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Abstract

This paper establishes bounds on the homogenized surface tension for a heterogeneous
Allen-Cahn energy functional in a periodic medium. The approach is based on relating
the homogenized energy to a purely geometric variational problem involving the large scale
behaviour of the signed distance function to a hyperplane in periodic media. Motivated by
this, a homogenization result for the signed distance function to a hyperplane in both periodic
and almost periodic media is proven.

Mathematics Subject Classification 49K 10 - 49K20 - 49Q20 - 74Q05

1 Introduction
1.1 The setting and statements of the main results
We examine anisotropic surface tensions arising from the periodic homogenization of

energy functionals in the study of phase transitions. Here, we focus on a subclass of prob-
lems presented in [14] where the authors study inhomogeneous media characterized by a
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heterogeneous double-well potential. Precisely, we consider double-well potentials of the
form ~
W(x,u) =a(x)Ww) :=ax)(1 —u)?, (1.1)

with ¢ : RY — R continuous, strictly positive, and T -periodic, where TN denotes the
standard N —dimensional torus. In [14], the authors addressed the I'-limit of the gradient
regularized problem with energy F; : H' () — [0, oo], defined by

Aw = [ |ta(X)ww+E1va?|d 1.2
g(m.—/g[ga(g) )+ 5 | u|] x. (1.2)

Their result pertained to a more general class of potentials W(x, u), but the work presented
here relies critically on the product structure (1.1). The I"-limit obtained in [ 14] has the typical
form of the weighted perimeter functional

Folu) = {fB*{u:l}ﬂQ o Wu=—1y (X)) dHN 1 (x) ifu € BV(Q; (—1,1)),
+00

otherwise,

where vy,—_1) denotes the measure-theoretic external unit normal to the reduced boundary
of the level set {u = —1}, and the anisotropic surface tension o : S¥~! — [0, o) is defined
by a cell formula governed by a variational problem (see (1.4)).

In homogenization, the first step is to find o, which characterizes the effective “homog-
enized” behavior of the system. A natural follow-up question is to obtain further refined
information which clarifies the asymptotic cell formula: this a posteriori investigation seeks
to understand a number of issues, such as bounds on the homogenized coefficients, regular-
ity, and ellipticity of the effective surface tension o. This paper is concerned with the first of
these: bounds on the effective, anisotropic surface tension o obtained from the analysis in
[14, 15], which we achieve via comparison with a novel “geodesic” formula. These bounds
are written in terms of a metric which takes into account the heterogeneities of the underlying
media. With regards to some of the other properties posed above (i.e. regularity), we mention
the works of [10, 20] which contain very interesting results in these directions.

To state and then motivate our results, we need to first recall the effective surface energy
density o : SN¥=1 5 (0, co) which was introduced in [14]. To this end, we introduce some
notation.

Let N > 2 denote the spatial dimension, and let {eg, e, - - - , e} be the standard orthonor-
mal basis of R,

e Cubes: With respect to this basis, let Q := (—%, %)N be the unit cube in RV centered at
the origin, and for each v € SN=1 et 0, be a unit cube centered at the origin with two
faces orthogonal to v. Let X, denote the plane through the origin with normal v, and we
set], := X, N @y, an (N — 1)—dimensional unit cube in the plane X,.

e Half-Spaces: For each v € SN=1 we define H, := {x - v > 0}. This is the “positive”
open half-space in the direction v.

e Sequences: In what follows, when we write T — oo, we understand an arbitrary sequence
{Tm}men, with T, — o0 asm — Q.
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The following hypotheses (H1)-(H4) are used in the sequel:

(H1) a : RY — (0, 00) is TV -periodic, i.e., a(x + ke;) = a(x) forallx € RN, k € Z,
ief{l,---,N).

(H2) There exist ® > 6 > 0, such that for all x € RN ¢ < a(x) < 0.

(H3) © < RY is a Lipschitz domain.

(H4) a is continuous.

Let
C(TQy) :={ueH' (TQ,):u=pxug,ondTQ,)}, (1.3)
with
o) -1 ifx-v=<o,
u =
0ty I ifx-v>0,

and p € C(B(0, 1)), with0 < p < 1, and fRN p(x)dx = 1. Following [14], we define
o:SN1 (0, c0) by the cell formula

o(v) = Tlem % inf {/TQ,) |:a(y)W(u) + %IVMIZ] dy:ucec C(TQV)} . (1.4)

We now state the precise result of [14].

Theorem 1.1 ([14,Theorem 1.6], see also [15]). Let {&x }en be a sequence such that g, — 0T
as k — oo. Assume that (HI)-(H3) hold, and that the function a is measurable.

() If {ukhien © H'(Q; R) satisfies

sup F, (ug) < +00,
keN

then, up to a subsequence (not relabeled), there exists some functionu € BV (Q2; {—1, 1})

LY(Q
so that uy, # u.

1
(ii) Ask — oo, Fg i) Fo, where

Fo(u) =

Jpea @ ACD AN () ifu € BV(Q: (=1, 1)), 0s)
+

otherwise,

foro : SN=1 — [0, 00) defined by (1.4), A := {u = —1}, and va(x) is the measure
theoretic external unit normal to the reduced boundary 0* A at x.

(iii) o : SN = [0, c0) defined by (1.4) is continuous, and its one-homogeneous extension
is convex, and hence, locally Lipschitz in RN.

The formula (1.4) for o embeds a one-parameter family of variational problems, hence-
forth called the cell problem. Our first main result consists of anisotropic bounds on ¢ in
relation to a novel geodesic formula which is expressed by solutions to an associated Eikonal
equation. To formulate our estimates, consider the Riemannian metric in RV given by the
following: for any yo, y; € RV,

1
d 00 1) = inf /0 Jaly@ly ol dr, (1.6)
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where the infimum is taken among Lipschitz curves y : [0, 1] — R with y(j) = yi,Jj =
0, 1. Standard arguments via the Hopf-Rinow theorem entail that RN, with the d Ja metric,

is a complete metric space. For any v € S¥~!, recalling that
Ty i={xeRY :x-v=0)]

we consider the signed distance function with respect to the d /a metric, to the plane %,.
Precisely,

hy(y) :=sign(y - v) zlenzfv dﬁ(y, 2). (1.7)

It is well known, and recalled in Lemma 2.2 below, that &, is Lipschitz continuous and
satisfies, pointwise a.e., the eikonal equation

|Vh,| = +a inRV.
We next present the first main result.

Theorem 1.2 Suppose that (H1)-(H4) hold, and let o : SN~! — [0, 00) be the anisotropic
surface energy as in (1.4). Let g : R — R be defined by

¢(z) :=tanh(v/2z), z €R.

Forv e SN, define

1 1
‘= liminf —— )+ =V DI dy,
AQ) = liminf s /TQ [a(y)W(czoh )+ 5IVigoh )I]dy

Y (1.8)
— . 1 1
A(v) :=hmsupﬁ/ a(»)W(g ohy) + =|V(goh)|*| dy.
T—oo T TQ, 2
There exist Ao > 0 universal and Ly : SN—1 — [0, Ag] such that
A(v) = 2o(v) <o (v) < A(V). (1.9)

Remark 1.3 We conjecture that the main result of [14], namely, Theorem 1.1, holds with an
identical cell formula, when a is merely almost periodic, as opposed to periodic. If this is the
case, then our bounds in Theorem 1.2 also apply to the setting where a is almost periodic.

Remark 1.4 While for simplicity, and in order to focus on the essence of our estimates, we
work with the specific choice of potential in (1.1), we believe that the bounds in Theorem
1.2 remain valid for more general potentials W(y, 7) := a(y)W(z), where 7 is vectorial (i.e.,
z € RY for some d > 1), the potential W is nonnegative, and vanishes in exactly two points
P, q € R in a suitably non-degenerate manner (e.g. min;—, 4 D>W(2)€ - & > a|g|? for all
£ € R?, for some o > 0).

More generally, a number of more complicated phase transitions problems in the litera-
ture have asymptotic I'—convergence results that yield anisotropic limiting surface tensions.
These surface tensions are generally described by localization principles or cell formulas,
that are not easy to compute. While convex variational problems always admit the powerful
convex duality principle (and related calibration-type methods) in order to obtain (sharp)
lower bounds, there are no similar systematic approaches to finding analogous lower bounds
in nonconvex problems. To this end, examining the scope of “equipartition bounds” such
as those in the present paper, in these more complicated settings, remains a very interesting
open direction.
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The computation of these bounds depends solely on the large-scale behavior of the distance
functions £,, for which one can readily invoke efficient numerical algorithms, for example
fast marching and sweeping methods [35]. As we explain in the next subsection, the structure
of the new geodesic formula, which is the basis for our bounds, is an intuitive generalization
of the Modica-Mortola framework for the homogeneous case a = 1.

Motivated by these bounds, we next turn to rigorous analytical results concerning the
large-scale behavior of the distance functions /,,. Precisely, we seek to characterize the limit

lim hu(TTx)7 x e RV,

T—o0

in a suitable topology of functions. Our second main result resolves this question, by showing
that these rescaled functions converge locally uniformly to the signed distance function in
an effectively homogeneous medium.

Theorem 1.5 Suppose (H1)-(H4) hold. For each v € SN~1, there exists a unique c(v) €
[\/5 , «/@] such that for all K C RN compact, we have

1
lim sup ?hv(Tx) —c(w)(x-v)| =0,

T—>00 yeK

and c(v) = c¢(—v).

From the perspective of geometry, Theorem 1.5 characterizes the large-scale limiting
behaviour of the signed distance function to a hyperplane in a periodic Riemannian metric
that is conformal ot the Euclidean one. We refer to the works of Bangert [4] and Burago
[71, who studied the behaviour of “point-to-point” distances in periodic metrics, in greater
abstraction than what we study here. Under the same rescaling, they identify the effective
“stable norm” ||x — y|| which characterizes the effective distance between x, y € RVN. In
Remark 5.12, we discuss some open directions relating this effectively homogeneous distance
function ¢(v)(-) - v with the stable norm || - ||, identified in these works.

Theorem 1.5 also implies a homogenization result for the Eikonal equation in half-spaces.
Indeed, it is well known (see for example [27]) that for each fixed v € SN for {Tinms>o0
with T, — o0 as m — o0, the functions k,, (x) := T,;lh,,(me) and £(x) := c(v)(x - V)
are the unique viscosity solutions of

{|Vkm| = Ja(Tx) inHy, {|W| =c(v) inH,,
and (1.10)

kn =0 on X,, =0 on X,
where we recall that H,, = {x - v > 0}. We note that although £, is defined on all of RN,
the well-posedness of 4, as the unique viscosity solution of (1.10) only holds true in H,,.
Theorem 1.5 shows that viscosity solutions of the PDEs on the left side of (1.10) converge
locally uniformly to the viscosity solution of the PDE on the right. A stochastic (and possibly
viscous) version of these equations (termed the “planar metric problem”) in R” -stationary
and finite range of dependent media (essentially independent and identically distributed
media) was introduced by Armstrong and Cardaliaguet [2] and studied by others [18, 21] in
the context of stochastic homogenization of geometric flows. In these works, they prove a
similar result holds true almost surely. We will discuss related work and alternative approaches
to what we have taken here in Sect. 1.3.

Finally, we add that our argument for proving Theorem 1.5 also yields a homogenization
result for the planar metric problem in almost periodic media:
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Theorem 1.6 Suppose (H2)-(H4) hold, and a : RY — R is a Bohr almost periodic function
(see Definition 5.2 or Definition 5.13). For h,, defined by (1.7), there exists a unique c(v) €
[\/5 , «@] such that for all K C RN compact, we have

1
lim sup ?hv(Tx) —c(w)(x-v)| =0,

T—>00 yeK

and c(v) = c(—v).

