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Abstract

We present a dynamical model for generic crowds in
2D in which individual agents are aware of their lo-
cal environment—i.e., neighboring agents and domain
boundary features—and may seek static target locations.
Our model incorporates features common to many other
“active matter” models like collision avoidance, alignment
among agents, and homing toward targets. However, it
is novel in key respects: the model combines topological
and metrical features in a natural manner based upon the
local environment of the agent’s Voronoi diagram. With
only two parameters, it is shown to capture a wide range
of collective behaviors.

1 Introduction

The contrast and connection between individual and col-
lective behavior in biological systems has fascinated re-
searchers for decades. A well-studied paradigm entails
the tendency of groups of individual agents to form flocks,
swarms, herds, schools, etc. We present here a simple dy-
namical model, dubbed Voronoi-Topological-Perception
(VTP), for generic crowd movements in 2D. The model
is based upon the Voronoi region of agents and their
neighboring agents in the sense of the Voronoi diagram.
Our Voronoi topological description facilitates an effec-
tive synthesis of three competing components—repulsion,
alignment, and homing—whose relative weights are eas-
ily motivated by realistic assumptions of agents’ percep-
tion and decisions based on their Voronoi personal space
as well as the positions and velocities of their Voronoi-
neighboring agents. The resulting deterministic model is
computationally simple, and with only two parameters
capable of reproducing the collective behaviors of well-
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established models (with or without stochastic compo-
nents) and, to our knowledge, a few behaviours which
have not been previously predicted. Moreover, the VTP
model allows for considerable generalization and can be
viewed as a general approach to model many aspects of
crowd dynamics with a variety of agent behaviors.

Like the much-studied model of Vicsek et. al. [45], the
later introduced model by Cucker and Smale [13], as well
as their numerous posterior extensions, the primary orga-
nizational mechanism in our model is the alignment com-
ponent of each agent. However, as opposed to these other
models, our novel averaging scheme for this primary com-
ponent does not depend on the metric distance between
the agents but rather on the relative directional differ-
ences with Voronoi-neighboring agents. Moreover, our
short-range repulsion mechanism dubbed MACN (mov-
ing away from the closest neighbor) introduces a cogni-
tively cheap movement that is filtered out over longer
distances. Another important distinction with “swarm-
ing” models is our absence of long-range agent attraction:
Rather, with a simple homing component, ours is essen-
tially a pedestrian model in the sense that our interest
rests on how individuals navigate their environment and
each other without the need for aggregation. The model
presented here is an agent-based approach [4] to crowd
motion (in opposition to a continuum one). We use the
generic term “crowd” to emphasize that the point of this
paper is not to model a particular species of agent or type
of behavior, but rather to introduce a certain “topolog-
ical perception” framework for microscopic modelling of
crowds.

Our analysis of the VTP model is purely numerical.
However, we demonstrate that amid these key concep-
tual diversions, our model exhibits many collective behav-
iors associated with swarming as well as other features of
pedestrian dynamics. In particular, we give a complete
numerical investigation of the phase diagram in the sim-
plest case of homing-free systems on the torus and the
sphere. For a single point target we find, both on the
torus and the sphere, three regimes of mill structures in-
cluding a novel regime predicting a compressive mill with
time-period collapse and expansion. For two point tar-
gets, we find in addition to the expected cog structure, a
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surprising regime with an anti-cog structure.

2 Overview of other models

We first present three influential models achieving coher-
ent behavior solely through symmetric alignment interac-
tions. Viscek et. al. introduced in [45] a simple kinematic
model where, amid random noise, a transition to ordered
behavior is obtained by averaging over the velocities of
neighbors that fall within a metrically finite region, see
[28] for analysis. Later Cucker and Smale introduced in
[13] a flocking model (C-S) that, in contrast with Vic-
sek’s, considers a global interaction where each agent is
influenced by every other individual. Consequently, C-
S presents conservation laws that, on one hand, fix the
regimes through the initial conditions as for some physical
system (e.g. thermodynamical) but, on the other, seem
unreasonable for systems of cognitive, decision-making
individuals. Another issue, pointed out by Motsch and
Tadmor in [35], is that C-S invalidates the dynamics of
small sub-flocks at long range; this problem is addressed
in their model (M-T). Precisely, M-T introduces the no-
tions of active sets to quantize neighbor’s influence as well
as the notion of relative distances. The latter being sup-
ported by the experiments on bird flocks due to Ballerini
et. al. [3] demonstrating many flocking behaviors to be
density invariant. As we will see, a (distinct) notion of
relative distance is a direct consequence of our topolog-
ical perception framework. Note these three approaches
do not, in general, produce regimes other than veloc-
ity coherence. In this regard, much adapting has been
done to produce aggregation and other biologically accu-
rate behaviors by means of long range attraction, short
range repulsion as well as hierarchy and leadership effects,
see [20, 22, 12, 40, 9, 42, 1]. Other interesting variants
include incorporating: (i) limited peripheral view [35],
(ii) time delays accounting for limited processing apti-
tudes [16, 33], and (iii) active and passive distinction of
agents [21, 8, 27, 29, 34]. Other important kinematic
approaches which produce rolling and milling behaviors
similar to ours are models of d’Orsogna et al. [14] and
Bernoff-Topaz [44, 6] which consider attraction and re-
pulsion through a potential as well as exogenous forces.

Particularly relevant to our approach is a family
of models known as zone-based which generalize Vic-
sek’s. Precisely, endogenous interactions act over non-
overlapping concentric regions. Among this vast family
one finds the popular boids model introduced by Reynolds
in 1987 [41], a recent approach by Bernardi and Scianna
(B-S) in [5] as well as the seminal Couzin model [11] with
hierarchies between the different interactions; the Couzin
model was later used in the context of effective leadership
and propagation of directional awareness in [10]. Such
zone based interactions are often realized as gradients of
artificial potentials (although qualitative features often
do not depend on the precise form of such potentials, e.g.

