Sample examinations

d
1 Evaluated— {sin(arccos V1—2?) } and simplify your answer.
X

2. Evaluate the following integrals.

a/\/24+2\/x2—1d b/ T42
. —F————— ax
1 zvVz?2 — 1 2x—

c. /eiZICOSGxdx d. /\/t—l—llog\/t-l—ldt

in
4
e./2 sin® z cos® z dz / T dzx
0 z(z2 4 2)

¢ / dzx
' z2v/22 — 36

3. Evaluate the following improper integrals.

oo 1 2
a./ ——dz b./ x
2 1—:1,‘2 0 :1,‘2—

4. Evaluate the following limits.

1 2 2 2 -9 3
a. lim (log2)” b. lim (sec x)°°°2 * c. lim {x 2 u}
z—o+t 14+21 z—0 z—oo | x —3 z2+1
5. Find the area of the region (in quadrant 1) bounded by thehyap
2 3z
=—, = and z=1.
V= VT e +2 v

Give the exact answer in simplified form only: no decimals.

6. LetZ be the region bounded by the graphs of
_
y= 1’

y=2>-3zx+3, z=-2 and z=2.

a. Set upput do not evaluatean integral that represents the volume of the solid

generated by revolvingZ about ther-axis.

b. Find the volume of the solid generated by revolvi#gabout the liner = 3.
Give the exact answer in simplified form only: no decimals.

7. Find a solution to the differential equation

Y = Vi-y? y(1) = 0.
1422
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8. Let Z an be a series whose™ partial sum is given by,, = nt .
o n+2
o0
a Evaluatez an. b. Findas.
n=1

9. What can you say about the convergence of each series bagezhahe limit
of its general term?

a Z cosn

n=1

1 1 1 1
b. D414+l g+l +lt

10. Determine whether each of the following series convergedivarges; if it
converges, find the sum. Justify your answers.

a. i 5(_4)n+2 b. Z g2 +1

2n+1
n=1 3 n=1

11. Determine whether each of the following series convergedivarges. State
the tests you use and verify that the conditions for usingthee satisfied.

2\ (nh)? > cos? k > ﬂ > sin 2
L "X CXm t X ()

n=1
12. Determine whether each of the following series convergsslately, condi-
tionally or diverges. Justify your answers.

* Z<2n+1)3n > Z( o bgn

n=2
13. Find the radius and interval of convergence for the poweeser

oo

3n
> (@-
2n+1
n=1

14. Find the Taylor series of () = cos 2z centred at%n. State the first four
non-zeraterms and give the formula for theh term.

2)n+1_

Solution outlines

d

1. sin(arccos v1 — z2) = |z|, and henced— {sin (arccos V1 — z2 )} = ‘—x‘
X xr

1ifz >0and—1if z < 0).

2. a. Separating terms and simplifying reveals two basic maieg

V2 4 4 9/z2 — V2
/ =7+ log 2.
1 zV/ TV —1

b. Partial integration gives

dw = (4arcsecz + 2logx)

1

5

/10 %dx ={@+2vE—T1- Lt -1}

1

= et 1] =2
c. By the product rule for differentiation, 1
%{6721 cos Gx} = —2¢" %% cos 6z — 6 **sinx, and
pr e 2% sin 6z} = 6e 2% cos 6z — 2¢ 2% sin .

Subtracting the first equation from three times the secamdittzen rearranging the
corresponding integral equation, one obtains

/e 2% cosbrdr = e~

50 22 (3sin 62 — cos 6x) + C.

d. Integrate by parts after revising the logarithmic factorobtain
%/\/t+110g(t+1)dt =

=1 (3log(t+1) —2)V(t+ 1)+ C.

Lt +1)* 2 log(t+1) - 2(t+1)3/2 + C

e. Lettingt = sin x gives

i 1
2T 3 3 3 1

sin® x cos® x dx = t2(1 — = 5.

0 0 0

f. Lett = V22 — 36/x,0rt? =1 —36/m so thatzL-t dt = d:c/m3 and hence

1

t?)dt = L*(3 — 2t%)

:1,‘ X
e S S = dt = + C.
/ z2v/z2 — 36 / Vz2 =36 x3 /

g. Resolve the integrand into partial fractions and spétlést fract|on to integrate.
/ z+4 d:c:/{g—2x_1}dx
z(z2 + 2) z 242
2 2x 1
= -+ ———¢d
/{:c x2+2+x2+2} *

2
= log 902:074-2 + %\/2 arctan %x\/Z +C.
3 a
- t+1
‘/2 1—:1,‘2_t4>oo 1_x2_tli>r20210gt_1 210g3 210g3
b. The integral d|verges, because
? ade . ¢ zdx . )
/o 21 g Tl gl —at) —log2 = —co.
4. a. Ify = 1/z, then
1 2 1 2 9
lim (log ) — lim (log y) ~im 2o,
z—0t+ 14+ 21 y—oo 14y y—oo y

with two applications of I'Hopital’s rule.



Sample examinations (solution outlines)

b. We havehrrb(socm)COt ¢ = lim e~ cos” w(logcosz)/sin’x = /e, since

z—0
log cos -1 1

lim = lim = -z,

z—0 sin?x z—0 2cos? 2

¢. Combining terms, and extracting the dominant powetrs fodbm the numerator
9—17/x + 44/x? — 24/2®

and denominator, yields
= lim
} e—oo  (1—3/z)(1+1/2?)

