
The equivalence p → q ≡ ¬p∨ q requires the (¬¬E) rule in one direction: p → q ⊢
∗
¬p∨ q, but

not the other direction: ¬p ∨ q ⊢ p → q. Here are the two directions:

1 p → q

2 ¬(¬p ∨ q)

3 p

4 q (→E), 1, 3

5 ¬p ∨ q (∨I), 4

6 ⊥ (¬E), 2, 5

7 ¬p (¬I), 3–6

8 ¬p ∨ q (∨I), 7

9 ⊥ (¬E), 2, 8

10 ¬¬(¬p ∨ q) (¬I), 2–9

11 ¬p ∨ q (¬¬E), 10
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7 q (R), 6

8 q (∨E), 1, 3–5, 6–7

9 p → q (→I), 2–8

With tableaux:

T(p → q) X
F(¬p ∨ q)X
F(¬p) X
F(q)
T(p)

F(p)
×

T(q)
×

T(¬p ∨ q) X
F(p → q)X
T(p)
F(q)

T(¬p) X
F(p)
×

T(q)
×

Another, longer, derivation of p → q ⊢ ¬p ∨ q, using the (¬¬E) rule twice:

1 p → q

2 ¬(¬p ∨ q)

3 q

4 ¬p ∨ q (∨I), 3

5 ⊥ (¬E), 2, 4

6 ¬q (¬I), 3–5

7 ¬p

8 ¬p ∨ q (∨I), 7

9 ⊥ (¬E), 2, 8

10 ¬¬p (¬I), 7–9

11 p (¬¬E), 10

12 q (→E), 1, 10

13 ⊥ (¬E), 6, 12

14 ¬¬(¬p ∨ q) (¬I), 2–13

15 ¬p ∨ q (¬¬E), 14


