Sample examinations

1. Given f(z) = 2z arctan 2z — % log(1 + 422) + arcsin %

a. Findf’(x) and simplify your answer. b. Evaluafé ()
2. Evaluate each of the following limits, usirng and—oco when appropriate.

€T —6r—1
c. lim ——

4 2z
. = . —2/x
a. lengo (1 + m) b. zliIng (e log z) JLim —

3. Evaluate each of the following integrals.

a 2x+1d b/ 9z — 1
. T
Ve —3 3)(z2 4+ 4)

i

sin® 2z cos? 2z dx

c. /xarcsecxd:{: d. /

1
2 arcsinz dx
e. ——dx f. /63” sinz dx /7
/0 Vi a? %) Vo 16

4. Evaluate each of the following improper integrals.

2
a /5‘/3 dx b /°° dx
") zvx? —1 "Jy zlogz
5. Solve the differential equation
dy
2y— =y’ -1 y0)=2
X
6. Sketch the region enclosed hy= 2/z — 1 andy = 2 — z, and find its area.
7. Let % be the region enclosed hy= sin 22 and thez-axis on[ 0, /7 ].
a. Find the volume of the solid obtained by revolvisgabout they-axis.
b. Set up, but do not evaluate, an integral that represeatsalume of the solid

obtained by revolvingZ about ther-axis.
8. Determine whether the sequence converges or diverges;ahiterges, find its
limit.
3n2+n—2
s flrstiz)

a. {1+ cos %(Zn + 1)}
n
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9. Determine whether each statement is true or false. Justifii answer, with a
proof or a counterexample, as appropriate).

a. Iflim|ay,| # 0 thenlim a,, # 0.

oo
b. If lima, = 0then> " sina, converges.
n=1
10. Find the sum of the series
el 3n+1 +on
4n

n=0

11. Classify each of the following series as convergent or dieet, and justify
your answers.

» 2(a) (%)

n=1 n=1

i n3 —1 d > (n)?2
2

= n?+1 = (2n)!

12. Classify each of the following series as absolutely corsmergconditionally
convergent or divergent. Justify your answers.

> arctann > 1 >
1 n n
a Y (-1 S e L D (Dreos— e > (-1)
n=1 n=1 n=1
13. Determine the radius and interval of convergence of theseri

o 3n—1(1.+1)n
nn+1

n=1
14. Let f(z) = log(1 + ).
a. Write the first five non-zero terms of the Maclaurin serieg.o

b. Find a formula for thek!" term of the Maclaurin series, and write the series
using sigma notation.

Solution outlines

4z 4x
14422 1+ 422
b. f’(%) = 2arctanl = %7‘(’.

1. a. f'(z) = 2arctan 2z + + 0 = 2arctan 2z.

2. a. One application of I'Hopital's rule gives
. . log(1+4t) . 1
1 2z log(l +4 =21 — - =81 =
i {2rlog(L+4/2)} =2 lm, = R T
wheret = 1/z, so the limit in question is equal 5.
b. One application of I'Hdpital’s rule, after letting= 1/z, gives

logt
2/ = — li = _ 1 =
i (72 og) = i 5 =~ i g =0
c. Two applications of I'Hopital’s rule gives
6x _ 6r — 1 6x _ 1 )
lim & T = 3 %im & = 18 lim €57 = 18,
z—0 2 z—0 z—0

3. a. Repeated partial integration (integrating the the ifsael power and differ-
entiating the polynomial) gives

2 1
i de =212z + )vVe —3 — %(w—

v —3
=22z +15)Vz—3+C.

3)32 4+ C

b. Resolving the integrand into partial fractions and theagrating term by term

yields

e [T -aa )
(x—3)?2 4

= log 214 + 3 arctan %x—i—C.

c. Partial integration gives

/:carcsec:cdx = %5[72 arcsecxr — 35

s
= %:cz arcsec r — 5\/96 —14C.

d. Changing the variable of integrationtte= cos(2z) gives
1

0

1
I 1

3 4 1 4 2 1.5 2

/() sin” 2z cos 2xdx—§/0 (1 —t) dt = =5t°(7 — 5t%) 35 -

e. Changing the variable of integrationtte= arcsin  gives

3 arcsin x g
7dx=/ tdt = 142
/O V1—a? 0 27 g

f. Repeated partial integration (integrating the trigoednic function and differ-
entiating the exponential function) gives

1
g7

/631 sinzdz = —e>® cosz + 3¢ sinz — 9/63z sin z dx,

3z _ 1 3z
/e sinz dr = 0€

g. Applying a standard integral formula gives

—%log|3x+\/9x2—1 |+ C.

and therefore

(3sinx — cosz) + C.

