201-NYA-05 May 2010 Final Exam

(1) Refer to the following sketch (with unit lengths marked along
the coordinate axes) to answer the questions below.

Yy

(a) Evaluate the following. Use oo, —oo or “does not exist”
as appropriate.

@) lim f()

T——2"
(i) tim ()
(i) lim_f(x)
(iv) f(2)
v) lim f(@)
(vi) Tim f(a)
(vii) Tim f(x)
(viii) lim f(x)

(b) List the values of z at which f is discontinuous.
(c) List the values of z at which f is continuous but not dif-
ferentiable.
(2) Evaluate the following limits. Use oo, —oo or “does not exist”
as appropriate.

@) 1 z3 — 4z
a) lim ———
z——2 39032 + 7:(:2+ 2
2x° — 2 4dr — 1
() lim 2e” — 20" 44w —1
z—o0 8 — 5x + 3x2 — 323

V20 +3 -3

i

© 19% sin
§ =

@) lim 7 3x—2

r—3 x—3
(3) (a) State the definition of the derivative of a function f.
(b) Use the definition to find the derivative of f(z) = x/(z —

2).
(c) Check your answer to Part b using the laws of differenti-
ation.
(4) Find all values of ¢ such that
3
5 ¢ if x < —4, and

Ve—2x if 4<z< -2
is continuous at —4.
(5) Find an equation of each line which is tangent to the graph of
y = 22 + 3z + 4 and passes through the point (2, 5).

(6) Sketch the graph of f(x) = z2/3(z — 3), given that
fl(z) = ;T and f"(z) = Q;CT/?,' Make sure your solution
includes all intercepts, asymptotes, intervals of monotonicity
and concavity, extrema, and points of inflection.
(7) Find all absolute extrema of:
(a) f(x)=a'/3e3" on [~1,1];
2cosx

(b) g(z) = PEN— on

(8) Find all critical numbers of the function y = (4z+3)3(3z+3)*.

(9) Find the dimensions of the rectangle of largest area which has
two vertices on the x-axis and two vertices above the z-axis,
bounded by the curve y = 16 — 2z2.

d
(10) For each of the following, find d—y
x

[—%7‘(’,%71’].

(a) y=a" (x5 — 2 sin 3z)2/3
(b) y =52™ —5/z + Va2 — logsz +5- 2%
(¢) y = InVtan 2%
(d) y = sec(cos(tan 7))
(e) zy?> +ylnz ==
(11) Use logarithmic differentiation to find Z—z

sec?(bx — 2
(a) y= ﬁ
(b) y = (cosz)> +1

(12) Find an equation of the normal line to the curve z3y — 2y3 —
x + 3y = —11 at the point (—1,2).

(13) Let f(z) = €2*. Find a simplified formula for f(") (z).

(14) A ladder 12 metres long is leaning against a wall. The top
does not reach high enough so the bottom of the ladder gets
pushed towards the wall at a rate of 10 cm/s. What is the rate
of change of the acute angle between the ladder and the floor
when the ladder reaches 8 metres up the wall?

(15) Find f(z) given that f”(z) = 4 — 6z — 423, f(1) = 2 and
(=1 =1.

(16) For the integral

41
— dx, approximate its value with a Rie-
x

1
mann sum with n = 6 rectangles using midpoints as sample
points.
(17) Evaluate the following integrals.

/ Bz +1)2

/( +sinz + ) dz

(c) 1, \/cos /x dx

3 2 1
(d) /wdx
x

(e) /%“ sinx dx
0

cos?

(18) Find the derivative of the function f(x / V142
(19) Sketch the graph of
2¢ —2 if z < 3, and

f(z) =
4 if z > 3.

