A TABULAR NOTATION FOR PARTIAL INTEGRATION

The purpose of this note is to illustrate a tabular notatiwat brganizes partial Example 2. The tabular notation is used to evalugte®” sin 3z dz. In this case
integration effectively and efficiently. Remember thattjdintegration involves the third row is a constant multiple of the first row, whichlge an equation that
decomposing an integrand into two factors—one of which isetdntegrated and determines the integral. I¥ = [ €3 sin 3z dz, then
one of which is to be differentiated—and is expressed by thmton

5 = + ed® sin 3x
J:—le"zcosi’m{:—i-d e®®sin3z — 2.7; I

f(@)g(z) dz = f(z)g1(z) — /f/(m)gl (z) dz, 1) 3 97 — 5e5 | —Lcos3z
‘/ S S = ies (5sin3x — 3cos3x) + C. - ‘;’7

wheref’ is the derivative off andg; is an antiderivative of. The tabular notation + 25e°*| -5 sin3z

for Equation (1) is displayed below. . . .
g @ pay Example 3. In the course of evaluating =2 (In )2 dz, the integrand is refactored

+  f(x) | g(x) between partial integrations. The absence of a horizonlbletween two rows of
— @) | aile) @ the table (and the unchanging sign to their left) indicates the integrand has been
refactored, and that no partial integration has been paddr
In the tabular notation,

e the signs, each of which modifies the expression immediatelts right, are /fEQ(ln x)? dw = %mg(ln z)® — %Ig(ln ) + %xs Inz — %IS +C
alternately positive and negative,

_ 1.3 3 _ 2 _
e immediately below an entry in the left column is its derivatiif anything, and = ” {9(1n z) 9(nw)” +6lnz 2} +C

e immediately below an entry in the right column is an antigsive of it, if + (nz)? 22
anything. — -
. ) s . — 3(Inz)?/z| a3
Table (2) summarizes Equation (1) in this sense: The intedithe product of the 3

functions in a row ( f(x)g(x) dx) is the sum of the product of the functions in - (In=z)? z?
the downward diagonal beginning in that rofi(¢)g1 (z)) and the integral of the + 2(nz)/z %xs
product of the functions in the next row-(" f’(x)g1(z) dz). Likewise, the table N . 2 o
nxr §ZE
+ f(l‘) g(:c) — l/m %;p?’
- f'(@) | a2 _ 1 242
+ (@) | g2(2) + 0 243

summarizes the calculation The reader is encouraged to compare this calculation wighttoat begins with the
/f z)dz = f(z)g1(z) — /f’(m)gl(x) de change of variableé = In x.

Example 4. Evaluating [ z(arcsec z)? dz involves more judicious refactoring.

~ F@ar(x) ~ {7 @20~ [ 1" @)ga(w) d} | stoscsoca)? s = 3 ncsoc)? — (arcsec /5 <1+ el + C

= I@)91(2) — £ @g2(e) + [ " (@)ga(x) do

+ (arcsecz)? | x
where f” is the derivative off’ andg- is an antiderivative of . 2arcsect | | ,
Just so, the tabular notation summarizes repeated parégration; the sign - w\/ﬁ 2%
alternations are handled automatically, and each faetiiwiz (inside or out of an _ Arcsec o z
integral) is written only once. Examples 1-4, the third amarth of which involve z2 -1
refactoring the integrand between partial integratidisstrate the tabular notation. N 1 7
- 2 —
Example 1. The tabular notation is used to evalugier cos 2z dz. The last row zva? —1 1
of the table represents the integralOpfwhich provides the constant of integration. + 1| —
X
/m4cos2xdx — 0 | In|z|

_ %mzx sin 2z + 2° cos 2z — %zz sin2z — 3z cos 2z + % sin2z + C The reader is encouraged to compare this calculation wightlet begins with the

Lo 5 1 ) 2 change of variabl® = arcsec x.
= 7(22% — 62° 4 3) sin 2z + (22" — 3)cos 2z + C

When refactoring is not involved, as in Example 1, it can beareificient to
apply the equation (which summarizes repeated partiajiatien)

+ x4 cos 2x
— 4z%| lsin2e /f(x)g(x) dz = f(x)g1(z) = f'()g2(2) + [ (2)g3(2) —
-1 27 3)
+ 1222 |—1 cos 2z n n (
ST ot 0" [ 10 @)ga(e) da
— 24z |— g sin 2x
+ 24 1_16 cos 2 yvheref’,_. s f(_”) are the higher derivative_s (ﬁ g1 is an antiderivative of, g2
— T is an antiderivative of;1, and so on. Iff(") is identically zero then the last term
- 0 | gsin2z provides the constant of integration. Equation (3) is thated by Example 5 below.

Example 5. The following integral is evaluated using Equation (3). Atk stage, the polynomial is differentiated and the pow&uof 7 is integrated.
32% +2% —1 3023 .2 —2/3 | 90,2 1/3 _ 21 4/3 | 729 7/3
mdm =232 +22 = 1)(20 — 7) 7?3 + §(92® + 22)(2z — )M/® — 2L (92 + 1)(2x — ) + (22 - 7)/% + C

s (962° + 8122% + 17052z — 89411) /(2z —7) % + C

The integrals below exemplify the utility of the tabular ation (possibly after a change of variable). They appeahentird example sheet.

1./(:(:2 + 3z — 2)V/3 — 2z dx, 2./672t sin(4t — 3) dt, 3./(7:(:4 +2)(Inz)? d, 4./(:(:3 —z+5)e *dux, 5./sin Jz dz,
6./(arcsinx)3 de, 7. /Cos(lny )dy, 8. /sm (3z — 2) cos(bx) d, 9/ cos(w®) dw, 1O/ar051nxd .