/ dx
V9z2 — 16



Sample examinations (solution outlines)

4. a. A standard integral formula gives

Zv3 dx 9 1
/1 py = arcsec 34/3 — arcsec1 = g,
sincearcsec is continuous ofi 1, 2,/3].
b. One has

©  dx .
/ = lim loglogt — loglog4 = oo
4 xlogx t—oo
(so the integral diverges).

5. Separating variables and integrating gives
2 . ;
/ 5 Y 1dy:/dgv, or log\y2—1| =z+C, ie, y2 = Ae® + 1,
y2 —

whereA = +¢€. Nowy(0) = 2 givesA = 3andy > 1, and sy = /3¢® + 1.

6. Below is a sketch of the region in question.
Y 2

y=—--1

y=2—zx -

The curves meetwhete—z = 2/x —1,0r0 = 22 -3z +2 = (z — 1)(x — 2),
i.e, wherez = 1 orz = 2. On(1,2) the line is above the hyperbola, so the area
of the region in question is

2 2
/ {(2—m)—(2/x—1)}dw:/ B—z—2/z)dx
1 1

2
= (3z — %x2 —2logx)

1
= % — 2log 2.

7. a. The solid obtained by revolving about they-axis can be decomposed into
cylindrical shells of radiug: and heightin 2, for 0 < = < /7, S0 its volume is

equal to
V™ Vv
27r/ sinz? dx = —7 cos x> = 27.
0 0
b. The solid obtained by revolving? about thez-axis can be decomposed into

disks of radiussinz?, for 0 < x < 4/, so its volume is represented by the

integral
VT
T / sin? z2 dz.
0

8. a. Sincecos %(2n + 1)7 = 0 for every natural numbet, the given sequence
converges td (each of its terms is equal ).

b. Leta, denote the general term of the given sequence. Since,,, = 3 and
lima,, , = —3, it follows that{a, } has no limit.

9. a. This statement is true. Forlifm|a,| # 0, there is a positive real number
€, such that for any natural numbaf there is a natural number > N for which
[lan| — 0| = €0, i.e, |an — 0] = €0, which means thdim a,, # 0 by definition.
b. This statement is false. For example,

1 > =1
an, = arcsin — — 0, and E sina, = E -
n —in

n=1

is the harmonic series, which diverges.
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10. The given series is the sum of two geometric series, and tn fac

s 3n+1+2n s . el 3 1
S ) () = g
n=0

n=0 n=0

= 14.

1
2

IN

11. a. The given series diverges because it is the differencelivbagent p = 1)
and a convergenip(= 2) p-series. (Alternatively, the given series diverges with

the harmonic series because its terms are Iargerihanl if n>2.)
b. Since
2n—e2n_ (2—e/n)?

v = lim =0,
n2

lim

2
n
the series converges by the Root Test.

c. Ifn > 1thenn3 — 1 > In3 n? +1 < 2n?, and therefore

vnd -1 _
—— > n
n? 41
so the series in question diverges V\Emrfl/2 (p= %) by the Comparison Test.
(Alternatively, the Limit Comparison Test could be used.)

d. Since

(nh? 1 nn—1)---2-1 o1

(2n)! 2" (2n—-1)(2n—3)---3-1  2n
the given series converges by the Comparison Test. (Alieehg the Ratio test
could be used.)

12. a. Since

arctann 1 _3

0< ——— < 3mn 7, for

n3 +1
the series in question is absolutely convergent by the CasgraTest.
b. Sincelim cos % = 1, the series in question diverges by the vanishing criterion
c. Leta, = n/(n? +1). If n > 1thena, > in~!, and sy (—1)"ay is
not absolutely convergent by the Comparison Test. Howewver> 0, {an} is

decreasing since

n >0,

1—=x

d T 2 .
E{x2+1}:(m2+1)2<0 if =>1,
and
limanzlimf-#: ,
n 1+1/n2

s0Y (—1)"ay, converges by the Alternating Series Test. Therefdrg—1)"a,,
is conditionally convergent.

13. Letu,, denote the general term of the series in question. Then
3 1
- o + 1] =3z +1,
V(A1 4+1/n)(1+2/n)
S0 un is absolutely convergent [f: + 1| < 1,ie, —3 < z < —2, by the
Ratio Test. This means that the radius of convergencg afy, is % Ifo=—2

3
orz = —2 then

Un+1
Un

lim

—3/2

|un| = <n ,

1
nyvn +1
and so)  uy is (absolutely) convergent by the Comparison Test. Thesefine
i ; 4 _2
interval of convergence of uy, is [—5, -3 ].

14. We have

z g o0 ) T
f@) =t +2) = [ = S0 [T
k=0

(b)
(@)