While we have stated Theorems 1.5 and 1.6 in terms of the signed distance function,
we note that our approach is also valid in proving homogenization results for the family of

functions {u{} as T — oo, where uf : 'H, — R is the unique viscosity solution of

H(Vul ,Tx) =0 inH,,
I/{g‘ :0 on Zlh

whenever the Hamiltonian H satisfies the following:

e H(-, x) is convex, 1-homogeneous, and coercive, i.e.
lim inf {H(p,y): 1p| = R, x € RV} = oo,
R—o0

e H(p, ) is Lipschitz continuous and periodic or almost periodic.

Furthermore, if uf is in fact defined on all of R, and ug = _”Zw then one can obtain a
homogenization result on all of RV, using the same arguments as in the proofs of Theorems
1.5 and 1.6.

1.2 Motivation with connections to the homogeneous Modica-Mortola problem

The homogeneous case of a = 1 reduces to the famous problem in phase transitions and the
calculus of variations. The resulting homogeneous cell problem in the cell formula (1.4) for
o is .
inf{/ |:W(u)+§|Vu|2:| dy:u GC(TQU)}. (1.11)
TQ\:

A classical argument using algebraic manipulations, made famous in the work of Modica
and Mortola [30], yields that as T — oo, the minimizer is the solution to

1 2 : N
Lvu? = R
{2| w2 = W) inRY, 0

u(y) > £l,asy-v — foo.

It is clear that (1.12) encodes equipartition of energy between the gradient singular pertur-
bation term and the potential term in the energy, see (1.11). The optimal u for (1.11) is thus
given by

u(y)=gqo(y-v),
where ¢ satisfies the associated Euler-Lagrange ODE,

q" =W lim ¢(z) = +1, (1.13)
z—>+00

which is translation-invariant. Associated to this continuous symmetry, Noether’s theorem
yields a conservation law. This can be more simply derived, by multiplying (1.13) by ¢’, and
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integrating. We obtain |¢’|> = 2W(q), a relation which dictates equipartition of energy. The
solution to (1.13) is g(z) = tanh(+/2z). Note that y - v is precisely the signed distance to
the minimizing interface ¥, = {x € R : x - v = 0}. The resulting surface tension is the
constant

1
o= ﬁ/ VW(s)ds.
-1

Turning to the minimizer of the inhomogeneous cell problem
1
inf {/ |:a(y)W(u) + §|Vu|2j| dy:uce C(TQV)} , (1.14)
TQ,

one could expect that g o (y - v) is simply replaced with g o i, (), where the inhomogeneous
distance function #,, is defined by (1.7). Indeed, we see that by definition of %,,, we have

1 1
5|Vq<hv<y)>|2 = 5<q’(hu<y))2|wv(y>|2 =a(y)W(g(h,(y)),

in which case g o h, achieves equipartition of energy. With this in hand, the cell formula
(1.4) for o (assuming the limit exists) would take the form

1 1
o(v) = lim W/TQ |:a(y)W(qth)+ §|V(qohu)|2] dy. (1.15)

T—o00
v

That is, in Theorem 1.2, we might have Ao(v) = 0 with o (v) = A(v) = A(v). This is false,
at least for rational directions v, and we address why in the following subsection. Moreover,
it is never the case that ¢ o i, is a minimizer of the inhomogeneous cell problem (1.14) for
any T < oo. What Theorem 1.2 shows, however, is that this simple explicit formula yields
upper and lower bounds for o. Moreover, we make the case that on large scales as T — oo,
the minimizer of (1.14) is close to g o &, (see Proposition 3.4 in comparison with (2.3)).

In the theory of homogenization, questions about bounds on the effective coefficients have
arather long and rich history in the context of optimal design (see [1, 11, 25, 28,29, 32] among
many, many other references). This body of literature (largely) deals with effective bounds
on linear elliptic (systems) of PDE using the homogenization method. Closer in spirit to our
work is the paper [6], where the authors use nonlinear homogenization to study the so-called
“shape memory effect” in polycrystals: the viewpoint there being that the heterogeneities
in the texture field of the polycrystal within a nonconvex mesoscopic variational theory,
upon nonlinear homogenization, yields a macroscopic theory whose global minimizers are
recoverable strains. This coarse-graining procedure yields valuable bounds on the possible
recoverable strains of the polycrystal— information that is not directly accessible from the
mesoscopic theory.

1.3 Outline of the proofs and discussion

Here we outline the proof of Theorem 1.2. We then discuss whether or not it is possible for
Ao(v) = 0 and o (v) = A(v), and this leads us to a discussion of Theorem 1.5.

The upper bound in Theorem 1.2 is more or less immediate: it essentially comes from
energy comparison. We do need to alter the boundary conditions in the cell formula (1.4), and
this is achieved by the standard De Giorgi slicing technique, see Appendix A. This procedure
yields that for any v € SN~ the surface tension o (v), defined in (1.4), has the alternative
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representation given by

o(v) = Tli_)mOO % inf {/TQv |:a(y)W(u) + %|vu|2i| dy:u=gqoh,on 8(TQ,,)} .
(1.16)

Having proven the upper bound in Theorem 1.2, we turn to the lower bound. By the Direct
Method in the Calculus of Variations, for each fixed T there is a minimizer of the problem
inside, which we denote by u7. In other words,

1 1
ur & argmin {ﬁ/ [a(y)W(u) + wmz] dy :u=gohyon B(TQV)} :
T TQ, 2
Define

Z
b(2) = fz/ JW(s)ds, zeR.
0
Consider the function £, introduced in (1.7). It is easily shown (see Lemma 2.2 below) that

|Vh,(y)| = a(y), forae. yeRV.

For any T > 1, completing squares we find

1 L,
W/TQV [G(Y)W(MT) + §|VMT| ] dy

V2 1 Vur 2
= Vhy - /W(ur)Vur d +7/ — J/Wur)Vh
TN—1 ro, v T Tay TN-T o, \/i T v
! / Vhy - V(b Gur) dy + — / VUT W) Vh ’
= — . u — — u
e N T To. | V2 e

1
- —/ Vhy - V(@ (ur)) dy
TQ,

1 1
gt | Vhe V@@ ehdy+ e [ Vhe V@ - 6o h) dy
TQ, TQ

v

_ 1 1 2
=781 /TQU |:a(y)W(q ohy) + EW((] o hy)] ] dy

1
e [ T V@) oG o) do.

(1.17)
where, in the last line, we used the fact that g o &, achieves equipartition of energy, while
completing squares one more time. Defining

T—o0

_ . 1 1
Av) =lim sup g /Q [a(y)wm oh)+5IV(go huﬂ dy.
TQ,

1 1
A(v) :=1;rgiogfm/T [a(y)vv(qohm§|V(qohu>|2] dy,

v

the proof of the lower bound in Theorem 1.2 (specifically (1.9)) is now immediate, provided
we can show that

. 1
limsup ———
T—o0

/TQ Vhy(y) - (@(ur) — ¢(q o hy)) dy‘ =:12o(v) = Ao, (L.1Y)
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for some Ag > 0. Obtaining this error bound is complicated by the fact that Ao(v) couples
oscillations and concentrations. In Sect. 3, we present novel tools and concentration estimates
in order to control Ao (v), which we briefly summarize here:

(1) We recall that for each T > 1, the function uy € H\(T Q,) is a minimizer of the varia-
tional problem in (1.16). In Theorem 3.1 below, we show that, as T — oo, {ur (T -)}r>0
converges to ug,, strongly in L'(Q,), where uo,y 1s given by

1 y-v>0,

How () = {—1 y-v<0.

We emphasize that this convergence is not simply along a subsequence, since the limit
is unique. This further implies that ¢ (¢ o 1, (T -)) also converges in L'(0,) to the same
limit, ug,,. It follows that

¢ur(T ) —¢(gohy(T)—0 (1.19)

in LY(Q,) as T — oo.
(2) Foreach T > 1, writing ur(y) =: tanh(ﬁwT(y)), we show in Lemma 3.2 that

1 <ur(y) <1, yeTOQ,. (1.20)

We prove in Proposition 3.4 that there exist positive numbers «g, 7o depending only on
v, 0 and ®, such that

VO - v) —ag = wr(y) = VO(y -v) —no ifwr >0,

(1.21)
—VOy V) + 0= wr(y) = —VO -v) +ap if wr(y) <O0.

In particular, this shows that the profiles u7 and g o h,,, in blown up variables as in (a)
above, converge to the sharp interface limit at the same rate (see (2.3)).

Naturally, the above mentioned results are proven in order to pass to the limit in the error
term in (1.17). It is easy to see that the topology of convergence in item (1) is not strong
enough to conclude that the asymptotic contribution of this error term vanishes. However,
we are able to put these ingredients together, to obtain bounds on the error term in (1.17).
This is carried out in Sect. 4.

These results beg the following natural questions:

e Can the error term Ao(v) = 0, with o (v) = A(v) = A(v)?
e Is it ever the case that the minimizer u7 to the cell problem is simply g o £,,?

It turns out that the answer to both of these questions is no, unless a is constant. In regards
to the first question, William Feldman and Peter Morfe [19] have recently shown the authors
the following: if (1.15) holds true for v € SV —1 4 rational direction (i.e., when v has rational
components), then one can argue that ¢ o &, must be a minimizer on an infinite strip. An
analysis of the Euler-Lagrange equations readily leads to a contradiction in that /2, must
be harmonic (which is true if and only if a is constant). When v € SN=1 is an irrational
direction, one can still argue using techniques from [31] that ¢ must be constant. This implies
that, surprisingly, equipartition of energy does not hold in any direction v € S¥~!, unless a
is constant.

An interesting question, which we are unable to resolve here, is the following: for a given
choice of periodic heterogeneities a, is at least one of the bounds in Theorem 1.2 close to being
sharp? Naturally, verifying the sharpness of the lower bound in Theorem 1.2 requires passing
to the limit in the term Ag(v); this in turn requires convergence of {Vh, (T, -)},, in suitable
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topologies. We provide partial progress in this direction with the second main contribution
of this paper in Theorem 1.5: we show that there exists a unique c¢(v) € [v/#, +/©] such that
, for any sequence {7}, },nen tending to infinity, for the functions &, (-) := T, lhv(Tm ),

{ki}m converges locally uniformly in RN to x > c(v)x - v.

We prove Theorem 1.5 (and analogously Theorem 1.6) in two steps. In Lemma 5.8, we
first show that for every sequence {7;,} tending to infinity, there exists a subsequence and
a function c(v) € [0, v/©] such that k,,(x) — c(v)x - v locally uniformly in R . The
proof of Lemma 5.8 uses various properties of Bohr almost periodic functions and ideas
which come from the proof of the Stone-Weierstrauss theorem. Lemma 5.8 also holds true in
the almost-periodic setting with essentially no modifications to the proof. Upon establishing
Lemma 5.8, we then argue that ¢(v) must be unique in order to establish convergence of the
full sequence.

