (2.69) with respect to ¢ and evaluate at = 0. However, this
time, only one term survives:

(2.70)  GY(0) <j f)wnxO)d

Ac

= —2< f(div X (x))(x) do ! (x))M Q — AC) G(x, y)dxdA""(y)

04

= —2( f (diVX(x))C(x) d%”‘%x)) v(y)dx" ().
oA oA
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Step 5: Calculation of F”(0). Returning to (2.55), we combine (2.67), (2.68), and
(2.70) to find

(2.71)  F"(0 8{/[1 6£G(x W) () doa" T (x)doam (y)

+4 [ div[v(x) X (x)]¢(x) da"(y)

04

— 4( f (diVX(x))C(x) d%"l(x)) Jo(y) da""(y).

i i
Again invoking (2.48)(2.50), we have
div X (x) = (n— 1)¢(x)H(x) for x € 04
and so
(272)  F"(0) =8 [ [G(x, )l(x)(y)dAa" (x)dA" (p)
+ 46{1 Vo(x) - v(x)(x) doA" ! (x)

+4(n— I)FZI;U(X)H(X)CZ(X) A" (x)

~an=0)( Jeyarm ) ( §HEEE dr )

04

=8 ] [ L) o™ ) o ()

+ 49£Vv(x) V(xX)P(x)dA" (x)

4= 17 ] o)~ o) d™ ) ()] HE ) dor ™),

04 04

Lastly, we invoke the hypothesis that u is a critical point of &,. By Theorem 2.3 this
means for some constant A and every x € 04,

(n—1)H(x) +4yv(x) = A
Hence the last term in (2.72) reduces to simply

—(n—=1)* [ (H(x) - H)Hx)(x) dA" (x).

04

Taking this observation into account, we see that (2.54) and (2.72) combine to yield
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P6,000)

@1 g =E0)+E0)
= [(Vaall ~ 1Boal ) d™ (v)
0A4
8 | J Gl ) 4™ ()" ()

+4y [Vo-v2dax"(x).
oA

By the definition of stability (2.17), we obtain the desired inequality (2.20). []

Remark 2.8 (Natural boundary conditions). Throughout this section we have posed
the nonlocal problem on a torus; that is, we have taken periodic boundary conditions. The
motivation for this choice is two-fold. First, it represents perhaps the easiest setting in
which to carry out the somewhat involved calculation of the second variation. Second, the
periodic boundary conditions represent what is perhaps the most relevant choice when at-
tempting to model the behavior of phase boundaries in diblock copolymers, one of our
goals in an on-going investigation.

We wish to emphasize here, however, that there is nothing essential about this choice.
For example, having carried out the calculations of this section, we can now readily adopt
the results to the setting of the natural homogeneous Neumann boundary conditions on an
arbitrary bounded, smooth domain Q < R”. For such an Q, we may consider:

(NLIP) Minimize % [IVu] + 7 [|Vo]* dx,
o) o)
over all
1
ue BV (Q,{+1}), — [udx=m
1Qla
with

(274)  —Av=wu—m inQ, Vv-y=0 ondQ and [v=0.
Q

Then one simply replaces the condition of periodicity on the deforming vector field X by
the condition that X (x) is tangent to dQ for all x € 0Q, as was done for the local problem in
[32]. Note that in light of this tangency, every application of the Divergence Theorem in the
calculation of the first and second variations of the nonlocal term will not produce any new
boundary terms. Indeed, the only deviation from the results of Theorems 2.3 and 2.6 when
adapting them to the Neumann setting comes from consideration of the local term E. From
the first variation of E, one will find that if A is critical, then 04 must meet 0Q orthogonally
(if at all), but condition (2.1) will still hold inside Q. From the second variation, one finds
that the quantity J({) defined by (2.20) will additionally include the term

- f ng(v,v)ézd%”_z(x),
04nQ
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where as before, Baso represents the second fundamental form associated with dQ, and v
represents the outer unit normal to 0A4. As was just mentioned, criticality of 4 implies
that v lies in the tangent plane to the boundary of Q so that the quantity B;q (v, v) is sensi-
ble. This additional term can be traced back to (2.53) where now there will be a non-zero
contribution from [ divay Z7 d#"~'(x) in the form of an integral over 04 N dQ. See [32]
for more details. 94

