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Examinations Jc%'f[‘ﬁf? o Winter 2006
from previous terms CaLcuLusll

(MATHEMATICS 201-NYA-05)

1. Lety = arcsin(1/z) + arcsecx, for x > 1. Find dy/dx and simplify your
answer.

2. Evaluate each of the following integrals.
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3. Evaulate each of the following limits.
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4. Evaluate each of the following improper integrals.
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5. (a) Sketch the region #; bounded by the parabola y = 2 + 1 and the line
y = x + 3. Find the area of #; .

(b) Sketch the region %> enclosed by y = sin = and the z-axis, fromz = 0
to x = m. Set up an integral that represents the volume of the solid
obtained by revolving %5 about

(i) the z-axis,
(ii) the y-axis.
Evaluate one of these integrals.

6. Solve the initial-value problem:
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7. For each of the following, state whether the sequence {a } converges and, if
so, to what value.
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8. (a) Does the series
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converge or diverge? Justify your answer.

(b) Does the sequence
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converge or diverge? Justify your answer.

9. Determine whether or not each of the following series converges or diverges.
Justify all assertions.
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10. State, with justification, whether each of the following series converges ab-
solutely, converges conditionally, or diverges.
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11. Find the Taylor series of f(z) = sinx centred at 7. Express the series using
sigma notation.

12. Find the sequence of partial sums of the series
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and use it to determine whether the series converges.

13. Find the radius and interval of convergence of the power series
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ANSWERS

In questions 7-13, a,, denotes the general term of the sequence or series in question. In question 12, s,, denotes the general term of the sequence of partial sums of the

series in question.
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(z+1)? 1 2
2. (a) 1n—+ + arctan(gm) + C, (b) 55€°7(3s8in6z + cos6z) + C,
(c) 7—%0, d) zln(z? 4+ 1) — 2z + 2arctanz + C,
e B

(e) 2 5ind \/x — 2 sm"\/m +C, (f)
3. (@)1, (b)e4, (c) oo (sothe limit does not exist).
4. (a) 0, (b) oo (sothe integral diverges).
(b) (i) 7r/ sin?zdx = %71’2, (ii) 27r/ zsinz de = 272,
0 0
6. y =secx +tanz — 1.

7. @) an — 0, (b) an, — 0,and (¢) an, — In2, eachasn — oo.

8. (a) >_ an converges by the ratio test. (b) an, — 0, by (a) and the vanishing
criterion.
9. (a) >_ an converges by the root test ({/a — % asn — 00).
(b) >° an diverges by the ratio test (an+1/an — easn — oo).
(€) 3" an converges by the comparison test ( |an| < 2n72).
(d) > an diverges by the vanishing criterion (a, — oo asn — oo).

10. (@) > an diverges by the vanishing criterion (jan| — % asn — 00).
(b) >° an is absolutely convergent by the comparison test (|ar | < n=3/2),
(c) > an is conditionally convergent by the alternating series test (|an| | O
as n — oo) and the comparison test (jan| > n~1 if n > 3).
(d) X" an is absolutely convergent by the comparison test (ja,,| < n=3/2).
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11. sinz = —sin(z — 7) = E (1) (@—m)
= (2n + 1)!

12. Y an diverges since s, = In{1(2n +3)} — coasn — oco.

13. The interval of convergence of the power seriesis (=7, —1].



SOLUTION OUTLINES

Hereafter, according to the context, .# denotes the integral in question, ¢ denotes the limit in question, A denotes the area in question, V' denotes the volume in question,
ap, denotes the general term of the sequence or series in question and s,, denotes the general term of the sequence of partial sums of the series in question. The symbol

“Mindicates an application of I’Hopital’s rule.
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(ii) V:27r/ rsinx dr = 2n(sinz — x cosx)
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y(iw) = /2, gives y =secx + tanx — 1.

A(secx + tanz) — 1. Using
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(b) |an| < 1/n — 0, and therefore a,, — 0 asn — oo by the squeeze
theorem.
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©) an ZIHJ — In2asn — oo.
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@ an >0andapy1/an =4/(n+1) — 0asn — 00,50 Y a, CONVerges

by the ratio test.

(b) an — 0, eg., by the vanishing criterion.
1+41/n)?

@) Van = % — % asm — oo, S0 Y an converges by the root
test.

() ant1/an = (1+ %)" — easn — o0, S0 3 a, diverges by the ratio
test.

(€) 0 < an < 2n72,50 3 ap converges with S n =2 by the comparison
test.

(d) an — coasn — 000 Y an diverges by the vanishing criterion.

@ |an| — % asn — 00 S0 Y ap diverges by the vanishing criterion.

(b) lan] <n=3/2s0 >~ an, is absolutely convergent by the comparison test.

(c) |an] is decreasing if n > 3 and |an| — O (eg., by I’H6pital’s rule) so
S" an is convergent; but |an| > n1 if n > 350 3 |an| diverges by the
comparison test (with the harmonic series). Therefore, > a, is condition-
ally convergent.

(d) The maximum value of the function f(z) = Inxz/\/z is 2/e (at z = €2),
$0 e~V™ < n~1. Therefore |an| < n=3/2, 50 3" ay, is absolutely con-
vergent by the comparison test.
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Sn = ln{% In(2n + 3)} — o0asn — 00, S0 Y an, diverges.

lan+1/an| — %\x + 4] as n — oo, so the radius of convergence of > an
is 3. When x = —7 the series diverges because it is (a tail of) the p-series with
p= % and when z = —1 the series converges by the alternating series test.
Therefore, the interval of convergence of the power series is (=7, —1].



