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Abstract

The Mazimum Entropy on the Mean (MEM) method provides a flexible computational
framework for solving inverse problems by combining data fidelity with entropy-based reg-
ularization. In practice, however, the prior distribution is typically unknown but can be
estimated from data, giving rise to the empirical MEM method. We establish a paramet-
ric convergence rate of O(n_l/ 2) in expectation for empirical MEM, improving upon the
previously established O(n~'/4) guarantee by King-Roskamp et al. (2026). Our proof is
based on a novel stability analysis of the primal and dual optimization problems under per-
turbations of the underlying probability measure, relying only on foundational tools from
convex analysis and probability. We further show that the MEM dual problem admits a
reformulation as an expected risk minimization problem, thereby placing MEM within the
modern framework of stochastic optimization and enabling scalable stochastic gradient al-
gorithms for large-scale inverse problems. Together, these results place empirical MEM as
a statistically and computationally efficient methodology for data-driven inverse problems.

Keywords: Maximum entropy on the mean method, inverse problems, Fenchel-Rockafellar
duality, empirical measures, statistical stability, stochastic optimization, stochastic subgra-
dient method

1 Introduction

Linear inverse problems of the form
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are fundamental in statistics, signal processing, machine learning (in particular imaging).
Such problems are frequently ill-conditioned or underdetermined, and the observation may
additionally be corrupted by noise. Stable recovery therefore requires regularization, often
via the incorporation of prior information about the unknown signal.

The Maximum Entropy on the Mean (MEM) method provides a convex and information-
theoretic framework for incorporating such prior information; see, e.g., (Le Besnerais et al.,
1999; Rioux et al., 2021; Vaisbourd et al., 2025). Given a prior probability measure u €
P(X) supported on a compact set X C R™, MEM associates with u the (convex) function

() = inf (KL(QI|p) : Q € P(X), EqlX] = a},

which we call the MEM function, see, e.g., (Vaisbourd et al., 2025) for an extensive study of
this object, and Section 2.3 for more details. The corresponding reconstruction is obtained
by solving

x,, € argmin {ag(Az —b) + K,(z)}, (Py)

z€R™

where ¢ is a proper, lower semicontinuous, and convex data-fidelity function and o > 0
balances data fidelity against prior information/regularization. This is the MEM method in
a nutshell, see Sections 2.2 and 2.3 for more details.

Emerging from ideas of E.T. Jaynes in 1957 (Jaynes, 1957a,b), various forms and inter-
pretations of MEM (see Brown, 1986; Gamboa, 1989; Maréchal and Lannes, 1997; Dacunha-
Castelle and Gamboa, 1990; Le Besnerais et al., 1999) have appeared in the literature. Ap-
plications have occurred in different disciplines such as earth sciences (Fermin et al., 2006;
Rietsch, 1976; Urban, 1996), crystallography (Navaza, 1985, 1986), and medical imaging
(Amblard et al., 2004; Cai et al., 2022; Chowdhury et al., 2013; Grova et al., 2006; Heers
et al., 2016). Recently, the MEM method has been shown to be a powerful tool for blind
deblurring of images that possess some form of symbology (for example, UPC and QR bar-
codes) (Rioux et al., 2021, 2020). However, MEM methods are not widely used and have yet
to become a modern tool for solving contemporary data-driven inverse problems in image
processing and machine learning.

The key to approaching the MEM problem theoretically and computationally is Fenchel-
Rockafellar duality (Rockafellar, 1970). The (Fenchel) dual of the (primal) MEM problem
(P,) reads:

2z, € argmin {ag*(—z/a) — (b, z) + L#(ATZ)}, (D,)
2€R?
where L, (y) := log [ exp(y, -)dpu is the log-moment generating function of the prior x. The
advantages of appealing to the dual problem (D,,) instead of the primal MEM problem (P,)
are as follows: The log-moment generating function has closed form for many priors p and is
essentially smooth (in the sense of Rockafellar (1970)) thus enabling expedient primal-dual
recovery

z, = VLA 2,). (1)

In many applications, however, the prior distribution g is unknown. What is available
instead is a collection of independent training samples from p

X1, X R
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A natural data-driven construction replaces p by an empirical measure
1 n
[y = — ox,- 2
Hn TL;E; X; ()

The MEM method based on this measure, which we call the empirical MEM method, was
analyzed in King-Roskamp et al. (2026). That work established almost sure convergence of
empirical MEM solutions z,, to z,, including suitable approximate solutions, and obtained
finite-sample convergence guarantees in expectation. To wit, an n~1/% sample complexity
with the quadratic data-fidelity term, g = %H - ||?, was derived, but it was conjectured that
this rate was not sharp and that the parametric rate n=1/2 should hold.

The first objective of the present paper is to resolve this question: We prove that the
empirical MEM estimator converges in expectation at the parametric rate

E (Jleg, — z,ll] = O (n™1/2) (3)

for all convex and L-smooth fidelity terms (see Assumption (A1) below). Similar to the
analysis in King-Roskamp et al. (2026), we heavily rely on Fenchel-Rockafellar duality:
First, we establish stability results for solutions of the (Fenchel-Rockafellar) dual MEM
problem (D,,) under perturbations of the underlying probability measure (Theorem 12).
Using this, we then prove the n~'/2-rate of convergence of empirical dual solutions in
expectation. Moreover, by establishing that the primal-dual recovery (1) is Lipschitz-stable
(Lemma 14), we obtain stability of primal solutions with respect to the underlying measure
(Proposition 16) and, ultimately, the desired convergence from (3) (Theorem 17). Moreover,
we show that, for an e-optimal empirical dual solution z;,. and its associated primal
reconstruction z, . == VL, (AT 2, ), the bound

E ([, c — zull] < Cin™'2 + Cav/E, (4)

holds for constants independent of n and ¢ (Theorem 18).

The second objective of the paper is computational: The empirical prior in (2) is at-
tractive precisely when a large training set is available, but the standard empirical MEM
dual involves the full sample at every evaluation. Consequently, deterministic full-batch
methods become increasingly costly as n grows. To address this limitation, we show that
the empirical dual can be reformulated as a risk minimization problem. Concretely, we show
that with ¢(z, 2) = exp (ag*(—z/a) — (b, 2) + (AT z,x)) , the MEM dual problem (D,,) has
the same solution(s) as

min Ex,[¢(X, 2)] (5)
z€R?

Consequently, the empirical MEM dual can be cast as
1
min fZE(Xi,z). (6)

This reformulation places empirical MEM within the standard framework of stochastic
optimization. It permits stochastic-gradient updates based on individual samples or mini-
batches and removes the need to process the entire prior dataset at every iteration.
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The exponential terms inherited from the moment generating function create a difficulty
that is specific to this formulation: stochastic gradients need not be uniformly bounded and
may become numerically unstable when the iterates move into unfavorable regions. Moti-
vated by stochastic gradient clipping methods, including the analysis of Mai and Johansson
(2021), we study a projected clipped stochastic-gradient scheme adapted to the empirical
MEM objective. In this extended real-valued setting, we refine the previous treatment to
explicitly account for domain considerations on ¢. We establish almost sure convergence
under explicit assumptions and investigate the method numerically on inverse problems
of increasing scale. The experiments demonstrate that the stochastic formulation can use
substantially larger empirical priors than the original full-batch formulation while retaining
competitive reconstruction quality.

The statistical and computational contributions are complementary. The statistical
analysis controls the error introduced by replacing the population prior p with the empiri-
cal prior fi,. The optimization analysis controls the additional error introduced by solving
the empirical problem only approximately, cf. (4). This decomposition separates the sta-
tistical error from the optimization error and gives a natural stopping principle: solving
the empirical problem far beyond the accuracy permitted by the sample size provides little
statistical benefit.

To summarize, our main contributions are the following;:

(i) We prove nonasymptotic stability bounds for the dual and primal MEM solutions
under perturbations of the prior measure.

(ii) We establish the parametric convergence rate O(n~'/2) in expectation for empirical
dual and primal solutions, improving the previously known O(n~/4) rate from King-
Roskamp et al. (2026).

(iii) We extend the statistical analysis to approximate empirical solutions and obtain an
explicit decomposition of statistical and optimization errors.

(iv) We reformulate the empirical MEM dual as an empirical risk minimization problem,
thereby enabling stochastic optimization methods whose per-iteration cost does not
scale with the full sample size.

(v) We develop and analyze a projected clipped stochastic-(sub)gradient method for the
reformulated problem and demonstrate its performance on large-scale image recon-
struction examples.

The paper is organized as follows: In Section 2 we collect the required material from con-
vex analysis and probability theory, and provide some more details on the MEM method.
Section 3 develops the stability theory and proves the parametric convergence rates for ex-
act and approximate empirical solutions. Section 4 derives the expected-risk reformulation
and studies stochastic-subgradient methods for the empirical dual. Section 5 presents the
numerical experiments.

Notation: Throughout we equip R with the Euclidean norm ||-|| := || ||2. The (Euclidean)
distance of a point x € R™ to aset C' € R™ is denoted by dist(x, C'). The closed ball of radius
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7 (in the Euclidean norm) centered at 0 is denoted by B,.. For a matrix A € R™*™ we denote

| A|| as its operator 2-norm (i.e., its largest singular value), and omin(A) = \/Amin(AT A) as
the smallest singular value of A. For any C' C R? set |C|o := sup.ec | c]-

2 Preliminaries

In this section we review some concepts from convex analysis and probability theory that
are essential for our study. We then recall the MEM problem briefly introduced above with
some more technical details.

2.1 Fundamentals from convex analysis

Throughout, we work with extended real-valued functions f : R™ — R = RU{+co}. The
domain of a function f is the set dom(f) = {x € R™ : f(x) < +o0}. If dom(f) # 0 and f
is never —oo, f is called proper. A function f is said to be lower semicontinuous (lsc) if the
preimage f~!([—o00,a]) is a closed (possibly empty) set for all @ € R. We say that a proper
function f is conver if

fOz+ (1 =Ny) <Af(z)+ (1 =N f(y)

for every x,y € dom(f) and all A € (0,1).
For f : R™ — R, its subdifferential at Z is the collection of all subgradients of f at T,
given by
of(Z) :={veR™ : f(x) > f(T) + (v,x — ), Vo € R™}, (7)

which reduces to singleton {V f(Z)} when f is convex and differentiable at . We defer to
Rockafellar (1970) for more details on subdifferential calculus. -
The (Fenchel) conjugate of f : R™ — R is the function f*: R™ — R defined as

fH(x*) = sup {(z,z") — f(z)}.

z€R™

An important notion for our study is strong converity. The following result records useful
properties of strongly convex functions from standard reference texts, see, e.g., (Rockafellar
and Wets, 1998).