6
and evaluate / f(x) dz by interpreting it in terms of area.
0



Answers and/or Solutions:

(1) (a) By inspecting the given sketch:
@

11

—

)
)
(iii)
r——00
(iv)
v)
(vi)
(vii) lim f(x) = —5;
Ly Tl
(viii) lengo flz) =—-1.
(b) f has infinite discontinuities at —2 and 1, a removable

discontinuity at —1, and a jump discontinuity at 2.
(¢) f is continuous but not differentiable at 4, since

t) — f(4 t)— f(4
lim 7f() 1@ = —% and lim 7f() Q) > 0.
t—4— t—4 t—d4+ t—4
(2) (a) Factoring the numerator and denominator and simplify-
ing, gives

. x® — 4x . z(z—2)(x+2) . z(z—2)
lim ———— = lim ——————~ = lim ———F =

2——2322+Tx+2 2—--2Bz+1)(z+2) 2—-2 3z+1
(b) Extracting the dominant powers of = from the numerator

and denominator gives

o223 — 20 44— 1 2—-2/x+4/x% -1/
lim —————— — lim =

z—o0 8 — 5z + 322 — 3z3  z—oo 8/x8 —5/22 +3/x—3

(c) Rationalizing the numerator, and using the basic limit

oo

|
Wl

sin 1 .
im =1, gives
9—0 U
V20 +3— ing\ 7! 2
fim Y23 =VE ) sin lim ————— = 13,
9—0 sin ¥ 9—0 O 9—0 /29 + 3+ /3
(d) Simplifying the complex rational expression in the limit
gives
3 T
7 3x— 2(z — 3 2
lim 7 w2 _ lim (@ ) = lim = %.
z—3 -3 2—3 738z —2)(x —3) 2—37(3z—2)

(3) (a) The derivative f’ of a function f is defined by

. fl@+h) = f(z)
/ -1 J\WwTnR)=J\)
F@ s h

or, equivalently,

t —
) — i TO = 1)
t—zx t—=x

and the domain of f’ is the set of all real numbers = such

that this limit exists.
(b)

t T

f(z) = lim =2 2=2
t—zx t—x
Simplifying this expression, and applying the indepen-
dence and direct substitution properties of limits then

gives
oy He=2)—x(t—-2) —2(t — x)
F) == e AR T2 2 )
. -2
= e -2
2
et

and the domain of f’ is equal to the domain of f (namely

R\ {2}).

(4) Observe that (since we must have ¢ > —4 for f to be defined

on [—4,—-2])
lim f(z) = %c and f(—4) = hm+ flx) =+vc+8.
T——4" z——4

So f is continuous at —4 if, and only if, ¢ = 24/c 4+ 8. This equa-
tion implies that ¢ = 4(c+8), or 0 = c2—4¢—32 = (c—8)(c+4),

i.e., ¢ = 8 or ¢ = —4. However, only 8 is a solution of the
original equation (¢ = —4 turns the original equation into the
contradiction —4 = 4). Therefore, f is continuous at —4 if, and
only if, ¢ = 8.

(5) The equation of the line tangent to the graph of y = x2 43244
at the point where x = & has slope 2§ + 3, equation y =
2 436+ 4+ (26 +3)(z — £), and passes through the point
(2,5) if, and only if 5 = €2 4+ 36 + 4 + (26 + 3)(2 — &), or
0=¢62—-4£—-5=(£=5)(E4+1), i.e., £ =5 or £ = —1, where the
slope of tangent is, respectively 2(5)+3 = 13 and 2(—1)+3 = 1.
Therefore, the line y = 5+13(z—2) = 13z—21, which is tangent
to the parabola at (5,44), and the line y =5+ (z —2) = x + 3,
which is tangent to the parabola at (—1,2), each pass through
(2,5), as does no other line tangent to the parabola.

(6) The domain of f(z) = x2/3(x — 3) is R, on which f is
continuous, so its graph has no vertical asymptotes. Since
flx) = 2%/3(1 — 3/x) for © # 0, f(x) — oo as ¢ — oo,
and the graph of f has no horizontal or oblique asymptotes,
or global extrema. f(z) = 0if x = 0 or x = 3, so the
origin and (3,0) are the intercepts of the graph of f. Since
f(x) = 22/3(x — 3) = 2%/3 — 322/3 one has

fl(z) = %m2/3 —227 V3 = %x71/3(5m —6) for z#0,

so the critical numbers of f are 0 and g, f'(z)>0ifx < 0or
x> g and f/(z) < 0if0 <z < g Therefore, f is increasing on
(—00,0) and on ( g, 00 ), and decreasing on (0, g ), with a local
maximum at the origin and a local minimum at (g, - % V/180).
Next,

f'(x) = %x71/3 —+ §m74/3 = %x74/3(5m +3) for xz#0,

so f(z) < 0if x < —% and f"(z) >Oif—% <z <0or

x > 0. Therefore, f is concave down on (—oo, —% ), and con-
cave up on (—g, 0) and on (0,00), with a point of inflection
at (—2,—18 {/45). Since

