Calculus 1II Final Examination

K. Anand , D.Sevee

December 111", 1995

Exhibit your work. You may assume the following:
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1. Establish a power series representation for y = arctanx. (4 %)

2. Find the first four non-zero terms of the Maclaurin series for y =

e~ "cosx (3 %)
3. Consider f(z) = [7sin(t?)dt

(a) Represent f(x) as a power series. (4%)
(b) Compute f(D(0) . (1%)
(c¢) Estimate f(1) to 3 decimal places. (4 %)

4. Consider f(x) 1+

(a) Write the first two terms of the Taylor Expansion with ¢ =8 (4
)

(b) Suppose one uses that expansion to estimate f(8.01).
Estimate the error R, (8.01). (3%)



5. Write integrals for each of the following: ( 3.5% each)
DO NOT ATTEMPT TO SOLVE THE INTEGRALS

(a) The perimeter of the hypocycloid
r=cos®0, y=-sin’0 0 ¢c|0,2n]
(b) The area of the region bounded by the coordinate axes
and x =13, y=t+2 .
(c) The area of one petal of the rose r = 3 cos(30)
(d) The surface area of the apple-shaped object obtained by revolving
the top half of the cardioid r = 2(1 — cos ) about the X — axis.
(e) The volume of smaller part cut from the spherep = 2
by the planez = 1.
(f) The moment of inertia about the Z — axis of the solid region
[shaped like an ice cream cone (1 scoop)] bounded by the
sphere 2% 4 y? + 2?2 = R? and the cone z = /22 + y2.
The density of the solid is §(x,y,2) = (2 + 3)?

6. Consider the curve generated by the parametric equations:

r=t"—-1,y=t+1

(a) Draw a rough sketch of its graph for —2 <1t <2 (2%)
. dy d*y
(b) Find T and T2 (3%)
(¢) Determine all points at which the tangent is horizontal or vertical .
(2%)
7. Consider a particle moving on a circular path of radius b
do
ﬁ(t) = (bcoswt ,bsinwt ) where w = o is the constant

angular velocity .

(a) Find the velocity vector and show that it is orthogonal to ﬁ(t) :
(3%)

(b) Find the speed of the particleat any time ¢. (2%)
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8.

10.

11.

12.

13.

14.

15.

(¢) Find the magnitude of the acceleration vector . (3%)
(d) Demonstrate that the acceleration vector is always directed

toward the centre of the circle. (3%)
(e) Compute the curvature. (3%)

Verify that w = In(2z + 2¢t) is a solution of the wave equation ( 3%)
Pw 1 0w

0x2 2 012

. Write the equation of the tangent plane at (1,—1,13)

to f(z,y) =2+ y> — 32 — 12y +4 (3 %)
Consider f(z,y) = cosmay + zy* .

(a) Compute the directional derivative of f at (—1,—1) in
the direction of 1+j. (2%)

(b) Estimate, using the directional derivative,the change
in fif (x,y) is moved from (—1,—1) a distance of 0.1
units in the direction of i+j. (2%)

Find and classify the critical points of z = f(x,y) =
2 +y? — 22y +6 (6 %)

Determine the largest value of f(z,y) = ¢” =¥ on and in the

triangle in the first quadrant bounded by the coordinate axes

and the line z + 5y = 6. (7 %)
Find the largest and smallest values of f(z,y) = 22 + 4y

on the ellipse 22 +2y% =1. (6%)
Evaluate [y [z cos(y?) dy dx (4%)

Determine the volume of the solid cut from the first octant by the

surface z =4 — 22 — y. (5%)



SOLUTIONS

1) ﬁ = Yitoth 31%75 = Yito(—1)F 51%75 = Lilo(—=D)F tF

1 1
HE = Zﬁo(—l)ktzk ;arctan @ = [ 1-|—t2dt =
2k+1

X o0 b kl’
Zﬁo(_l)k fo 1**dt = Ek:o %

C1R e oo k 2k
2) e Fcosx = Y02, ( lk)! Ek:o (12)k)!
=(l-a+5-%F+5—+.)0=-F+5—+...)

4

=l-z+T - 4.