Proposition 1 (Strong convexity). Let f : R™ — R be Isc proper conver and let o > 0.
The following hold:

i) (Characterizations) The following are equivalent:

1. f is o-strongly convex.
2. f* is 1/o-smooth, i.e., V f* is (globally) 1/o-Lipschitz.

3. Of is strongly monotone, i.e., for all x1,x5 € R™:
<’U1 —V2,T] — x2> > 0'”1'1 — 1‘2”2, Vvl € Bf(a:l),vg S af(.%'g) (8)
4. For all x1,x0 € R™:

fw2) = f@r) > 0.mr —m) + Slloz —mlP, Vo€ df@m).  (9)

5
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it) (Unique minimizers) If f is o-strongly convex it has a unique minimizer T that satisfies

f(z) = f(z) > %Hm—EHQ, Yz € R™.

iti) When f is differentiable and o-strongly convez, we have
ollry — xz2|| < |V f(x1) — Vf(x2)|| Vi, ze € R™.
The central convex-analytic tool for our study is Fenchel-Rockafellar duality which we briefly
recall here, see, e.g., Rockafellar and Wets (1998) for more details.

Theorem 2 (Fenchel-Rockafellar duality). Let « : R* 5 R, ¢ : RF — R be proper, lsc, and
convex and L € R¥*?. Define

min ¢(Lx) + Kk(x) (P)
z€R
and
min #*(L'y) + 6" (—y). (D)
yeR
Set
p:= inf {$(Lz) + w(z)} and d:=— inf {+*(L7y) +¢"(~y)},
zeR yeR

and assume the qualification condition

0 € int (L(dom(k)) — dom(¢)) .
Then the following hold:
i) (Strong duality) p = d, and the dual problem has a solution.

it) (Primal-dual recovery) If § solves the dual problem (D) and k* is differentiable (at
L'y), then T = V&*(L"g) (uniquely) solves the primal problem (P).

2.2 Basic notions from probability theory

Throughout this paper, we fix a compact set X C R™ and let P(X) denote the set of Borel
probability measures on X'. For any two probability measures v, u € P(X), v + p is a finite
Borel measure. Hence, for any f which is integrable with respect to p and v we often write
[ fdv+ [ fdpas [ fd(v+ p) and similarly for differences of Borel measures.

The ezpectation of a random variable X with distribution p € P(X) is

E[X] = /Xxdu(x) e R™.*

We sometimes write E,[X] to stress that the expectation is a function of the underlying
distribution. The covariance matriz of X is

cov(X) =B, |(X — E,[X])(X — E,[X])T] e R"™™, (10)

*This vector-valued integral is to be understood component-wise which is consistent with the usual
definition E[X] = (E[X1],...,E[X,n]) " of the random vector X. This idea also extends to random matrices.
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which we sometimes write as cov,(X). For scalar random variables (i.e., m = 1), we instead
write var for the variance.

The Kullback-Leibler (KL) divergence (Kullback and Leibler, 1951) of Q € P(X) with
respect to u € P(X) is defined as

Jylog(42)dQ,  if @ < p,
400, otherwise.

KL(Q|lp) = { (11)

2.3 The MEM problem

As mentioned in the introduction, the Maximum Entropy on the Mean (MEM) function is
given by
kp(y) = mH{KL(Q [| 1) : Eq[X] =y, Q € P(X)},

where p € P(X) is a given prior distribution. Given a signal b € R? and an operator
A € R¥™>*™_ the MEM problem, introduced in (Le Besnerais et al., 1999), consists of solving
the convex optimization problem

x, = argmin {ag(Az —b) + ku(x)}, (Py)
z€R™

where g is a lsc, proper, and convex function which measures the discrepancy between
Ax and b and a > 0 is a hyperparameter that enables balancing the influence of both
terms in the objective. Therefore, the MEM problem aims to recover a signal based on
a transformed and perhaps noisy observation thereof. The function g is generally used to
enforce the fidelity of the signal, Ax =~ b, whereas the MEM function enables incorporating
prior beliefs about the distribution of the signal. As shown in, e.g., King-Roskamp et al.
(2026, Lemma 2.1), this problem has a unique solution under the qualification condition
0 € int(dom(g) — Adom(k,)) and solutions can be obtained by first solving the Fenchel-
Rockafellar dual problem

z, € argmin ¢, (z) := ag*(—z/a) — (b, z) + LM(ATZ), (D)
z€R?

Here L, is the log-moment generating function (also known as the cumulant generating
function) of u given by

L,(y) :=1log M,(y) = log/){exp(y, Sdp.

Under our standing assumption that X is compact, we record the following key properties
of L, and k,, for ease of reference.

Lemma 3. For compact X, let u € P(X). The following hold:

(i) L, is convez, finite-valued, and analytic. In particular, L, is continuously differen-
tiable with gradient
J () exply, -)du

VEiuly) = [ exp(y, -ydp

(12)

7
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(i) ky =L}, and K, = Ly,.
(i1) 1im g —o0 Hﬁ‘T(f‘) = 00, and K, is strictly convex on every convex subset of {x |0k, (x) #
0}. Namely, K, is supercoercive and essentially strictly conve.

These properties are collected in, e.g., King-Roskamp et al. (2026, Section 2.2).
Given a solution z, to (D,,), the solution, z,, to (P,) can be obtained via the primal-dual
recovery formula given by Theorem 2,

x, = VL, (AT 2,). (13)
It is noteworthy that the dual solution z, can also be used to recover

Q = argmin{KL(Q || p) : Eq[X] = 2, Q € P(X)},

i.e., the optimal distribution in the definition of k,(z,), see (Rioux et al., 2020, Lemma
3). Namely, it is given by Q = 7,,., where, for each z € R%, 7, € P(X) is the unique
probability distribution which admits the Radon-Nikodym derivative

AV exp(A 'z, u)
= X .
dp ST Texp(ATz, Ydu

In effect, in light of the primal-dual recovery condition, it is easily seen that the expectation
of 4,2, is indeed x,. Precisely, we observe that

(14)

_ Juexp(ATz,, u)dp(u)

E’Yu,zu[ ] - fexp<ATZu,U>dM(u)

=VL.(AT2,) =z, (15)

Here the left equality is found by applying E,, . [X] = [ady,.,(z) = [ xdvglf“ (x)dp(x)
as follows from the Radon-Nikodym theorem, see e.g., (Dudley, 2018, Theorem 5.5.4), and
the right equality follows from evaluating (12) at ATZ,,.

Throughout this work we make the following mild standing assumption:

1 1
g:R? - R is convex and B—smooth, i.e., Vg is (globally) B—Lipschitz. (A1)

Moreover, (A1) implies that ¢g* is S-strongly convex which, in particular, yields that

The dual objective function ¢,, is g—strongly convex for all p € P(X).

\. .

The prototypical example g = %H - ||? satisfies (A1), but there are other examples of
interest beyond this. For example, any g which is the Moreau envelope of another proper
Isc convex function satisfies (A1) (Rockafellar and Wets, 1998, Example 10.32). From the
machine learning literature, the softplus g(z) = log(1+e{®*)) with a € R? and the radial loss
g(x) = /1 + ||z||? also satisfy this condition. Finally, we may also consider any separable
loss functions which satisfies the assumptions component-wise, e.g., g = Z?Zl gi(x;) for
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g; convex and é—smooth. This last category includes, for example, the log-cosh loss g; =
log cosh(-) with §; = 1.

As noted in Section 1, in the case where u is unknown — such as in imaging problems — a
natural approach is to approximate p via observed data samples. Explicitly, given samples

ii.d.
Xi,oo, X ™ H,

the empirical distribution,
1 n
Ao 1 Sx |
Hon, n ; X;

serves as a natural surrogate for a population-level prior distribution. This choice of prior
leads to an empirical dual problem

24, € argmin {ag* ( - i) —(b,z) + Lﬂn(ATz)}
2€R4 «

for the log-moment generating L, of fi,.

3 Parametric rates for convergence in expectation

In the sequel, we establish the parametric mean rate of convergence of the empirical primal
and dual solutions towards their population-level counterparts. The main result of this
section is as follows.

Theorem 4 (Primal and dual rates). Fiz o > 0, a fidelity function g : R? — R satisfying

(A1), a prior p € P(X), and let Xy,..., X, i p. Further, let zp, . be a e-approzimate

solution to the (empirical) dual MEM problem for fi, for somee >0 , i.e.,
Piin (2in ) < 10f Pz, (2) + ¢,

which is obtained by a measurable selection from the set of all e-approximate solutions.
Then, letting z, denote the solution of the (population) dual MEM problem for pu,

C 2
E [l = 2ull] < 2=+ ,/gg, (16)

where C' = %HAHC’ for C" = 2| supp(1t)]so exp (2|| All|| 2]/ Supp(pt) |oo). Moreover, setting

K' = |supp(p) X\ All, if 2p,c == VL, (AT 2, c) is the recovered (approzimate) primal

solution for fi, and x, is the primal solution for pu,

K'C+ ' 2
vn B

If, moreover, A is injective, and g is %—strongly convez, then

E [[|25.e — @ull] < (17)

~C 1 , |2«
e N S
aomm(A) Vi TN

9

E [Hxﬂma - xu”] <
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We first comment on the condition that solutions are obtained via a measurable selection.

Remark 5 (Measurable selection). Fiz n € N and consider the function

(0%

Fp:(xy,...,25) x2€ X" x R% ag*(— i) — (b, z) + log (Tllzn:exp(z,Axi)),
i=1

which is evidently (jointly) lsc. By Rockafellar and Wets (1998, Example 14.31), F,, is a
normal integrand so that
(T1,...,2,) EX" = {z € RY: F(21,..., 20, 2) < ienﬂngn(xl,...,mn,z) + ¢}
4

1s closed-valued and measurable, noting that the infimum is always attained by strong con-
vexity of the objective, see Proposition 14.33 and Theorem 14.37 from the same refer-
ence. By Rockafellar and Wets (1998, Corollary 14.6), there exists a measurable selec-
tion of e-minimizer for Fy(x1,...,Ty,-) and, since the data generating process w € Q
(X1(w),..., Xn(w)) € X™ is measurable (by definition), there exists a measurable selection
of the dual e-minimizers z;, . as the composition of Borel measurable maps is measurable.
It follows that the corresponding selection of primal solutions is measurable. If e = 0, no
selection is required as each problem admits a unique solution.

Practically, any algorithm which takes the samples and returns a e-minimizer based on
an iterative application of measurable operations is a measurable selection rule provided that
the initialization and stopping rules are also measurable.

The proof of Theorem 4 follows the following main steps.

1. We show that for any p,n € P(X), the unique minimizers z,, z,, of ¢,, ¢, satisfy

[ ooz 00— o) + Ca| [ exp(d”z,. (o~ )

for constants C1,Ce > 0 which are independent of the choice of p and 7, see Corol-
lary 10 and Lemma 11. This is accomplished by leveraging the strong monotonicity
of the subgradients of ¢, and ¢, and the fact that the subgradients depend on p,n
only through the terms VL, and VL, whose difference can be controlled in terms of
the integral terms in (18), see Lemma 6.

