
Maths DDB — Cal III Instructor: Dr.R.A.G. Seely

Calculating ζ(2)—again

We start by calculating
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0
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1− xy
—an improper integral, but we shall ignore that for now (exer-

cise: check the appropriate limit to show this does converge).

First we use infinite series:
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In other words,∫ 1

0

∫ 1

0

dx dy

1− xy
=
∞∑
n=1

1

n2
= ζ(2)

We shall now evaluate the double integral another way, ending up with an actual value therefore for
∞∑
n=1

1

n2
.

Effectively we shall rotate the unit square (and double its area) with the transformation x = u − v,
y = u + v. First, as an exercise, you should show that this transformation takes the square R:
[0, 1] × [0, 1] to the diamond S given by these four lines: v = −u, v = u, v = u − 1, v = 1 − u.

Furthermore, the Jacobian ∂(x,y)
∂(u,v) = 2.

So we have the following calculation (there are hints below, so you can fill in the details for yourself).∫ ∫
R

1

1− xy
dx dy = 2

∫ ∫
S
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1− (u2 − v2)
du dv

= 2
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∫ 1−u

u−1

1

1− u2 + v2
dv du

= 2 arcsin2(12)− 2 arcsin2(0) + π(arcsin(1)− arcsin(12))

− (arcsin2(1)− arcsin2(12))

=
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Here are the relevant hints:

•
∫

dv

a2 + v2
=

1

a
arctan

(
v

a

)
So

∫
1

1− u2 + v2
dv =

1√
1− u2

arctan

(
v√

1− u2

)
.

• arctan

(
u√

1− u2

)
= arcsin(u)

So

∫
1√
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)
du =
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1

2
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• arctan
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)
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So

∫
1√
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1− u2

)
du =

π

4

∫
du√
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• And finally arcsin(x) = − arcsin(−x) and arctan(x) = − arctan(−x) (so we can “double up” the
integrals of the form

∫ α
−α to get 2

∫ α
0 ).


