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0. Iatroduction. Tt is well known that for much of the mathematies of topos theory,
it is in fact sufficient to use a category C whose slice categories /4 are cartesian
closed. Tn suech o category, the notion of a ‘generalized set’, for exomple an “A-
indexed set’, is represented by a morphism B-> 4 of G, i.e. by an object of G/A. The
point about such a eategory Cis that Cis a C-indexed category, and more, is a hyper-
doctrine, so that it has a full first order logic associated with it, This logic has some
peculiar aspects. For instance, the types are the objects of C and the terms are the
morphisms of C, For a given type 4, the predicates with a free variable of type A are
morphisms into A, and ‘proofs’ are morphisms over A, We see here a certain ‘am-
biguity ' between the notions of type, predicate, and term, of object and proot: a term
of type 4 is a morphism into A4, which is a predicate over A ; & morphism 1 -+ 4 can be
viewed either as an object of type A or as a proof of the proposition 4.

For a long time now, it has been conjectured that the logic of such categories is
given by the type theory of Martin-Lif[5], since one of the features of Martin-Lof's
type theory is that it formalizes ‘ambiguities’ of this sort. However, to the best of
my knowledge, no one has ever worked out the details of the relationship, and when
the question again arose in the McGill Categorical Logic Seminar in 1981-82, it was
felt that making this precise was long overdue. That is the purpose of this paper. We
shall deseribe the system ML, based on Martin-Lif's system, and show how to con-
struct a locally eartesian closed category from an ML theory, and vice versa. Finally,
we show these eonstructions are inverse,

A somewhat different approach to the guestion was taken by John Cartmell[1],
who describes a categorieal structure suitable for Martin-Lof's type theory. I have
taken greater liberties with the type theory, my purpose being to characterize locally
cartesian closed categories; the payoff is that these categories are simpler, and perhaps
more natural, than Cartmell’s contextoal eategories. For example, since toposes are
loeally eartesian closed, there are many familiar locally cartesian closed categories: the
category of Sets, and more generally Boolean (or Heyting) valued models and Kriple
models of set theory, (indeed any other example of a category of sheaves on a site).

These results were first presented at the MeGill Categorical Logic Seminar: an early
draft, based on the seminar notes, appeaved as [11] and an abstract was published [12].

1. The type theory M L. The type theory described here is based on Martin-Lof's,
a8 piven in Martin-Laf[5]. We adopt some simplifications of Diller[2]. In the interests
of readability, we present the type theory more or less informally, as in the first
geetion of Martin-Léf[5]; o more formal version would follow the second section of
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that paper. In particular, a fuller discussion of the *condition on variables’ is given
there (§2-2).

An ML system permits the construetion of “terms’, "types’, and of expressions of
the form ie T (1 is a term of type 771, s =, when 22T, T have been derived, and
N =1 We identify expressions differing only by o change of bound variables, It we
write e[z], then  denotes all free oecurrences of & in the expression e, and e#] is then
the result of replacing these oceurrences with @, under the assumption that a is
substitutable in e, If &, ..., 2, is a sequence of variables, we say #,, ..., =, e satisfy the
condition on variables {c.o.v. )il foreach i € n, #; does not occur in the type of any free
variable of e other than »,, for & = i If &, ..., 2, contains all free variables occurring
in ¢, we say the variables are properly listed in e[ay, ..., @, | i@y, o000, e satisly the c.oov,
It should be noted that ‘oceur’ is used in the following sense: if 2 X occurs in e, then
any variables oecurring in X also oeeur in e, We may write

weXy, wpEXfn].om e X [y, m ),
it the variables are properly listed in e[, ..., 2, ).

1-1. Definition. An ML theory is given by a language which includes a set of typed
type-valued function constants, a set of typed term-valued funetion constants, and
variables and constants as indicated in the following rules. (By ‘typed function
eomstants’ we mean that the arguments have types apecified, and in the case of term-
valued constants, the value has its type specified as well, We assume the arguments are
properly listed.)

1-1-1. P'ype formation rules. The following are to be types:

(i) If Fisa type-valued function constant, and ay, ..., a, are terms of the appro-
priate types, then Fla,....,a,) is a type.

(ii) 11isa type.

{iti} If a,be A, then I{a,b)is a type.

(iv) If 4, Blx] ave types, xe 4, where x, B satisfy the c.ov., then Tl . , B[x] and
L, Blx] are types. [f & does not in fact oecur in 7, these are written 4 = Band 4 < B
respectively.

1-1-2. Term formation rules. The following are to be terms of the indicated types:

(vhl) For each type 4, there are variables x4 ; (such x could also be denoted =,
if the type of i iz not clear from the context.)

{(fen) If f is a term-valued funetion constant, and a,..., a, are terms of the
appropriate types, then fla,, ..., a,) is & term of the appropriate type.