Hzn - Zp” <Ci + Cy , (18)

2. Next, for a prior p € P(X) and the empirical measure fi,, from n i.i.d. samples
Xi,..., Xy from g, it follows from (18) that E[||zz, — 2,]/] is bounded above by

Cq, | var [% iexp(ATzH,Xﬁ} +Ca, | tr (cov [% iXi exp(ATz,, Xz'>}>,
i=1

=1

so that both terms scale as n~'/2 upon showing that that the variance/covariance of
the summands are uniformly bounded, see Theorem 12. To this effect, we show in
Theorem 8 that ||z,|| can be bounded a priori. Applying the triangle inequality,

Elll2,.e = 2ull] <Elllza, — zall] + Elllz3,.c — 25, ],
where the first term on the right-hand side is bounded as described above whereas
the second is bounded as \/%‘“(qﬁﬂn (Ziin,e) = Diin (2,)) < ,/%0‘5 as follows from (9).

10
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3. Finally, we transfer the rates for dual solutions to the primal solutions by using the

(approximate) primal-dual recovery formula x5, . = VL, (AT 24, -). This is accom-
plished by leveraging the stability of the gradient with respect to perturbations in the
measures mentioned previously and by establishing that VL, is Lipschitz continuous.
The error due to the approximate nature of solutions is handled exactly as in item 2.

The remainder of this section is dedicated to proving Theorem 4 starting with two
technical lemmas. The first will enable us to characterize the stability of VL, at a fixed

point z under perturbations of the underlying measure as outlined in item 1 above.

Lemma 6 (Gradient stability). Fiz B € R>*™ 2 € R, and p,n € P(X). Then:

(i) [ B(-)exp(A”z, Ydp [ B() (-)exp(ATz, -Ydn
[ exp(ATz,-)dp [ exp(ATz,-)dn

< w(Bopun. )| [ exp(ATz, )y p>\ (B, 2)

where, recalling the measure 7y, . as defined in (14),

-1
(B.n.2) = |1B] ( [ewtaTs, ->dn) C K(Boponz) = By [XTIC(B. . 2).

(i) For v,z as defined by (14), [[E,, . [X]|| <E,, . [[|X]]] < [supp(p)loc-
(iii) k(B,p,n,z) and ((B,n,z) satisfy the bounds

K(B, p; 1, z) < || B[l supp(p)|oo exp ([|All[|z[|[ supp(n)loc)
¢(B,n,2) < || Bl exp ([[All|2[|] supp(n)]oo) -

Proof For the first assertion, we directly compute

[B(-)exp(ATz,Ydp [ B(-)exp(ATz,-)dn

[Oepar i)

fexp AT 7>dp fexp AT 7>d77
fB exp(ATz,)dp [exp(ATz,-Ydn — [ B(-)exp(ATz,-Ydn [exp(AT z,-)dp
Texp(ATz, o | exp(ATz, by
_ [ B()exp(AT2,)dp [ exp(AT 2, )d(n — p) + [exp({A "2, -)dp [ B() exp(ATz,)d(p —n)
Jexp(ATz,)dp [ exp(ATz,-)dn
where in the last line we have added and subtracted [ B(-)exp(A'z,-)dp [exp(ATz, )dp

from the numerator. Taking the norm on both sides, using the linearity of the integral, and

11
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using the fact that ||Bw|| < ||B||||w]| for any w € R™
g Yy )

[ B(-)exp(ATz ,)dp [ B(-) exp( (AT 2z, Vdn
fexp AT ’>dp fexp AT 7>d7’

_ H [ B(-)exp(ATz,-)dp [ exp(ATz,Yd(n—p)+ [exp(ATz,)dp [ B(-)exp(AT z,)d(p—n) H
fexp(ATz, dp [ exp(ATz,-)dn

e [
= [exp(ATz,)dn fexp (AT z,

we@!‘ﬁ” | [ O™ 0],

which corresponds to item (i).

On the other hand, item (ii) follows from a direct application of Jensen’s inequality,
whereby ||E,, _[X]|| < E,, [|X]]] <[supp(p)|c, where the latter inequality is a consequence
of the definition of v, . in (14) which asserts that supp(v,,.) C supp(p).

For the estimates in item (iii), we first observe that for any u € supp(n), we have
that exp (|| AJ[12]]|supp(n)]c) < exp(AT2,u) < exp (| All]]| supp(n) o) - Integrating this
inequality gives

exp (—[[A[[llzl[[ supp(n)loo) < /eXP(AT% -y < exp ([|All[| 2]l supp(n)]oo) -

-1
We conclude that ((B,7.2) = |[B| ([ exp(ATz,-)dn) ~ < ||B| exp (||A[[[lz]|| supp(n)]oo)-
Together with item (ii), this also shows that

K(B, p; 1, 2) = [[Ey, . [XTIIC(B, m, 2) < || Bl supp(p) oo exp ([[All[[2]]| supp()]oo) -

The second technical lemma establishes the existence of subgradients at certain points,
which is used when carrying out item 1 in the proof outline.

Lemma 7 (Nonempty subdifferential). Fiz p,n € P(X) and let z,,z, be solutions to the
dual MEM problem with prior p and 1. Then, 0¢,(zy,) is nonempty and, in particular,

AVL,(AT2,) — AVL, (AT 2,) € 0¢,(z). (19)

Proof First, observe that rint(dom(L,0AT —(b,-))) = R% and as both g* and L,0AT —(b, )
are proper convex functions, the sum rule (Rockafellar, 1970, Theorem 23.8)

O6n(2) = Dlag"(—2/a)) + 0 (=(b,2) + Ly(AT2)) = =0g"(=z/a) — b+ AVL,(AT2),

holds for each z € R%, where the final equality uses the differentiability of L,, from Lemma 3.
At the minimizer z,, the first-order optimality condition reads

0 € Apy(2y) = —0g*(—zp/a) — b+ AVL, (AT 2,),

12
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and hence
b— AVL,(A"2,) € —0g™(—z,/ ).

For any other measure p, the sum rule then gives 9¢,(2,) = —0g*(—2,/a)—b+AVL,(AT 2,),
which is nonempty as it contains, e.g., AVLP(ATZ,]) — AVLH(ATzn) as follows from the
previous display. |

With the technical results of Lemma 6 and Lemma 7 in hand, we now move to analyzing
the stability properties of dual solutions of the MEM problem under perturbations of the
prior measure which will naturally lead to the claimed statistical rates.

3.1 Stability and rates for dual solutions

As noted in the proof outline, our approach relies on the /a-strong convexity of the dual
objective, which follows from (A1). In effect, it enables us to bound the difference between
solutions for different priors in terms of the norm of a subgradient of one of the objectives
and to obtain a priori estimates on the norm of dual solutions as stated next.

Theorem 8 (Estimates for dual solutions). Fiz p,n € P(X), and let z,, z, be solutions to
the dual MEM problem with prior p and n, respectively. Then,

(i) Letting G = 0¢y(2,) U 0¢,(2y,), we have that

12y — 2yl < = min [[o]|.
r K B veG

(ii) For any z € R%, it holds that

«@
zp—z|| < = min vgll + ||b]] + ||A]|| su ,
e =2l < 5 |, _min_ ool + 100+ 4N supp(o)

whereby |[zql] < § [ming, cope(—s/a) 6]l + 0] + | Al supp(n) sc] + 21|

Proof (i): First by Lemma 7, there exists v € 0¢y(z,), and w € 0¢y(z,). Then, as ¢, is
B/a-strongly convex, by Equation (8)

«a
25 — Znuz < 2{v—w,2, — 2y < BH” —w|llzp — 2l

a
B
so that ||z, — zy|| < Fllv — w|. In particular, as z, is a minimizer of ¢, we may choose
w =0 € 0¢y(2y,). Hence

@
20 — 2| < EHU” Vo € Oy (2p).-
As ¢, is also /a-strongly convex, we may repeat this argument with reversed roles of n

and p to find
o
2o — 24| < EHUH Vv € 9¢p(2n)

13
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Combining the last two inequalities, we find
a
5]

for G as defined above. Finally, as G is closed and || - || has compact level sets, the infimum
is attained.

(ii): By the subdifferential sum rule (Rockafellar, 1970, Theorem 23.8),

— < — inf
Hzp ZUH— Q}QGHUH’

dpy(2) = —9g*(—z/a) — b+ AVL, (AT 2),Vz € R

We split the proof into two cases: first, if d¢,(z) # 0, for each v € 0¢,(z), and for the
particular point 0 € 0¢y,(2y), we have (by the same arguments as above) that

lzn — 2l < S]]
B

Since v € ¢, (2), it is of the form v = —v, — b+ AVL, (AT 2) for some v, € dg*(—2/a), so

«
Zn — % S* min —v _b+AVL ATZH
H n ” /6 vgeag*(*z/a) g 7]( )
«
= — min —v _b+AE . X
/6 Ugeag*(fz/a) H 9 Tn, [ ]H
«
<3, i llvgll +[[bl + Al - [supp oo],
6L@mﬂmﬂw 6]l + 14 - | supp(n)|
where the penultimate line uses the property VL, ( ATz) = E, [X] from (15) and where the

last line follows from Lemma 6 (ii) and the triangle inequality. Once again, we emphasize
that the minimum over subgradients is attained.

In the case that d¢,(z) = 0, then also —9g*(—z/a) = 0¢y(2) + b — AVL,(ATz) = 0.
Therefore the upper bound (ii) is a minimization over the empty set and takes the value
400 so that the result holds vacuously. |

Remark 9 (On solution estimates). As stated, the bound on the norm of solutions in
Theorem § (i) may be vacuous depending on the choice of evaluation point z € R?. Indeed,
as stated in the proof of that result, dg*(—z/a) may be empty.

Nevertheless, we point out that dom dg* = {u : dg*(u) # 0} is non-empty as g* is proper,
see, e.g., Rockafellar (1970, Corollary 23.4) (and use the fact that g* is proper).

We now show that the upper bound on ||z, — z,|| furnished in Theorem 8 can be rewritten
in terms of an expression involving the differences between the measures 1 and p. In the
sequel, it will be expedient to establish the following shorthand notation. Given a matrix
B, and measures p,n € P(X) we define

"‘f/(BaPﬂ?) ‘= max {&(Bnaa 777 Zﬁ)v H(B7777p7 277)} 9
C/(BaPﬂ?) ‘= max {C(Bnoa 217)1 g(Bv 777 ZT])} 9

-1
where ((B,n,2) = [|B|| (['exp(A"z,-)dn)  and &(B, p,1,2) = |Eq, .[X][IC(B,n, 2), as de-
fined in Lemma 6 (i).