Our uniqueness argument relies on the existence of correctors in the setting of periodic
(or almost-periodic) Hamilton-Jacobi equations (see Theorem 5.10 and [23,Theorem 2]). It
was pointed out to us that an alternative approach to proving that

{km }m converges locally uniformly in H,, to x > c(v)x - v,

could use the existence of periodic (or almost-periodic) correctors, a comparison principle
on half-spaces (stated in [21], without proof), and the perturbed test function method of
Evans [16]. While this argument may appear more direct to specialists in homogenization
of Hamilton-Jacobi equations, we highlight that aside from the existence of correctors, the
proofs of Theorems 1.5 and 1.6 are entirely self-contained. Moreover, to our knowledge these
results on the half-plane have not appeared in the extensive homogenization literature.! Our
results concerning the large scale behavior for £, are contained in Sect. 5.

2 Basic properties of h, and equipartition of energy
2.1 Existence and basic properties of h,

We introduce a Riemannian metric in RY | which is conformal to the standard Euclidean one.
To be precise, given a Lipschitz curve y : [0, 1] — RY, we define its length to be

1
L) :=/0 Jal Ol @) dr.

Naturally, L (y) does not depend on the parametrization of . We define the distance between
points y{, y» € RY in the /a—metric, by

d (1, ) = inf L(y). 2.1
vaQrn 22) y(O)=y1,y()=y2 @) @D
The existence of a minimizer, i.e., a geodesic in (2.1), and its regularity, follow by classical
arguments via the Hopf-Rinow theorem, since a is bounded away from zero by (H2) (for
details, see [36,Lemma 2.9]), thereby rendering RV geodesically complete.

1 Since submitting this paper, Scott Armstrong has kindly informed us that the paper [2] contains a quantitative
proof of homogenization of the planar metric problem using comparison principles in stationary ergodic media,
along with a discussion of prior related literature.
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Letv e SV! set &, := {x € RY : x - v = 0}, and define &, : R¥ — R by

dﬁ(x, ¥y ifx-v >0,

—d sz(x, %)) ifx-v <0. (2.2)

hy(x) = {

The function &, (x) represents a signed distance function from x to the plane %,.

Remark 2.1 Observe that, by (2.2), and since ¥, = X_,,, we have

d 2 ’ =0 d = (= > ()
hy(x) = Ja(x, X)), x-v = and By (o) = Ja(x. ), x- (=) =0,
—d j7(x, %), x-v <0, —d 7(x, %)), x-(-v) <0,

which imply that

h_y(x) = —hy(x).

In particular, &, is odd with respect to v. As h, is a type of signed distance, it in fact satisfies
an Eikonal equation.

Lemma 2.2 The function h, is Lipschitz continuous in RN | with
IVh,(x)| = m fora.e.x € RN,
Proof See [36,Lemma 11]. O
Since [Vh,| = /a € [+/0, /O] by (H2), by (2.1) and (2.2) we have

{«/élx-wihu(ﬂfx/@lx-vl ifx-v>0, 03

—VOlx v < hy(x) < —/0lx -v| ifx-v<0.

2.2 Equipartition of energy: [Vul? = 2a(x)W(u)

In this section we use the Riemannian geometry framework introduced above to find approx-
imate “one-dimensional” solutions to the degenerate Eikonal equation
|Vul?
2

=ax)W(u) (2.4)

in large cubes in RY, in a sense to be made precise. This analysis is crucial in the proof of
Theorem 1.2. Taking inspiration from the cell formula (1.5), forv € SM-1 we seek solutions
u to (2.4) that “connect” the zeroes of W, i.e., u(x) — £1 as x - v — Fo00. Consider the
ansatz

u(x) = (q o hy)(x),
for some ¢ : R — R to be determined. Inserting this into (2.4), we obtain
1
5(q/(hv(X))ZIth()C)I2 =a(x)W(q(hy(x)).

As |Vh,| = /a pointwise a.e. (see Lemma 2.2), the function ¢ must satisfy the ordinary
differential equation

g9 =V2JW(q). 2.5)
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By (2.3), we see that &, (x) — Fo00 as x - v — Fo00. In particular, to connect the zeros of
u at oo, we require that g(z) — =£1 as z — =£oo. In order to identify this function ¢, we
consider a suitable initial condition associated to (2.5) in Proposition 2.3.

For convenience, we recall some basic properties of the hyperbolic tangent and secant
functions, tanh and sech, respectively, which will be used throughout the rest of the paper:

X__,—X .
tanh(x) = & +i—x is an odd function,

—1 < tanh(x) < 1, forall x € R,

lim,_, o |1 — tanh(x)| < cje=21,
limy—, —oo |—1 — tanh(x)| < cje~2MI,
1 — tanh?(x) = sech?(x), forall x € R,

| sech(x)| = ‘2e2-€11 ‘ < 2¢~ "1 is an even function, and 0 < sech(x) < 1, Vx € R,

(sech(x))’ = — tanh(x) sech(x), (tanh(x))’ = sech?(x), Vx € R,
sech*(x) is decreasing on (0, 00).

There exists ¢y, ¢co > 0 such that {

2.6)

Proposition 2.3 There exists a unique solution to

g =~2JW(q), ¢@0)=0. (2.7)

Moreover, there exist ci, ¢y > 0 such that

gz) > 1—cre 2kl jfz >0, 25
() < —1+cre 2kl jfz <0. '

In particular, q(z) — £1 as z - Fo0.

Proof Ttis easy to see that g(z) := tanh(+/2z) is the unique solution to (2.7). The exponential
bounds (2.8) immediately follow from (2.6). m]

3 Properties of minimizers in the cell problem
By Lemma A.1, which enables the use of new boundary conditions involving g o i,,, we have
1 1
o(v) = Tli_)moo TNT inf { AQV |:a(y)W(u) + §|Vu|2i| dy:

we HNTQ,). ularg, = q ohu}

2
- Tli_)mooinf{/v [Ta(Tx)W(V)—}—%'v;' ] dx
Ve H'(0) VIg, =gq0h(T)}. (3.1

In the remainder of this section, we suppress the subscript m for notational ease, with the
understanding that when welet T — oo in the end, we do so along this particular subsequence
T, — oo.

We introduce the function vy € H' (Q,) satisfying

. 1|VV|?
VU7 € argmin {ET(V) = / |:Ta(Tx)W(V) + T 2 j| dx : Vl]yo, =¢q ohU(Tx)} .
) 3.2)
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Since g oh, (T -) is an admissible competitor in the variational problem (3.1), we may assume

that
1 [Vor|?
Ta(Tx)W(vr) + — dx
0, T 2

° 2
< / [Ta(Tx)W(q o hy(Tx)) + iw} dx (3-3)
0. T 2

=0

as T — oo.

Lemma3.1 Let vr : Q, — R satisfy (3.2). There exists a subsequence, not relabeled, such
that

vr — ug in L'(Q,), (3.4)
where, we recall, ug : RN — R is defined by

] 1 x-v>0,
uo(x) ':{—1x-v<0.
Proof Since vr satisfies (3.2), it verifies the uniform energy bound (3.3). As a is bounded
away from zero, this estimate yields, via a standard compactness argument using the Modica-
Mortola inequality, that {vr} is precompact in L! (Qy) (see [22] or [36]). Let U be an L!
cluster point of {vr}r. By (3.1), the energies of the minimizers vy converge to o (v).

We recall that o (v) is the limiting energy corresponding to ug, and we claim that U = uy.
We extend vr to all of RV by setting vr(x) := g o h,(Tx) for x ¢ Q, and, likewise, we
extend U to all of RV by setting U = ug outside Q,. Let > 0 be fixed, and we work in
the dilated cube (1 4+ 7)Q,. We label the restrictions of vy and U to (1 + t)Q, by vr, U,
respectively. By [17,Theorem 5.8], UeBvV ((1+1)Q,). We note that by the aforementioned
compactness arguments,

> U inL'((1+71)0,)as T — oo, (3.5)
D'JT—\Dﬁ weakly-* in the sense of measures as T — oo, 3.6)

for all T > 0. Since U is piecewise constant, vU = 0, and we find that dDU =
2vg dHN-! | Ji7, where Jg is the jump set of U and Vg = ddng| on Ji (see [26]). We

claim that

/ dDU = 2v. (3.7
Jgﬂav

By (3.6), for every ¢ € C.((1 + ) Q,) and for every unit vector ¢ € S¥ !, we have

/ ¢e-VFde:/ ¢e - dDvp — pe-dDU as T — oo.
(I+7) 0y (I+7)0y (1+7) 0y
3.8)

In particular, let ¢ € C°((1 4+ v)Q,) be such that ¢ = 1 on @U, O0<¢p<l,andp =0
on(l14+1t)0,\(14+1t/2)0,.Ife € {vy,---, vy}, we then have that as T — oo,

/ ¢e~V§de+/ e-Virdx — 7¢6~D[7+/7 e dDU.
(1+7/2) 0\ Qv v (1+7/2) 0\ 0,

v
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As U7 = g7 o hy(T) and U = ug outside Q,, we find that the first and the third terms
in the previous display are O(t™V~!). It remains to evaluate the limit of the second term as
T — oo. With the choice ¢ = vy = v, by the fundamental theorem of calculus, we find
that,as 7 — oo,

/ v-Virdx — 2, as T — 00,

because g o h, (T -) is exponentially close to 1 and —1 respectively, on the top and bottom
facesof Q,,ie,{x € Q,:x-v= i%}. It follows that

ﬁ v-dDU =24 0" ™).

v

Finally, for the lateral directions ¢ = vy, - - - , vy_1, we have,

/ e- DVrdx =/ g oh,(Tx)dH "1 (x)
v Qvﬂ{x@:%
—/ g o hy(Tx)dHN"(x)
Qvﬁ{xe:—%}

SN uodHY 1 (x) —/ uodHN 1 (x) =0,
T—o0 Qvﬂ{x-e:%} Qvﬂ{x-e:—%]

We deduce that
N
L dDU:Z(/ﬁ dDU.u,»> v =2v+ 0@V, (3.9)
v i=1 v
Since |Dl7| =2HN-! [Jg7, it follows that
Ji NQ,=JyUfx e€dQ, :trace(U)(x) # up(x)} =: Ky. (3.10)

and the set Ky on the right hand side is independent of T > 0. Indeed, note that the extension
apu’
d|DUO|

is equal to vy on Jy, and it is equal to the normal to the boundary of Q,, v30,, on Ky\Jy.

Now (3.9) reduces to

U of U does not depend on 7, and we now call it U°. The Radon-Nikodym derivative

/ dDpU°’ =2v + oV 1.
Ky
Letting 7 — 0" we deduce that
/ DU° = 2v. 3.11)
Ky

By Theorem 1.1 on (1 + 7)Q, for each fixed 7, then sending r — 0%, and then using
Jensen’s inequality owing to the convexity of the one-homogeneous extension of o, &, we
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have

o) = lim liminf Ex(V7; (1 +1)Qy)
— 00

=0t T

> lim sup/ o (vy) dHN 7! > lim sup/ o (vy) dHNT!
JgN(+1) 0y Jgno,

7—0 =0

d pU° N1
_/KUU<d|DUO|)dH (3.12)

d pU" dHN!
= (5—gH K >7
/KUU<d|DU°| K0 ) 3v &)

- dDU" - dHN!
ZU(/ oot I(Ku)W)
xy d1DUY| HN=1(Ky)

But |DU°|| Ky = 2HN~!| Ky, and we find by the one-homogeneity of & that

- dDu®\ v, 1 0

Again using the one-homogeneity of &, the equality (3.11) implies that the right hand

side of (3.13) evaluates to %5(21}) = o (v) = o(v). In turn, plugging this into the chain

of inequalities in (3.12), we learn that we must have equalities throughout. But equality
d DUy’

holds in Jensen if and only if IRl LKy is a constant. This immediately implies that

HN"1(x € 30, : trace(U) # ug) = 0, and thus that U inherits the trace uy from the
sequence {vr}. Furthermore, we conclude Ky = Jy up to a set of HN =1 null measure,
and so, U = ug in Q,, yielding (3.4). O

For what follows, we need finer, quantitative versions of the foregoing convergence result
and, in particular, of the convergence of the functions 7. The remainder of this section is
devoted to obtaining these estimates. The next preparatory lemma is an immediate conse-
quence of the maximum principle.