(1T} *e=1,

(TTT) If tla] e Blx], where 2, ¢ (and 2, B) satisfy the e.oov., then

Ao atx]e 11, Blz],

(alzo written Az i[x]e 1=, Bl]).
(I If fell,.  Bx], asd, then fin)e Ba].
(£I) faed,beBla)], then {a,beX__, B[x].
(ZE) IfecZ,. , Blx], then mic) e A, m'(c) e Blmis)].
{=1I) If ac A, then ¥{a) e [{z,a).
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(=E) ITa,bed, celfln.b), deCle, a,r{a)], where Oz, ¥, 2] is a type depending on
x,yed, zel{x, y), then o{d) [a. b, e]e Cla, b, e].

1-1-3. Equality rules. Using the notation of § 1-1-2, we have the following equations:
ifeq) Any imposed equations on function constants induce the obvious equations.
{1red) Iftel, thent ="

(01 red) (An ] (a) = ]

{(Mexp) f=A_ =)

(Z red) a{da. b)) = a; 7' (o, b)) =D

(Zexp) ¢ ={me)m(c)).

(= red) ald) o, a,r{a)] = d.

{=exp) U fla,b,e]eCle,b e], then f = o(f[a,a, rin]]) [a,b, e].

(L rule) If afx], Baje A, Ha]ef{a[z], b[z]), then alz] = b[z], and {[z] = r{alz]).

Furthermore, an ML theory may have axioms of the form 8 = 7' for types 8, T'. (We
suppose similar axioms for terms are given by function constants of the appropriate
I-type.)

Finally, we have the usual rules for =: for types or terms a, b, ¢ (as appropriate):

Ife =hthencla] = ¢[b]. Ifa = b then b = a.

Ifa=bandb=c¢ theng =¢. a=a.

Ifeeaanda =6, thenesh, Ifegecand o = b, then bee.

1-2, Remarks, There are obvious similarities between ML and first order logic — the
types of ML correspond to predicates, and the terms of ML to derivations of the
predicates, so that “t T’ can be interpreted as ‘¢ proves 7. Under this interpretation,
He by isa =0, 11, Ble]is Vee d Ble], .., Blx] is Jxe 4 Blx], and 1 is ', Further-
more, the term formation rules are then the introduction and elimination rules in a
natural deduetion system for first order (intuitionistic) logic, as in Prawitz[7] or [8]
(also Seely [10], where equality is included in the system).

There is a slight problem with (EE): although it specializes properly to (A1), it
does not seem quite like (JE), which is usually denoted

Bl

JredBlx] O
L‘r

where {} denote a discharged assumption, and where » must not oceur frecly in
Fued Blxe]. 0, or any assumplion other than B on which & depends. This is more
closely given by Martin-Lif's version of (XE) in [3]:

(¥ elim) If Cfz]is a type depending on ze X, ; fz] but not on x & A nor on y e Blx],
and if tffx, y]eC¢r 0] is a term depending on x e, ye Hlx], then there is 4 term
Hz)e Clz].

This rule is accompanied by its own reduction and expansion rules:

(Z redn) I[{e, 43 = [+ ]

(Eexpn) Hf[z]eC]z], and if {{z, y] is f[{z, y>], then f[z] = f(=z).

(Martin-Liif does not give (£ exp n), nor any other expansions, in his syatem. The
cxpansions are all based on the ones in Seely [9] or [10].)
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[t is easy to see that the (EE), (Z red), (£ exp) of ML are special cases of (Z elim),
(X red #), (Z exp #), but it is also true that they imply the more general forms. For
example, the  in (Z elim) may be given by i{z) = {[#(z), 7'(z)]; the other equations
follow immedintely,

The equality rules for ML, under the interpretation of ML as first order logic,
correspond to the operations on derivations givenin Seely [10]. (The (Trolej corresponds
to Corollary 1 of §2 of [10], and is a consequence of the rule (R Coh} expressing that
‘# = & is isomorphic to Ty, the terminal ‘truth® predicate. It expresses that equality
is given by an equalizer; it does not oceur in Martin-Laf{5].) So, in effect, terms
correspond rather to equivalence classes of derivations (*proofs’) in first order logic,
than to derivations themselves, There is one major difference between ML and first
order logic: in regarding types as predieates, we then use both notions at the same
time in forming I1,. , Blx], ., , B[z]. Equivalently, we are quaniifying in some sense
over proofs of predicates. It is precisely this ambiguity between types (as "sets’) and
predicates that we need to characterize locally cartesian closed categories.

I'n addition to the analogy with first order logic, the notation suggests the terms and
types have a naive interpretation in Sets: Il and £ are the eartesian product and
dizjoint union of indexed families respectively. 1 is the singleton family. [ is the
identity: if . b are indexed families of objects then f{a,4) is the family made up of
singletons where a and b are equal and of null sets where they are not. This is the bagis
for what follows, as will be seen in §4.