14
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Corollary 10 (Stability of dual solutions). Fiz p,n € P(X) and let z,, z, solve the dual
MEM problem with prior p and n, respectively. Then

o=l < 50| [ expld” s w4

Proof We first apply Theorem 8, which asserts that ||z, —z[| < 3 minyeag, (2,)u06, (2, [[V]]-
Taking v = AVL,(A"z,) — AVL,(ATz,) € 8¢,(2,;) from Lemma 7 (19),

(4, p,m H/ ) exp(A 'z, -)d(p— n)H

o
[z = 2|l < EHAVLP(AT%) - AVLn(ATZn)Ha (20)
and it remains to bound the right-hand side. Recalling the expressions for VL, and VL,
from (12), we then apply Lemma 6 (i) with B = A and z = 2, to obtain that
loll = [AVL,(A" 2) — AVLy (A z))|
‘ JA() exp(ATzy,)dp [ A(-) exp(A zn,->dnH

[ exp(ATz,, )dp [ exp(ATz,, )dn

< k(A p,n, 2y) /exp<Asz d(n — p)‘ +C(A,n, 2p)

et o)

Repeating this computation with —v in place of v, we apply Lemma 6 (i) once more B = A
and z = z; with the roles of L, and L, interchanged. This gives
[oll =1 = vl
= [ AVL,(ATz) ~ AV, (AT )|
' [A()exp(AT 2y, ydn [ A() exp(A va'>de

[ exp(ATz,,-)dn [ exp(ATz,,)dp
/eXp<ATZ7]7 >d(p - 77)‘ + C(Aa P Zﬂ)

< k(A4,n,p, zp)

[ repiaTa =)

Finally, as Ife><p ATzn, Yd(n—p)| = | [exp(AT 2y, -)d(p—mn)|, and || [(-) exp(A " z,,-)d(n -
p)ll = || [(-)exp(AT z,,)Yd(p — n)||, we take the maximum of these bounds and substitute
mto (20) which yields

o=l = S| [ expla”sp =)+ G0 | [OxplaT i)

B
with the constants x'(A4, p,n), (' (A, p,n) defined previously. [ |

In order to establish the desired parametric rate of convergence for the empirical dual
MEM solutions, it remains to provide uniform bounds on the constants from Corollary 10.

Lemma 11 (Constant bounds). Let pn € P(X) and set fu,, :== L 3" | 0, to be the empirical

measure from n i.i.d. samples X1,..., X, from p. Then, with probability 1,

K/ (B, fin, 1) < [|B||supp(p)]oo exp(|| All [zl supp(p)loc).
¢'(B; fin, 1) < || Bl exp([| A ||z, ]| supp(p2) o).

15
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Proof (i) First, from Lemma 6 (iii),

R(B; fin, 11> 20) < [ Bl supp(fin) oo exp (| Al 2]l supp(1)]oo)
< 1Bl supp() oo exp (|| All[[ 2]l supp(14) [ 0),

where the second inequality holds since supp(fi,) C supp(p) with probability 1. Similarly,
we have: X X
K (B, s fin; 2u) < || B[] supp(p)]oo exp([| Alll[ 2| supp(fin)]oo)

< || Bl supp(#) oo exp([| All[| 2| supp (1) |0 )-
It readily follows that

H/(Baﬂnau) = ma‘X{’k‘;<B7,u7 ﬂn? ZAL)7 K’(B7/3'7Z7/’[’7 ZIJ)}
< [IB[ll supp (1) oo exp([|Alll| 2, || supp(12) |oo ) -

(ii) As for item (i), applying Lemma 6 (iii) we have

C(B fin, 2u) < || Bllexp([[Allll 2l supp(iin)|oo) < || Bl exp(|Allll 2.l supp(#)loo),

where we have again used that supp(fi,) C supp(p). On the other hand, we have directly
from Lemma 6 (iii) that

C(B, s zu) < || Bl exp([[Alll| 2l supp (1) |oo ) -

Hence, ('(B, jin, p) = max{{(B, p, z), {(B, fin, 2u) } < || Bllexp([[All[| 2| supp(p)|oc). W

With these preliminary results in hand, we now establish the parametric rate of conver-
gence of empirical dual solutions as stated in Theorem 4.

Theorem 12 (Parametric rates for dual solutions). Fiz u € P(X) and let fi,, := 1 37, 4,
be the empirical measure from n i.i.d. samples X1,..., X, from p. Denoting z,, z;, as the
solutions to the dual MEM problem with priors u and [i,, respectively, we have

<
\/ﬁ?

where C = 3¢ | A|[| supp(1e) o0 exp (2| All[| 2| supp(41) o)

Elllza, — zulll <

Proof We first apply Corollary 10 with p = fi,, and n = u to obtain that

(073 N ~
ot = 2l < S (i) ] [ oAz a0 -
(074

B

Given that &'(A, fin, i), ¢'(A, fin, 1) admit upper bounds which do not depend on the choice
of samples by Lemma 11 we proceed by bounding the expected value of the two integral
terms.

(21)

+ 2 (A, fins ) H JO oA 2 G - N)H .

16
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First, let f = exp(A'z,,-) and observe that

|

2
E

IN
=

|/fdu— Sy
i=1

[ an= >0 s
=1

2

1 & 1 &
- |E n;/fdu—n;fm)

= %var !Z f(XZ)],
=1

where the first line follows from Jensen’s inequality, and we have used the fact that [ fdu =
%2?21 | fdu in the next equality. The final equality follows from setting Y = >"" | f(X;)
and applying the definition of the variance of Y, (10). As the samples Xi,..., X, are
independent,

var [Z f(Xz')] = nvar[f(X1)] < nEu[f*(X1)] < nexp (2/|All]| 2| supp(p) o) ,
i=1

where we have used that f(X1)? = (exp(A'z,, X1))? < exp (2| All||2,]|| supp(i)|oo) in the
final inequality. Hence, we have shown

E H/exp(ATzu, d(p — fin)

] < ;ﬁexp<||A|H|zuu|supp<u>|oo> (22)

For the other term of (21), define h = (-)exp(A'z,,-). Then once more via Jensen’s
inequality, we have

2

1 n
E !H/hd,u— n;h(x,-)

]g E /hd,u—izn:h(Xi)
=1

n 2

:\IE ;;(/hdu—h(Xi)>

1 n
=1
Here, the final equality can be observed by computing the covariance matrix of the random

vector Y = Y | h(X;). Moreover, cov [Y 1, h(X;)] = ncov[h(X1)] due to independence
of the samples. Now, expanding the diagonal entries of the covariance matrix,

T (cov [A(X1)]) = E [[|2(X1) — E[R(X)]?] < [supp(u)[5 exp(2[| Al [z, supp()]oc)

17
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where the inequality follows from observing that
E [|(X1) = ERX0)II?] = EllA(X0))?) = [ERXDI® < E [[AX1)]].

Therefore, we have

e[| [ et s — )| < T tsuppoleexw (LAl supple) . (23)

Substituting (22) and (23) into (21) along with the bounds on &'(A, fi,, 1) and ' (A, fin, 1)
from Lemma 11 yields that

1 2«
E(|lza, — zull] £ —=—|Al|| supp(1t)|oo exp (2|| A]| || 24| sSupP ()]0 ) -
24, — 2l N [ Al supp ()| (2] A[[[lz. [ supp () |so)

The above result naturally generalizes to approximate dual solutions as stated next.

Corollary 13 (Parametric rates for approximate dual solutions). In the setting of Theo-
rem 12, let 2, - be a measurable selection of an e-approximate minimizer of ¢p,. Then,

vn B

Elllz e = 2ulll <

Proof By the triangle inequality,
Ellzan.e = 2ulll <Elllza, — 2ull] + Elll 22,6 — 2 ll]-

The first term on the right-hand side is bounded by Cn~/2 by Theorem 12. Since 0 €
004, (2,), (9) implies that

2« 2ce
12 = 2 I” < 5 (D (Zin,e) = Dpn (20,)) < e,
g g
proving the claimed result. |

With this result in hand, we proceed to proving the corresponding convergence rate for the
primal solutions.

3.2 Stability and rates for primal solutions

To derive stability and convergence rate results for primal solutions, we now first establish
that the gradient of L, is Lipschitz continuous for any choice of p € P(X).

Lemma 14 (Lipschitz continuity). For any p € P(X), L,o AT is K-smooth, where K =
| supp(p) 3 [|Al[*.

18
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Proof We compute the first and second partial derivatives of L, o AT below:

e Aikug exp(y, Au)dp(u)
di(L,0AT): ERdr—)kal Rk ,
(LpoAD) [ exp(y, Au)dp(u)

hy Adwur Yoy Ajiug exply, Au)dp(u)
&&LoAT; ERd,_)kaA kU 2 i1=1 4% :
il AT) g [ exp(y, Au)dp(u)
0 Awug exply, Auydp(u) [ 300 azUzexp(y,Awdp( u).
(f exp(y, Au)dp(u ))

Consequently, the Hessian of L, o AT can be expressed as
-
VA(L,0 A")(y) = E,,, [AUUTAT| - E,,, [AU]E,, , [AU]
where v, is as defined in (14) and U ~ ,,. We can rewrite this expression as

VE(Lyo AT)(y) = AE,,,, |(U ~E,,,, [U]) (U ~E,,, [U]) '] 4T,

Yp.y

so that, for any w € R? with |jw|| <1,
T 2 2
W (Lo A0 =B, || - By, 0D AT By, [l - B, 0] a1,

where we have applied the Cauchy-Schwarz inequality. We may further bound the expec-
tation as

Erpy U = By [0 = Esy, [1U17) = (1o, JO1]I° < |sump(o) e

It follows from the previous two lines that all eigenvalues of V2(L, o AT)(y) are bounded
above by |supp(p)|%||A||? =: K so that V(L, 0 A") is K-Lipschitz continuous. [ ]

We briefly comment on some implications of Lemma 14.
Remark 15. We make two observations as immediate consequences of Lemma 1}:
(i) Assupp(p) C X, V(L,o AT) is |X|%||A||?-Lipschitz for all p € P(X).
(ii) For the choice A = I, this also shows that L, is | supp(p)|2,-smooth.

With this technical lemma in place, we can leverage the primal-dual recovery formula to
establish a stability property for primal solutions under perturbations of the prior.

Proposition 16 (Primal solution stability). Fiz p,n € P(X). Let x,,x, solve the primal
MEM problem with priors p,n, and z,, z, solve the respective dual MEM problems. Then:

19
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(i) Setting K' = || A|||supp(p)|%.
oo — 2l < K'llzp — 2]l + &' (1, p.1) \ [esptaTa, 00 - p>\

+ Lo | [Oepla s 0= 0.