Thus, in a manner analogous to that used for the (NLIP) on T", we may define crit-
ical points and stable critical points of the Neumann boundary (NLIP) as formulated
above on a general domain Q. Let u € BV(Q,+1) with 4 := {u(x) = 1} having C? bound-
ary 04 with mean curvature H, and let v solve (2.74). Then if u is a critical point of (NLIP),
we have for all x € 04 N Q and some constant A,

(2.75) (n—1)H(x) + 4yv(x) = 4,
and for each x € 04 N 0Q),
(2.76) 0A is orthogonal to 0Q.
Moreover, if u is stable then for every smooth { defined on 04 with
[ d ! (x) = 0,

04

one has the condition

2.77)  JQ) = [(Vaull® = |Boall’C?)d#™ " (x) — [ Boa(v,v)(*d#"(x)
0A 0ANOQ

8 [ (e N0 4 () dr ()

+dy [Vo-vZda"(x) 20,
o4

1
where N (x,y) is the Green’s function satisfying —AN :5_6 on Q with Neumann
boundary conditions. €]

3. Applications of the first and second variation formulas

In this section we present a few applications of Theorems 2.3 and 2.6 posed on T"
and in the Neumann setting of Remark 2.8.

We begin with an identity coming from the translation invariance of &,.

Proposition 3.1. Let u:T" — R be a critical point of &, with A := {x:u(x) =1}
and assume 0A is C*. Then the following identity holds:



Choksi and Sternberg, Nonlocal isoperimetric problem 99

31 ST G (A () = (1= DAl

where v = vV ... v") denotes the outer unit normal to 0A.
Proof.  In light of the Divergence Theorem, we begin by observing that
(v d#"(x) = [dive;dx =0,
o4 4

where ¢; is the unit vector pointing in the positive i coordinate direction. Hence, the choice

¢ = v is allowable in the second variation formula (2.20). This choice corresponds to pure
translation in that arises by taking the deforming vector field X introduced above (2.22) to
be simply e;. In light of the invariance of the energy &, under translation of 4, we note that
necessarily one has the condition

(3.2) JONY =0 fori=1,...,n
Now we invoke the identity
Ao = —||Boa||PV) + (n — 1)e; - VouH,

(where Agy is the surface Laplacian), which holds along any C? hypersurface (cf. [13]).
Multiplying both sides by v\ and integrating then yields

J (Vo1 = [BoalP (VD)) do#™ N (x) = —(n — 1) [VouH - (Ve;) d ™D (x).
oA oA
Then since Vg4 H - v = 0, we can sum over / in this identity to see that
(1))2 20,02 n—1 _
wf (Vo' |” = [ Baall*(v')7) d™ (x) = 0.
0A

Thus, we find from (2.20) that

= 8y§:1 G(x, y)v(i>(x)v(i)(y) d%”‘l(x) d%’"‘l(y) + 4y IVU . vd%’”_l(x).
i=10A4 04 0A4

Finally, we apply the divergence theorem to see that

(3.3) [Vo-vd#" ! (x) = [Avdx
o4

(m —u)dx = (m —1)|4] = 2(|4] = 1) 4],

D ™

since # = 1 on 4 and (3.1) follows. []
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Remark 3.2. Applied to the case of a single vertical strip 4 := [f, o] x [0, 1], Propo-
sition 3.1 yields the following identity for the two-dimensional periodic Green’s function:

(3.4) J G((Box2), (B y2)) + G (2 x2), (2, y2)) da iy

ST,

+2[ [ G((B,x2), (2, y2)) dxadys = (o — B) — (ot — B)*.

S .
[SYSEEG,

An analogous identity holds in for strips in dimension n > 2.