1-3. Az in Seely[10], from the substitution rule for equality (i.e. {= E)} we can
derive symmetry and transitivity of equality:

Luvma, ffaboosd, del{n,b), eIl c), then there are terms B(a, b, d)je I(b,a) and
Tla,b,c.d e)ela, ). If fed = B, then there is a term Ap (e, b, d. f) e I fla). f(B)).

Proof. (i) Let Ofx,y, %] be [y, x), for v,yed, vel(e,y); then rla)eCla,a,ra)].
Take S, bd) to be a{r(a)) o, b, d], of type Ola, bod] = Iih, a).

{ii) Let Ofy.z,v] be (e, z), for y,z2cd, vefly,z). Then O[04, #{d)] is J{a,b) and
deClb,b,r(d)]. Take T(a, b, e, d,2) to be a{d) [b, e, e], of type Cb, e, 0] = {a, 2).

(iii) Let Clx, y,u] be J(flx), fiy)), for 2, yed, welf{x, y);

r{ fla)) e Cla, a. ¢} = I fle), fia))

Take Ap (a.b,d,f) to be alr(fa)))[a.b.d].

2. Cutegorical preliminaries, For basies, refer to Mae Lane [4].

2:1. Definition. A locally cartesion closed category (LOC) C is a category C with

finite limits, such that for any object 4 of G, the slice category C/4 is cartesian
closed.,

2-1-1. Remark. G/ has as its objects all morphisms B— A4 of C (for all possible B).
Morphisms in G/4 are commutative triangles over A

B—

\/
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If C has finite limits, then each catesory Gf4 also has, However, even ift G has
exponents, the categories C/A need not have them: that they do is the essential
property of an LCC category.

2.2, Definition, For C a category with finite limits, a C-indexed eategory P consists
ol

(i) for each object 4 of C, o category P(4),

(ii} for each morphism f: 4 — B of C, a functor f*: P(2) = P{d),
subject to

(i} (id,)* = idp 4

(i) (gf)* = f*a*,

and standard eoherence conditions. (See Paré-Schumacher[6].)

2.3, Definition. A C-indexed category P is a hyperdoetrine if
(i} for cach object 4 of C, P(d) is cartesian closed,

(i) for each f: 4— B of G, f* preserves exponents,

(iii) for each f: 4 — B of G, /* has adjoints £, — f*— Il
liv) P satisfies the Beck condition: if

D——C

L-l ly

4 —= B

I
is & pullback in G, then for any object ¢ of P(C), £, % — F*E, & is an isomorphism in
P{A). (A similar condition for Il follows from this.)

2-4. Any eategory C with finite limits induces o C-indexed eategory (which we
shall denote C also) given by C(4) = G/d; £* is then defined by pullback. One of the
basic results of topos theory is the following.

TueoneM. [f C has finite tmils, then G is LOC iff as a C-indexed category C is a
hypueridacteine.

A proof may be found in Freyd [3]. §1-3. The point is that forall 4. G/ 4 is eartesian
closed iff for all f,f* has a vight adjoint 1, For uny G with finite limits, each f* of G
has a left adjoint X, (defined by composition), and the Beck eondition for Cis sutisfied
(it says the composite of two pullback diagrams is a pullback diagram, which is
always true}).

2-5. In Seely[10] it is shown that the category of hyperdoctrines is equivalent to
the eategory of firat order theories (with equality). With the interpretation of ML
theories as special first order theories, and of LOC vategories as special hyperdoctrines,
the conmection between ML theories and LOC eategories seems natural,

2th. Definition. Two C-indexed categories P and P, are equivalent, Py =~ P, if for
each A, there is an equivalence Pyd) = Pyld). and furthermore, these equivalences
conunute with the f*+'s

2-G-1, Remark. If Py = P, as C-indexed categories, and if P; is a hyperdoctrine,
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then so0 is Py, and moreover, the equivalences Py(4d) = Py(4) commute with the £'s
and [1,'s.

3. From ML fo LOC. Given an ML theory M. we define a catogory G(M), whose
ohjects are all closed types of M (ie. types depending on no free variables), and
morphisms A -» B are closed terms of type 4 2 8. (So f: 4 -8 in C(M) means
fed o Bin M)

3:1. Prorosirion. C(M) {2 cariesian elosed.

FProaf., We can check that G(M) is a cartesian closed category with finite limits
direetly; the details are siraightforward. (The reader can turn direetly to 3-2.)

3-1-1. Category axiems. For an object 4, id; d—4 is A, x. Given fi 4B,
i B=C.gof: A+ Cis A, glflx)).

foid, = fo({d,. x) = A, fllA, . 2)(y) (definitions)
= A4S ) {11 red)
=f (1T exp).

Similarly idyof = f, holgof) = (hog)of.

d1-2, Products. 1 is the terminal object of G(M).

Given any object 4, there is a morphism A — [, namely A, w.