507 25
t) — £(0 t2/3(t -3
lim f) = 10) = lim £rE=3) = lim t7V/3(t — 3) = Foo,
t—0+ t—0 t—0%t t t—0%

it follows that the graph of f has a vertical cusp at the origin.
Below is a sketch of the graph of f, with the points of interest
emphasized.

y= x2/3(x—3)

6 9 3
(—%, 18 ¥15) (5, =25 V180)

(1) (a) If f(x) = 2/3e3% then
fl(z) = %x72/363” +2l/3e3%3 = %m72/363”(1 +9z) for z#0.

Therefore, the critical numbers of f in [—1,1] are —%
and 0. Evaluating f at these critical numbers and at



the endpoints of [—1,1] gives f(—1) = —e~3, f(—%) =
—\/(96 L. f(0) = 0, and f(1) = €3. Clearly €3 is the
largest valuc of f on [—1,1]. Next, since 9 is (much)
less than 8 it follows that e™® < (9e¢)~! and therefore
—¥/(9e)"T < —e~3, so that —/(9e)~T
value of f on [—1,1].

—1 is the smallest

(b) Since
d 2cosx —sinz)(sinx — 2) — (cosz)(cos z
oy - {2}y Cnaling =) —{eosscoss)
dr | sinz — 2 (sinx — 2)
_ 2(2sinz —1)
T (sinz—2)2

the only critical number of g on [— é7r, éw} occurs where

sinz = %, i.e., at %w. Since g(:|:§7r) = 0 and g(%w) =

—%\/3, it follows that the absolute maximum and min-

imum values of g on [—§7r7 %W] are, respectively, 0 and
2
—35V3.
(8) Given y = (4= + 3)3(3z + 3)* = 81(4x + 3)3(x + 1)%, one has

Zﬁ = 81{12(4x + 3)%(z + 1)* + 4(4z + 3)3(z + 1)}

= 324(4x + 3)%(z 4+ 1)3(7z + 6),

so that the critical numbers of y are —1, —g and —%.

(9) If z denotes the z-coordinate of the top right corner of a rec-
tangle as described, then that rectangle has width 2z and
height y = 16 — 222 = 2(8 — z2), so its area is given by
A = 42(8 — z2) = 4(8x — 23), for 0 < x < 24/2. Since A
is never negative and is zero at the endpoints of its domain (a
closed interval throughout which A is continuous), and since

dA

2 = 4(8 — 32?),
7a ( z”)

it follows that the largest value of A occurs at the lone criti-
cal number, %\/67 in [0, 24/2]. Therefore, the rectangle as de-

scribed with the largest possible area has height y = 2(8 — g) =
32 and width 2z = 3 1./6.

(10) (a) Given y = 27 (@3 — 2 sin 3x)2/3 = 223/3 (42 — 25in 32)2/3,

one has
2223/3 (22 — 6 cos 3)
3(x2 — 2sin3z)1/3
x29/3 (2722 — 122 cos 3z — 46 sin 3x)
3(22 — 2sin 3x)1/3

dy 23_20/3/, 2
— =28y /(:c

—2sin3
In sin 3z) +

(b) e Y = sram— L45/22 +2\/ —1/(xlog 5)++5(log 2)2”
(c) Given y = InV/tan2z% = 1 3 In(tan 2z4), one has

dy _ 823 sec? 2z . 8m3 _ 16,3 coe dgt

de ~  3tan2zt B ’

dy

d) 22

@ -

(e) Differentiating 2y? + ylnz = z implicitly with respect to
T gives

3 sin 224 cos 2z4

2

d d d
2-|—2:z:y—y-i——ylnac—f—gzl, or x(2xy+1n:c)—y::c(1—y2)—y;
dx T dx

dx
therefore,
dy _x(1-y%) -y
dr  x(2ry+Inz)’
(11) (a) Since In|y| = 21n|sec(5x —2)| — 121n|z| + z, it follows that
dy

d
= y%{2ln|soc(5m —2)| — 12In|z| + =}

= y{10tan(5z — 2) — 12/z + 1}

=127 3" sec? (52 — 2)(10z tan(5z — 2) + = — 12).
(b) Since Iny = (522 + 1) In(cos z), it follows that
% = y%{(&ixz + 1)In(cos =) }

= (cos x)512+1(10x In(cos z) — (522 + 1) tanz).