[31]) and this approach is seen in biological models as well
as implemented in multi-agent control systems as in [30].
While our method can be perceived as zone-based under
our Voronoi topology and recover similar coherent and
cohesive regimes; there are fundamental differences. By
design, in these other models, individuals steer toward the
center of mass of other agents within interacting regions.
However, we do not take the center of mass of spacial po-
sitions to be a natural object of consideration for agents.
Despite this, we find similar behavior emerges for certain
parameter regimes. Understanding the Voronoi cell as the
agents’ personal space within their local group, we argue
that its geometry is in fact more natural than the center
of mass of nearby agents. Another important distinction
is our absence of long-range attraction between agents;
ours is essentially a pedestrian (as opposed to swarming)
model in the sense that we do not require nor encourage
longevity of clusters of agents, rather we are interested
in how agents navigate their environment and each other
(with or without individual objectives).

We also mention that Olfati-Saber and others have
worked to present very broadly applicable theoretical
frameworks for flocking in multi-agents systems in [39,
37, 38], especially for the case of linear dynamics (in both
continuous and discrete time).

The “social force” pedestrian model (H-M) from Hel-
bing and Molnár [26] (see also the seminal work [25])
strives for a realistic human pedestrian flow. Their cog-
nitive assumptions align closely with ours, however, their
formulation is rather different from ours and the mod-
els above in that it lacks the alignment feature. It too
has no density-invariant communication notions. We be-
lieve that our model is conceptually much more natural
and simpler, yet is capable of predicting similarly realistic
behaviors (compare, e.g., Figure 6 with [26, Fig. 2]). An-
other problem with this and other microscopic models is
the description in terms of accelerations of agents despite
the fact that humans (unlike automobiles) can accelerate
and brake almost instantaneously and that human agents
do not think in terms of accelerations at the tactical level.

Finally, we emphasize that others have previously used
Voronoi diagrams in multi-agent models and control sys-
tems and they feature prominently in the literature on
epithelia and biological tissues [2, 7]. In [18], inspired by
[3], Ginelli and Chaté show that adapting Vicsek’s model
to use a Voronoi communication graph produces qual-
itatively novel behaviors. In [20], Grégoire and Chaté
describe a minimal extension of [18] which achieves se-
lected coherent behaviors despite “unfavorable condi-
tions”. Where these use the Voronoi topology, the multi-
vehicle control system developed by Lindhe et. at. in [32]
considers a limited range neighbors, as Vicsek, but from
these, constructs a Voronoi region whose geometry in-
fluences the control. Our model uses both the Voronoi
topology and geometry to naturally synthesize many ef-
fects. We remark that in [43], Strandburg-Peshkin et. al.
show that Voronoi based models empirically outperform
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metrical and k-nearest-neighbor based models in the sense
of information propagation through the network.

3 The VTP model

The Voronoi-Topological-Perception model (VTP) is a
discrete time, deterministic model for moderate sized
crowds in a static environment where each agent may
have a target destination. We first recall the notions of
the Voronoi diagram and Delaunay triangulation associ-
ated with a configuration of agents.

Given a compact connected manifold Ω, an (ex-
tended) metric d on Ω, and set of distinct points G =
{x1, . . . , xn} ⊂ Ω, the d-Voronoi diagram in Ω generated
by G is the almost disjoint collection {V1, . . . , Vn} where

Vi = {x ∈ Ω : d(x, xi) <∞ and d(x, xi) ≤ d(x, xj)

for all 1 ≤ j ≤ n}.

The regions Vi are called Voronoi cells. While in this
paper d is always taken to be the Euclidean-measured
geodesic distance on closed manifolds, see the last section
for a discussion on using different metrics to incorporate
more complex domain geometries.

The Voronoi diagram provides a natural dual structure
to guide the inter-agent communication topology in our
model. Given a set of generators G = {x1, . . . , xn} ⊂ Ω
and the Voronoi diagram V generated by G in Ω, the
dual graph1 V∗ spans over the vertices G with nonempty
edges eij if ∂Vi ∩ ∂Vj 6= ∅. In the event that d is based
on the Euclidian metric, V∗ is known as the Delaunay
triangulation of G, see [36].

3.1 Governing equations

While the model was designed with numerous generaliza-
tions in mind, we present it here in its simplest form. Our
model includes (1) a compact connected domain Ω, (2) a
finite index set Λ of agents, (3) positions xi = xi(t) ∈ Ω
for each i ∈ Λ such that xi(t) 6= xj(t) for all t and
for all j 6= i, and (4) closed (possibly empty) targets
Ti ⊂ Ω for each i ∈ Λ. For each i ∈ Λ, we write
ui(t) = xi(t)− xi(t− 1).

Given initial conditions xi(0) and ui(0) (or equivalently
xi(0) and xi(−1)) for all i ∈ Λ the system evolves accord-
ing to an equation of the form2

xi(t+ 1) = xi(t) + fi(X(t), U(t)) for all i ∈ Λ (1)

1Strictly speaking, V∗ is a multigraph with possibly multiple
edges connecting the same pair of vertices. This occurs for cer-
tain topologies of Ω where a generator may “see” the same other
generator on two or more sides of its own Voronoi cell.

2In full generality, this sum should be understood as a geodesic
translation. I.e, fi : (TΩ)n → Txi(t)

Ω considers n position-heading
pairs in the tangent bundle TΩ and gives a tangent vector at xi.
Then, xi(t+ 1) = Γi,t(λi‖fi(X(t), U(t))‖) where Γi,t : R→ Ω is an
isometric parametrization of the geodesic satisfying Γi,t(0) = xi(t)
and Γ′i,t(0) = αfi(X(t), U(t)) for some α > 0.

for functions fi : Ωn × R2n → R2 where X and U are
shorthand for X(t) = (xi(t) : i ∈ Λ) and U(t) = (ui(t) :
i ∈ Λ) and n = #Λ.

So, the behavior of our model is then determined by the
precise nature of fi. Because we assume each agent has
only local information, fi will only depend on a narrow
subset of agents (those adjacent in V∗) at each instant
but their identities will change over time in general. The
functions fi : Ωn × R2n → R2 are given by

fi(X,U) = ρidi, di =
σiri + νai + σihi
σi + ν + biσi

. (2)

Here, di is a weighted combination of three components
ri, ai, hi, repulsion, alignment, and homing, respectively,
with nonnegative coefficients σi, ν, and σi. (The factor
bi ∈ {0, 1} is 1 unless the target Ti is empty or contains i’s
current position.) Definitions of ri, ai, and hi are given in
Equations (3,6,7) and the weights σi, σi in (8). We then
scale by ρi which depends on i’s personal space and is de-
fined later in (9). Repulsion, alignment, and homing are
shown schematically in Figure 1. We remark that (2) does
not present a magnitude/direction decomposition as di is
not in general a unit vector. In a sense, di encapsulates
the external influences on i while ρi gives the speed scale i
would like like to achieve if allowed by di. Because of this,
fi can be small for two very different reasons: ρi will be
small when i has very little room to move and di will be
small if repulsion, alignment, and homing nearly cancel
each other. However, ‖di‖ is on average bounded above
by 1 + 1/ν (c.f. supplementary material), thus making di
a physically sensible direction of motion.