Lemua. For any closed type A, if t is a closed term of type A = 1, then t = A

Proof = A Hx) (1] exp)
=Aa (1 red).

e F-

For objects A, B, A x B is given by 4 = B; pairing ¢, %, and projections 7, 7" are
likewise given by ‘themselves’, and that the requisite equations are satisfied is obvious
from (X red) and (X exp).

3-1-3. Leania (PoLinacks). Given (@ 4 - B, 5: O'—= B, the pullback P of 5 along t

3i

A

o]

€—— B

is given by X, 2. o T(H2), s(y)), with the evident projections to A and C: p is 7 and
g is ww'.
Proof. Given f: X— 4, g: X - such that tf = sq, note that there is a term
pl) I f), slge)), for xeX,

viz. r{t{fix))). Define h: X P by A (flz), {glx}, px))). Clearly ph = f and gh = g,
and (using the (I rule) to see plr) is the only possible term in T{#(f(x)), s(g(x)))) his
unigque with this property.
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S04, Remark (Equalizers). Given s, b: A 7B, the equalizer of 5,1
eq(s,t) = AZH

is given by Z_. , I(s(x).t(x)), the inclusion being the projection 7. (That it is a mono-
morphism follows from the (I rule).)

3-1-5. Lesnia (Exroxests), B defined as 2 = B makes G{M) carlesian closed,

Proof. Given t: 4 xC'— B, define { = A, oA, H{r,9)): O— B4, given s: €= B4,
define & = A, ,.p8(m(z)) (wlz)): dxC—=B. It is a routine exercise to see these
operations are inverse. (Note that this correspondence is the usual one; for example,
ev: A x B4 B is just A, ;.54 7'(z) (m(2)), 80 that ev (. f3) = fla).)

3-2. Tueonem. G{M) is locally cartesian elosed.

Proof. Ta see that C(M) is LCC, we must check that the slice categories C(M) /4 are
cartesian closed, or equivalently, that G(M) is a hyperdoetrine. To do this we define
two Gi{M)-indexed categories, one being G{M) itself, and show they are equivalent
hyperdoctrines,

3-2-1. Definition. P(M) is the G{M)-indexed category defined by :

(i) for an object 4 of (M), P{M) () is the category whose objects are types Bfx],
depending only on € 4, and whose morphisms are terms i) € B[] = Cfx], depending
only on x=4.

(ii) for a term feB > A (e f: B—4d in CGM)) f* is defined by substitution:
elx]—=e[fly)], we B, for an expression e.

3-2-2 Lesa. For any closed lype A, P(M) (A) is cartesion closed.

Proof. The proof of this fact is exactly like the proof that G{M) was cartesian closed.
(We never really needed to know that the objects were closed types, so repeat the
arguments with a parameter xe A.)

4-2-3, Lemma. For any closed type A, GIM)/ A = P(M) ().
Proof. We define functors G(M)/4 _;__"V:_} P(M){Ad):

(i} Forf: B4, _,F is the type f~ () = 4y B, p L(2.f11)), xed, For a morphism &
of G(M)/4:

E—b{,‘

NS

go that f=goh, f is the term A, JM{M'H{Z]} freft{z) = g Yz), where pel(x,
glhim(z)))) is defined by *transitivity * from #°(z) € 12, flm{z))) and »(f(w(z))) = L(fim(z)),
g(h{m(z)})), nsing Lemma 1-3.

{ii) For Bx] in P(M)(A), B is the morphism in G{M) given by the projection
m 8., Bla]-= A, For ] € Blax] = Clz] in P{M) (4}, {is given by

Acerr oma CF(2) tm(z)] (m'(z))y oftype Eg  Blx] > ., Ca].

It is casy to cheek this gives a morphism in G(M)/A.
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We must now show these are functors, and the two composites are isomorphie to the
identity functors. We shall not give all the details - the highlights are the following.

32:3-1. SUBLEMMA. [f feB = A in M, then the objects B and X, ,f~Yx) are iso-
morphic in G{M).

Proof. Morphisms B_ ™Y __ /£ . f(x fly)) are given by
J i) = {fi). Gy r(fl) oy
Jix yoa)) = v,

for xed, ye B, ze Iz, fly)). (Actually, there is considerable abuse of language here:
i and j should be given using A terms, and {r, (i, 23) should be a gingle variaghle
we X, f~Yx); 2, g, = thus stand for projection terms.)

Clearly jli(y)) = y. For the inverse, i(j({x, {y,2))) = {fly), (o r(fl)))y and thus
we are done if we show = = fly), = = r(f(y)). But since z& I{z, f(3)), this isa consequence
of the (T rule).

3:2:3-2, SusLEMMA, For Blw] a type, xe A, the objects Blx] and IR I L ({1))]
are dsomarphic in P(M) (A).
i[=]
Proof. Morphisms E{.‘rJE‘EH £ md (2, 7{y)) are given by

L
G2y v = 2

for x, 2" e,z Blx], 2" e Bl2"], ve Iz, 2"), (with the familiar abuse of langnage. ) Clearly
Jli(z)) = 2. Inversely, i(j({{z", 2"y, 0})) = {{x, 2", r(x)}, and we are done if = ==z",
z'e Blx], and » = #(x). These follow from the (I rule) as hefore.