We now turn our attention to investigating the criticality and stability of horizontal
or vertical strips. Following Remark 2.4, one readily finds that lamellar structures are crit-
ical points if and only if they are periodic in the following sense:

Proposition 3.3. Let N be a positive integer, m € (—1,1), and

O=ay<ar<ay<---<an-1 <an =1,

such that

1 —m

=y m+1 X
(@rip2 — ari1) = —

N
Z (a2i+1 - azi) = T, Z

—1
i= i=0

(=}

Suppose u(x) = u(xy,...,x,) = f(x1) where

if x1 € |ay, azi1), fori=0,1,...,N —1,
if.xle[a2i+17a2i+2)7 fOVl:(),l,,N—l

J(a) = {1_1

Then for any y > 0, u is a critical point of &, if and only if for i =0,1,...,N — 1,

(an _)_m+1 (ax . )_l—m
i) — A2i) = N @2 — Wjy1) = N

Proof. Let S :={xe T"|u(x) =1}. Since H(x) = 0 for all x € S, Theorem 2.3 im-
plies that if u is a critical point, then 0.5 must be a level set of the associated v solving (2.2).
Clearly, v(x) = v(x;) and without loss of generality, we may assume v(0) = 0. Hence we
require v(a;) =0 for all i =0,...,2N. Since

—0"(x1) = f(x;)—m onT!,

v consists of piecewise parabolas defined on the subinterval («;, ¢;,1) which alternate point-
ing upwards (with convexity 1 — m) and pointing downwards (with concavity —1 — m). The
conditions that v(a;) = 0 for each i, and the fact that v must be C! at each a; directly imply
that the parabolas must repeat themselves every second step. This is illustrated in Figure 1.

OJ
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N N
a aZUa3 a

Figure 1. A function v corresponding to a lamellar critical point.

Remark 3.4. We point out that the conditions for criticality of strips described in
Proposition 3.3 are independent of y. Thus, a lamellar critical point for one value of y is
automatically a critical point for all values of y. We presume that this is the only example
of a subset of T" that is critical for two different y values. Observe from the criticality con-
dition (2.19) that any such subset would necessarily have to possess a boundary of constant
mean curvature with that boundary being a level set of the associated v solving Poisson’s
equation.

We now examine the stability of lamellar critical points of &,. In particular, we study
how the value of y affects stability. One certainly expects that as y increases, stability will
require a smaller length scale for periodic structures. We will focus on the case of a single
strip S. We will argue that S is stable for small y and unstable for y sufficiently large. For
simplicity of presentation only, we will work in two space dimensions. Both the stability
and the instability result below readily generalize to strips in higher dimensions with only
minor changes. For 0 < f < o < 1, let S = T? denote the set [, o] x [0, 1]. Then

08 = ({B} > [0,1]) v ({o} x [0,1]).
Also note that the function u associated with S via (2.7) is given by

(1 for x; € (B,q),
u(xi, x2) = {_1 for x1 ¢ (B, ).

Proposition 3.5. Let S < T? be a horizontal or vertical strip. Then there exists a value
Yo such that S is a stable critical point of &, for all positive y < y,.

Proposition 3.6. For y sufficiently large, S is unstable.
We first prove Proposition 3.5.

Proof. We first note that since u =u(x;), one has v=uv(x;) satisfying
—v"=u—melL? for all p>2. It then follows from standard regularity theory that
ve WP for all p>2, and in particular that ve C'. If we write 05 =Ty UT', where
I ={p} x[0,1] and T'; = {a} x [0, 1], then the first component of the outer unit normal
to S, which we denote here by (,, is given by
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—1 for xely,
+1 for xeTIs.

{o(x) = {

We can then invoke Proposition 3.1 and (3.3) to see that
(3.5)  0=J(o) =87 ] |Glx,)l(x)Co(y)dA (x)dA" (y) + 4y [Vo-vda'(x),
N a8
since of course, By4 = 0 for the strip. Now let { : 05 — R be any smooth function satisfying

(3.6) [¢dA'(x) = 0.
oS

We will write { as

{=f—c
where ¢ := [ {( x)dA#'(x) and f is given by
r
_ [{—c forxely,
(37) J(x) = {C—i—c for x e I'.