(ii) If A is injective and g is %—strongly convez, then:

Y
—||Rp — Znl|-
aUmin(A)H P 77”

|zp — x| <

Proof (i) As a consequence of the primal-dual recovery formula (13), we have
[2p — 2yl = HVLP(ATZP) - VLn(ATZn)H
< ||VLp(Asz) - VLP(ATZU)H + ||VLP(ATZ77) - VLn(ATZn)H'
For the former term, we use Remark 15 (ii) to obtain that
“VLp?(ATZp) - va(ATZn)” < [supp(p) Zo”AT(Zp — z)||
< | supp(p) [3[1Allllzp = 29 ]l-

For the latter term, in view of (12), [|[VL,(A"z,) — VL, (A" z,)| is exactly in the form of
Lemma 6 (i) for the choices of B = I and z = z,. Hence

HVLp(ATZn) - VL?)(ATZU)H

[ explaTey it = )| + <L) | et dato )|

é K‘(Ia Pﬂ?a 277)

Observing that |[VL,(A"z,) — VL, (AT 2| = VL, (AT 2,;) — VL,(AT 2,)]|, we also apply
Lemma 6 (i) for the choices of B = I and z = z,, with the order of L, and L, interchanged.
This gives

||VL77(AT277) - VLp(ATZn)H

< k(I,n,p,z) /exp(ATzn, Sd(n — p)' +((1, p, zp)

[OrexpiaT o= 0|

Taking the maximum over these two bounds gives the result with the corresponding con-
stants k'(I, p,n) and ¢'(I, p,n) as was stated in the theorem.

(ii) Assuming that A is injective and g is %-strongly convex, g* is differentiable and ~-
smooth. Rearranging the first order optimality conditions V¢,(z,) = Ve, (2,) = 0 gives

AVL, (AT 2,) — AVL,(AT2,) = Vg*(—z,/a) — Vg* (—2,/a).
As ||Az|| > omin(A)||z] for any z € R™, and we also have opin(A) > 0 as A is injective,

Omin(A) [V Ly(AT 29) = VL(AT2))|| < Vg™ (=2y/0) = Vg*(=zp /). (24)

20
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Returning to the primal-dual recovery formula Equation (13), we have x,—x, = VL, (ATzn) —
VL,(A"z,). Hence, we find

Hxn - :CPH = ||VL77(ATZ77) - VLp(Asz)”

< %j(muw*(—zn/@ Vg (= zp/a)]

y
——— 2y — 2,]],
o Oéo'min(A)H ! PH

where we have used (24) for the first inequality, and the «-smoothness of g* in the latter. B

As with the dual solutions, the stability properties provided above enable us to obtain
the parametric rate for empirical primal solutions.

Theorem 17 (Parametric rates for primal solutions). Fiz u € P(X) and let fi,, := L 3" | dx,
be the empirical measure from n i.i.d. samples X1,..., X, from p. Let x,,x;, denote the
solutions to the primal MEM problem with priors p and fi, respectively. Then:

(i) Letting C" = 2|supp(u)|oo exp (2[| Al[[| 2.l supp(pt)|oc), C = FA[C be the constants
from Theorem 12 and K' = |supp(u)|%||A|, we have

K'C+C'
Elllog, -zl < ==

(ii) If A is injective and g is %-stmngly convezx, then

~C 1
E[|zs, — )] < ————.
[Hl‘lln x#”] —= aamin(A) \/ﬁ

Proof (i) Applying Proposition 16 (i) with n = u, p = fi,, gives

o, = 2l < K, = 3+ o) | [ x0T )00 i)
where K = || Al||supp(fin)|%, < K', noting that supp(fi,) C supp(p). Taking the expecta-
tion of the above inequality and applying Theorem 12 to the first term yields

K'C . .
Ellas, — 5ul] < 22 4B (L o) \ [ explaT il )|
n

#E [ | O 0xpaT 5000, )|

Hence, it remains to bound the expectation of the latter terms. From (22) and (23),
E H [ ez~ )
B || [ exp(a s ) )

+ (1, fin, 1)

[ repla s i~ 0

!/

} < ;ﬁexpumunzumsupp(uﬂoo),

} < = lsupp()locexp (|41l supp(0) )
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As for k'(I, fin, i), ' (I, fin, i), we apply Lemma 11 with B = I to obtain that &/(I, fin, p) <

| supp(1)]oo exp ([[Afllzull| supp (1)) and ¢'(1, fin, ) < exp([|Al[[[2ull| supp(p)[oc).  This
enables us to control the terms involving the integrals as

\/15 (I supp()]oo exp (2[| All[| 2| | supP (1) o) + | sUPP(12) oo €xp (2[| Alll[ 2]l | suPP(12)| o))

which coincides with %, thus completing the proof of item (i).
(ii) Supposing that A is injective and g is %-strongly convex, we apply Proposition 16 (ii)
with p = fin,n = p, giving

v

v — x| < ————1l2a. — 24]|-
qun qu_aamin(A)qun Zu”

Taking the expectation and applying Theorem 12 yields

0 yC

E ll, =] = oy B e =2l < 522005

S

As before, we extend the sample complexity to the case of approximate minimizers.

Theorem 18 (Parametric rates for approximate solutions). Let z, . be a measurable se-
lection of an e-approximate solution to the dual MEM problem for [i,and set x;, . =
VL (AT 2, ). Then,

K'C+cC 2a
S Y
Vn B

where K',C,C" are the constants of Theorem 17. If, additionally, A is injective and g is

%—strongly convex, then

E [||$ﬂn75 - mﬂ”] <

1, %
ao’min(A)\/ﬁ /B

Ellzp,.e —zulll <

Proof The triangle inequality yields

1Zin.e = Tull < NTpe — 2, |l + 124, — 24l
= IVL, (A 2,.6) = VL, (AT 2,1 + 2, — 2l (25)

The expectation of the latter term has already been bounded in these different cases in
Theorem 17, so it remains to bound the former term. However, Lemma 14 yields that
VL, is | supp(fin)|%-Lipschitz continuous and hence

VL (AT 25, ) = VL, (AT 25| < |supp(fin) 2 IAT (22 — 2a0) |
< | supp (1) 12 | ANl 271 — 2 I
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In turn, using the [/a-strong convexity of ¢;,, we use (9) and the fact that z;, is a
minimizer of ¢;, (hence 0 € d¢;,, (24,)) to obtain
p

%Hf@me — 2 ? < D (2t ,e) — S (20) < €,

where the second inequality follows by the definition of z;, .. Hence,
IV L, (AT 24, 6) = VL, (AT 25,) | < [supp(p) 2| Al e

Taking the expectation in (25) then gives the result. |

4 Maximum Entropy on the Mean as Empirical Risk Minimization

In the sequel, we show that the dual MEM problem can be construed as a risk minimiza-
tion problem. This enables us to solve the dual empirical MEM problem using stochastic
gradient-based methods and to leverage standard results on the statistical properties of
empirical risk minimization problems.

4.1 An Empirical Risk Minimization Perspective

The classical study of empirical risk minimization consists of analyzing the effects of estimat-
ing 0, € argmingcg E,[¢(X,0)] by 0;, € argmingcg E;,, [¢(X,0)] where £ is a loss function.
In words, we wish to perform inference on the minimizer of a function of interest, but
only observe surrogates of this function which are obtained via sample-based approxima-
tions. Standard results regarding consistency, rates of convergence, and limit distributions
are available in the reference textbooks (Kosorok, 2008; van der Vaart and Wellner, 1996;
van der Vaart, 2000) under the broader study of M-estimation.

Remarkably, for a given prior u € P(X), the dual problem (D)) can be written in the
standard form described above. Precisely, for each z € RY,

ag*(—z/a) — (b, z) + log/exp(ATz, Sdp = log/exp (ag*(—z/a) — (b, 2) + (A 2, )) dp.

As the logarithm is strictly monotonically increasing, the optimization problem
min /exp (ag*(—z/a) — (b, 2) + (AT 2z, >) du
z€R?
has the exact same solution(s) as the MEM dual problem (D,). It follows that the

population-level dual problem can be written equivalently as

2y € arg;@inEu [¢(X,z)] where ¢(x,z) = exp (ag*(—z/a) — (b, z) + <ATz,x)) ,
zE

whereas the empirical dual problem is equivalent to

1 n
2, € argminEy  [((X, 2)] = argmin — Zexp (ag*(—z/a) —(b,z) + <ATz,XZ-)> ,
zERd ZeRd n i=1
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from which one can recover z,, and z,, from their respective primal-dual recovery formulae,
see (13). This formulation coincides with the standard empirical risk minimization setting
described above and, importantly, preserves strong convexity of the original objective.

Proposition 19 (Strong convexity under composition with exp). Suppose that h : R — R
is proper, lsc, and ~y-strongly conver. Then, z € R? — ") is o/ -strongly convex for
v = yetirdt > 0 and d(eh)(2) = {ve?) 1 v € Oh(2)}.

Proof We record that exp is proper, lsc, convex, increasing, and finite valued. Hence, with
the convention e™>° = +o0, for any z € dom(h) = dom(e”), we may apply the chain rule of
Burke et al. (2021, Corollary 4) to obtain that

d(eM)(z) = " an(z).

The same reference also asserts that e” is convex so that this subdifferential is well-defined.
Now, let 21, 2o € dom(e”), and take vo € Oh(z2). Then,

et — hle2) > (M) (h(zy) = h(z2)) 2 ") ({2, 21 = 2) + 3 |21 = 222)

where the first inequality uses the (sub)gradient inequality (7) for the convex function e,
and the latter uses the strong convexity of h, namely (9). We conclude by using the chain
rule at vg, observing {vee™(*2) : vy € Ah(22)} = A(e")(22) and ~e(*2) > ~eira? whereby

!
=) _ ehlz2) > (. 21 — 29) + %Hzl % Vus € (M) (),

which, by Proposition 1, implies strong convexity of e with modulus +'. |

The implications of connecting MEM problems to empirical risk minimization are twofold:

First, we may leverage the existing literature on M-estimation to establish statistical
properties of the empirical MEM problem. As noted above, there is a vast literature on
analyzing M-estimators under different assumptions on the underlying problem. A recent
example is given in the work of Brunel (2025) which establishes limit laws for M-estimators
in a general setting. While rates of convergence (in expectation) for M-estimators are ac-
counted for in the literature (cf., e.g., Birgé and Massart 1993), these results are stated in
greater generality than is required here, and hence require the verification of a number of
technical conditions. By contrast, the rates obtained in Section 3 follow from first princi-
ples of convex analysis and probability theory, enabling a simpler, and more self-contained
exposition.