3:2:3-3. SuBLEMMA. If A iz a closed type, Blx ] a type in P(M) (A), then there is a
bijection between the seb of lermas Hx| e Blx] and the sel of (closed) terms se A 2 £ o+ Blx]
salisfying mls(x)) = x.

Hemark, To see the significance of this, recall that P(M) (1) is cartesian closed and
that 4 = E_, 1 in G(M).

Proaf. The functors of 3-2-3 in this case specialize to

te]if = Ae g, 4],
= § = ' [s(x)).
The eomposites are (i}

Asea $0 0 (5(2))) = Age 4 (). w'(s(2) )
= “]-:I'I:A #[-E'}I

=g

and (i) 7' ((Aye o o 2 ]3) (2)) = 7' ({a, t[x])) = ],
{These proofs also work if 4, B, Bla] have other parameters, and a similar result
holds for B[] with more than one (extra) variable.)

324, Prorosrriown. As G(M)-indexed categories, GIM) = P(M).
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Proof. The only other point to verify is that the equivalences of Lemma 3-2-3
eommute with the f#'s: given f: B— A in G(M), it suffices to show that

cMy/4 —° o o/

PO (4) 7 POM)(E)

commutes. Let £: C—. be in GIM) /4; § = t-(x,) in P{M){d), FHO = (fly),

. ®
and (f*({))* is Eent™Nfwh—=B8, ie. ZppZo o Lifly), tz))— B. 13u1.1 this is just the
definition of the pullback of t along f. as in Lemma 3-1-3, Le. (f*({)}* = f*(f).

32-5, Prorosirion, C(M) (s e hyperdocirine,

Proof. Since P{M) (4} is cartesian closed, so also is G(M) /A, for each A, and so
(M) is a hyperdoctrine.

3-3. Remark. Although this completes the proof of Theorem 3-2, in faet it iz eagy to
ghow by direet caleulation that P(M) is a hyperdoctrine (equivalent to C(M), by
the preceding). For example, the construction of X, 1, for f: -4 is exactly the
same as for first order logie, as in Seely [10]: for Ply,,] in P(M)(5),

o Ply] = By p {2y fly) < Plyl),
I Ply] =1 2. fly)) = Plyl)-
It is eagy to cheek these commute with the equivalences of 3-2-3.

4. Iwterpreting ML in LOC. Given an ML theory M and an LOC category C, it is
possible to define the notion of an interpretation of M in G, denoted M — C.

4-1. Defindtion. An interpretation —; M = C consists of:

(i} fora tﬂm-vulu:rtl funetion eonstant, #, with argoments of types A, .l
a morphism ¢: F—X_ of C, and

(ii) for a term-valued function constant, f, with arguments of type X,, ..., X,
and value of type A, a morphism f: X, =4 of G/X, X the codomain of X, and A.
X, 4 must be defined consistently with 4-4. We shall generally write F = ¢i: P X
(abusing the notation horribly 1)

4.2 Given an interpretation = M— C, we shall extend it to all types and terms of
M: a type depending on a free variable x4 will be interpreted as an objeet in G/ A
(for suitable ), and terms will be interpreted as morphisms in the appropriate slice
caterories, In particular, & closed type A (with no free variables) will correspond to an
ahject A of C, and if {[#]= 4 depends only on ze X, t will correspond to a morphism
f: X = A. The main intuitive idea is that we think of the type B[x,] as the morphism

m B, Bl 4, (this will be B~ 1), and so B+ A is the type f~1(z,), as in Lemma
323 note that via this interpretation, fis the projection .

4-3. Remark (cocerning the condition on variables), If Ble,, ., x,] is a type with the
variables properly listed, 2y e Xy, 2, X)L e, e X, ey, 2, 4], then under our
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interpretation X, being elosed, corresponds to an object X, of G, X, should correspond
to a morphism y,: X;— X, where we think of X, as X,_. X [z]. Then, in saying
ay & Naolx ] to form Xg[w,a,), we are implying that the &, is y,(+,) and so X, becomes a
morphism g5 Xy— X, This induces the expected morphism X;— X% X, as
{¥a ¥y ¥or. (Equivalently, we could interpret X, as y;: X;— X, x X,; then the co.v.
would require that

b i 5] a1 rio
Fo—ae S g =—wh
x':l
Ayxd, e
X.

commutes, indueing y,: X, X, as #'y;), Similarly for the other variables, so that B
is interpreted as B — X, with indueed ‘ projections’ to X, ..., X,_;. In what follows,
we assume variables are properly listed.

44, We now extend the notion of interpretation to all terms and types of M. Sinee

M is (like) a ficst order theory, and © is a hyperdoctrine, this follows the ideas of
Seely [10] closely; we give fairly complete details to allow the reader to verify 4-5.

