PARTIAL INTEGRATION

Often it is easy, using the product rule, to find a function séderivative has  Example 3. To evaluaté
a given function as a summand (replace a factor by one of fideivatives). In a /x3€21; dz,
number of significant cases, doing so constitutes decisgress towards finding an
antiderivative of the given functiorPartial integration, orintegration by parts, refers  integrate the exponential factor at each stage.

to any of various notations introduced to exploit such pesgr %$362x 232 & %$262x
Example 1. To evaluate the integral _ %x2 e2® _ %er% _ %mm
/:1:2 cos z dzx, %xe% %xe% + %621
. . . . _3 621 _ §621
begin by integrating a factor (grart) of the integrand (leave the rest alone). There 8 4

are two natural ways to integrate a part in this case, respiti either%x:” cos  Or Writing the sum of the rows as an integral equation, and sfiipg, yields
x? sinz (the first by integratinge?, the second by integratingos ). The second
result looks simpler; so choose it, and differentiate itwNthe integrand is a term of
the resulting derivative (by the product rule),

/2133621 de = §621(4m37612+6173)+0. d

Example 4. To evaluatd

d
—[ 2sinac] = 2zsinz + 22 cosz, a:2(lnaa)3 dx
dx ’
but so is the undesired term, emainder, 2z sinz. The remainder is similar to, integrate the polynomial factor at each stage.
ahd S|mple( than, the or!glna! integrand, so itis regscglabbontmue. I_ntegrat_e the %xg(ln z)3 z2(Inz)® + z2(lnz)?
trigonometric factor (which yields-2x cos x), but this timechange the sign (which 1 s ) — ) ) 0 o
yields 2z cos z), since the goal now is toancel (not match) the remainder. Finally, —zz°(lnz) — 2%(lnz)? — $2°lnz
differentiate the result: 223w 222Inz + Za?
d _ 2.3 2.2
d—[Qxcosx] = 2cosxT — 2rsinx. 7% 9%
r Summing and simplifying yields
The new remainder (namel¥cos x) is easy to dispatch, for
/:v2(1n:v)3 dr = %:}:B{Q(Inm)?’ —9(Inx)? 4+ 6lnz — 2} + C. d
—[—QSinx] = —2cosz. .
dx Example 5. To evaluate the integral
Summing these last three equations yields (by the sum rulgefovatives) x4 dx
i, _ ) V(@ 43
—[a: sma:—i—Qxcosx—Zsmx]:J: cos , . . . .
dx integrate (a multiple ofy times a (negative) power @2 + 3 at each stage.
or (as an integral equation, with the right hand side singulifi little) 23 Gt 32
a7 — +
/12 coszdr = (22 — 2)sinz + 2z cos & + C, (222 + 3)3/2 (222 +3)5/2 (222 +3)3/2
_ x 22 N 1
as required. g (227 + 3)1/2 (227 + 3)3/2 (2272 +3)1/2
Such calculations will be organizkéhto a table. For example, the preceding The first row plus three halves of the second row expressestétgral equation
calculations would be organized as follows. 3 4
T " 3z B / 3dx 62 dx
z2sinx z2cosx + 2zsinx V(222 +3)3  2v/222+3  J 222213 V(222 4 3)5’
20 COS T _ 2¢sinz + 2coszx and so evaluating the first integral on the right, rearrap@ind simplifying, yields
. 4 2
—2sinz — 2cosz 2“”265“*’35 :_1;(8; ;’9; =+ 5v2In(ayv2+ V222 4+ 3) + C.
Aligning the terms in the right column (and underlining thetegrand) provides V(222 +3) V(222 +3)
inessential visual emphasis. Each row is populated asafs]lbeginning with a term O
in its right column. Example 6. Integrating the factosec? ¥ of sec™ ¥ = sec 2 ¥ sec 9, and using
Integrate a factor of the term (leave the other factor asng) @it tan? ¥ = sec? ¥ — 1 to expand the right column in powers afc 9, yields
the result in the left column, then differentiate the otfeatér of this n=2 9 tan o 1) sec” 9) sec™~2 9
result (leave the integrated factor as is) and add the navit teshe see an (n —1)sec™ 9 — (n —2) sec :
right column. Rearranging the corresponding integral equation yieldseduction formula
This insures that for any row (or any sum of multiples of raovikg right side is the n sec™ 29Y9tand n — 2 2 .
derivative of the left side, and so the left side is an antidéve of the right side. /Sec vdy = n_1 n_1 /Sec ddd, ifnzl -

Example 2. To evaluate N . .
The partial integration formula is just the product rule(fg)’ = f'g + f¢’,

* sin 2z dz, written as an integral equation, either in symmetric form

fg+C:/f’g+/fg/, or asymmetric form /fg/=fg7/f'g,

63

integrate the exponential factor at each stage.

%esx sin 2z e3® sin 2z + %esx cos 2z . . .
5 4 ] 5 where at least one of, g’ is continuous. Two examples of the symmetric form are
—563”5 cos 2x 563”‘ sin 2z — gesx cos 2x 2y
2 arcsi - - ot
The sum of the right column &2 of the integrand, and so " arcsine + C = /2m arcsinz dz + / V122 and
2
/eSxSiHQxdx:% %egxsin%c—%egxcos%:}-‘rc’ ;)3\/1—;)32+C:/\/1—x2d;)37 Jatdr
V1—2x2
— %3@3””(3 sin 2z — 2 cos 2z) + C. O B /‘ dx 222 do
V1—22 VI—22'

Adding half the second to the first, evaluating, rearrangind simplifying, yields
/marcsinmd:v = i(212 — 1)arcsinz + im\/ 1—22+C.
Lafter Leonard Gillman iThe College Mathematics Journal, 22, No. 5, 407—410.
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