Second, the alternative formulation of the dual MEM problem is amenable to optimiza-
tion via stochastic gradient methods. As such, even in the case where a population-level
prior, w, is known, but does not admit a tractable log moment generating function, we
may approximate the gradient via a sample-based approximation and derive meaningful
convergence results as expounded next.
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4.2 Clipped SGD and convergence
As noted above, the dual MEM problem with prior g € P(X) can be reformulated as

min B, [exp (ag*(—z/a) —(b,z) + <ATz,X>)} =:minE, [/(X, z)]. (D},)
2€RY z€R4
As such, the corresponding empirical MEM dual problem is
- _ T _ - !
;161]1@ - Zexp (ag —z/a) = (b,z) + (A" 2, X; ) f&{% - Z€ X, 2). (D%,)

Both of these problems are thus amenable to optimization via stochastic gradient methods.
The main distinction between these problems is that optimizing (D;) using such methods
requires a mechanism to draw new i.i.d. samples from the population measure u at each
iteration to approximate the population gradient via mini-batching. On the other hand, if
we only have a fixed finite number of samples from x (e.g., a dataset) we may also consider
solving (D:m) using stochastic methods by taking random subsets of the finite collection
of samples to form mini-batched gradients. This is particularly useful in the case that the
number of samples is so large that storing the entire dataset in memory is prohibitively
expensive or that summing over all of the samples is costly. The results of the previous
section establish that x;, can serve as a good proxy for x,, (on average) if the samples used
to form fi, are i.i.d. from p and n is sufficiently large.

This perspective is thus advantageous in cases where excessively large amounts of data
are available, as it enables scalability via mini-batching gradients and the ability to stream
the data in place of storing it. On the other hand, dropping the outer logarithm introduces
numerical instability as the gradients involve exponential terms.

For instance, if g = ¢* = 1 - ||

VE, [(X,2)] = E, [(iz . AX) exp (;@HZHQ b AX b, z))} ,

which can lead to numerical overflow if ||z|| is even moderately large.

To account for this, we propose to use a stochastic gradient method with clipped gra-
dients as discussed in Mai and Johansson (2021). The crux of this approach consists of
normalizing the stochastic gradient before taking a step to avoid taking excessively large
steps. We note, however, that the method analyzed in that work appears to tacitly assume
that the function being minimized has full domain' and that subgradients are chosen in
a measurable manner. To account for functions with restricted domain, we introduce a
projection step into the clipped SGD method and work under appropriate conditions guar-
anteeing that all iterates of the algorithm are in int(dom(g*(— - /«))) which guarantees
that subgradients at each iterate are bounded. We provide a sufficient condition for this
assumption to hold in (A2) ahead.

TIn effect, the clipped SGD update (Mai and Johansson, 2021, Equation 2) does not enforce that iterates
lie in the domain of the objective. Further, their assumption A4 requires the expectation of the squared
norm of a subgradient to be uniformly bounded. As the subdifferential of a convex function f is non-empty
and bounded only at points in int(dom(f)) such conditions generally cannot hold at boundary points of

dom(f).
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4.2.1 PrROJECTED CLIPPED SGD

We now state and explain the proposed algorithm. As aforementioned, there are two situ-
ations to consider, namely

(S1) we have access to a mechanism which generates fresh collections of i.i.d. samples
of a prescribed size from the population p which are conditionally independent from
the previously generated collections.

(S2) we have a fixed dataset D = (x;);"; of samples from p and have access to a
mechanism which generates fresh collections of i.i.d. samples from the corresponding
empirical measure [i, which are conditionally independent from the previous collec-
tions and from the original dataset.

Remark 20 (Generating batches under (S2)). Given a fived dataset D, a standard approach
for generating batches of samples satisfying the conditions of (S2) consists of simply resam-
pling m samples from D uniformly at random with replacement. That is, we generate an
i.i.d. collection of indices {o1,...,0m} from the uniform distribution on {1,...,n} which
is independent from previous draws and the original dataset, and take the mini-batch to be
{Z6,s.. . Tq,, }. With this, {zs,,..., s, } is conditionally i.i.d. from fi,, and independent
from the previously drawn mini-batches conditionally on D so that (S2) holds.

Notably, when applying Algorithm 1 ahead using mini-batched gradients with collec-
tions generated according to (S1) the aim is to approximately solve (DL), i.e., the dual
MEM problem with prior i = p. If the collections are generated according to (S2), we
approximately solve (D:ln)7 i.e., the dual MEM problem with prior g = fi,. Here and in
the sequel, we use i to denote the population prior p under (S1) or the empirical prior fi,
under (S2) to simplify notation. To clearly state and motivate the projected clipped SGD
method, we make the following assumption

Ir > 0: B, Cint(dom(Ez[¢(X,-)])) = int(dom(¢g*(—(:)/c))) and 25 € B,. (A2)

As noted in Theorem 8 (ii), ||2z| < %(minveag*(o) [|v]| 4 1B]| + | A]|| X |oc) =: 7, where we
underscore that dg*(0) is non-empty and bounded as 0 € int(dom(g*)) by assumption, see
Rockafellar (1970, Theorem 23.4). It follows that the above assumption holds if int(B;/,) C
int(dom(g*(-))) for some r < 7 which is equivalent to the following condition on g itself.

The fidelity term g satisfies lim inf o g||(zz||) =

g for some 7 > r.

Thus, if lim;|-e ﬁ = o0, i.e., g is supercoercive, (A2) is satisfied. For instance,

2

the prototypical fidelity term g = | - ||* is supercoercive. We now state and prove this

equivalence.

Proposition 21. Suppose that h : R — R is proper, Isc, and convex. Then, int(dom(h*))
contains the open ball of radius T > 0 centered at 0 if and only if iminf,) % > T
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Proof By Rockafellar (1970, Corollary 13.3.4 (c)), z € int (dom (h*)) if and only if the
recession function of h — (-, 2) is strictly greater than 0 on R?\{0}. Following Rockafellar
and Wets (1998, Theorem 3.26 (a)), this latter condition is equivalent to the property that
h — (-, z) is bounded below on bounded sets and

hw) —
liminf M0 =02
lwll=oo  [lwl]
Now, suppose that lim inf|j,( IﬁTuh) > 7 > 0, then, for any z € R? with ||z|| < 7,
hw) —
[[w]|—o0 [[wl| wl|—oo W]

Evidently h — (-, z) is bounded below on any bounded set so that z € int(dom(h*)) by the
previous deliberations. Thus the open ball of radius 7 is contained in int(dom(h*)).

On the other hand, if the open ball of radius 7 is contained in int(dom(h*)), we have
from Rockafellar and Wets (1998, Theorems 3.26 and 11.5) that, for any /' < 7,

h(w)

liminf —= = inf  sup (w,v) >7" inf |w|| =1,

lwli—oo [[w]l llwl=1yedom(n*) lw][=1
since, for any w € R?, r’ﬁ € dom(h*) and S0 SUP,edom(p+) (W, v) > r'||wl|. Taking the limit
r’ — 7 above proves the claimed result. |

With this explanation of the projection step in hand, we now state the algorithm:

Algorithm 1: Projected Clipped SGD
Data: Fix a radius r satisfying (A2). Initialize 2y € B,, a stepsize schedule
(Bk)ken, a sequence of batch sizes (my)ken, and a clipping parameter v > 0.
for k=0,1,2,3... do
Draw a collection of samples zy,, ..., z,, according to (S1) or (S2)

Jr mik itk Uz, 21), for a measurable selection ¢ (zy,, z;) € 0.4(zy,, 2k)

241 < Pp, (Zk — B min{1, W}gk)

The main feature of this algorithm is the final line, known as the clipping step, where
instead of taking the usual gradient step —figr, the update is enforced to have norm
Br min{||gx||,v}. This prevents instability if the gradient has a large magnitude. Our
method also includes a projection onto B,, denoted Ppg,, which ensures that the iterates
remain in the interior of the domain of the objective; this step is not present in the original
algorithm. As presented, the algorithm does not include a stopping criterion and, in our
examples, is run up to a pre-specified allowance of iterations.

The remainder of this section is devoted to proving the almost sure convergence of
Algorithm 1 for the empirical risk formulation of the MEM dual problem. We do so by
adapting the proof techniques of Mai and Johansson (2021) for the projected version of the
CSGD algorithm. As noted previously, the results of that work only appear to apply to
objectives with full domain. We begin by compiling some useful properties of £.

27



King-RoskaMP, Rioux, CHOKSI, AND HOHEISEL

Lemma 22 (Properties of ¢). Let g,r satisfy assumptions (A1) and (A2) and, for z € X,
let
(@,2) = (v(2) — b+ Az) exp(ag*(—z/a) — (b, 2) + (A" z,2)), (26)

where v(z) € —0g*(—z/a) is independent of x and z € B, — v(z) is measurable. Then
V' (x,2) is a measurable selection of subgradient of {(x,-) at z € B, and, if X ~ [, the
following hold:

(P1) (Unbiased gradient estimates). E[¢'(X, z)] € OE[¢(X, 2)].
(P2) (Quadratic growth). Let {z;} = argminga E[¢(X,-)]. There exists a > 0 for which

E[((X,2)] — E[¢(X, 2zz)] > allz — 2| for all z € B,
(P3) (Finite variance). There exists o > 0 such that
E[|[¢'(X,z) — E[('(X, 2)]||?] < o? for all z € B,.

Proof We begin by proving that ¢'(x, z) corresponds to a measurable selection of subgra-
dient. From Proposition 19, for each x € X and z € B, C int (dom ({(z,-))),

D.4(z,2) = (—0g*(—z/a) — b+ Az)exp(ag*(—z/a) — (b, 2) + (AT 2, z)).

Hence, ¢'(x, z) from (26) corresponds to a certain choice of subgradient of ¢(z,-). For fixed
z,v, ¢'(+,2) is a continuous function on the compact set X and is, in particular, bounded
and measurable and, in fact, integrable.

(P1) Given that ¢/(z,z) € 0.4(x, z),
Uz, 2') = l(x,2z) > ({'(x,2),7 — 2), for each 2/ € RY.
Taking expectations on both sides of the inequality, we obtain that
E[0(X,2)] —E[((X, 2)] > (E[('(X, 2)], 2 — z), for each 2’ € R%.