3.1.1 Repulsion vector ri

The repulsion term ri, illustrated in Figure 1a, is a
collision-avoidance mechanism motivated by the move-
away-from-closest-neighbor dynamics (MACN ) used in
the context of Voronoi energy minimization in [19].
Specifically, given positions X = (x1, . . . , xn) ∈ Ωn, the
repulsion vectors ri are given by the average of unit vec-
tors

ri(X) =
1

#Ki

∑
y∈Ki

xi − y
‖xi − y‖

(3)

where Ki is the set of distance minimizers among all
“obstacles”. Here the word obstacles refers to the other
agents and the domain boundary, if it exists. Precisely,
Ki = Ki(X) =

{
y ∈ Ω : ‖xi − y‖ = infw‖xi − w‖

}
where

the infimum is taken over w ∈ {xj : j 6= i} ∪ ∂Ω, the
other points in the tuple X and boundary points of Ω. In
the typical case, Ki contains exactly one element, namely,
the nearest obstacle to xi, in which case ri is simply the
unit vector at xi pointing away from the obstacle, but
we define ri to account in the obvious way for edge cases
when xi is equidistant from two or more obstacles.

We also define δi := dist(xi,Ki) = ‖xi − y‖ for all
y ∈ Ki to be the unique distance from xi to its nearest
obstacle(s), as indicated in Figure 1a.
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ûi

δi

ri

xi

(a) Repulsion. Unit repulsion vector ri
always points away from nearest neigh-
bor or domain boundary. The distance
δi to this nearest neighbor determines
the relative weight of ri and ĥi.

ûi
ai

xi

(b) Alignment. Alignment ai is given
by a weighted average of the velocities
of Voronoi-neighbors. The circularly-
wrapped weighting functions are indi-
cated by the blue curves where the rela-
tive angle marked with light blue sectors
is the argument.

ûiĥi

Ti

xi

(c) Homing. Unit homing vector ĥi

points toward target Ti, if it is nonempty
and does not contain xi. (Here the tar-
get is shown as a dot but may be any
region, in general.)

Figure 1: Schematic of the influences on a generic agent. Here we show one agent i at position xi as well as its
Voronoi cell and Voronoi-neighbors whose positions are marked with black dots. We illustrate the three components
which influence i’s motion in the triptych above. Repulsion ri and homing ĥi are weighted with coefficients σ(δi/L)
and convex compliment 1 − σ(δi/L), respectively, where δi is the distance to i’s nearest neighbor, as shown in (a)
above. The relative weight of alignment ai is given by the parameter ν. We also show shaded in light gray, the region
within i’s Voronoi cell in front of i whose area (appropriately nondimensionalized) contributes to i’s next step size.

For many parameter ranges there is a short time os-
cillatory structure to ri resulting from nearest-neighbor
connectivity changes in V∗ (see [19] for more details). In
these cases, the late-time animations show a “jittering”
in the individual agents direction. We do not see this as
weakness in our model as agents on a small timescale may
very well have a frenetic nature which averages out over
large temporal and spatial scales.

3.1.2 Alignment vector ai

Alignment is illustrated schematically in Figure 1b.
Given X = (x1, . . . , xn) ∈ Ωn, we denote the index sets3

of Voronoi-neighbors by

Ni = Ni(X) = {j ∈ Λ : {i, j} ∈ e(V∗)} (4)

where e(V∗) is the edge set of the graph V∗ (the dual of
the Voronoi diagram V) generated by X. In other words,
Ni consists of the agents in the V∗-neighborhood of i.
Then, for positions X = (x1, . . . , xn) ∈ Ωn and headings
U = (u1, . . . , un) ∈ R2n, we define the alignment vector
ãi by the weighted average

ãi = ãi(X,U) =
1

#Ni

∑
j∈Ni

g(θij)ûj (5)

3To be precise, Ni is a multiset where the multiplicity of j in Ni

is the multiplicity of {i, j} in e(V∗) (recall that V∗ is a multigraph).
Sums over Ni are understood with multiplicity.

where ûj = uj/‖uj‖ and θij = arccos(ûi · ûj) is the angle
between ui and uj . Here g : [0, π] → [0, 1] is a continu-
ous non-increasing function with g(0) = 1 and g(π) = 0.
Thus, agent i considers the direction of motion of each
of its neighbors and averages these, favoring those whose
motion is consistent with its own (θij near 0) and virtually
ignoring those whose motion is opposed (θij close to π).
The role of the weighting g (more specifically its behavior
near 0 and 1) is crucial because it allows the model to tol-
erate very high sheer in the flow despite the averaging of
velocities. Put another way, the fact that agents can move
in opposition to one another without much affecting this
term manifests in interesting ways dynamically. E.g., two
opposing streams, if sufficiently sparse that repulsion is
small, can pass through each other relatively easily with
agents in each stream ignoring those in the other stream
while reinforcing others in their own stream. However, an
agent approaching a transversely moving group of others
will be significantly deflected by it. We will see later
what we call anti-cog collective behavior which exhibits
very high sheer in the flow and does not occur without
the falloff of g at π. We will also see two-way flow wherein
non-jamming behaviors are much more accessible due to
the wieghting g.

We define the alignment coefficient ϕi by ϕi(X) =
1
6#Ni(X). To motivate this definition, we note that in
any Voronoi diagram (in the torus, sphere, plane, or pla-
nar region), a typical cell has at most six neighboring cells
(see the supplement). So ϕi captures how “surrounded”

4



xi is in the V∗ topology. We then write

ai = ϕiãi =
1

6

∑
j∈Ni

g(θij)ûj . (6)

The effect of scaling by ϕi, is that agents with rela-
tively few neighbors will be less strongly affected by this
alignment interaction. Conversely, without ϕi, the align-
ment component of i would be crippled whenever Ni is
large and many neighbors move in the opposite direction.
Overall, introducing ϕi mimics in outcome the improve-
ment of relative distance brought by [35] over [13].