Lemma 3.2 Let ur be a minimizer to (1.16). Then
—l<ur(y) <1, yeTQ,.

Proof For each T, as ur is a minimizer of the energy

1
/ [a(y)W(u) + 5|Vu|2] dy,
TQ,

subject to Dirichlet boundary conditions ur = g o h, along a(T Q,), it follows by standard
arguments that u7 is a classical solution of the associated Euler-Lagrange equations

[Au =a(y)W'(u) = —4a(y)u(l —u?) inyeTQ,, (3.14)

u(y) =qohy(y), ony € d(TQ,).

We know that for any 7' < 00, sup,¢y(7¢,) 19 © hv| < 1. Suppose, by way of contradiction,
that there exists yg € T Q,, such that

ur(yo) = max ur(y) > 1.
YET Oy
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Then Aur(yp) < 0, while W (ur(yo)) > 0, and a(yg) > 0 > 0, yielding a contradiction.
It follows that ur(y) < 1 forevery y € T Q,. A similar argument shows that ur(y) > —1
for every y € T Q,. Finally, a standard argument (as in the proof of the strong maximum

principle) using the Hopf lemma yields the desired strict inequalities. O
Define
1
wr = —tanhflur. (3.15)
V2

By Lemma 3.2, wr : TQ, — (—00, 00) is of class C*°(T Q). Further, wr is a classical
solution to the PDE

{Awr(y) = % tanh(v2wr () (IVwr M —a(y)), iny € d(TQ,),
wr(y) = hy(y) ony e d(TQy).

In the remainder of this section we obtain fine properties of the function wr, specifically in
Proposition 3.4 below. A crucial ingredient in the argument is the following result due to L.
Caffarelli and A. Cordoba [8,Theorem 2].

(3.16)

Proposition 3.3 Consider the functions ur : TQ, — R. Then, as T — oo, for each
w € (—1,1) the level sets {x € TQ, : ur(x) = u} are at a uniformly bounded distance
from X, N T Q,. To be precise, for each u € (—1, 1) there exists a constant n(u, v) > 0,
only depending on | and v, and independent of T >> 1, such that

YeTQy:ur(x)=p}C{yeTQ,:|y- vl <nu,v)}. (3.17)

Equipped with the foregoing proposition, we are ready to prove the proof the main result of
this section, namely, that the functions wr defined in (3.15) are essentially linear.

Proposition 3.4 Let wr be as in (3.15), let T > 1, and define the constants ny :=
\/§r](0, v) >0, and agy := \/@n(O, v) > 0, where n(0, v) is obtained from Proposition 3.3
corresponding to the level set 1 = 0. Then, for all T > 1, the following hold:

VO -v) —ag = wr(y) = Vo(y-v) —no if wr(y) >0,

(3.18)
— Vo v 10> wr(y) > VOO v +ay  ifwr(y) <O0.

Proof Owing to the continuity of wr, the sets

Qr:={yeTQ,:wr(y) =0}

are open. We show the lower bound in the first statement in (3.18). Define the function
¢r : Q4 — R by the formula
y-v

— . yeQ,.
wr (y) + 1o *

¢r(y) =
Being a continuous function on the compact set Q., it achieves its maximum. The assertion

in the first inequality of (3.18) is that the maximum value of this function is no more than
ﬁ. Suppose, by contradiction, this were false. Let yp € €2 be a point at which ¢7 achieves

its maximum, and
1
¢ (o) > 7 (3.19)

There are three possibilities, which we will now argue can never occur:
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ey

(€5

3

Yo € Q4 NA(TQ,) : by virtue of (2.3), along (T Q) we know that wr (y) = h,(y) >

VO(y - v) . This implies that wz(y) 4+ 7o > +0(y - v) for every y € (T Q,) N Q.
Thus, under the contradiction hypothesis (3.19), {7 cannot attain its maximum here.
Yo € Q4+ :in this case, yp would be an interior maximum point of {7, and so,

Vir(yo) =0,  Atr(y) < 0. (3.20)

Towards ruling out this case, we derive the PDE satisfied by ¢r. From the definition of
¢r, we note that at any y € Q4,

v = (wr(y) +n0)Ver(y) + ir(y)Vwr (y). (3.21)
Taking divergence of this relation and applying (3.16), we find that at any y € Q,

0=2Vir(y) - Vur(y) + (wr(y) +n10)Asr (y) + ¢r(y) Awr (y)
=2Ver(y) - Vwr (y) + (wr () + n0) Alr (y)

+ %Cr(y) tanh(v2wr () (|Vwr (0)I* - a(y)).

In order to evaluate (3.22) at y = yp, we note that from (3.21) and (3.20), we have

(3.22)

v = &7 (yo) Vwr (o).

By the contradiction hypothesis (3.19), this yields

1
IVwr (yo)| = ——— < V0. (3.23)
¢r (yo)
Moreover, the contradiction hypothesis (3.19) also guarantees that yp - v > 0, since
yo € 4. Inserting this into (3.22) at y = yp, and applying (3.20), (3.23), and a > 6,
we have

4 tanh(ﬁwT (o)) 1
0=A +— -
¢r (o) ﬁET (o) T S— (;% o) a(yo)>

< %(yo -v) tanh(v2w7 (30)) (6 — 6),

which yields a contradiction.

yo € T Q, N{wr = 0} : finally, if this were to hold, we would have wr (yp) = 0, so that
Yo -V 1
¢r(yo) = > —,
10 N
ie., yo-v > 1L = (0, v). But wr(yg) = 0 implies that ur (yp) = tanh(wr (yg)) is

%=
0, and by Proposition 3.3 we must have |yp - v| < (0, v), provided 7 > 1. We again
conclude in a contradiction.

This implies that the contradiction hypothesis (3.19) cannot hold, and the proof of the lower
bound in the first equation in (3.18) is complete. The proof of the other inequalities is similar,
with only minor differences. O

Having proven Proposition 3.4, we are able to get fine exponential decay estimates for the
function ur and its derivatives, away from the interface %,,.
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Proposition 3.5 For C = 462210 gnd ¢ = 2720, for all T sufficiently large,
1—uz(y) <Ce™ Pl yeTQ,. (3.24)
Moreover, there exists a universal constant C1 > 0 such that for all T > 1,
Vur ()] < Cre=P! (3.25)
Proof The first inequality is immediate by noting that 1 — u2T = 1 — tanh?>(V2wy) =

sechz(ﬁwT), and wr satisfies the estimates in Proposition 3.4, and (2.6). For the second,
by the Euler-Lagrange equations we know that

|Aur ()| = laWW ur)| = [4a(ur(l —uz)| < Ce= P yeTQ,.
Rescaling, by setting y = T'x and defining vr (x) := ur (T x), we find that
|Avr (x)| = T?a(Tx)|W (vr (x))| < CT?eTHY x € 0,
Elliptic estimates yield
[Vor(x)| < C Te ¢TI,

Scaling back, one recovers (3.25). ]

4 Bounds on the error term

Recall the remainder term A introduced in (1.18). The main result of this section is next.

Proposition 4.1 There exists a constant Ay > 0 such that

() < Ao forallve SN (4.1)

Proof We know that |Vh, (y)| < /©. Moreover, from Proposition 3.4 and 3.5 we have that
IV (ur ()| = ¢/ (ur () Vur (3)| = V2(1 — uz. (0))|Vur (y)| < Ce™P,
and, similarly,
IV (q o hy)| = v2(1 — tanh>(v/2h,))| Vi, | < Ce V.
Then, for Ag(v) defined by (1.18),

Ao(v) = lim sup
T—o0

1
<+/Olim supi/ Ce vl gy
TN-1 70,

T— 00

o CA/ 0O
< Cv@/ e blgs = =: Ao,
—oo Vo

Be

/ V(g(ur(y)) —¢(qohy))-Vh,
TQy

TN-1

where, we recall from Proposition 3.5 that ¢ = 4./0. O

Proof of Theorem 1.2 As discussed in the introduction, the proof of Theorem 1.2 is an imme-
diate consequence of (4.1). ]
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5 The Proof of Theorem 1.5 and Theorem 1.6

We begin by summarizing several properties of /2, that will be needed in the proof of Theorem
1.5.

Lemma 5.1 Let v € SN"1 N QN. There exist Ty € N and unit vectors {vi}l{\:l] c sh-In
QN such that {vy,--- ,vy_1, vy = v} form an orthonormal basis for RN Moreover, the
coefficient a is Ty periodic in the directions {vi}fvzl, and h,, is Ty periodic in the directions

N—-1
vitio, -

Proof By an appeal to [14,Proposition 3.5], there exist vy, -+ ,vy_1 € QY n SN=1 and
Ty € N such that {v; }lN: | is an orthonormal basis of RN, andais To—periodic in each of the
directions {ui}lN: |- We prove the periodicity of %, in the directions {vi}fv: 711. We fix x € RV,
and show that foranyi € {I,--- , N — 1},

hy(x + kTyv;) = hy(x), forallk € Z.

We note that if x - v = 0, then the estimate is automatic since both sides of the equation are
0. Without loss of generality, we may assume that x - v > O and k > 0. Let y € ¥, and
y : [0, 1] = RY be such that y (0) = x, y(1) = y, and fol Jaly )|y @) dt = h,(x). The
existence of such a geodesic follows by classical arguments. Foreach v;,i =1,..., N — 1,
we define 7 : [0, 1] — RY by ¥(t) := y(t) + kTov;. Since v; L v, we have 7(1) - v =
y(1)-v+kTyv;-v = y-v = 0, which implies (1) € X,. We also note that Y (0) = x+kTpv;.
Hence, by the Ty periodicity of a with respect to v;, we have

hy(x + kTovi) = d 5(x +kTovi, ) < d j5(x + kTovi, y + kTovi)

1 1
5/0 va(f/’(t))lff'(t)ldt=/0 Va(y (t) +kTov) |y ()] dt

1
2/0 alyO)lyOldt =d sz(x,y) = hy(x).

The reverse inequality follows by a symmetric argument. O

We now make a slight digression to almost periodic functions, which will play an important
role in the characterization of the asymptotic behaviour of %, (see Lemma 5.8). When v €
S¥-1' N Q¥ we know from Lemma 5.1 that there is an orthonormal basis {vy, - -+ , vy =
v} € S¥INQY, and Ty = Tp(v) € N, such that h, is To—periodic in the transverse
directions {Vi},N: _11. This periodicity yields an averaging property which we will exploit in
the proof of Lemma 5.8. When v € S¥~1\Q", it turns out that an averaging property still
holds, using the theory of Bohr almost periodic functions. For the convenience of the reader,
we recall the basic notions of the theory of Bohr almost periodic functions, referring to [5]
for details.

Definition 5.2 A continuous bounded function g : R¢ — Ris said to be Bohr almost periodic
if for every n > 0, there exists an n—almost period T > 0 such that for any o € RY, there
exists ¢ € o + tHl, with

sup [g(x +¢) —g(x)| <7, (5.1
xeRd

where M, is any d-dimensional unit cube.
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Remark 5.3 In the sequel, we use almost periodicity primarily with d = N — 1. Continuous
periodic functions are examples of Bohr almost periodic functions (by choosing t larger than
the period, since then (5.1) holds with n = 0).