This demonstrates that E[¢/(X, z)] is a subgradient of E[/(X,-)] at z as desired.
(P2) Fix z € By, and let z; € B, be the unique minimizer of E[¢(X, z)]. Then

E[0(X, 2)] — E[((X, zp)] = Elexp hx (2)] — Elexp hix (z5)],

where h;(2) = ag*(—z/a) — (b,z) + (AT z,x) for x € supp(jz). This function is proper, lsc,
and (/a-strongly convex for all x (cf. (Al)), so that, for

E emfRd ha ,

Yz =

the function exp h, is v,-strongly convex in z by Proposition 19. Thus, for each A € [0, 1]
and any z,2’ € B,

exphy (A2 + (1 = A)2') < Xexphg(z) 4+ (1 — A) exp hy(2') — %/\(1 — Nz =22
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Taking the expectation on both sides of the inequality shows that E[¢(X,-)] is strongly
convex with modulus E[yx] > gemfwewm"(ﬁ) infga hz > (), This final lower bound is due to the
fact that, setting z as the unique global minimizer of ¢*(— - /),

£ s g _
ha(2) 2 ag"(=2/a) + 5-|lz = Z* = l2[l[1Bl] = 1Al X |oo 2]
s 5 B _ _
> ag”(=z/a) + o (121 = 2l12[1Z] + I1211%) = Izl = Al X ool 121,

where the final lower bound is a convex parabola in ||z|| which is independent of x and hence
admits a finite minimum. By (9) and using the fact that zj is the minimizer of E[((X, )],

E[vx]
2

E[((X, )] — E[((X, zp)] > Iz = zall?,

proving the claim.
(P3) Given z € B,, we have from (26) that

O(w,2) = (v(2) — b+ Ax) explag*(=z/a) — (b, 2) + (AT z,2))

for some v(z) € —Ag*(—z/a). Thus,
O(w,2) — E[f'(X,2)]

= (v(2) = b) (explag™(~2/a) = (b, ) + (A7 2,2)) ~E |exp(ag”(~z/a) - (b, ) + (A7 2, X)) )
+ A (wexp(ag(~2/a) = (b,2) + (AT2,2) = E | X explag™(~2/a) = (b,2) + (472, X)) ).
Taking the squared norm on both sides of the equality followed by the expectation, we have

E[I¢/(X,2) - B¢ (X, 2)]|P] < 2ljo(z) — b]]* var (explag”(~2/a) = (b, ) + (AT X))

2| A2 tr (cov (X exp(ag™(—z/a) — (b, 2) + <AT2,X>))) :
Applying standard bounds for the variance and trace of the covariance,
E [1£(X, 2) ~ B¢ (X, 2)]IP] <2Jo(=) — bIE [explag”(~2/a) — (b,2) + (A7, X))?]
2] APE Mxexp(ag*(—z/a) (b2 + <ATz,X>)H2]

and so

E [HEI(X7 Z) - E[KI(X, Z)] Hz]

<9 ( sup o b2+ HAP\XI?,O> exp (z (sup ag*(—=/a) + [b]Ir + rxwoouAur)) .

vE—0g*(—z/a) 2E€Br

Note that since Br C int(dom g*) by assumption, Rockafellar (1970, Theorem 24.7) asserts
that dg"(Br) = U.ep, 097 (2) is bounded. Therefore sup.cp, Supye_gg+(—2/a) |V —b||? < oo.
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Furthermore, sup,cp g*(—2/a) < 400 as any convex function is continuous on the inte-
rior of its domain (Rockafellar, 1970, Theorem 10.1) and B, is compact. It follows that
E [[|¢/(X, z) — E[¢'(X, 2)]||?] < o? for a finite constant o2 > 0. [ |

We note that a measurable selection of subgradient always exists under (A2) (cf. e.g.,
Rockafellar and Wets, 1998, Corollary 14.6 and Theorem 14.56) and, in cases where g* is
differentiable, the subdifferential is a singleton so that no choice is required. In any case
subgradient selection rule which can be expressed in terms of compositions of Borel measur-
able operations will be measurable recalling Remark 5. Furthermore by taking measurable
subgradients it is guaranteed that the iterates of the Algorithm 1 are also measurable.

The properties proved in Lemma 22 are paramount in showing the convergence of Al-
gorithm 1 as stated next.

Theorem 23 (Convergence of Algorithm 1). Let g and r satisfy assumptions A1 and
A2 and suppose that the stepsizes B > 0 satisfy > peo Bk = +00, D opeg Bt < 0o and
Y reo Br/my; < 400 Then, any sequence of iterates zj, generated by Algorithm 1 as applied
to f(x,z) = l(x, z) converges almost surely to {z;} = argmings Exz[¢(X,-)].

Proof The proof of this result follows similar lines to that of Mai and Johansson (2021,
Theorem 1), but accounts for extended real-valued functions. For notational brevity, we

introduce the quantity pr = min {1, Hg—k”} . Then, as Pp, is non-expansive,

Izks1 — zall” = |1 P, (2 — Brprgr) — zall
< ||z — Brorgr — zall”
= |1z — 2all* — 2Bkpr{gk — Hr + Hy, 26 — 2) + Bipillgll*. (27)
Here, 2z, € B,, by the projection step combined with the assumption zy € B,, and Hy =

E[gx|Fi], where Fy is the o-algebra generated by the first k batchest under (S1) and, under
(S2), Fi also includes the dataset D as a generator. From Lemma 22 (P2),

allzk — zall* < E[O(X, 2)] — E[U(X, 2)] < (Hp, 21 — 23), (28)

where the second inequality follows from the subgradient inequality for convex functions.
Indeed, noting that conditionally on Fg, z; is fixed and the mini-batch used to obtain g
is independent of Fj, Elgy|Fi] = Ex~u[l(X, z)] € O(E[((X,-)])(2x) by Lemma 22 (P1).
Applying the Cauchy-Schwarz and e-Young inequalities with € = a, we obtain that

gk — Hi, 2 — z)| < llgk — Hill - 26 — 2l

1 2, a 2
S%Hgk—HkH +§”2k—2ﬁ\|

1 , 1
S%H%—Hk” +§<Hk72k_zﬁ>a

¥

ie. Fr = 0(To,, %oy, - - L0+ Th—1ys -5 The1 ) is the smallest o-algebra containing the first k

mi_1
batches, where x;; as defined in Algorithm 1 is the j-th mini-batch sample at iteration i.
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where we have substituted (28) in the final step. Applying this bound in (27) yields that

Brpr

l2k41 = 2all* < llaw = 2all* = Brow(Hy, 26 — 25) + = = llow = Hyll* + ok llgwll*

and so, taking the conditional expectation and using the fact that pg||gx|| < v and p < 1,

E ll2041 — 2al%1 7
2 Br 2 2 2 (29)
< |2k — zall* — Br(Hg, 21 — 25)E|pr| Fr] + ;E[Hgk — Hy| || Fi] + 7755

We now invoke the classical almost supermartingale convergence theorem of Robbins
and Siegmund (1971, Theorem 1), which states that if Xy, Yy, U, Vi, Wi are non-negative
Fr-measurable random variables satisfying

E[XkJrl‘.Fk:l < Xk(l + Uk) + Vi — Wy,

for each k € N, then limy,_, o, X}, exists and is almost surely finite and > ;2 | W}, < co almost
surely on the event that > 72, U and Y .-, Vj are finite. Evidently (29) is of this form with
Xy = |lzk—zal%, Uk = 0, Vi = K[| gp—Hy || F] ++282, and Wy = Be(Hy, 21— 23)Elor| Fi]
(which was shown to be non-negative in (28)). It follows that there exists an almost surely
finite random variable Z., for which

o0
|2, — 2al|* converges a.s. to Zo, and Zﬂk<Hk, 2 — 2p)Elpr| Fi] < 0o a.s.
k=0

on the event that ) 7° (%E[Hgk — Hy||*|Fr] + 725]3) < 00. We now establish that this
event occurs with probability 1.

To this end, recall from the previous deliberations that, conditionally on Fy, z; is fixed
and, since the mini-batch samples used for g, are independent of F; and independent of
each other,

E[llgr — Hel*|Fx] =E

Hmlfl ik: (0 (wk;, 21) — E['(X, 21)]) Hzl}"k]
B (30)

1 & 9
= 5D Exup [Hf’(X, 24) — E[£(X, 20)]| ] < o2/my,
ki=1

where the final inequality is due to Lemma 22 (P3). Conclude that

o0 oo 2
5 (Lo - mieiA) %8 ) < 3 (20 4925 ) <
k=0 k=0

as follows from the assumptions that Y 72 ) 87 < oo and > _pe T’% < oo. That is, this event
occurs with probability 1.
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It follows that > po o Bk (Hg, 2k —2u)Elpk| Fi] < oo a.s. and ||z, —zz[|* converges a.s. to Zuo
which is almost surely finite. It remains to be shown that Z,, = 0. Following the proof of
(Mai and Johansson, 2021, Theorem 1) we have that

2

Elpk|Fi] = T
v+ (Elllgrll*Fi])?

(31)
We now note that
2 2 2 2 o’
Elllgell*|Fe] = | Hell” + Elllgr — HellI*|Fx] < [|Hgll” + p— (32)

by applying (30). By the conditional Jensen’s inequality,

HE[nik gk;g,(l'k“ zk)\fk] H < E[ﬂik g:; 1 (g, 1) ||| Fe

and, recalling (26),

1€ (zhys 28) || = vk — b+ Az, || explag® (—z/a) — (b, zk) + (AT 2k, 21,))

< (lJor, | + 1ol + [|All[ X oo ) exp (Sgp ag™(=(-)/a) + |[bllr + HAH\X!M)
where vy, € —0g*(—2;/a). Combining these two displayed equations, we obtain that

Il < (sup sup o+ bl]+ A1 ) exp (sgpag%—(-)/a) + 1ol + ||A|||X|oor) ,

2€B, veag* (_E)

and underscore that sup,cp, Sup,cgg«(—2) |lv]| < oo as argued in the proof of Lemma 22

(P3). Letting S denote the right-hand side of the above display, insert this bound in (31)
which yields that

o0 [o¢]
g 2
oo > Bi(Hy, zi, — z0)E|p|Fi] > a———F———= Brl|lzr — zzl||“, almost surely,
’;:0 ( ) Elpx|F] N /7 & g2 g:o I il

where we have also applied (28) and (32) and used the fact that my > 1. It follows that
> oo Bellze — 2al* < oo almost surely. On the other hand, ||zx — 2;|* converges a.s. to
some Ly, < 00.

Suppose now that Z,, > 0 on a set with positive probability (note that Z., is non-
negative by construction). Then, Zs > 0 and ||z, — 2al|* = Zoos D peo Bkll2e — zal]> = 00
since Y32 Bk = 400, but this contradicts the fact that > oo, Bellzk — 2a/* < co. Conclude
that Zo = 0 with probability 1 so that ||z; — 25| — 0 a.s., as required. [ |
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5 Numerical Experiments

Having established the convergence of projected clipped SGD we now study the performance
of this method on image denoising problems. Throughout we set the fidelity term to g =
211+ 13 so that g* = % - |13 has full domain and g* is smooth so that no measurability issues
arise in the subgradient selection. Moreover, (A2) is satisfied for any choice of » > 0 such
that z, € B,. We emphasize that Theorem 8 (ii) ensures that such r is available.