Noticing that alignment depends on V∗, one may point
out that since the previous time step, the communica-
tion topology may have changed. In particular, Ni may
include an agent who did not neighbor agent i until the
present moment (and was therefore invisible to them) yet
i is expected to have velocity information of this neighbor.
However, both this and the requirement that initial veloc-
ities are provided, are not problematic. Because agents
only ever consider their neighbors’ directions of motion,
they do not require memory to execute these dynamics
so long as the species of agent can infer orientation of
their neighbors from their body geometry (in a computa-
tionally trivial amount of time). The assumption of the
model (in which the point-particle agents have no ori-
ented body geometry) is only that normalized velocity is
a sound proxy for orientation, i.e., agents face forward
when moving.

3.1.3 Homing vector hi

The homing term is shown for a simple point-target in
Figure 1c. This term simply points from xi ∈ Ω toward
the target Ti. We define the target point x∗i ∈ Ti by
‖x∗i − xi‖ = dist(xi, Ti). There is in general an issue of
uniqueness here but in practice, this ambiguity is incon-
sequential because the set on which this definition is am-
biguous has measure zero in Ω. The unit homing vector
ĥi is given by

ĥi(X) =
x∗i − xi
‖x∗i − xi‖

for xi 6∈ Ti (7)

To account for the possibilities that xi ∈ Ti or Ti = ∅,
we define the factor bi to be 0 if xi ∈ Ti or Ti = ∅ and 1
otherwise and write hi = biĥi so that hi = 0 when ĥi is
ill-defined.

3.1.4 Weighting coefficients σ, ν and bi

The weighting coefficients in (2) are defined as follows.
The repulsion ri and homing hi appear with weights σi
and σi and these are defined by introducing the length
scale L and a repulsion cut off function σ(·). We refer to
L as the repulsive falloff distance which can also be used
to capture the size of the agents. Precisely, we define the
convexly related terms

σi = σ(δi/L) and σi = 1− σi = 1− σ(δi/L) (8)

where σ : [0,∞) → [0, 1] is continuous at 0, non-
increasing, and satisfies σ(0) = 1 and σ(1) = 0. Here
L > 0 is a parameter of our model we refer to as the
repulsive falloff distance. Thus, recalling that δi is the
distance from xi to its nearest agent (or boundary), we
see that the convex combination σiri + σihi facilitates
the following behavior. If xi is at least a distance L from
all obstacles, then full priority is given to target-seeking
via hi. On the other hand, as obstacles encroach on xi
at distances less than L, collision avoidance via ri takes
priority over target seeking.

The remaining coefficient ν ≥ 0 in (2) determines the
overall strength of the alignment effect compared to the
combined homing-repulsion effect.

3.1.5 Personal-space speed scale

The scalar ρi in (2) refines the step size based upon agent
i’s personal space. To this end, for xi, ui ∈ R2 we define

H(xi, ui) = {xi + w ∈ R2 : ui · w ≥ 0}

to be the half plane with normal parallel to ui whose
boundary contains xi. Then for X = (x1, . . . , xn) ∈ Ωn

and U = (u1, . . . , un) ∈ R2n and Voronoi diagram V =
{V1, . . . , Vn} generated by {x1, . . . , xn}, define

Aforward
i = Aforward

i (X,U)

=

{
Area(Vi ∩H(xi, ui)) if ui 6= 0,

1
2 Area(Vi) if ui = 0.

To motivate the ui = 0 case, we employ a probabilistic
argument. The expected value of V ∩ H(xi, ui) for ar-
bitrary xi and measurable set V over ui from a radially
symmetric distribution is half the measure of V . The
proof is given in the supplement.

So if we think of Area(Vi) as the space allotted to the
agent located at xi, then Aforward

i gives a measure of how
much space is both allotted to xi and in the “forward”
direction ui. To nondimensionalize Aforward

i , we use the
length scale L we have already introduced, the repulsive

falloff distance, and consider the quantity
Aforward

i

πL2/2 , rescal-

ing Aforward
i by the area of the semicircle of radius L.4

Finally, to obtain a step size from this quantity which is
physically reasonable, we must enclose it in an increasing
function that behaves like the identity near zero and goes
to unity asymptotically so that agents attain maximum
speed of 1 when there is nothing in their way. For this we
take the hyperbolic tangent. Thus the coefficient

ρi = ρi(X,U) = tanh

(
Aforward
i

πL2/2

)
. (9)

rescales the step size.

4On the sphere Ω = RS2, we define Aforward
i in the analogous

way. For (xi, ui) ∈ TΩ in the tangent bundle, taking H(xi, ui) to
be the hemisphere whose bounding great circle γ includes xi and
whose tangent at xi is orthogonal to ui. We then rescale Aforward

i
by half the area of a spherical cap of geodesic radius L ∈ [0, πR].
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3.1.6 Effective parameters

To summarize, our model involves the four parameters:
the alignment coefficient ν, the repulsive falloff distance
L, the number of agents n, and the domain size |Ω|. All
the other “weights” are directly determined by the local
Voronoi geometry, modulo transitions functions σ and g,
for which we made canonical choices5, and the use of tanh
for slaving of the agents speed to its forward personal
space.

We note that there are two additional parameters which
have been set to unity: the time step and a characteristic
speed inherent in our weights σ and bi.

In its simplest form without homing (targets) our VTP
model has only two effective dimensionless parameters.
The first is ν > 0 which determines the strength of align-
ment compared to the combined repulsion-homing effect.
The second effective parameter µ > 0 combines n, L, and
|Ω| and presents the ratio of the repulsive length scale to
the average inter-agent distance. Different definitions are
arguable but here we take

µ =
L

(|Ω|/n)1/2
.

Thus, on the torus R2/lZ2 of primary domain [0, l)2, we
have µ = L

√
n/l2 =

√
nL/l and on the sphere of radius

R, we have µ = L
√
n/(4πR2) =

√
n
π
L

2R .
With the introduction of targets, it is less clear how

to nondimensionalize the length scales. Nevertheless, for
illustration purposes we still use µ to quantify different
qualitative behaviors.