An important feature of Bohr almost periodic functions, which we will use in the proof of
Lemma 5.8, is the existence of the so-called mean value. To be precise, if f is a Bohr almost
periodic function, then the limit

1
= lim — dy=1i Ty)d 5.2
phye= gim g [ sy =gim [ s ay 52)
exists and is finite.

Remark 5.4 In what follows, We will use the definition of Bohr almost periodicity with various
choices of the unit cube M, as it turns out that the definition, and the mean value defined
above, are independent of the choice of the unit cube B, . To be precise, let {V;}72, < RY be
a sequence of bounded domains with £4 (V) > oo as k — oo, and let {th} denote the set
of points in Vj at distance not exceeding /4 from the boundary 9 Vj. If dV; is regular enough

. . . £l
such that there exists a sequence (hk)]fi 1 with i — 0 and limg_ oo LW _ 0, then the

L£4(Vi)
limit in (5.2) is equal to
u(f) = lim S dy.
k—o00 Vi
For a proof of this assertion, see [37,Proposition 1.9].

It is well known that f is Bohr almost periodic if and only if f has a uniformly convergent
Bochner-Fourier series (see [5]). In particular, if f is Bohr almost-periodic, then there exist an
at most countable set A € R¥ of “frequencies”, and a square-summable sequence { /3 }rea
C of “Fourier modes”, such that

f) =Y fre™* forx eRY, (5.3)

rEA

and the sum on the right is uniform and absolute. The coefficients fj are given by fj =
w(fe~ O for wasin (5.2), and A € R is the at most countable set for which f; # 0. In
particular, this implies that if f is Bohr almost periodic, and

n(f()e ™0y =0 forevery » € RY, (5.4)

then f = 0.

We will also use the notion of two-scale convegence for Bohr almost periodic functions
[9,Definition 4.1, Proposition 4.6]. We introduce the space B! as the closure of Bohr almost
periodic functions with respect to the semi-norm

T—o00

. 1
[f]:= lim W/T.(, 1F Wy = u(lfD.

Definition 5.5 Let Q@ C R? be open. We say that a sequence {u,} C L} () Bohr two-

loc
scale converges to u € L}OC(Q; B') if for every bounded function g : 2 x RY — R that is

continuous in the first variable and Bohr almost periodic in the second variable, we have

lim / uy(x)g (x, f) dx = / mux, )gx, ) dx.
n—0./q n Q
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Remark 5.6 1t is proven in [9,Proposition 4.6] that if f is a Bohr almost periodic function,
and 7,, — oo is a sequence of positive numbers, then f,(-) := f(7T,, -) Bohr two-scale
converge to 4 (f) in any bounded open set 2 € R?.

hy(x)

X-V

We next show that for each v € S¥ 1, the function x —
as functions of the orthogonal directions.

satisfy Bohr almost periodicity

Lemma5.7 Letv € SV~1 and write x € RN asx = x’+ (x-v)v ~ (', x -v). The functions
X e, > alx,s)andx' € T, — M are Bohr-almost periodic for every s € R\ {0},
uniformly in s. To be precise, for every n > 0 there exists T > 0, independent of s, such that

forany o € X, there exists { € a + (1 Q, N X)) such that

Sup |a(x/+§!s)_a(x/7s)| =< n, (55)

x'exn,
®
<./—n. 5.6
_,/gn (5.6)

Proof We recall (J,, := Q, N X, and throughout the proof of the Lemma we use this choice
of an (N — 1)—dimensional unit cube By _; from the definition of Bohr-almost periodicity.
By a mollification, if needed, we may assume a is smooth. This represents no loss of
generality since Bohr almost periodic functions are closed under uniform limits. As a is
TN —periodic and smooth, it admits an absolutely and uniformly convergent Fourier series

a(x) = Z ¥Ry e RV,
keZN

and

h(x'+¢,8)  hy(x',s)
sup —

Yex, S S

Upon a rotation, we may express x = (x’, x - v) and k = (K, k - v), and take the sum over
another countable family AN which is isomorphic to ZN . Weletxy =x-v=s€R \ {0}
be fixed. Defining by := are®™ ks — g o2TIKNIN e find that |by| = |ak|, and we have

a(x',s) = Z ( Z bk)ezmk/'x,, x'ex,.
KeAN=1  keaN:
k=(K',-)
Since the series on the right converges uniformly and absolutely, it follows that a(-, s) is Bohr
almost periodic. In particular, for each 1 > 0 there exists ¢ > 0 such that for every o € %,
there exists ¢ € a + tl], satisfying

sup la(x’ +¢,5) —a(x',s)| <,
x'exn,
and this proves (5.5). The property of almost periodicity is preserved under composition with
uniformly continuous functions. As a consequence, for each n > 0 there exists T > 0 such
that for all @ € %,,, there exists ¢ € a + tJ, with

sup |v/a(x' +¢.5) = val' )] <. (5.7)
x'ex,
The proof of almost periodicity of M follows a similar argument as the proof of Lemma

5.1. Fix x € R" and, without loss of generality, assume that x - v > 0. Let y € X, and
y 110, 1] = RY be such that y(0) = x, y(1) = y and fol Jaly @)y @) dt = h,(x). Let
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¢ € %y, and we define ¥ : [0, 1] — RN by 7(r) := y(r) + ¢. Note that as ¢ L v, we have
Yy -v=y()-v+¢-v=y-v=0,sothat y(1) € £,. Moreover, ¥ (0) = x + ¢, and so

ho(x +¢) < d 70+ y)

1
< /0 JaGaIF©)di
1 1
=/0 \/a<y<z)>|y‘<z)|dr+/0 Valy () + &) = Valy )|y 0] dt

1
— () +/0 (Vatr @) 1 8) — a O)ly @) dr.

Choose ¢ € %, as in (5.7), and conclude that

1 1
|hu(x+;>—hv(x>|5n/ |y‘(r>|dr§i/ Ja(y )|y )] dt
0 Vo Jo
< i@«@bc v, (5.8)

where in the last inequality we have used the definition of y (¢) and its relation to &, (x),
as well as (2.3). The inequality (5.6) now follows upon diving (5.8) through by |x - v|, and
noting that ¢ - v = 0. O

The next lemma is crucial for the proof of Theorem 1.5, and requires various properties
of h, which we have previously established.

Lemma5.8 Fix v € SV~!, and let {Tj}men < (0, 00) with Tj, — 00 as m — oo. For
m € N, consider the functions k,, : RN — R defined as

1
k() = Ehv(Tm ). (5.9

There exist a constant ¢(v) € [0, VO] and a subsequence of {T}meN (Which we do not
relabel) such that for any compact set K € RN \ £, and for every a > 0, there exists
M = M(«, K) € N such that if m > M, then

lkn(z) —c(W)z-v| < alz-v| forallz € K. (5.10)

Proof We show that {k, },,cn is uniformly bounded and uniformly Lipschitz, from which we
obtain local uniform convergence (up to a subsequence) in a strong (uniform) topology. We
further use averaging associated to weak convergence arguments to identify the limitin a weak
topology. Carrying out this program involves some ideas using polynomial approximation
which might be of independent interest in this context. We break up the proof in several steps.

Step A: We show that there exists a Lipschitz continuous function k : R¥ — R and a
subsequence of {k,,} (which we do not relabel) such that for any compact K € RV \ , and
for every o > 0, there exists M = M («, K) € N such that, if m > M,

lkm(2) —k(2)| <alz-v| forallz € K. (5.11)

As v is fixed, we define zy := z - v and write z = (Z/, zy) = (2/, z - v) throughout the rest
of the proof. By (2.3), for z € RY \ X, we have

k 1 JOT,
kn@ | _ hy(Tp2)| < | Y25V | /6. (5.12)
IN TmZN TmZN

@ Springer



Anisotropic surface tensions for phase transitions Page230f41 107

By Lemma 2.2 and (H2), k,, is Lipschitz with
IV llLoo = [ Vhy L= < V0. (5.13)
Combining (5.12) and (5.13), we deduce that for a point of differentiability z € RN\ %,

‘V <km(Z)>‘ _ ‘V (km(z))
IN -V

- ‘Vkm(z)(z ) = kn (@)

(z-v)?
- 2,/0 _ 2\@. (5.14)
lz-vl  lzwl

In view of (5.12) and (5.14), the Arzela-Ascoli theorem yields that there exist a subse-
quence of {k,,} (not relabeled) and a continuous function g : RN \ ¥, — R such that, for
every compact set K C RV \ &,
ki (2)

N

lim sup
m— 00 zeK

_;I‘(Z)‘ =0. (5.15)

Defining now
G(zy forz e RN\ %,
k(z) =
0 forz € X,

we see that (5.11) follows from (5.15).

Step B: Fix R > 1. We argue that 4, can be approximated on R¥N~! x [-R, R] by a
polynomial in the last variable. In particular, we will show that this polynomial belongs to
the class

14
A:i={gE 2n) =) bj(@)zy:peN,bj e APRY ) E,
=0

where AP (RY 1) is the set of Bohr almost periodic functions in RV !, In what follows, we
writez € RN asz = (¢, zy) withz € £, ~ RV~! and |zy| < R.Let f : RV~ %[0, 1] —
R be defined by

[ zn) = hy (2, 2Rzy — R).

Fix z/ € RV¥~!such that (z/, 0) € ,, and consider the functions zx > f (', zn). Through-
out the rest of Step B, we allow C = C (N, 6, ®) inevery step. Define f : RV =1 %[0, 1] — R,
by

fE ) = fE ) — £, 0) —zn (F(E, D) = f(Z,0)
=hy(z,2Rzy — R) — hy(Z', —R) — zy (W, (Z/, R) — hy(Z', —R)).  (5.16)

We have that f~ Z/,0) = f(z’ , 1) = 0, and we can extend this function to all of R by setting
f=0off of R¥N-1 x [0, 1].

We now proceed nearly identically to the proof of the Stone-Weierstrass Theorem (see
[34,Page 160]). For j € Ny, we define the functions g; : RY - Ras

1 ~ .
gj(@ zn) = Cj/ F@ v + 01— %)) dt, (5.17)
—1
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where C; are chosen so that
1
/ Ci(1 —tH/dt =1, (5.18)
-1

and, as shown in [34],
Cil = Vi (519

Since £ = 0in R¥N~! x (R\[0, 1]), we have that for any z/ € RV~ and z € [0, 1],

1—zn

1
gﬂ{JN)=CU/T fQCZN+4X1—t%jdh=C%/ F@, 1 = (¢t — z3)?) dt,
0

—2IN
which is a polynomial in z with continuous coefficients depending on 7. Recall that by
Lemma 5.7, w is Bohr almost periodic, uniformly, for all s # 0. In particular, this
implies that 4, (-, 5) is Bohr almost periodic (the case s = 0 being trivial since 4, (-, 0) = 0).
Note that for every zy € [0, 1], f(~, zn) defined by (5.16) is a linear combination of Bohr
almost periodic functions, which is still Bohr almost periodic. We infer that g (-, zn ), whose
coefficients are given by integration in the Nth variable of Bohr almost periodic functions
(which does not affect the first N — 1 variables), is Bohr almost periodic for every zy € [0, 1].
For z € R¥N~1 x [0, 1], we define

M(z) = M(Z,zy) = max_|f(Z,zn +1).
te[—1,1]

By (5.16) and the Lipschitz continuity of 4, (Lemma 2.2 and (H2)), we have
M(z) = dnax, |hy(z',2R(zn +1) — R) — hy(Z', R)
el-1,

— @y + 0y (7, R) — hy(Z, —R))|
< IElale@uR(z;v +1—1)|+ |2y +112V/OR
tel—1,

=CRGy+1). (5.20)

Fix n > 0. Note that by Lemma 2.2, f (and hence f) is Lipschitz continuous and, in
particular, f (and hence f) is uniformly continuous. Hence, choose é € (0, 1) such that for
any x, y € RV with [x — y| <8, we have | f(x) — f(y)| < 3.