Definition (continued). Given an interpretation —: M-+ C (as in 4-1), the extension
of = to all tvpes and terms of M is defined as follows (i.e. the following equalities must
be true of -):

(Substitulion). The substitution of a term £ in a type < is defined via the functor t*
{for the hyperdoctrine G): A[f] = I*4. The substitution of { in a term a is defined by
composition: aft] = - {

dedel (Type formation rules). (i) T = 1.

(i) Moy )=45A+AxA (In view of the definition of substitution, if
a,bed are interpreted as @,b: X — A, X the interpretation of the type(s) of free
variable{s) in a, b, then [{a, b) is the equalizer Eq {&,E}I —t‘f of @ and b.)

(iii) If A, B[z ] are types interpreted as a: 4+ X, §: 8-+ 4, then

ey Bl] = I #, Zp Blx]=Z 4.

{Here I1,, E, are adjoints to a*, in the hyperdoctrine C. X interprets the type(s) of
free variables in 4, and also those other than x, in B.)

ftemark. 1f B is independent of a,, then B[z ] is B with a dummy free variable =,
added; i.e. B = ": B+ X, and B[x ] is the pullback

Ax B —= B

Bla,] F

d—s
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i.e. Blx,]=o*8. Then I Bx]=Ia*8'=a=4" and I, _, Blr]=Z. 0% =
ax
dode2 (Perm formation rafes), Variables are interpreted as identity morphisms, asin
Seoly [10].
(11). 3 =idy: 11,
(111}, Ift[x, ) Blz,], x,]is a morphism 15+ in C/d, i.e. a triangle

by S

N2

in G. Then A_, ([x] = I1,7; since [1_ 15 = 15t his is a morphism 15T, #inC/ X,

([T E). Il'_.l'.f; lfnr_,.ﬂ‘[.aj. acd are interpreted by morphisms [ £ 11,8, @: {2 in
C/X, for some ¢: Z— X, then fla): 1z—a*#in C/Z is defined as follows: (without loss
in generality, we suppose o, f depend on the same free variables *2°; add doummy
variables if not). Since @: {-»o is u morphism in C/X, a@ = £ and so there is a
morphism (*id") ,a—¢ in C/X. By adjointness, there is a morphism z—a*{ in
C/d. Similarly, f: {11, 4 in C/X induces a morphism «*¢— 4 in G/4. Composing,
we have a morphism i —-#; i.e. a morphism Z51z-# in G/4, and again adjointness
gives the required f{a): 1z-a * 4.

(EI). If ecd, beBa], a: {—+x in C/X, b; Iz—a*# in CfZ, for some &: £ X
(again supposing a, b depend on the same free variables), then {a,b5: {2, fin G/ X
is uhlaunul from the morphism induced by b: 13- *§: viz, Z;13— 4, in G/ 4. Since

Zolzisa, we have a8 Apply £, to get £ a—X_ 4. Bul again the morphism ("id’)
-ﬁ—':f 2,0 rives us, by composition, {a, b

(EE}, As indicated in 4.2, 7 = f: £, f—a. As for 7', essentially 7' is the identity
map, (This is because of a peculiarity of eategory theory, whereby for o map whose
‘codomain’ depends on the argument of the map, these ‘partial codomains’ are
replaced by their disjoint sum. Here we want a map Zr Bla]—*Blx]"; we replace
this with Zx  Ow| =Xz Bx].)

To see how this works, supposece X, Blx],e: {—+X fin C/X (for some f ? +X);

we derive (e : 1 1 7= (m(e]) * § via the following correspondence. Note that #(c) = fé:
Csa, andso (we))*f=(fE)*F=C*p* 4.

¢ file = fi in Cfd

L’Z}..‘ﬁ.lz—}ﬁ i G."Ij

m'(c): 1z - (FE)* B in G/Z
{=1). ile,) = idg: A=A Hence if ac 4, a: £— &, then Tla, a) is
(Bqia,ep=2) =iy 2 = Z), and #la) is idz.

{ =) InSeelv[10] (435) it is shown that any hyperdocetrine P has “substitution’
morphisms Bla] = Ie, b) = B[b], where B[z ] is a predicate in P(4}, 1 is the "equality
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predicate’, and a, b are tevms of type A. This is essentially { = E), since by the c.o.v,
O 4o it g %p0e, ) Must be interpreted as a morphism € — 4; recall that T(w,y) is
A A=A = Ay Briefly the details are as follows: If, for some & Z—= X, a,bed are
interpreted as @ b =2 in QFX, the substitution morphism is

a*fxfa ¥ f-=b*p inC/Z

given by the following. @* #x (a, 3% I is the morphism P - Z defined by the top left
pullback in

ST L TN
l ke l frl l A
ith — = Z Axnd
=i,
l lr.h. l “
B 'T"' A

& * 1 is the pullback of # along &

[*F — «» R

[ |2

ﬁ —_— -'1
f
The morphism between these pullbacks is induced by the commutative square

P s a*f — &

l p.b.

by -——
T
P

™

| — e
| E
7 P |

by the pullback’s universal property.