4 Results

Our results summarize our numerical investigation of the
VTP model starting with random initializations of agent
positions and directions. We present a fairly complete
investigation in the absence of homing both on the torus
and the sphere, establishing a phase diagram for the qual-
itative behaviors. In the presence of homing we simply
present a few illuminating simulations.

Many of the figures in what follows are single illustra-
tive frames from animations compiled from simulations
of the model. The full animations from these simula-
tions and many more are viewable here6. In the digital
version of this document, each (sub)figure is also a click-
able web link to the corresponding animation and readers
are highly encouraged to explore them in order to fully
appreciate the model. All our simulations were found nu-
merically to be stable with respect to small variations in
the parameters µ, ν and with respect to the transition
functions σ, g and tanh (speed-personal space slaving); in

5We take σ(s) =
z(1−s)

z(s)+z(1−s)
where z(s) = exp(−1/x)χ(0,∞)(x)

and g(s) = σ(s/π).
6https://jacktisdell.github.io/

Voronoi-Topological-Perception

particular, the qualitative collective behavior remains the
same. With the exception of the 3 point targets on the
torus, all our depicted simulations exhibit dynamic stabil-
ity in the sense that after an initial transition period, the
qualitative behavior of the dynamics remains time invari-
ant. An important issue is the sensitivity to the initial
conditions. Unless indicated otherwise, the qualitative
collective behavior represented by our depicted simula-
tions was numerically tested to be invariant to the choice
of initial conditions.

Our choices regarding the information displayed in our
visualizations warrant some explanation. In all but the
last section, the domains under consideration are the
square flat torus—that is, a square with its opposite edges
identified—and the sphere. In each figure, each agent’s
position is indicated with a circular mark with a short
protrusion indicating the agent’s direction, i.e., the direc-
tion of motion between the previous time step and the pic-
tured one. For illustration purposes, these protrusions all
have the same length but recall that the model is not con-
stant velocity. To provide information about the velocity
distributions, we accompany each still by a polar scatter
plot with all velocities superimposed. For the torus, the
points on the scatter plot are exactly the velocities of the
agents at the pictured time step. The sphere is less ob-
vious because the velocities do not lie in the one plane.
In this case, we plot the magnitude and angular devia-
tion from the average of each agent’s angular velocity (in
R3). Hence, the angular variable for these plots never
exceeds π. While less direct than the torus, these still
provide qualitative information about the velocity distri-
bution and are useful to distinguish behavioral regimes.

Because the Voronoi diagram is at the heart of our
model, it is depicted in every figure. The interiors of
the Voronoi cells are shaded to reveal difference in area
of the cells. To facilitate illustration, larger areas are
mapped to darker greys. The actual greyscale value (with
[black,white] = [0, 1]) is inversely proportional to the ar-
eas for regions whose area is at least 3/4 the mean area.
We do not distinguish areas smaller than this (they are
all colored white).

Our simulations stills are accompanied by data visual-
izations which capture temporal information and distin-
guish different behaviors. Time-series plots of global po-
larization, angular momentum, and/or Voronoi energy—a
measure of clustering—of the system are provided where
applicable. These quantities, referred to as observables,
are defined next.

The simplest observable, polarization, concerns only

the velocities of all agents. It is given by P(U) =
‖
∑

i ui‖∑
i‖ui‖ .

for U = (u1, . . . , un) ∈ R2n. Maximal polarization of 1
occurs only when all velocities are in the same direction.

The second observable, angular momentum (with re-
spect to the origin), takes into account velocities and

positions and is given by L (X,U) =
‖∑i xi×ui‖∑

i‖xi‖‖ui‖ for

X = (x1, . . . , xn) ∈ Ωn and U = (u1, . . . , un) ∈ R2n.
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The maximum value of L is achieved when the angle
between xi and ui is ±π/2 for all i, that is, circular
motion (in one direction) about the origin. Closely re-
lated is the absolute angular momentum Labs given by

Labs(X,U) =
∑

i‖xi×ui‖∑
i‖xi‖‖ui‖ . Angular momentum about an

arbitrary center is obtained by shifting the X coordinates.
The third observable concerns only the positions of

agents, it arises frequently in Voronoi literature (often
apropos of centroidal Voronoi tessellations, see [15]).
Given X = (x1, . . . , xn) ∈ Ωn, consider the functional

E(X) =

∫
Ω

dist2(x,X) dx =
∑
j

∫
Vj

‖x− xj‖2 dx (10)

which represents the variance of the spatial distribution
of Ω with respect to X. Its second form simply shows
that Voronoi diagrams are intimately linked to this func-
tional. It is then clear that E(X) quantifies the clustering
of agents. It should be noted that this quantity is highly
correlated with the (mean) shape index—the square root
of each cell booundary’s isoperimetic ratio—a character-
istic quantity in epithelia and biological tissue literature,
where Voronoi diagrams play an important role. To pro-
vide a size-invariant scaling for E we refer to Gersho’s
conjecture [17] (proven in two dimensions [23, 24]), which
states that inf |X|≤nE(X) ∼ n

∫
Hn

x2 dx =: En as n→∞
where Hn is a flat regular hexagon of area |Ω|/n centered
at the origin. With this in mind, we define our third
observable E as

E (X) =
E(X)

En

where En = n
∫
Hn

x2 dx = 5|Ω|2

n·18
√

3
here7. Hence large val-

ues of E(X)/En correspond to clustering in the agents’
positions X and values close to 1 indicate a lack of clus-
tering. In some figures, we plot log E for compactness but
plots are always labeled as such.

4.1 Homing-free systems

Setting Ti = ∅ for all i ∈ Λ, we first investigate the un-
targeted scenario wherein the homing coefficient bi = 0
vanishes for all i and (2) reduces to

fi(X,U) = ρi
σiri + νai
σi + ν

= ρi
σ(δi/L)ri + νai
σ(δi/L) + ν

. (11)

Hence the dynamics are governed entirely by repulsion
and alignment.

4.1.1 Behavior on the torus

We first conisder Ω = R2/lZ2 = [0, l)2 with periodic
boundary conditions. The µ-ν phase plane (recall here
µ =

√
nL/l) is sketched in Figure 3 with particular pa-

rameter pairs labelled corresponding to Figure 2. The

7On the sphere, En is computed differently but has the same
scaling properties.

dotted curves are not meant to indicate sharp boundaries
where bifurcation occurs. Rather, we wish to conceptu-
ally distinguish the dynamics at the top and bottom of
the diagram from those between the dotted curves. We
think of this intermediate zone as a transitional region
between the upper and lower parts of the diagram.