1
Denoting f; := f L 'y and f; := f L I', we observe that [ fi(x2)dx, =0 for i =1,2. We

0
will argue that J({) > 0 for y sufficiently small, provided f % 0, that is, provided { does not
correspond to a translation. To this end, we compute

(38) J(C) I( dX2 + f fz de

+8yfsq£Gx L) f () doA (x)dat (y) +4yn‘£Vv~vf2d9f1(x)

c? (8V J TG, »)6o(x)o(p) dxdy + 4y [ Vu- vdjfl(x)>
0S 0S8 oS

. 8yc<j [ G, )/ (o) d (x) dA ()

aS oS
6 G, () dA () m(y))
oS oS
+8yc [Vo-vflod A (x)
oS
(3.9) 2 [ 12010+ 8 [G0s 0SS (0)dr () A 3)

+dy [Vo-vf2da'(x)
as
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; 8yc<f [ G )/ (¥)ol) dA () d A (3)
0S oS

G )(0f () d () Ml(y)>

0S 08

+ 8yc [Vo-vflod A (x),
as

through (3.5) and the Poincaré inequality.
Now

1

[0 o d = v ()] x2) s + ooy () £ (x2) vz = 0
oS 0 0

1
since | fi(x2) dx, = 0, and so the last term in (3.9) vanishes. Also, note that the function
0

w(y) = aJ;G(?@ »)o(x)d A (x)
is a (weak) solution to the problem
—Aw(x1,x2) = p,
where u: = p, (x1) is the measure given by
M, = LA L {(x1,x0) s x) = o} — LY L {(x1,x2) : 31 = B}

Hence, in particular, w = w(x;) which means that

J TG0 (0 () dot () dt (1) = [ () dr ()

1 1

= w(fx)gfz(xz) dx; + w(ﬂ)({fl(xz) dx; = 0.

Therefore, the second to last line of (3.9) vanishes as well. Since
| G f(x)f(y)dr' (x)ydr'(y) 20,
as os

we arrive at the inequality

J(O) z (n* — 4V||U/||L%)é£f2(x) dn’'(x).

n .
——-——, we have the desired result. []
4"l

Thus, choosing y, =

We now prove Proposition 3.6.
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Proof. Note that by the divergence theorem,

(3.10) | Vo(p1, y2) - vdyy = [ Av(y)dy
(B} %[0,1]O{a < [0.1] 5
= [m—u(y)dy
5
— (m—1)|S] <0,

Hence, setting

g(y2) == Vu(a, 32) - v,

we may assume without loss of generality that

(3.11) g(y»)dy, =:¢; <O.

o,

Let k > 1 be a positive integer to be chosen shortly, and consider the function {; set to be
identically zero on {f} x [0, 1] and set to equal sin(2zky,) on {a} x [0, 1]. There are three
non-zero terms in J({;) of (2.20) since Bys = 0. The first involving V4, is readily calcu-
lated to equal 272k>. The next non-zero term can be written as y times

(3.12) 8[1 j (o, x2), (o, y2)) sin(2mkoxz) dx, | sin(2mkys) dys.
0

We claim that (3.12) can be made arbitrarily small by choosing k sufficiently large. To this
end, denote the function in the square parenthesis of (3.12) by fx(y2). Note that (cf. (2.4))

1
(3.13) J1G (e, x2), (a1, y2)) | dx2 < o0 for every y, € [0,1),
0
and further

1
(3.14) J |G ((at,x2), (2, ¥2)) | dxz dys < 0.

Q= =

By (3.13) and the Riemann-Lebesgue Lemma, for each y, we have
Ji(»2) = 0 ask — oo.

Hence by (3.14) and the Lebesgue Dominated Convergence Theorem,

1
(3.15) | fi(y2) sin(2nky>) dy, — 0 ask — co.
0
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The third and last remaining non-zero term in (2.20) takes the form

1 i ! 1 — cos(4nk
4y [ g(p2) sin®(2zkys) dyr = 43’[9@2)%@2,
0 0

and hence by (3.11) and the Riemann-Lebesgue Lemma, we have

1
(3.16) lim [ g(y2) sin’ (2kys) dv; = %1 <0.

Therefore, we can choose k sufficiently large such that for any y > 0 the sum of the last
two terms of (2.20) is, say, less than yc; /4. Fixing such a k, we take y, to be the smallest
value of y such that y|c;|/4 > 2r%k>. Hence J({;) < 0 and the stability criterion (2.20) is
violated. []

Remark 3.7. Proposition 3.6 can easily be extended to the case of N strips. In this
case, consider S and the associated u as defined in Proposition 3.3. Then following (3.10),
one finds that for some y; = g;,

(m = 1)S|

f Vv(aj7y2).v< N

{=a;}

and hence the ¢; in (3.11) scales with 1/N. This argument then implies that y, ~ N,
supporting our intuition that as the number of strips increase, the cut off for instability y,
also increases.