. 22 +2 (x—2)3
lim § —— — ——
z—oo| z—3 z2 +1
5. Since2/z — 3z(z? +2) = (4 —22)/(z(2? +2)) is equal to zero ift = £2

and positive ifl < z < 2, the area in question is equal to

/2 2 3z zt )2
Z_ 7 Vge=1 -
1 lz x2+2 ( 2 4+2)3
6. a. The solid in question can be decomposed into annuli of iraamfaus%m2 and
outer radiuse® — 3z + 3, for —2 < = < 2, so its volume is equal to

/{ -3z +3)?

= (3" -

by I'Hbpital’s rule.

%log2.

1 z2 }d:c—7r/{2:c 97 z* + 1822 +18}dx

1504
35

2
97 5 3 _
4—Om" + 62° + 18m} .

b. The solid in question can be decomposed into cylindricalls of radius3 — «
and heights® — 122 — 32 + 3, for —2 < = < 2, so its volume is equal to

2w[2(3 — )

2—3m+3)d:v:27r/ {—2z" + §2° + 18} du

52

—27r{2:c"+ 3963-1—18:(:} —ﬂ.

7. Separating variables gives

arcsiny = arctanz + C.

/m /1+:c2'

Sincey(1) = 0 implies thatC = 7r we must haver > —1, in which case
A 1 x—1
y =sin(arctanz — 57) = ——.
( 1" V2@2 + 1)
oo
. 2 1
8. a. The sum of the series 13 a, = hm sp = lim ntl_
—_ n—oo n 4+ 2

b. The series begins with = 1 S0s, = aj + -
11 _ 3
a5 =S5 — 84 =% — 5 =

-+ ap, (n terms), and therefore
14
9. a. Since—1/n < (cosn)/n < 1/nforn > 1, andnlew(il/n) =0,
lim (cosm)/n = 0 by the Squeeze Theorem. In this case, no conclusion can be
gr?i\(/)von about the series only from the limit of its general term
b. Among infinitely many possibilities:
o if a, = 2’%('”1) sin? éﬂn + cos? 27m forn > 1, thenag, = 1 for
n>1 andnliﬁmOO an # 0,0 an diverges by the vanishing criterion;
(lme — n| + me — n) (/2" 1 cos?

|re — m|y/27+3
then hm an = 0 (sincea, = 0 for n > 9) and no conclusion can be

drawn about the series only from the limit of its general term
4 _
. 2
eitan = I1 522+ 1] 2
1<5<8

i=1 " 1<5<8
J#2i—1 j;éZZ
lim a, = oo andy an, diverges by the vanishing criterion.
n— oo

No content in sight—just a matter of “guess what teacher svamhear.”

1 21
57N +sin® 57n)

o ifa, = forn >1,

} forn > 1, then
21 —

10. a. Thisis a geometric series with first terrB22 and common ratie- 3, SO
o 5(—4)" T2 —320/27 49
Z 32n+1 _ (_4/9) — 39"

n=1
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b. This is a divergent telescoping series, since

> 2n —1 " 2k — 1
Z log o h1 = A Z log o1 =~ im los(2n +1) = —oo.
n=1 k=1
11. a. Letay = (n!)?2/(2n!); then
. An+41 n+1 1
lim = lim —— =1
n—oo| n— oo 2(2n + 1)
which is smaller than one. Therefore, ., converges by the ratio test.
b. Since
cos? k 1
_ < —_
kvk kvk
fork >1
i cos? k
= kvk
converges with the-seriesy_ k—3/2 by the comparison test.
c. Sincee” > z for all real numbers, the series
>
diverges by the vanishing criterlon
d. Slnce ¥ < Ycos? <sindif 0 < ¥ < ; 7r 1/n <sin(2/n) if n > 2, and

SO
=)

(%)
Z sm| —
n=2 n
diverges with the harmonic series by the comparison test.

12. a. Letan = (—n/(2n + 1))3n

1 3
11m Vlan| = Lﬂw(m) =

which is less than one. Therefork, a, is absolutely convergent by the root test.

; then

ool—

b. Letf(z) = (logz)/+/x; thenf is decreasing ofie2, oo ), since
f'(x) = (2~ logz)/(2x/z) < 0
if > €2, f(x) > 0if z > 1,andf(z) — 0 asz — oo by (one application of)

I'Hopital’s rule. Therefored " (—1)" f(n) converges by the alternating series test.
On the other handf(z) > 1/y/z if x > e, s0)_ f(n) diverges with the-series
> n~1/2 py the comparison test. Hence, the series

2

log n

is conditionally convergent.

13. Letayn = 3" (z — 2)"T1/(2n + 1); then
3(2n +1)

n—oo 2n + 3

so by the ratio tesp_ a,, converges absolutely Ig— <z < % and diverges if
z<Zorz> L Ifz=2thena, =(—1)"*!/(2n + 1), 50} v, cONVerges
by the alternating series test (sin{;é/(Zn + 1)} is positive and decreasing, and
its limit is zero). Ifz = % thena,, =1/(2n+1) > 1/(3n)if n > 1,503 an
diverges with the harmonic series by the comparison teseréfare, the interval
of convergence o} a, is [ its radius of convergence %

An41
(0723

lim
n—o0

x—2| =3lz —2|,

313 5 );
14. Using the Maclaurin series @bs ¢, wheret = 2x — , gives

cos 2z = —cos(2z — 7) = —cos 2(z — %7‘()
_ 0 (_1)kt1g2k x_lw)%
= (2k) 2
=142 - de - 30+ e de)