While in principle ν and µmay take any positive values,
all the long-term behaviors are captured in a bounded re-
gion of phase space. In the case of ν very large, one
sees this immediately from (11) because if ν is very large,
then fi ≈ ρiai and the dynamics cease to depend on
ν. The argument for µ very large is somewhat more
subtle. For fixed n, notice that ρi = O(|Ω|/L2) =
O(µ−2) so the dynamics play out more slowly for large
L. To see that the long-term behavior is nonetheless un-
changed, consider the following. Say that at all times,
no two neighboring agents are separated by more than
a fixed multiple s of |Ω|1/2. (The very crude choice
s = diam(Ω) = supx,y∈Ω‖x − y‖ suffices for this argu-
ment.) Then since σ is non-increasing, we have that
σ(s/L) ≤ σ(δi/L) ≤ 1. Since σ is also continuous (at
0), if L� s, then σ(δi/L) ≈ 1 for all i and fi ≈ ρi ri+νai1+ν
depends on L only through ρi.

Roughly speaking, near the left of the phase portrait
(L/l near zero), we observe more clustering among agents
(E large) and the states have Voronoi diagrams with more
irregular cells of varying area. Toward the right, strong
repulsion tends to spread agents out and the Voronoi di-
agrams become more regular with less eccentric cells of
nearly uniform area (E low). In the states near the bot-
tom of the diagram, agents’ directions vary frenetically (in
time and space) while toward the top of the diagram, the
velocity field attains a polarization P near unity. These
two natural observables for our model, the Voronoi en-
ergy and polarization, give us a compass for the phase
plane. The marked points (a)–(f) on the phase plane are
depicted in Figure 2 for n = 300.

In the region in the bottom left, where both parame-
ters are small, states resemble the motion of particles in a
Newtonian gas. These states are characterized by align-
ment too weak to significantly influence the behavior and
a sparse enough crowd that a typical agent is within L
of at most one of its neighbors. Most interactions there-
fore involve two agents coming very near one another and
repelling in nearly opposite directions like an elastic col-
lision (it of course isn’t one though).

Increasing L, we enter the “solid” regime. Here, repul-
sion acts over a large enough distance to drive the config-
uration near uniform density but alignment is too weak
to overwhelm the frenetic nature of the nearest-neighbor
repulsion. The configuration remains stationary at the
macro-scale while each agent jitters at the micro-scale.

In the upper part of the diagram, alignment is strong
enough to drive the system toward an overall nonzero drift
velocity. Across this region, we see a tradeoff between
polarization of the velocities extremely close to 1 at the
left and high regularity of the Voronoi diagram at the
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(a) fast, polarized
µ = 0.87, ν = 2

(b) slow polarized
µ = 1.73, ν = 2

(c) very slow, polarized
µ = 3.46, ν = 2

(d) uncoordinated
µ = 0.87, ν = 1

2

(e) highly clustered
µ = 0.87, ν = 1

(f) jamiton
µ = 1.73, ν = 1

(g) solid
µ = 3.46, ν = 1
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Figure 2: Different qualitative long-term behaviours in the torus without targeting. Each image above is
a still (at time step 200) representative of the long term behavior for a given pair of parameter values with n = 300
agents. The qualitative features of each image are persistent into the future and robust under small changes in µ and
ν. Here µ = L

√
n/|Ω| =

√
nL/l; the selected values of µ are due to the factor of n1/2 =

√
300 but L/l is a simple

ratio in all cases. Above each image, we have time series plots over the first 1000 iterations for the polarization P
in red and the clustering measure E in blue. Accompanying these time series plots, are scatter plots of all n = 300
velocities at time t = 200. Each radial increment is a speed increment of 1

2 . In (a), (b), and (c), when ν is large, we
observe strongly polarized velocities. When L/l is large, say in (c) and (g), agents tend to crystallize and images
appear more uniformly grey. Notice in (d), where both parameters are small, the prevalence within the dense, bright
patches, of neighboring pairs of agents rebounding off each other and simultaneously, the darker regions of less dense,
like-moving neighbors.
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Figure 3: Phase diagram sketch for the torus. The di-
mensionless parameter µ is given by µ = L(n/|Ω|)1/2 =√
nL/l. The dashed lines are merely conceptual delin-

eations, not sharp bifurcation loci. Their rough shape
is based on coarse probing of phase space with simula-
tions. While the precise features of the phase diagram
of course also depend on the particular choices of transi-
tion functions σ and g, the qualitative structure remains
unchanged.

right.

In the transition region in the center of the diagram,
we find, as one might expect, states in which clusters of
agents come into and fall out of alignment in perpetu-
ity. On the left, we find that at any one time, there is
a single dense cluster of agents exhibiting no coherent
behaviour while the remaining agents are sparse enough
that they aren’t subject to repulsion. Crucially, in this
regime, alignment is not strong enough in the dense patch,
where repulsion is strongest, to ever eradicate the patch.
As we move rightward in the transition region, the inco-
herent patch necessarily becomes less dense because as
L increases, agents simply cannot get so close to each
other. On the right of the transition region, there are
mostly incoherent agents with sporadic clusters of mu-
tual alignment forming and dissolving continually. In the
middle, when the size of the incoherent cluster is roughly
the same as that of the aligned cluster, we find that the
region of mutual alignment propagates in the sea of agents
in a steady manner forming a wave.

As noted above, for large L this phase portrait is in-
dependent of L. So to the far right, we have simply the
“solid” region at the bottom and the polarization region
separated by a horizontal transition zone.

The behaviour of our model diverges from some others
(e.g. [45]) notably in the following way. We do not ob-
serve for any parameter ranges, sustained regimes wherein
agents form (multiple) groups which move coherently but
mostly independently of each other. This is not a defi-

ciency of our model but rather elucidates its nature. In
some sense, dynamical heterogeneity in our model comes
entirely from the introduction of targets (and of course
boundary effects).