Remark 3.8 (spots and annuli). As we mentioned in Remark 2.4, there are no radial
critical points on the torus. However, if one studies the Neumann setting of (NLIP) in the
case where Q is a ball, then one can look for critical points u of &, that are radial. In [24],
[26], these structures are considered in two dimensions for the Neumann boundary (NLIP)
and its diffuse interface version (cf. Appendix). In particular, critical points of both prob-
lems are produced corresponding to {x : u(x) = 1} being a ball (so-called “spot solutions”)
as well as concentric annuli (“k-ring solutions”). For the latter, 2-annuli (2-ring) critical
points were shown to exist for certain values of y only. They further carried out an involved
spectral calculation, showing among other things that a threshold exists (in terms of y) for
the (spectral) stability of spot and 2-ring solutions.

Here we briefly comment that the second variation inequality yields some analogous
results.

(a) First let us consider single spot solutions. The instability results for large y
casily follow from the same reasoning as in Proposition 3.6. To this end, in what follows
{x :u(x) = 1} will consist of a fixed ball. For example, take the case where Q is the unit
ball in R? and consider the function

1 for r <n
0) = ’
u(r,6) {—1 forr <r<1,
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for any positive value r; < 1. We observe through (2.75) that such a function will be a crit-
ical point of &, regardless of the value of y since necessarily, v = v(r) for such a function u,
forcing the set {r = r;} to be a level set. Then since the second term in the first integral of
(2.77) is negative while the second integral is absent since {x : u(x) = 1} n 0Q = 0, the ar-
gument presented above using the choice { = sin(k¢)) with k large again applies to establish
instability for big enough values of y. The same argument can be applied to single spot so-
lutions (i.e. balls) in any dimension.

(b) For 2-ring annuli critical points corresponding to « of the form

1 for r < ry,
u(r,0) =9 -1 forr <r<r,
1 forrm <r<l,

for some r; < ry, the arguments of Proposition 3.3 are more involved since the curvature
now varies from boundary to boundary, and one must solve the ode corresponding to the
radially symmetric Laplacian. Note that a particular 2-ring solution, for example, will only
be a critical point for at most one value of y. The existence of such critical points was estab-
lished in [24] where it was shown that for y sufficiently large, 2-ring critical points exist. In
[26], they considered the stability of such 2-ring structures. We note that from the second
variation, one obtains the following analogous instability result for large y:

There exists y* such that if y > y* and u, is a 2-ring critical point for this value of 7y,
then u, is unstable.

The proof follows the same line of reasoning as Proposition 3.6. Fixing an m € (—1, 1)
and considering any 2-ring structure with relative volume fraction m, we can apply the
same argument as in (3.10) to find one circular boundary (with bounded length) upon
which (3.11) holds. Then again choosing {; with support on this one boundary, we find a
cutoff y* beyond which the second variation becomes negative. The key here is that this y*
is independent of the precise 2-ring structure—it depends only on the volume fraction m.

4. Appendix. Diffuse interface version of (NLIP)

Our problem (NLIP) can be regarded as the sharp interface version of the minimiza-
tion problem involving the following functional: for ¢ > 0, consider

(1-u?)’
S

+ o0 otherwise.

vl 4 1 “ax it ue ! L
41) &, = gJ;2|Vu| + +y|Vu|"dx if ue H' (Q) and qu_m’

Here Q is again either the torus T” or a general domain with smooth boundary, and v is
related to u and m via

—Av=u—m onQ, [v(x)dx=0,
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with the differential equation solved on T” in the former case, and with homogeneous Neu-
mann boundary conditions in the latter. This functional is essentially the energy first de-
rived by Ohta and Kawasaki [22] to model microphase separation of diblock copolymers.
As written in its non-dimensional, appropriately re-scaled form, it may be viewed as a non-
local Cahn-Hilliard type functional (cf. [7], [8], [9], [21], [23], [25]). A full derivation can be
found in [9].

Note that the third term in (4.1) represents a compact perturbation with respect
to the basic L? (or L') topology. Hence it easily follows (cf. [23]) from the definition of
I'-convergence that the I'-limit problem (as ¢ — 0 and in the L'-topology) is equivalent
to (NLIP).
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