By (5.17), (5.18), the uniform continuity of f, (5.20), and (5.19), we find that at z €
RN=1 % [0, 17,

1 .
7@ — ) = C,-/l (F@20) = T an +0) (1 = 2 di

SCJ‘/ |f~(z’,zN+t)—f(z’,zN)|(1_,2)jd,
(=1,D\(=5,8)
(S .
+ CJ'/ |FG@ v+ = FE | (1= %) dr
-5
) 5y .
SCj/ 2M(z)(1—t2)fdt+Cj/ (1= dr
(—=1,1)\(=8.8) 52

= CM@Vi -8 + 3

<CRVj(1 =8 (zy + 1) + g
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Taking j sufficiently large, using the fact that R > 1, and that
lim /j(1—68%7 =0,
j—00
we can find g" € 2 such that, for all z € RN-1 %10, 1],
1f(2) = 8@ < Rn(zy + 1.
By (5.16), this implies that for all z € RV x [0, 1],
|hy(z'.2Rzy — R) — hy(2'. =R) — 2y (hy (', R) — hy (2, —R)) — g"(2)|< Rn(zn + D).

Combining the constant term and the linear term in zy into the polynomial g"(z), we deduce
that there is a polynomial g7® € 2 such that

hy(Z',2Rzy — R) — g"’R(z)’ < Rn(zy +1) forallz € RN x [0, 1].

By the affine transformation in the N'th variable (zy +— ﬁ (znv+R)), we obtain a polynomial
"R e 9 such that

hy (2) — g"’R(z)‘ < g(zN F3R) forallz e RV-1x [—=R, R, (521)

Step C. In this step, we argue that the linear growth of %, at infinity implies that we
may restrict to polynomial approximations that are linear in zy. Our strategy to make this
reduction will be to obtain a single “infinite polynomial” which pointwise approximates the
bounded function z € RV \Xy % (rather than on sets of the form RV ! x [—R, R],
in which the coefficients of the polynomial approximation might depend on R).

To this end, let {7, },,, denote an increasing sequence of positive numbers with 7, — oo
as m — oo. We define

p
A =g zn) = Z bj(Z)zly :peN,bj e APRN™Y)
=1

Fix n > 0. On the compact interval [—1,,, —i] U [#, Tul, let p,, € A~" as in Step B be
chosen such that

h (@, : :
b v _pm(z)‘ <gr RV [—rm, ——} U [r—,rm]. (5.22)

IN Tm

We set go := p1, and ¢, := pm+1 — Pm, for m € N. Then

Pri1(2) = ) qa(2),
n=0

and thus, pointwise, we have

hy(2)
N

=Y @@ +0m. zeRVx®\0). (5.23)
n=0

Next, we show that on sets of the form RV ! x [¢, d],0 < ¢ < d < oo, the series in (5.23)
converges uniformly and absolutely. Indeed, if [c, d] C (0, c0), then for all m sufficiently
large and for all z € RY1 x [¢, d], we have by (5.22)
hu (Z)

N

<
_2ma

- Pm(Z)’
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and so,

hy(2)

N

lgm (2| < |pm+1(2) —

— om om+l1"°

+‘hu(z)_ m()‘ Mo
N

It follows that there exists M € N large so that

o0
Z an@ =2 )" 50 = Cm,
m=M

and thus the series ) - gm (z) converges uniformly and absolutely to z > hZ(Z)

on the set

RYUx[c,d]. As {pm}m C A", we have also {g,,},» € A~!. Collecting powers of zy and
rearranging, using the absolute summability we may rewrite the series in (5.23) as

hy(2)
N

= > bi@zk + 0,

j=1

where the coefﬁci@ts b j are Bohr almost periodic, and therefore, bounded. Testing this with
z=Tyut, for¢ € Q, with ¢y = 1, we get

ho(Twd) o 5 :
= 20 b T + 0,
m =1
We claim that each of the terms
sup b, (T Tl < Cj, (5.24)
m

for some constant C; > 0, forevery j > 1. To see this, as the infinite series above is conver-
gent for each m, there exists Jo(m) such that for all j > Jy(m), we have |5j (T T <1,
and |3~ jom) Z_,- (TntHT; ‘ < 1. It follows by the triangle inequality that

sup| Y b(Tug)Ti| < C. (5.25)

J=Jo(m)

As the coefficients Zj are bounded, by Bohr almost periodicity, (5.25) implies the claim in
(5.24).

Having proven the claim in (5.24), it follows that the b are Bohr almost periodic functions
that decay at infinity. From this, we clalm that each of the b must vanish identically. Indeed,

forany j > 1, since |b (T,n¢))| < =%, squaring, and integrating over the cube [, = £,NQ,,

and then sending m — oo, we ﬁnd that
u(b) = lim / |bj (T¢I dt’ =0,
m—00 DV
which, together with (5.4), implies that Zj = 0 for all j > 1. In particular, we may reduce

(5.21) to a linear approximation, so that for every n > 0 and R > 1 there exist Bohr almost
periodic functions by, b} with

lhy(z) — bJ(Z) = b](ZNzn] < n(lzyl + R),  forallz e RY™! x [-R, R].  (5.26)
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Recalling (5.9), by (5.26) we have for z € RV~! x [—R, R],

1 1
n(2) = by (Tn2) = b{ (TnN2n | = — |hy(Tnz) = b (Twz) — b (T2 Twzn |
m m
nR
T

With the choice of z = (z/, 0) € £, in (5.26) and (5.27), respectively, we conclude that

A

n
< 7 (Twznl+ R) = nlzn| + (5.27)
Tn

1 R
Ib(z)] < nR and —|bg(Tu2))| < D% forallz e RV-L (5.28)
Tm Tm

From (2.3), (5.26), and (5.28), we see that for zy € (0, R],
1 1 2R
bl ()= —bl(an < — [h(2) = by &) + n(lzn| + B] = VO +1 <1 + 7) )
IN IN IN
and

1 1 2R
b(Z) = —bl(zy = — [ho(2) = b)) —n(lzn| + R)] = V0 — 1 <1 + 7) :
IN IN IN

Taking zy = R, we infer that

Vo —3n < b)) < VO +3n. (5.29)
Since b? is Bohr uniformly almost periodic, it follows that the limit
_ 1
m._ nN _ 1 ne_s I 1 n / ’
by = b)) = Tll)moo NI /TDv bi(z)d7 = Tll)moo /DV bi(TZ)dz (5.30)

exists. From (5.29), it follows that Vo — 3n < EY <JO + 37n. This implies that up to a
subsequence (not relabeled),

b} — c(v) (5.31)
n—0

for some ¢(v) € [0, +/O). Fix & > 0. As the functions b?(Tm-) Bohr two-scale converge
to E? as m — oo(see Remark 5.6), for any fixed 7 > 1, using Definition 5.5 in the domain
Q = T0,, this entails that for every test function ¥ : T, X RN — R, that is continuous
in the first variable and Bohr almost periodic in the second variable, we have

lim / bl (T2 (&, Tuz) dz' = /
T, TO

m— 00

W@ ) d =B [ p s
v TD\I
In what follows, we use this framework with the choice of test functions given by ¥ (z/, w) :=
e X% for x € RVN—1 which are independent of w. For such a choice,
lim / b](Tz)e %% d7' = b} / e 0 gy (5.32)
m— 00 TD\, TD‘,

Step D. To prove (5.10), in view of Step A it remains to show that k(z) = ¢(v)z - v for
all z € RY. We note that this is immediate for all z € ¥, by definition of k(z). We recall
the function z — g (z) = /‘Z(—f/) from Step A, and notice that being the locally uniform limit
of Bohr almost periodic functions, (-, zy) is Bohr almost periodic. Fix R > 0 and also fix
lzn| < R, zy # 0. Our strategy is to show that for all y € RN we have

1 (@0 2w = ewpe @) =, (5.33)
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where, as in (5.2), u denotes the mean value of the almost periodic argument. If we can verify
(5.33), then by (5.4) we deduce that §(z/, zx) = c(v). As zy is arbitrary on [—R, R] \ {0},
we conclude that k(z) = c(v)z - v forall z € RY-! x [=R, R].

Leta > 0,and for T > 1 fixed let K := T[J, x {zy} be a compact subset of {z - v > 0},
andlet M = M(«, K) be as in (5.11). Let mg > M be such that for all m > my, in view of

(5.32),
’/ b} (Tyz)e X% dz' — b / e 1
0, g,
For m > myg, by (5.11), (5.27), (5.28), and (5.34), we have
1 ~, —iy-7 7
‘Tzvl/mv (@@ 2n) —c(v) e "7 dz

< ‘ 1;_1 / (k(Z/, ZN) . km(@) e_ix-z’ dz
T 0, IN N

1 k, 1 b (T2 . -
+‘ / < n(@ 1 byTnz) —bf(Tmz’)> e Xt gy
T,

< a. (5.34)

TNl ZN Tm 2N

1 1 by(Twz) _;, 1 0\ it
I - oM~ 7 —ix-z d,/ - b'l T '/ _bﬂ —ix-z d,/
+‘TN1/TDva IV 7|+ TN*I/TDv<l(mZ) 1)6 z
+ 6] — c)
n 2nR 1 / n / N\ —ix-z g 7N
<o+ — + + (b Tz —b)e'“dz +15" = cw
7. T ‘TNI o, 1(Tuz) 1 |by |

n nR o 0
=oa+C|+—+ + —— + b —c(W)|.
(Tm Tm|ZN|) TNl | ! W

We first send m — o0, so that 7;, — oo. Then letting T — 00, we obtain that
(@6 zw) = c)e ™ O) | @+ B = el

Sending n, « — 0 completes the proof of (5.33), where we used (5.31).

Step E. The foregoing argument shows that k(z) = c(v)z-v forall z € (RN=1x[—R, R)).
As R is arbitrary, and k from Step A is defined in RV (i.e., independently of any truncation
R), we conclude that ¢(v) is independent of R and

k(z) =c(v)z-v.
Thus, for all K € RV \ X, compact,
km (Z)

N

lim sup
m— 00 zeK

- c(v)‘ =0,

and this implies (5.10). ]

For notational convenience, we define H : RN x RY — R by

1
H(p,y) = ﬁU’L

With this notation, (1.10) yields that, in the viscosity sense,
H(Vky, Tpx) =1 in'H,,
k(x) =0 on X,.
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We also point out that H (-, y) is uniformly Lipschitz continuous. Indeed, by (H2), we have

1 1
H(p,y)— H(q,y)|= ——|p—q|l < —|p — q.
[H(p,y) g,y \/cTy)“D ql elp ql

(5.35)

Throughout the rest of the paper, we take all equalities and inequalities of PDEs to be in
the viscosity sense, and refer the reader to [12, 13] for an overview of viscosity solutions.