4-5. Prorosrrion (SovsoNess). Far any interprelation —: M— G, as given in 41
el -8, the equadity vides ave el vadid under the fnlerpretation.

The proof of the soundness theorem is a straighiforward matter of checking defini-
tions. Sinee a similar sort of result is discusged in Seely [10], I omit most of the details
here.

(1 red) is valid sinee 1 is o terminal object,

(IT red). If in the notation of 4-4-2 for the Il rules, Z= X, £ =idy, [= Az ],
i Lg-+a, then one ean check that of the two morphisms whose composite @ -0
induces fla): Ix—>a* @, the first &-—»a*{ is @ itself (x* = 1) and the second
a® L= ffis 1, so the composite is {-¢ = {[a].
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(IT exp) is cheeked similarly; the point here is that the adjunction correspondences
mre just (TTIY. (x* y - A= (y— [, 8) and (11 E): (y—= 18— (a* 3= A).

(E red) and (£ exp) follow similarly, from the remark that essentially (X 1) is the
adjunction correspondenee {(f— a* v (E_ f ), and (£ B)is (Z, f =y} (F o a*y).

(= red) and (= exp) are similar to the proot in Seely [10] (§5).

({ rule) is valid, essentially sinee equalizers are monomorphisms: If a, bed are
interpreted as @, i: Z = A (Z interpreting the type of the variable x in a[z], #x]), then
i: I, b) == Z is the cqualizer. If f[x] £ f{u| ], b)), and x satisfies the c.o.v., then { is

a morphism in G/Z:
I{a,b)

\/

It iz casy to sce that there can be at most one sueh 7, sinee i-f = idz, and 7 is mono;
and that the existence of such a I implies £ is an isomorphism, so that & = A, (Hint:
must be mono sinee § is, and so also [-i = idsz.)

46, Given an ML theory M, there iz a canonical interpretation ~: M- G{M),
essentially using the ideas of Lemma 3-2-3; types ave interpreted as their “extensions”,
and terms are interpreted aceording to +4-2, So il Ay, ..., 2, ] iz a type depending on

[, G 0. U .7 PO -5 6 | Y r1“_,,]r lllf_n X, is il'lf-t‘l‘pl!..t-{‘{l ag itself, X, is
mtupwtul ns the pmjmtmn term m: 2 x Xo[#,] X, (denoted X, X,), and s0 on,
A being interpreted as the projeetion

E-:;-,=:l|.'. E:.,e Kbyl + L;,,e Knlaryoneit .]-i[ Uyoe ]
g6 Xy }'It’ BT L-frr 1% Xy [y e il Lol ... ﬂ-re—!]"
{denoted 1= X ). The main fact we must check is that this is compatible with 4-4-1.
(i) Sinee 1is closed, 1 = 1.
(i) flx, w)isinterpreted as B, 2 J(e, y)—= oA = A (o, y. vy Lo, i) (supposing
for simplicity that A is closed). We muost show an isomorphism

EJ'E.-J Ewi.-l .|F|:.T._ I” -4

WA

AxA

making the triangle commute. The evident maps will do, because of the (1 rule):
{a. g, ey and o {r, a0, ra)) ave the vequired inverses.

(iii) If for zed, Blx] is a type, then Blx] is interpreted as X, , B[v] - A (again
supposing 4 closed). T, Bx] and T, Blx] are interpreted as themselves (sinee
they are closed): we must show they are (isomorphic to} I o and 2 7 (where we
identify A4 with 4—1). The latter iz obvious, since X7 = X, Bla]— 1. For the
former, note that [ 7 = X, jop,, e Zaf, id ), the pullback of

pdid o Er, Blx]l+4 =4 alomg fid:1-4> 4.

To gee this is isomorphic to 11, , Bl¥], we can copy the proofof 3-2-3-3: totin I , Blx]
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associate T = (A  {x tx)), r(id,)), and to & in IT o, associate & = A, o'(ms) (2).
It is easy to cheek these are inverse.

61, Given an ML theory M and an LOC C, an interpretation —: M — Cinduces a
functor F: G(M) -G preserving all LOC structure, Under —, elosed types of M are
interpreted as objects of G, and closed terms as morphisms; it ean then be checked
that this is in fact functorial. That LCC structure is preserved follows from soundness
{4:5). Hence:

461, Proposirior, There 48 o cononical inderprefafion ~: M= G{M); given any
other interpretation —: M —C, there is o undgue functor 0 GIM)— C malidng

M G(M)
i

S

47, Defindtions. (1) LCOC is the caterory of all LOC eategories and structure pre-
serving functors.

(ii) For any ML theory M and any LCC category G, Int (M, C) is the set of inter-
pretations M —C.