4.1.2 Behavior on the sphere

Implementing the same parameters regimes on the sphere
using a suitable transformation, we indeed recover the
same qualitative behaviors in all ((a)–(c), (f), (g)) but
the smallest parameter cases ((d), (e)), where shape ef-
fects are pronounced. See Figure 4 and notice the agree-
ment in the shape of the curves. Again, µ is defined as

µ = L
√
n/|Ω| =

√
nL√
π2R

. The strong agreement observed

between the two manifolds except in the small param-
eter case is consistent with the fact that the argument
presented above regarding the large parameter portion of
phase space applies verbatim on any bounded domain. In
Figure 4, we depict iteration t = 400 rather than t = 200
as in Figure 2 only because the initial transient tends to
be slightly longer on the sphere (as can be seen in the
curves). We refer to the caption for comment on the spe-
cific regimes.

4.2 Pinwheels, rings, compressive mills,
cogs, and anticogs in the torus with
homing

In the previous section, we saw that with only repulsion
and alignment, our model predicts a phase space loosely
analogous to the phases of a simple compressible fluid.
By introducing targets, we find a wide variety of more
interesting dynamics. Still on the torus Ω = lT2, we
introduce the simplest possible targeting scheme, point-
targets fixed for all agents. We repeat that while the
introduction of targets makes it less clear how to nondi-
mensionalize the length scales, for simplicity we still use µ
to quantify different qualitative behaviors. As expected,
the far regions of the phase portrait are unaffected by in-
troducing targets. The reasoning is essentially the same:
For ν very large, homing and repulsion become insignif-
icant compared to alignment and fi ≈ ρiai. For L very
large σi = 1−σ(δi/L) ≈ 0, and homing becomes insignif-
icant.

We consider in Figure 5 separately one-, two-, and
three-point targets. In the first case (Figure 5(a)–(c)),
we fix p ∈ Ω and set Ti = {p} for all i ∈ Λ. In the figure,
p is shown center image. At all times, every agent’s hom-
ing vector hi points directly from xi (along the shortest
geodesic) to p. With targets, the most interesting behav-
iors occur for larger values of ν than previously consid-
ered. In 5(a), we find for ν = 2.5, a “pinwheel”, a dense
disc of agents revolving about a center near p with roughly
constant angular velocity. Further increasing ν to 3, for
the right range of µ, the center of the pinwheel becomes
unstable and the system settles into a spinning ring (Fig-
ure 5). From here, increasing µ, the ring itself takes on

9



(a) fast, polarized
µ = 0.87, ν = 2

(b) slow polarized
µ = 1.73, ν = 2

(c) very slow, polarized
µ = 3.46, ν = 2

(d) small parameter
µ = 0.87, ν = 1

2

(e) highly clustered
µ = 0.87, ν = 1

(f) jamiton
µ = 1.73, ν = 1
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µ = 3.46, ν = 1
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Figure 4: Different qualitative long-term behaviours in the sphere without targeting. Each image above is
a still (at time step 400) representative of the long term behaviour for a given pair of parameter values with n = 300
agents. The qualitative features of each image are persistent into the future and robust under small changes to µ
and ν. Above each image, we have time series plots over the first 1000 iterations for the polarization P in red and
the logarithm clustering measure log E in blue. Accompanying these time series plots, are scatter plots representing
the n = 300 velocities at time t = 400. Each radial increment is a speed increment of 1

2 . Since the surface is not
flat, we cannot simply plot the velocities faithfully in one diagram as with the torus. Instead, for each agent i, there
is a point marked on the polar plot with magnitude as ‖ui‖ and angular component ωi∠〈ω〉 ∈ [0, π], the angular
deviation of i’s angular velocity ωi = vi×xi with respect to the average angular velocity 〈ω〉 = 1

n

∑
j ωj . To interpret

these scatter plots, consider (a) and (f). In the former, we see that ωi∠〈ω〉 is near 0 for all i but also that it is larger
for faster moving agents. So polarization is high as all angular momenta are near the average in direction and the
fastest agents deviate the most from this trend. In (f), the opposite is true, the fastest agents determine the trend
in the angular momenta while the slower agents have uncorrelated angular momenta. In (a), (b), and (c), when ν
is large, we observe strongly polarized velocities. When µ is large, say in (c) and (g), agents tend to crystallize and
images appear more uniformly grey.
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(a) pinwheel
µ = 0.87, ν = 2.5

(b) steady ring
µ = 0.35, ν = 3

(c) compressive mill
µ = 0.52, ν = 3

(d) cog
µ = 1.30, ν = 2

(e) anti-cog*
µ = 0.87, ν = 2

(f) three co-circular targets
µ = 0.87, ν = 2.5
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Figure 5: Example behaviors with one, two, and three point-targets. In the digital version of this document,
click on an image to view the corresponding animation online. Here we consider configurations with one, two, and
three point-targets, marked by green dots. All n = 300 agents target all point-targets, i.e., each agent’s homing vector
ĥi always points toward the nearest point of the target set. Above each image is a plot over the first 1000 iterations of
the log-energy log E in blue and both the angular momentum L and absolute angular momentum Labs of the system
in green with respect to the point at the image center. (a), (b), and (c) each feature a single point target and differ
only in parameter values. In all three, we observe both angular momentum curves rise very quickly to nearly unity as
the system’s rotation about the target stabilizes. In (a), where ν is not so large, this leads to a “pinwheel”, a dense
disc of agents circling the target with near constant angular velocity. Increasing ν, the orbits near the target become
unstable and we see a ring form. In (b), the geometry of the ring is highly stable in time while in (c), its radius
grows gradually until an abrupt collapse into the interior and slow regrowth. This periodic inflation-compression
persists and is very pronounced in the clustering curve. (d) and (e) have a two-point target. As one might expect
from the single-point target cases, two vortices form after a brief transient. However, we observe both counter- and
co-rotating (resp., (d) and (e)) vortices. This manifests strongly in the angular momentum measurements. In both
cases, we see high absolute angular momentum but the counter-rotating case has near zero angular momentum, i.e.,
perfect cancellation. The anti-cog is stable for µ sufficently small but is not as robust as the cog. In particular, for
certain distributions of random initial conditions, either state may be reached but there exist more restrictive initial
conditions for which the anti-cog appears consistently.
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interesting dynamic properties, repeatedly expanding in
radius slowly until suddenly becoming unstable and spi-
ralling into a tight ring again. This periodicity manifests
strongly in E and can be seen in the curve.