We next present a comparison principle which is specifically tailored for the proof of
Theorem 1.5. A more general version of this result is stated in [21,Lemma 3.3] without proof
(although the proof essentially follows the same lines as [3,Lemma 3.1].) For completeness,

we provide a self-contained proof of the result we need here:

Lemma5.9 Letn > 0, and let u, v € C(RVN) satisfy

{H(v—i—Vu,y) <H@W+Vu,y) — % inH,,
u(y) < v(y) onx,,
with

lim inf M > —1.

lyl—00 vl
Then

u(y) <v(y) inH,.

Proof Due to the strict inequality in (5.36), there exists ¢ > 0 so that

n+e .
HWy+Vu,y) <HWY+Vv,y) — — inH,.

N
For each R > 1, we define
Yr() = (RZ+[yH'? =R and vR() :=v0) + o+ e)Yr().
Notice that
IVYRle@yy <1 and  lim [y~ 'yr(y) = 1.
[y|—o00
Owing to (5.35), (5.38), and (5.39) we obtain

(n+e)
H+ Vo y) > Ho+ Vv, y) — 7 VYR Loy

+e)

NG

=HW+ Vv, y) — >HW+Vu,y) inH,.

R > 3, we have

Moreover, since v
u(y) <v®(y) on3,,

and by (5.37) and superadditivity of lim inf, we find

fiming D) —u@) 0O+ 4OV O) —u(y)
iminf ————=~ = liminf
ly|—o0 [yl ly|—o0 [yl
> timint 22740 L b ey tim YRD)
ly[—>o0 |yl [yl=oo |yl

>-n+m+e)=¢>0.

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)
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This implies that for |y| sufficiently large, the numerator must be nonnegative, and thus
there is a large ball By so that

u(y) <vR(y) onH,\ Bu. (5.41)

We may now apply the comparison principle for the Dirichlet problem of stationary
Hamilton-Jacobi equations on bounded domains [13,Theorem 3.3] to conclude that by (5.41),
the comparison principle, and (5.40),

sup (u(y) - vR(y))+ =, (u(y) - vR(y))+ s (u(y) - vR(y))Jr

sup (1) = v*m) =0,

IA

This yields that
u(y) <vf®(y) inH,.

Finally, as ¥z (y) — 0 pointwise as R — oo, we have v®(y) — v(y) pointwise as R — oo,
independent of n and &, and thus

u(y) <v(y) in'H,.

[m}

In order to conclude the statement of Theorem 1.5 along the whole sequence 7 — oo,
we refer to a result of the famous (unpublished) work of Lions-Papanicolaou-Varadhan [24],
concerning the existence of periodic correctors.

Theorem 5.10 [24,Theorem 1] For each p € RN, there exists a unique number H( p) and
u € Lip(TV) (the set of Lipschitz continuous and TV -periodic functions) so that u solves

H(p+Vu,x)=H(p) inRY (5.42)
in the viscosity sense.

We note that the function u satisfying (5.42) is clearly not unique (for any M € R, the
function u + M is also a solution to (5.42)), but emphasize that Theorem 5.10 guarantees
that H (p) is unique.

Equipped with Lemma 5.8, Lemma 5.9, and Theorem 5.10, we now present the proof of
Theorem 1.5.

Proof of Theorem 1.5 We first argue that the value of ¢(v) must be unique in H,. Let us
suppose, for the purposes of contradiction, that c¢(v) is not unique, and define

c1(v) : =inf [c(v) € [\/5, «/@] : 3 a subsequence {T,} such that

lim Ky (x) = c(v)x - v loc. uniformly in H, } (5.43)

Tin— o0

and
c2(v) : = sup [c(v) € [\/5, «/@] : 3 a subsequence {7,} such that

lim &y (x) = c(v)x - v loc. uniformly in H, }

Tyn—00

@ Springer



Anisotropic surface tensions for phase transitions Page310f41 107

By definition, ¢ (v) < ¢2(v). Setting

wi(y) :=hy(y) —c1(W)(y-v) and wa(y) :=hy(y) —c2(0)(y - v),
we have

H(ci(wv)v+Vwy,y) =1 and H(co(v)v+ Vwy,y) =1 inH,,.

By 1-homogeneity of H (-, y), this implies that for @ (y) := ¢; (V)" wi(y) and Wa(y) :=
c2(v) " "wa(y), we have

H@W+ Vi, y) = < =HQW+Vw,y) inH,. (5.44)
)  a®)
We now claim for any K C H,, compact,
1 1
limsup —w2(Tx) <0 and liminf —w((Tx) >0 forallx € K. (5.45)
T T—oo T

T—o0

Indeed, by Lemma 5.8, we know that for any sequence T — 00, there exists a subsequence
such {7} and ¢(v) € [0, /©] so that T,,Tlhu(me) — c(v)x -vasT, — oo, and
c(v) € [c1(v), c2(v)]. This, in particular, implies that for any convergent subsequence,

T, wi(Tnx) = T, hy (Tiux) — c1(v)x - v
= T, ' ho(Tux) = EW)x - v+ [E) — c1 (M)](x - v)
> T hy (Tyux) — E(W)x - v,
where the right hand side tends to 0 as m — oo. Taking lim inf of both sides, we see that every
subsequential limit, hence the full sequence, satisfies the second assertion of (5.45). The other

inequality in (5.45) follows by an analogous argument. In particular, taking x € S¥ "' N X,
and y = Tx, we have

lim sup w2(y) <0 and liminf wi)
yl—oe 1Y Iyl=oco |yl

> 0. (5.46)

By Theorem 5.10, let u be the periodic corrector corresponding to H (v), so that

HW+Vu,y)=H(®) inRV,
lim “0) =, (547

lyl=oco P

1
ZION cl(V)

(if not, then we can repeat the following argument using that

We consider two cases: Case 1: H(v) € [ ] Without loss of generality, we

will assume H(v) <
H@) >
satisfied.
Indeed, for the functions_u”(y) =u(y) +n(y-v) and w(y), by (5.44), (5.35), and the
assumption of Case 1 that H (v) < ﬁ, there exists n > 0 sufficiently small so that

1
c1(v)

62(V)) We claim that there exists n > 0 so that the hypotheses of Lemma 5.9 are

1
n _
Hv+Vu'",y) < Hv+ Vu, y)—l—\/é H(v)—i—\/, \/, o)
Z—%-FH(U—Fle,y) in H,.
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We note that the function u € Lip(TN ) is bounded, and for any M > 0, the function
u—M e Lip(’H‘N ) and also satisfies (5.42). We may thus assume assume without loss of
generality that u < 0. This implies

u(y) =u(y) +n(y-v) =u(y) <0=1wi(y) onXZ,.
Furthermore, by (5.46) and (5.47),

m —yh
liminf 21 W)
ly|—00 [yl

By Lemma 5.9, this yields
u() +n(y-v) <wi(y) inH,. (5.48)

If the infimum in (5.43) is achieved, then there exists a subsquence {y,,} = {7,,,x} so that
limy;,— 00 |V |_1 w1 (yp,) = 0. Dividing (5.48) by |y|, using that y - v > 0, and evaluating this
inequality along this particular sequence, we have

n <0,

which is a contradiction.

If the infimum in (5.43) is not achieved, then we know that for every ¢ > 0, there exists
a subsequence {y,} = {T,;,x} so that T,;lhv(me) — (c1(v) — &)x - v. In particular, the
function Wy ¢ (x) := (c;(v) — &)~ 'hy(x) — x - v solves

1 ~ .
———— =HW+Vwie,y) > HV+Vu,y) inH,.
ci(v) —e
We now repeat the above argument with u"¢(y) := u(y) + (7] + Cl(fﬁ) y - v. We may

again choose 1 > 0 sufficiently small so that

i

H@+Vu',y) < =+ H@W+ Vi, y) inH,,
u (y) < wi(y) onyx,,

and we can check that

liminf 2eW) o
[yl=o0 |yl c1(v) —e
which implies
- e
fing PLe0) —WF0)

ly|—00 [yl

By another application of Lemma 5.9, we have

M(y)-i-(n—i—c )y~v§w1,,,(y) in H,.

e
1(v) —¢
Dividing by |y| and taking this along the particular subsequence {y,, }, we have

;<0’
ci(v) —e —

which is another contradiction.
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1
c1(v)
(otherwise, a symmetric argument to handle the other alternative). We consider the function
Wi (y) = 2w (y) + (1 — Au(y). We note that by the convexity of H(-, y),

Case 2. Hv) ¢ [CZ(V) CI(U)] Without loss of generality, let us assume H(v) >

HW+ Vi, y) <AHW+ Vi, y)+ (1 —DHQ@ + Vu, y) = % + (1= H®W)

<AHW)+ (1 - 1H®©)
< H®) in™H,.

Moreover, by definition of w; and (2.3), we have

D AW 1—x VO

lim sup D1.4.0) = lim sup W) + July) <A +1)=AM. (5.49)
[y|—o0 y [y|—o0 [yl c1(v)

We now proceed by the same arguments as above. Let u,(y) := u(y) — n(y - v), choose

A > 0, and then n = n(A) > O sufficiently small, so that

n+AM
7
ﬁ)l,k(y) = Mn(y) on X%,.

HWw+Vw,,y) < — +H®W+ Vuy,,y) inH,,

By (5.49), we have

fiminf 20 = WLAD)
Iyl—o00 |yl

By Lemma 5.9, this yields

Wi (y) u(y) —n(y-v) inH,.

Note that for any A > 0, if {y,} is a sequence such that lim|,,, | V|~ 01 () = 0,

then we have lim|y,, | 0o |V |_112)1,;L(ym) = (0. We then argue as in the last step of Case 1 to

conclude that upon dividing by |y| and sending |y| — oo, we will have 0 < —»n. We note

that we can make a similar argument as in Case 1 if the infimum in (5.43) is not achieved.
Now since c¢(v) is uniquely determined, we have that every subsequence {k,}

{ T, (T } has a further subsequence which converges locally uniformly tox + c(v)x-v,

where c(v) = is uniquely defined. This implies that for any K € H, compact, we have

()

1
lim sup |=h,(Tx) —c(v)x-v| =0.

T—00 xyeK

This, combined with Lemma 5.8, guarantees that for any K € RN \ £, compact, we have

1
lim sup |=h,(Tx) —c(w)x -v| =0.

—XxekK

We note that the functions {k,, } are themselves uniformly bounded and uniformly equicon-
tinuous on any compact set K € RY. In particular, by the Arzela-Ascoli Theorem, this
implies that for any sequence {7},} tending to infinity, there exists a function ¢ (x) so that

mhm sup |k, (x) —q(x)| = 0.

xekK
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In particular, by uniqueness of limits, we must have that ¢g(x) = c¢(v)x - v, and this yields
that for any K C RN compact,

1
lim sup |=h,(Tx) —c(w)x -v|=0.
T—oo,ex | T
We also have that .
lim sup |[=h_,(Tx) —c(—v)(x - —v)| =0.
T—00 xeK T

Since h,(x) = —h_,(x) by (2.1), taking x ¢ X,, we have

lc(W)x -v—c(=v)x-v| < —%hv(Tx) +c(w)x-v

+ ‘%hv(Tx) —c(—v)x-v

= %hv(Tx) —c(w)x-v

+ ’—ih_v(Tx) —c(=v)x -v

+ ’_%h—v(Tx) +c(=v)(x - —v)

= %hv(Tx) —c(v)x-v

Taking a limit on the right as 7 — oo, we arrive at the conclusion that c(v) = ¢(—v). O

Remark 5.11 A posteriori, knowing that c¢(v) = ﬁ we may use various known properties
of effective Hamiltonian from [24,Proposition 2] to conclude properties of c(v). For instance,

we obtain that c(-) is Lipschitz continuous, and moreover that

— 1
H(p) = ————1pl
c(p/Ipl)
is convex. One could pursue further analysis of alternative representation formulas for H (-)
through its convex, homogeneous, and continuous nature (e.g. the analysis of supports and
gauges, see [33]), but we do not carry this out here.