3a) sint =Y 72 o% ;sint? = 3002, 2]i|ﬁ§+2
i sin(t2)dt = S, e
b) 15 = i = 4 ¢ SO(0) = 120
¢) k=2 : by ~ 0008 > (5)107

F=3: | g~ 00001 < (5)107

By the A.S.T. jas the truncation error < the first term neglected,

L__ ~ 310

p_llk(1)4k+3 o 1
a2t (120)(11)

f( ) Ek 0 (2k+1)(4k+3) —

1
3

4a) fOR)=v1+8=3 f(8) = : LS = é
o R (8)(x—8) o

fla) = Tpzy LB _ 3y eos )

b) R(x )<|f"“ 8" | 8 < - < 8.0

(n+1)!
(2) —|i/_1L =2 - < _1__ 1
O] = 15D+ 27| = =il < e =
2= (8.01-8)?
Ra(r) < BT & 4.62(1077)



50) s = 2 R+ (B2 do

= [ \/(—3 cos? fsin 0)2 + (3sin® 0 cos 0)2 df

=3 27 | cos O sin O|v/cos? O + sin® 0 df = 3 [Z™ | cos Osin 0| df
b) A= [Cyyde = [2(t + 2)(3t?)dt

c) A=1 f_%%(?) cos 30)* df

— 2

d) S.A =27 [T yds =27 [T (rsinf)y/r2 + (%)2 db

= 21 J§ 2(1 — cos 0)(sin 0)y/4(1 — cos 0)* + 4sin’ 0 df
= 827 [ (1 — cos 0)(sin #)\/1 — cos f df

€) V= [T I [, p?sin dpdidd

0) L= &7 f5 J& (peos &+ 3)%p* sin® ddpdpdd

ba) z+1=*=(y—1)? ;a=(y—1)*—1
parabola opening to the right , vertex (-1,1)

d
de 5 21
dzy_d(l)_d(l)dt_ 1(1)_ 1
de?  dw 20 dt2t'dw 262 L A3
d
¢) A necessary condition for a horizontal tangent is 0 = d—y =
T

1
— ,impossible.

2t
The tangent is vertical at t = 07.e.(—1,1).

7) v(t) = bw(—sinwt, coswt)

e R(1) = bw(—sinwt, coswt) e b(coswt,sinwt) =0
) v (t)]] = bwy/(—sinwt)? + (coswt)? = buw
c) a(t) = —bw?*(coswt,sinwt) , |la(t)]| = bw?
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d) a(t) = —constant(R(?))

_veal|  |bw(—sinwt, coswt, 0)z(—bw?(cos wt, sinwt, 0))]|
)P (BT
Per(0,0,-D)| 1
(bw)? b
Y T
Ox x4t T Ox? (x4 ct)?
Jw c 0%w c?

ot T+ ct ; o (x4 ct)?
Combining the above yields the result.

9) VS = (327 — 3,3y — 12) ;Vf(1, 1) = (0, —9)
Oz —1)—=9(y—(-1))—(=13)=0 or z2+9y =4

10) Vf = (—mysin(rzy) + y*, —masin(ray) + 2zy)
VI(=1,-1) = (1,2) ; Duf(~=1,—1) = (1,2).00 = 22
b) Afr( D.f).As=22(0.1) ~0.21

312

11) fo=32*=2y=0 if y:7,

32
fy:3y2—2x:3(%)2—2x:0 if:z;:()or%

The critical points are (0,0) and (2, 2).

Jow =02, [y =6y, foy = 2

D = foo [y — ( fl’y)2 = 36xy —4

D(0,0) = —4 =-saddle point

D(2,2)=12>0, fue(2,2) >0 =rel. min.

A saddle point occurs at (0,0) and a relative minimum at (£, 2).



12) f, = dre” Y fy = —2ye” ¥ Thus Vf = 0 only at the origin.
(0,0)— (6,0) f = e :obvious max at x = 6 i.c. ¢

(0,0)— (0, g) f= e~V :obvious max at y = 0 i.c. ¢® =1

On the oblique line # =6 —5y (0 <2 <6,0<y<2):

f = e6=59°=%* which is maximized when its exponent is i.e.

at y = % > % i.e max at endpoint .f|,=0 = 1; f|y=% e

f attains its maximum in the trianglular region of €*® at (6,0).

13) (22,12y%) = A(2x,4y)
g=a2+2y* —1=0 [1],22 = \(22) [2] ,12¢* = My [3]

CaseI::Jc:OFrom,y::E%

CaseH:x;«EOFrom,)\lerom,y:()or%.
It y:(),thenfrom,x:j:l
If y= %,thenyieldsx:ig

The critical points are (O,:I:%) ,£(1,0) and (:I:?77 %)
FO.£5) = £V2; f(£1,0)=1; f(£4, 1) =2
The maximum of f of v/2 is attained at (0,-).

The minimum of f of -v/2 is attained at (0,—-=).

[}

14) Integral = f; fé’2 cos(y®) dedy = [ y? cos(y®) dy
= Lsin(y®)|y = 3 sin 64 ~ 0.306675346
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15) Volume = [; 61_952 f(;l_lz_y dz dyde = L2 (units)®