= —msec(cos(tan mz)) tan(cos(tan wz)) sin(tan 7z) sec? 7.

(12) Differentiating the given equation implicitly with respect to y
gives
d
(3z2y — 1)d—x +23 —6y2+3=0,
Y

and so slope of the line normal to the given curve at (—1,2) is

equal to
L da (1P -6@%43
- 2(9 5
Vem=(-1p D@ =
Therefore, an equation of the normal line in question is 22z +
5y = —12.
(13) Computing the first few derivatives of f(z) = e?® reveals a
pattern.
f’(:l?) — 6290 .9
f”(:l?) — e2ac .2.9
etc.

so f(")(z) = 2me®

(14) If ¥ denotes the acute angle between the ladder and the floor, =
denotes the distance (in metres) from the bottom of the ladder
to the wall and y denotes the distance (in metres) from the top
of the ladder to the floor, then = 12cos¥ and y = 12sind.
Differentiating the first relation with respect to time gives

1 dx ., dv dy dvy 1
—— = — =-128in¥ — = —y—, or — =
10 dt dt dt’ dt 10y
Therefore, when the top of the ladder reaches 8 metres up the
wall, the acute angle it makes with the floor is increasing at a
rate of 1/80 radians per second.
(15) Antidifferentiating f” gives f/(z) = 4a — 322 — x* + C. Use
the fact that f’(—1) = 1 to find that C = 9. Then an-
tidifferentiating f’ gives f(z) = 222 — 23 — %x5 + 9z + D,

and the fact that f(1) = 2 gives us D = —%, so finally
flz) = —% + 9z + 222 — 23 — %xf’.

Alternatively, one could solve the problem as follows: We
have

@)= f'(-1)+ /: @) dt =1+ /:(4 — 6t — 4t3) dt

=1+ {4t — 32 —t*}

T
=944z — 322 — 2%, and
-1

f(z)=f(1) +/1x ) dt = 2+/1x(9+4t—3t2 —tYydt

x
=2+ {9t +2* -3 — 1P} =
1
(16) Dividing [1,4] into six subintervals of equal length gives Az =

1 41
—, SO we approximate / — dx with
2 1 T

20 (5) 1 () +r ()

14 4 4 4
= <+ += +—+—+—>

—% +9z + 222 — 23 — %xf’.

2 11 13 15
(17) (a) Expanding and integrating term by term gives
2
= 31.

2 2
/ (Bz 4 1)% dx = / (922 + 62 + 1) de = (323 + 322 + )
1 1 1

(b) Integrating term by term gives
/(2z +sinz + m)dz = 2% /(In2) — cosx + wx + C.

(c¢) Since the integral over [a,a] a function defined at a is

Z€ro,
1

§ﬂ'
/ V/cos /x dx = 0.
a2
(d) Dividing and integrating term by term gives

3 2
/wd :/(x2+x+1+1/x)dx

x
= :c3+ 190 +x + log|z| + C.



(e) Revising the integrand and using a standard integral for-
mula gives

™

1 s 1

37 sinx 37 3

dr = sec x tan x dx = secx =1.
o cos?zm 0 0

o=

2
x
(18) First, note that f(z) = —/ V1+2dt.

0
Then, by the Chain Rule and the (First) Fundamental The-
orem of Calculus,

fl(z) = =221 + 24

(19) Here is a sketch of the graph of f, with the region representing
the integral shaded.

y=f(z)

The region below the z-axis is a triangle with base 1, height 2,
and area is 1. The region above the z-axis decomposes natu-
rally into a triangle with base 2, height 4, and area 4, and a
rectangle with base 3, height 4, and area 12. Therefore,

/06 flz)de = /: f(x) dm+/13 f(x) dw—i—/: flx)de = —-14+44+12 = 15.



