Inverse trigonometric functions

Theinverse sinefunction. The sine function restricted {o—%w, %w] is one-to-one, and its inverse on this
interval is called thercsine(arcsin) function The domain ohresin is [ —1, 1] and the range afrcsin is
[—4m, 7). Below is a graph ofy = sin ®, with the the part ovef — i, 17 ] emphasized, and the graph
of ¥ = arcsin y.
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By definition
¥ = arcsiny meansthat sind =y and -— %7‘( <9 L %7‘(.

Differentiating the equation on the right implicitly witlespect tay, gives
d9 d9
1, or =

cosV— =1, — = , provided —ir <9< in
dy dy cos ¥ P 2 2
Sincecos ¥ > 0 on(—3m, 3m), itfollows thatcos ¥ = /1 —sin? 9 = /T — y2. Therefore,
d . 1
—(arcsiny) = ——, for —1<y<1l

dy Vi—y?

Observe that the graph of = arcsin y has vertical tangents whege= +1.

The inverse tangent function. The tangent function restricted (0—%#, %w) is one-to-one, and its in-
verse on this interval is called ttegctangent(arctan) function The domain ofrctan is R and the range
of arctan is (— 3, 17 ). Below is a graph of; = tan 9, with the the part ovef — 1, 1« ) emphasized,

and the graph off = arctan y.
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By definition
¢ = arctant meansthat tan¥ =t and — %7‘(’ <V < %w.

As with arcsin, one can use the equation on the rigirid the restriction o, to compute the derivative of
the arctangent function:
1

i for teR.

7 (arctant) =

Theinverse secant function. The secant function restricted t0, %w yJ[m, %w) is one-to-one, and its in-
verse on this interval is called tlagcsecan{arcsec) function The domain ofrcsecis (—oo, —1]U[1,00)
and the range ofircsec is [0, %w) U [m, %w). Below is a graph ok = sec, with the the part over

[0, 37) U [, 37). emphasized, and the graphibt= arcsec z.
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By definition
¥ = arcsecz meansthat secd =¢t and 0 <9 < %7r or m<Y< %7‘(.

Again, differentiating the equation on the right impligitvith respect taz, and using the restriction i,
one computes the derivative
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The other inverse trigonometric functions. The remaining trigonometric functions can be defined via the
cofunction identities. Below are their definitions and thgriaphs. Note that the domain restriction on the

cosecant function given here differs with that of the tertb¢in fact there are three common choices). In
practice this will not matter, but you should use this deifinitin your written work and for WeBWorK.

d
d—(arcsec z) = , for |z| > 1.
2

arccot u = %w — arctanu

¥ = arccot u

arccosxr = %71’ — arcsinx

¥ = arccos x

arccscw = %71’ — arcsecw

¥ = arccsc w

What is the domain and range of each of these functions? Youldlhry to derive the formulae for the
derivatives of the inverse trigonometric functions besiglesin. (Note that computing the derivatives of the
last three will be easier.) Finally, identify any verticahgents, and/or horizontal asymptotes of the graphs
of each of the inverse trigonometric functions.