(iii) For ML theories M, M', an interpretation M—M' iz an interpretation
M = G[M").

(iv) ML is the category of all ML theories and interpretations between them.

committe (in the evident sense).

femark, It is straightforward to eheek that the definition (1ii) is equivalent to the
standard syntactical deseription one would expect of the notion “interpretation of
ML theories”,

4-8. Corovnvany. (i) For any ML theory M, and any LOC category G,
Int (M, C) = LCC(C(M),C).

(ii) For ML theories M, M', ML(M, M’) = LCC{C(M), C(M")); cach is {somarphic
fo Int (M, (CM'}).

481, Remeark. Int (—, —) is in fact funetorial: given an interpretation f: M —= M’
in ML, and a functor g: C—- G in LOC, we have maps

Int (f,C): Int (M", C}—»Int(M.C) and Int(M,g): Int (M, Q)= Int (M, C"),

with the expected properties. The isomorphisms of 4-8 are then natural in each
variable.

G. From LOC to ML. Given an LOC eategory G, we define an ML theory M(G),
hasically by mimicking the definition (4-1, 4-4) of an interpretation. The objects of
C are to be the type constants of M{C) (i.e. type-valued function svimbals with no
argument), and the morphisms of C are to be term-valued function symbols, with
argument and value of types given by the domain and eodomain respectively.
Following the steps of 4:4, the other types and terms are defined as objects and
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morphisms of appropriate slice eategories, so that, e.g., a type with a free variable »
is an object of G/A4. We have to make certain that the syntactical constructions give
the correct results; for instance, if A, B are objects of G (and so types of M{G)) then
there is an object A = B (which is a type of M{C}) as well as a {different ) type A =« 8:
these should be equal. Bo we add all sueh equations to M(C). (In Scely [10) a similar
construetion is carried out, adding appropriate terms (or derivations) and equations
{or operations) foreing the terms to be the required isomorphisms.) We omit the
details.

5-1. The point about M(C} is that its types are the predicates of the first order
theory T(C) corresponding to the hyperdoctrine C, and its terms are the ‘proofs’
(equivalence clagses of derivations) in T{C).

5-2, Prorvosirioy. M{C) {s an ML theory.
The proof is essentially the same as the proof of the Soundness Theorem 4-5.

5-3. Remark. In defining M{C) above, we could regard an ML theory as made up of
a set of types, a sel of terms, a relation "’ between them, and equality relations ="
on each, the type and term formation rules being regarded as elosure conditions on
these sets, and the equality roles as conditions on * =", This viewpoint produces a
somewhat more economical structure for M{C). In adopting the more usual viewpoint,
regarding the formation rules as a procedure for generating new terms and types from
old, we produce a “fatter’ structure for M{C); this does not present too much of a
problem. First we note that an ML theory M has a natural categorieal structure
{essentially G(M)). Then note that the ‘extra’ types and terms of the fat version of
M{C) are isomorphie to ones in the more economical version of M(C), and so the two
versions are in fact equivalent theories; this is essentially Proposition 3-2-4,

G4, Remark. An LOCC functor F:C—C" canonically induces an interpretation
M({C)—C’, and furthermore Int (M{C), C') = LCC(C, C') (naturally in G and C’).
A direet proof may be done as an exercise. The result is also a corollary of 6-1.

5-5. Definition. Two ML theories M, M’ are equivalent il the funciors Int (M, ),
Int{M', —) are naturally isomorphic,

Remark. This means that for any C in LCG, there is an isomorphism
Int (M, C) = Int (M', C},
and moreover, for any functor [ C—C',

Int (M, C) = Int (M", C)

|

Int (M,C’) = Int (M’, C")

eommutes, By 4-8 this is equivalent to G{M) > C{M") in LCC, or that M =~ M’ in ML.

There is also an equivalent “standard syntactical deseription” of equivalence of ML
theories: it may be left as an exercise to write this out, showing it equivalent to 5-5.
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6. Equivalences

-1, TueorEM. If C is LCC, then C = G(M(C)).
Proof. By constructionof M{C), the closed tvpesand terms of M(C) are the predicates
and proofs of C/1 (i.e, without free variables). But C/1 = C. Hence G(M(C}} = C.

G-1:1. Remark. By 48 and 5-4, LCC(C, C'} = LCC{C(M(C)), C"), giving an alter-
native proof. (Or: 6-1 and 4-8 imply 5-4.)

-2, Tueorem. If M is an ML theory, M{C(M)}) iz an equivalent ML theory.
Proaf. Immediate from 61 and the definition 5-5.
63, Turonks. The categories ML and LCC are equivalent.

Proof. Tmmediate from 6-1, -2, Note that, from 5-4 and 61,
LCC(C,C') = Int (M(C), C') = Int (M(C), C(M(C"))} = ML{M(C), M(C"}),
and we have already seen in 4-8 that ML(M, M’} = LCC(C{M)}, G{M"}}.
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