In Figure 5(d) and 5(e), we consider the two-point
target Ti = {p, q} for all i where p and q are uniformly
spaced along a minimal geodesic. (This choice is arbitrary
but has nice symmetries and removes a degree freedom.)
Recall the way we have defined homing in the model, ev-
ery agent will seek the nearer of p and q. As one would
expect, within a certain parameter range, the system set-
tles into a pair of vortices, one about each target point.
More surprising however is that for different parameter
values, both counter-rotating (Figure 5(d), “cog”) and
co-rotating (Figure 5(e), “anti-cog”) are dynamically sta-
ble. One observes this distinction in the angular momen-
tum curves. (Here angular momentum is measured with
respect to the point at the image center, arbitrarily.) In
both cases, Labs is high, but in the cog case, L is near
zero, indicating near perfect cancellation of the angular
momenta. However, while the cog parameter regime is
independent of the initial conditions, the anticog is not.
For example, if one starts with a cog configuration in the
anticog regime, the cog behavior persists. This is not
the case for cog regime wherein any initial configuration
eventually settles to the cog.

In Figure 5(f), we consider a three-point target Ti =
{p1, p2, p3} for all i where p1, p2, and p3 are taken at the
corners of an equilateral triangle whose circumradius is a
quarter the length of a minimal geodesic oriented so that
the geodesic is a mirror of the triangle. Again, as one
would expect, for some parameter values, we see three
vortices. What we observe is that a region forms on the
interface of two vortices were agents flow in along one
curve and out along a transverse curve but are slowed
greatly in the process; thus accumulating in the region.
Once this region becomes large enough, this destabilizes
the vortices entirely and the system undergoes another
brief transient regime before settling into vortices and
starting this process again. In the pictured run, one such
reconfiguration event occurs in the first thousand itera-
tions near t = 600 and is visible as a spike in both L and
E .

5 Advancing the scope of VTP

While we have presented VTP in a few simple settings,
with minimal modifications the model can be applied to
an extremely broad class of situations. With no modifi-
cation whatsoever, the model as presented here allows for
(1) any convex domain with or without boundary and (2)
arbitrarily many distinct classes of agents seeking distinct
targets (each of which can be any subset of the domain).
With minimal modification, our model can be made to
(3) include sources and sinks of agents and (4) support
non-convex domains so as to include obstacles in the en-

vironment.
To illustrate how the model can utilize sources, sinks,

and distinct classes of agents (as distinguished by their
targets) in a domain with boundary, consider the uni- and
bi-directional hallways. In the uni-directional hallway, we
have a rectangular domain say of width 1 and length l.
One of the unit length edges acts as a source where, at
each iteration, agents appear (or don’t) according to a
(time-dependent) probability distribution defined on that
edge (where, in keeping with the tenets of our model, this
distribution itself is naturally determined by the Voronoi
diagram and motion of agents). These agents appear with
an initial velocity normal to their source edge toward the
hallway’s interior and seek as a target the opposite edge
which acts as a sink, these agents vanishing if they reach
the target edge. For the bi-directional hallway (Figure 6),
we have simultaneously a second class of agents for whom
the source and sink edges have reversed roles. In both
cases, the two edges of length l act as walls from which
all agents are repelled (exactly as described in Section
3.1). In these situations, aside from the aspect ratio l of
the hallway, the system is subject to the same two control
parameters L and ν and one additional control parameter
Lc, also a length scale, related to the source probability
distribution8.

In order to use VTP for environments with impassable
obstacles like interior walls, pillars, et cetera, we must
implement the model for non-convex domains. Such en-
vironmental obstacles can be viewed as “holes” or “inlets”
in the domain. As suggested in Section 3, the necessary
modification to the model for such domains has to do with
the Euclidean distance. A metric can be defined which is
consistent with our cognitive assumptions for agents and
whose Voronoi diagram remains the natural fundamental
structure upon which to construct VTP. While the modi-
fication is simple and natural, it does present certain com-
putational difficulties in running simulations and this is
the subject of current work. This raises the broader issue
of constructing different metrics with which to build the
Voronoi diagram. Voronoi diagrams in arbitrary metrics
are much less well understood and computational meth-
ods involving them are lacking. Nonetheless, the question
of determining the “right” metric for a given setup under
VTP is intriguing.

Three other possible generalizations are as follows: (1)
the alignment ai of a population with higher situational

awareness can be computed over “neighbors” j ∈ N (m)
i

within a larger (Delaunay) topological radius for m ≥ 1,
i.e., over all agents whose (path-wise) distance to i in V∗
is at most m. This can be implemented without signif-
icant increase in computational complexity as one needs
only compute powers of the already obtained Delaunay
adjacency matrix. Moreover, this property need not be
the same among all agents. Indeed one might introduce
variety among the agents both with respect to alignment

8Intuitively, 1/L2
c is proportional to the highest “allowable” den-

sity near a source as agents appear at once.
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Figure 6: Bi-directional corridor. Agents marked in orange emerge from the left edge according to a probability
distribution determined at each time step by the local configuration of the system and they target the right edge,
exiting if they reach it. Agents marked in green have the reciprocal instruction. Readers are encouraged to view
the animated version of this simulation. Notice how nearby agents with the same objective tends to file to avoid
counter-moving agents.

and repulsion. (2) Limited vision of the targets Ti can be
modeled within the topological framework by enforcing
hi 6= 0 only if Ti ∩

⋃
j∈N (s)

i
Vj 6= ∅ for some specified inte-

ger s. We remark that the notion of m-topological radii
naturally allows integration of a component of attraction
for aggregation in a more classical zone-based context.
Specifically, alignment and attraction can act over con-

centric “layers” N (m1)
i and N (m2)

i \ N (m1)
i respectively

with 1 ≤ m1 < m2. (3) The original VTP as well as
its possible extensions can be brought to heterogenous
crowds where agents act and respond differently to stim-
uli. An important example is when only a fraction of
“active” agents are mindful of their targets; very much
like the effective leadership analysis performed in [10],
the amount of target-knowledge transferred to “passive”
agents can be studied to test the relevance of the VTP
framework in the context of panic crowd dynamics. It is
highly likely here that one needs to incorporate into VTP
some form of agent attraction at “large” distances. The
two latter generalizations are the subject of current work.
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