In the following experiments we set » = 500 for simplicity and note that the iterates in
each run all lie in the interior of this ball. In the sequel, we adopt setting (S2) wherein a
dataset D of fixed sized n is given and the corresponding prior is ji,. In this context, the
primal-dual recovery can be accomplished as follows.

Algorithm 2: Primal Solution Recovery
Data: Output z* of Algorithm 1.
Initialize /1 =0 € R™, /o, =0 € R.
for k=1,2,3,...,n do

01 < 01 +xpexp(AT 2% 1)
L o + Uy +exp(AT 2%, zy)
Return x* = ¢, /¢5.

For our experiments, we apply some common ad hoc engineering techniques to improve
the performance of the method. Concretely, we apply a “cosine learning rate”,as imple-
mented in, e.g., PyTorch which consists of taking Si to behave like a cosine curve and is
common in deep learning problems, see the specific hyperparameters for each experiment
for explicit expressions. Moreover, for certain larger experiments we incorporate momentum
to this algorithm as is standard in the SGD literature, see Section 5.2 for details.

The numerics are arranged as follows. We begin with an experiment on the extended
MNIST (EMNIST) dataset (Cohen et al., 2017) which consists of 28 x 28 black and white
pictures of letters and digits, see Section 5.1 for details and Figures 1 and 2 for the results.
We next apply our method to the more realistic Street View House Numbers (SVHN) dataset
(Netzer et al., 2011) which consists of 32 x 32 black and white and colored cropped images
of house number digits. Exact details are provided in Section 5.2. We use this dataset to
compare the performance of stochastic gradient methods with deterministic methods, see
Figures 4 to 6 for examples. We conclude with a case where the method fails to accurately
recover a noisy image which illustrates the importance of having representative data in the
prior, see Figure 7.

5.1 Extended MNIST

For the first host of experiments, we use the Extended MNIST dataset which consists of
800,000 hand drawn 28x28 pixel images including the numbers 0-9, and letters A-Z. We
underscore that directly loading this complete dataset into memory requires 4GB of RAM,
so that stochastic gradient methods which allow streaming data will be required for larger
real-life datasets. Importantly, optimizing the original objective with the empirical prior
on the entire dataset using gradient-based methods requires evaluating the full gradient
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Vp,(2) at any point z and hence requires a full data-pass of 800,000 inner products.
While one could in principle store each Az; to expedite this process (which is already
prohibitive), this does not sidestep the need to compute the sum > 7 el#ATi) at each
step of optimization, as is required to evaluate V¢, (z). In the followmg experiments,
the ground truth images are hand drawn by the authors and hence are not present in the
original dataset which is used to construct the prior.

For our first experiment, Figure 1, we denoise and deblur an image generated as b = Ax+
N(0, (0.1]|z]|)?) where A is a tridiagonal matrix with constant diagonal entries 0.25,0.5, 0.25
and N(0, (0.1]|z)?) is the mean-zero normal distribution with variance (0.1||z||)2. For this
experiment, we set the following hyperparameters for the projected clipped SGD : a = 10,
Br = 1074+ %(10_2 — 1074 (1 + cos(G%BFOO )), mi =5, v =100, zp = 0, and a maximum
iteration count of 2000. Moreover in the final display we postprocess the output by setting
pixels with intensity above 0.8 to 1 and those below 0.2 to 0.

(a) Ground truth  (b) Observed image  (¢) CSGD output (d) Postprocessed
(2000 iterations)

Figure 1: Result of solving the MEM problem using Projected Clipped SGD using a mini-
batched stochastic gradient.

For Figure 2 the same blurring kernel A is used along with the following hyperparameters
for the projected clipped SGD : a = 2, B = 10*4—1—%(10*2—10*4)(1—1—005(6]8%7?)), my =5,
v =10, and zp = 0 with a maximum iteration count of 50000.

full reconstruction of 50000 iterations. Post processed

(a) Ground truth  (b) Observed image ) CSGD output d) Postprocessed
(50000 iterations)

Figure 2: Result of solving the MEM problem using Projected Clipped SGD using a mini-
batched stochastic gradient.
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In both cases, the postprocessed output is close to the ground truth image. While the
hyperparameters used above are tuned for each example, we underscore that, in testing,
once the hyperparameters fall within a reasonable range further tuning does not significantly
improve the quality of the recovered image except for the batchsize. Indeed, if the batchsize
my, is set to be too small with the same amount of iterations this can result in significantly
worse results.

We remark that in Figure 2, the postprocessed image could be interpreted as a 5 or
the character g. This visual artifact can be explained by noting that in many handwriting
styles these characters differ only by a small stroke and so, in the presence of large noise, it
is difficult to discern if that stroke was present or not.

5.2 Street View House Numbers

We now consider the more realistic Street View House Numbers (SVHN) dataset (Netzer
et al., 2011) which contains 630000 images of house numbers taken directly from Google
street view. This dataset contains both original images of the numbers as well as cropped
images of each digit of size 32 x 32 for a total of 1.8 million digits. This dataset presents
additional real-world challenges, such as confounding features, color channels, differing as-
pect ratios, rotations, and so on. See Figure 3 for an example of the original image and the
corresponding cropped digit.

!

(a) Example data (b) Example data (¢) 32x32 cropped  (d) 32x32 cropped

Figure 3: Examples of original house numbers and the corresponding cropped digits from
the SVHN dataset.

Throughout we consider only the cropped images so that all images are of the same size
(i.e., 32 x 32). The corresponding problems are thus d = 1024 dimensional in black and
white or d = 3072 dimensional in color. Furthermore, for each of the following experiments,
the ground truth is taken as a point originally found in SVHN, but during recovery is
removed from the dataset and hence not used to construct the prior.

We now demonstrate the advantage of clipped SGD over solving the original formulation
of the problem. As before, we generate the observed image as b = x+A\/(0, (0.15||z||)?) which
corresponds to adding noise to the image only. To denoise the image we draw n = 50000
and n = 100000 samples and solve the corresponding full empirical MEM problem with the
empirical prior via black-box BFGS applied to the original dual objective. It is critical to
emphasize that even for n = 500000, it has become prohibitively expensive to compute the
MEM solution for the full empirical problem, as simply storing the partial dataset already
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requires 4GB of ram, with each gradient evaluation requiring a full data-pass, a problem
that will only become worse as the ambient dimension increases. Furthermore, we solve
the reformulated problem using the projected clipped method with the parameters o = 1,
B = 10744+ 3 (1072 = 107%)(1 + cos(gtdsm)), my = 10, v = 10, and 2o = 0 with a maximum
iteration count of 500000. We also incorporate a momentum term which is seen to speed
up convergence. Concretely, the update in Algorithm 1 for g is replaced by

1 &
gr < 0.1gp_1 + — Zfl(xki, zr) for a measurable selection ¢'(zy,, zx) € 0.(zk,, 2k)
mk
i=1

with the convention that g_; = 0. This modification preserves some information about the
direction of previous gradients before the clipping is performed. The results are compiled
in Figure 4.

(a) Ground truth  (b) Observed image

Too much data

use reformulation

(¢) Original (d) Original (e) Reformulation
formulation, formulation, 500000 iterations
n = 50000 n = 100000

Figure 4: Comparison of solving the MEM problem with the prior f, with n = 50000 and
n = 100000 using full gradient-based methods and using 500000 iterations of the
stochastic gradient method.

We underscore that, while the stochastic method is more scalable, a natural downside is
that any given iteration may fail to decrease the objective value and it is prone to oscillate
in some neighborhood of the minimum.

Next, we illustrate how the solution quality improves as the number of stochastic gra-
dient steps increases. To this end, we plot the recovered solutions after a fixed number
of iterations for a black and white image and a colored image. In both cases case, we set
a=2, B =10"*+ (1072 — 107*)(1 + cos(gbdsm)), my = 10, v = 10, and zp = 0 with a
maximum iteration count of 250000. The results are compiled in Figures 5 and 6.
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(a) Ground truth  (b) Observed image (c) 50000 iterations (d) 500000 iterations

Figure 5: Result of applying the clipped SGD algorithm after 50000 and 500000 iterations.
The observed image is generated via b = x + N(0, (0.2]|z]))?). After 50000 it-
erations the digit 2 is visible albeit with some blurring around the edges. After
500000 iterations the digit is clearer.

o |

(a) Ground truth (b) Observed (c) 1000 (d) 100000 (e) 250000
image iterations iterations iterations

Figure 6: Result of applying the clipped SGD algorithm after 1000, 100000, and 2500000
iterations. The observed image is generated via b = x+N(0, (0.3]|z]|)%). We note
that the output at 100000 iterations is very similar to that at 250000 indicating
that the convergence occurs relatively fast.

We note that the solutions obtained in Figure 6 have a discolored background; this can
be understood by noting that the solution is obtained by taking a weighted combination of
the datapoints so that the different background colors get averaged together. While color-
valued postprocessing could potentially aid in the visual recovery, this introduces another
layer of complexity beyond the scope of the MEM problem.

Finally, we note that this approach depends strongly on the dataset used to form the
prior. Indeed, as illustrated in Figure 7, if the ground truth is not well-represented by
elements of the dataset our method cannot accurately approximate it. In that figure, the
ground truth is blurry and includes two digits due to poor cropping. Given that such images
are outliers within the SVHN dataset it is unsurprising that the corresponding recovered
image does not match the ground truth well. Here, this image is constructed with the
hyperparameters o = 2, 3, = 1074 + %(10_2 — 1074 (1 + cos(ﬁlgﬁlow)), my = 10, v = 10,
and zy = 0.
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(a) Ground truth  (b) Observed image (c) Recovered image

Figure 7: Results of attempting to denoise an outlier within the SVHN dataset.

6 Conclusion

This work has advanced the statistical and computational study of the MEM problem.
Namely, a parametric rate of convergence for empirical dual and primal solutions in ex-
pectation was derived which improves upon the O(n‘l/ 4) rate obtained in King-Roskamp
et al. (2026). This statistical result was obtained by characterizing the stability properties
of the primal and dual MEM solutions under perturbations of the prior distribution and
follows from standard results in convex analysis and statistics. Furthermore, a connection
between the MEM problem and conventional expected risk minimization was established.
This connection was leveraged to propose and analyze new stochastic gradient methods for
solving MEM problem which were shown to yield good results even in the presence of large
amounts of noise.

Many promising research directions stem from this line of work. For instance, it is of
interest to generalize the sample complexity results derived herein to the case of priors with
unbounded support and to establish if these rates are minimax optimal. Establishing fur-
ther statistical properties of these estimators such as central limit theorem or finite sample
Gaussian approximation results a la Stein’s method would also be useful for understand-
ing the quality of approximations by empirical measures in the MEM framework and for
calibrating statistical and optimization error.

The aforementioned connection to expected risk minimization also opens the door to a
more engineering-based study of alternative stochastic optimization methods for the MEM
problem with the aim of improving its empirical performance.
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