Cal Ill - DDB - Final Exam May 2008

Marks

(10)
1. Letcurve C have parametric equations
X=t2-4,; y=2t-t2
d?y

. . dy
i) Find e and v

ii)  Find the point on C where the tangent
line is horizontal.
iii)  Set up the integral needed to find:
a) the area of the region bounded by C
and the x — axsis
b) the length of C ontheinterval 0 <t <2

2. a) Sketch the polar curves ri1 = 2+ 2cosf and r, = 6cosf on

(8)
the same set of axes.
b) Find the points of intersection.
C) Set up the integrals needed to find:
) the area common to both
i)  thelength of r; =2+ 2cos6

3. A patrticle moves along the space curve C defined by

9)
r(t) = <t3, th, t>

Find: i) thelengthof C from t=0tot=1
i) the tangential and normal components of acceleration
iii) the curvatureat t =1

4. Sketch the following:
(6)

a) the space currve defined by r (t) = (tcost, tsint, t)

b) the graph of the function z= /x?+y2-9
c) the 3 level curves of f(x,y) = x—y? correspondingto ¢ =0, 1and


rags
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5. a) Let w=2x2-y?+7° Find the direction and magnitude of the
maximum  (3)
rate of change (directional derivative) of w at the point P(3,-2,1)

b) Find the equation of the tangent line to the curve of intersection of the
surfaces

X2+4y?+222 =27 and x?>+y?-2z°2 =11 atthe point

6. Find the critical points of  f(x,y) = x3 + 3xy? + 3y? — 15x+ 2 and classify

them as relative maxima, relative minima or saddlepoints.

®)

7. i) Given f(xy)=x2 In(%) . Find
0%t
oxoy (10)
. _ _ 2.2 _ o 0%z
i) If z=f(xy) where x=r“+s*and y=2rs find: A0S

i) If z=1f(xy) is implicitly defined by the equation e* + tan(yz) =

4. 0z
find: o

3

W
dy )
b) Combine the following sum into one double integral in polar coordinates.

X J2 ox Jax2
j;ﬁjh_ dydx + jlzjo dydx + I;If dy dx

9. Set up atriple integral needed to find the volume of the solid part of the

8. a) Evaluate II



4

sphere x? + y? + 72 = 16 cut off by the cylinder r = 4sing.

10. a) Sketch the solid region Sthat lies in the first octant and is bounded by
the

coordinate planes, z= 4-x? and
X+y=2 (4)
b) Set up a double integral to find the volume of S

11. Sketch the solid region defined by the limits of integration of the triple integral

o dzdy d d .
j_z j_m sz+y2 X y z y X an EXpI’eSS |
(5)

a) incylindrical coordinates b) in spherical coordinates

0.5
12. Estimate the value of I J4+x3 dx to six decimal place accuracy.
0

©)

13. Use power series to evaluate  lim -L=COSX
wo  Xoer
4)

14. a) Find a Taylor polynomial of degree 3 for f(x) = /X centered at ¢ = 4

and an expression for Taylor's Remainder term R3(x)

(8 b)
Use part (a) to approximate 4.1 and to state the accuracy of your
approximation

15. Given In(1+t) = > (-1)"
n=0

1

t
n+1 3

a) Find the value of the sixth derivative of In(1+x?) evaluated at x =0




b) Find the sum of the following:

1o 1(2) (2 2(3) + 2(3)

16. Manipulate the known power series for 1} - to obtain
(7)
i) apower series for f(x) = a X % centeredat ¢c=0
- X
i) apower series for gx) = ~1_ centeredat c=2

2X+5
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10.

11.

12.

. L=2;ar =6t; ay = V6; K(t) =

Answers

dy _ 1—¢t. d>y _ 1
do — 1 — T 23

2
H.T. at (—=3,1) when t =1
A= [2(4? = 2%)dt and £ =2 [} /207 — 2t + 1dt

. Points of intersection: (3,7/3), (3,57/3) and the pole.

A=2 (%[5 401 + cos0)20 + § [7/3 36 cos? a0 )

L£=2 [ /41 +cos)? +4sin?0d0 = 8 [ cos(0/2)d0 = 16
6 6
ﬁ and K/(].) = %

a) Note 22 + y? = 22 and z = t. So the curve spirals upward on the boundary of the cone 22 + 3? = 22

b) 22 + 9% — 22 =9, and z > 0 Hyperboloid of one sheet, top part only.

a) Maximum rate of change=||Vw(3,—2,1)|| = 2v/41 in the direction of Vw(3, —2,1), or in the direction of

. 1
he unit vector ﬁ<6, 2,1).

(b) Its direction vector ¥ is parallel to VF(3,—2,1) x VG(3,—2,1) where F(x,y,2) = 2% + 4y + 222 and
G(z,y, 2) = 2% +y? — 222
L: (x,y,z)=(3,-2,1) +¢(10,6,9); t€R

(
(
(c) Three parabolas, z = y?, x =y> + 1 and z = 3> — 1.
(
t

(—1,-2) and (—1,2) are saddle points; (v/5,0) is a local minimum while (—+/5,0) is a local maximum.

%f _ o2z

. 8]" o 2
(1) Jy n oxdy ~ y

oy~ y
(i) 92 = 92(2s) + 5(2r)

0%z __ 9%z 0%z 2 2y 0%z oz
ords — 4rs (W + W) + 4(7" t+s )ayé’x + 267y

and

(iii) Let F(z,y,2) = e® + tan(yz) — 22%. Then

0z F, z(z — €e%%)

dr  F.  wev +ysect(yz) — 2xz

(a) I = 1(v/2—1) (Change the order of integration)
(b) I = [7/* [2rdrdo

Vo= [T el VIS ddrdd

(b) V = [Z [27"(4 — 2?)dydx
(a) I = 027r f02 fr42 (72 cos 0 sin 0)rdzdrdd
(b) I = [ arctan(1/2) f4/ €592 sin? ¢ cos 0 sin 0) p? sin ¢dpdpdo+

o Jo 0
02Tr f;;étzan(l/2) fOCOt oese@ (52 6in? ¢ cos O sin 0) p? sin pdpdpdo

201 2
lim x(i_%j.") py
x—>01;2(1+$+%+...) 2
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13.

14.

15.

\/m—2(1+ )1/2 ( ( 3/4) + 3% 2 - 1>(1)(3)---(2n73)x3")

23np)
410

4
fO 4—|—x (t—i— ?’TZ 27(7) + 210(10) )
f : \/m ~ 14+ i - 213(7) ~ 1.003889

lerror| < 219( 5y = 0.2 x 107 6

(a) T3(z) =2+ i(:c —4)— 6%1(3: —4)2 + 5%(3: —4)3

15(z—4)4
Ry (x) = 13?4(!);/)2

(b) T3(4.1) =2+ 2(0.1) — 4(0.1)2 + £15(0.1) ~ 2.0248457
0

|Ry(4.1)] < 12122)(?41}2) = 5 4!1;4 ~ 3.0518 x 1078 (since 4 < z < 4.1)

(i) Starting with the geometric series one can show ﬁ =3 > nz" with R=1

(i)

1 1 >
2x+5:(1/9)<1+(2/9)(x—2)) = (1/9) 3 _(=2/9)"(@ ~2)"

n=0
where R = 9/2

16. (a) f©(0) = & = 240 (b) In(3/2)