Remark 5.12 'We furthermore recall that in the works of [4, 7], the authors identify the stable
norm ||x — y| for x, y € RY, which represents a homogenized distance function between
x and y. If we think of ¢(v)x - v as the homogenized distance function to the plane %,,, then
in comparison to the Euclidean setting, we expect that for x € H,,

cw)x-v=inf ||x — y|4.
yeX

v

While we do not explore it here, we think it would be very interesting to connect Theorem
1.5 with this related body of literature in geometry.

Finally, we complete the paper with the proof of Theorem 1.6. We first note an equivalent
definition of Bohr almost periodicity, and used throughout the literature in almost periodic

homogenization:

Definition 5.13 A continuous, bounded function g : RY — R is said to be Bohr almost
periodic if the family of functions

[g(~+z):zeRd}

is relatively compact in || - || so-
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For a proof of the equivalence between this definition of Bohr almost periodicity, and the one
using trigonometric polynomials, we refer the reader to [37]. With this in hand, we are now
ready to prove Theorem 1.6:

Proof of Theorem 1.6 We note that if a(-) is (Bohr) almost periodic, then a(-) has a uniformly
convergent Bochner-Fourier series (see (5.3)). This was the only fact we needed in the proof
of Lemma 5.7. By the equivalence of Definition 5.13 and the characterization of Bohr almost
periodic functions via their uniformly convergent Bochner-Fourier series (see (5.3)), Lemma
5.7 holds when a(-) is almost periodic.

The proof of Lemma 5.8 only relies on the almost periodicity from Lemma 5.7, in which
case Lemma 5.8 also holds when a(-) is almost periodic.

Finally, the proof of Theorem 1.5 only uses the fact that for every p € R", there exists a
unique value of H(p) and a corrector 1 which is bounded and solves

H(p+Vu,y)=H(p) inRN. (5.50)

When a(-) is almost periodic, a result of Ishii [23,Theorem 2] yields the existence of a
bounded uniformly continuous function u satisfying (5.50). This implies that the conclusion
of Theorem 1.5 holds true when a(-) is almost periodic. ]
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Appendix A. Modified boundary conditions via De Giorgi’s Slicing tech-
nique

Recalling the distance function £, introduced in Sect. 2.1, we next argue that ¢ has an

alternative representation with boundary conditions in terms of the function g o h,,.

LemmaA.1 Define : SV=! — (0, 00) by
1 1
we H'(T Q.. ulirg, =g o hul.

Then & (v) = o (v) forall v e SN—1.

Proof Fix v € SN~!. For ease of notation, for u € H'(A) and A € RY open, we introduce
the localized functional
1 /y e 2
Geu, A) = [ |-a (7) W) + S 1vul?| dy.
Ale \e 2
1
T 9’

a(v) = é;}ig})inf{ga(u, Q)) :u e H' (Qv), ulyo, = (g o hy) (x/6)}, (A1)

By the change of variables y — Tx with ¢ = =, we rewrite o as
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and, similarly, we rewrite (1.4) as

o(v) = lim inf {Ge(u. Q) :u € H' (Qu) . ulag, =p1/en} (A2)

Here, i), 1/¢,0 1= U0,y * pe, Where p(-) 1= e Np(-/e).

To show that o (v) = o (v), we first prove that o (v) > o (v). The inequality o (v) < o (v)
can be carried out in an analogous manner. Throughout the rest of the proof, we let Q := Q,,.
Letn; — Oas j — oo be fixed, and {v;} € H'(Q) with v;(x) = p1/y; * uo,,(x) on 0Q
be such that

lim Gy (vj, Q) =o(v). (A3)

We extend v; to T Q, for T € (1, 2], by defining v; (x) := P1/n; * uov(x)forx e tQ\ Q.
Set w;(x) := (g o hy) (x/n;) forx € RV, By (2.6), since T € (1, 2], we have

o 2wl
w;j(x)>1—cpe 5 ifxetQ,N{x-v=>0},

lx-v|

w; (x)f—l—i—cleic2 ooifxerQ,N{x-v <0}

Therefore, as |w;| < 1,

lim |Jw; — ugy||? = lim lwi — 1> dx (A.4)
joo Y vilp2¢ ) j=20 Jron{vs i) J
+ lim lwj + 1* dx
J=o0 Jron{xv<—/mj}
+ lim 4dx
J=oo Jron{— smj<xv< a7}
=0. (A.5)
Clearly
Jlingo lvj —uovllz2eong) =0 (A.6)
In particular, we have that

We will now construct a function u; € H'(z Q) such that u; [3(: g)= w, and for some
C >0,

s [ (e (57 ) won e
im sup —a| — | W)+ = |Vu;|”| dx <o)+ C(r —1). (A.8)
j—oo JrQ LNj 2

nj

Our main approach will be to define a new function which smoothly interpolates between v;
in Q and w; on d(r Q) in the region T Q \ Q.
We note that by (2.6),

Vi () =2 [W ((q ohy) (i»] ‘th (i)
nj nj
20 s X 2
= (1 — (g ohy) (*>)
nj nj

L |

n?
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[ (o )]
o (2]

Combining (2.6), (2.3), and (A.9), we find

v

C _clvl
Vwj| < —e 7. (A.10)
J n;i
J

1

‘We consider, for k € N with k >> 1

Lk = {x €10\ Q :dist(x,d(rQ)) < %}

M .
We divide L* into cubic shells (or layers), which we denote by {Lf i } ) li ,of thickness 171 ;,
iz i
where A; is defined by (A.7). We note that My ; := (ﬁ], and thus

Mk,jnjkj > l/k. (A.ll)
Forevery k, j € N, we letip € {1, R Mk,j} be the smallest value such that
1
//? .bj(x)dx < W/ L bj(x)dx, (A.12)
ig.J
where 5
I |v(x) —w;(x)]
bj(x) = — + L 4 (V00 + [V (0)]).
nj (Aj)°n;

We also consider cut-off functions ¢ ; € C°(t Q) with

C
0<@rj =<1, [IVerjliLe <———,
j j ik
and

1 forxe QU (U:(J:_ll Li'{,j) ’

0 forx e (Ul[w=kl(:+l Lf,j)'

$k,j =

We note that ¢y ; transitions precisely in the layer Lf?o ;- We then set
g, j o=k, jvj + (1 — @ jwj,

and we have by (A.4) and (A.6), limy_, oo lim; oo I|2tx, j — uo,» ||L2(TQ\Q) =0.
We estimate

io—1 M;
gnj(ﬁk,ja TQ) = g'?j (Uj7 (U L{'(‘j) U Q) + gnj (ﬁk.js L%yj) +g'7j (wﬁ U Li*(,j)
i=1 i=ig+1
=: Ak,j + Bk,j + Ci ;. (A.13)

We have
Ak,j < gr]j (vj7 Q) +g7)j (Uj,TQ \ Q)’
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and we see that, since v; = Pijn; * upy(x)intQ\ Q,

1 X n;j 2
G »(v-,rQ\Q)z/ [—a (—) W()) + 2|Vl } dx
v covon{lvvl<n;} Lnj - \m; ot
C
§;|TQ\Q0{IX~VI<77;}|,
J

where we used the facts that v; € {1, —1}inzQ\ O N {|x -V > nj}, and that

IVvjl = V(17 *uo)l < Cyi't. (A.14)
Hence,

Gy ;. TQ\ Q) <C(x = DV,

which implies that
limsuplimsup Ay j < o(v) + C(r — I)N_l. (A.15)

k—o0o  j—o00

Next, since ||vjllzrg) < 1,and |wj|l Loz 0) < C(®), we have by (A.12),

1
By < c/k [f + 15 (IVorj P = wp)? + Vo + |ij|2)} dx

Lioyj J

1 |v,~—wj|2 2 2
§C/ — + ———+1n; (IVv;|* + |Vwj| dx
Lk |:,]j 'IM? J( J j )

C / 1 vy —wjl? 2 2
< — L 4 (VP + [V, ?) | dx.
M Jix |:71j Uj)»i i (IV; il%)

By (A.14), (A.10), and (A.11), we obtain

c 1 . » ¢, CIL¥| c kA
Brj< —— | —IL"I+ —5 + —ILM | < + =C +Ckaj,
J

k| M njA; ToniMey o niMi T k
where we have used the fact that |Lk| < C(N) A . Hence,
lim sup lim sup By ; = 0. (A.16)

k—o00  j—o00

For the term Cy, ;, we first remark that by (2.6), and (2.3),

lx-v]|

W(w)) < (1 — tanh®(2hy (x/n)))* = sech*(2h, (x/n;)) < Ce i .

Combining this with (A.10), we have

1 X nj 2
—al|l— ) Ww;x)+ —=|Vw;x)|"| dx
/IQ\Q|:’7]' <nj> ! 2 ]
< / [—a <—) W(w;(x)) + = |Vw;(x)| ] dx
ro\onflxvz2n;} L1\ 2
/ () Fvur]
+ —a| — | Ww;x)+ = |Vw;x)|" | dx
ro\onflxvl<an;} L1j o\ 2

I el ] el
C/ [*e N —e M ] dx
to\oN{[x-v|=2y;} L7 nj

IA
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1
+ C/ —dx
tO\ON{|x-v|<2n;} )

1
<C@x—-D" 'y Cnjc -V —
nj

<C(rt-DN L

This implies that
lim sup lim sup Cy,; < C(t — l)N_l. (A.17)

k—oo  j—o00

Finally, by (A.15), (A.16), and (A.17), and using a diagonal argument, we may find an
increasing sequence {k(j)} such that

lim sup [Ak(j),j + Bi(jy,j + Ck(j),j] <o) +C—DHVL

Jj—00

By (A.13), we let uj = uyyj),, and we arrive at (A.8), with u; = w; on 9(z Q).
To conclude, we now move from tQ to Q, defining i (x) := u;(rx), forx € Q, and
changing variables to obtain

/ [i,a (7) WG ()) + 2L IViE; ()] dy
QLN nj i 2t
o [ (2o )+ 2 (2]
1 kA

X nit?
= - /TQ _fa (;) w (uj(x)) + ;71: ’Vuj(x)|2:| dx

- .
= TLN/rQ n—ja (:/) W(uj(x)) + %j |Vu(,-(x)|2i| dx.

By (A.8), this implies

T T ~ P 1 C _
lim sup/ |:—a (—y> Wui(y)+ 77fJIVuj(y)lz] dy < ——0(W)+—F—@-DV I
j=oo JoLnj \nj 2t T T

We note that ¢ := r’f—’ — O and forall x € 90,

~ X X
ujx) =uj(tx) =w;(tx) =(qoh) | —|)=(@oh)|{— ).
n; &j

J J

Hence, i is admissible for (A.1) (with sequence ¢ ), from which we conclude that

&) < lim sup / [ia (l> W@, (y) + ﬂw%«mﬂ dy
j—oo JO LN nj 2t

1 ¢ N-1
< o)+ o = DY

Letting T — 17, we arrive at (v) < o (v). As priorly mentioned, the opposite inequality
follows from a symmetrical argument. O
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