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ABSTRACT

Let M be a graph manifold. We show that w1 M is the fundamental
group of a compact nonpositively curved cube complex if and only if M is
chargeless. We also prove that in that case w1 M is virtually 3-dimensional
compact special.

1. Introduction

A graph manifold is a compact oriented aspherical 3-manifold M that has
only Seifert-fibred blocks in its JSJ decomposition. We say that a torsion-free
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group is (cocompactly) cubulated if it is the fundamental group of a (com-
pact) nonpositively curved cube complex. A (cocompactly) cubulated group is
(compact) special if the complex is (compact) special, i.e., admits a local
isometry into the Salvetti complex of a right-angled Artin group. Moreover, if
the compact special cube complex is 3-dimensional, then its fundamental group
is 3-dimensional compact special.

Liu proved in [Liul3] that if a graph manifold M admits a nonpositively
curved Riemannian metric, then m M is virtually cubulated (and in fact spe-
cial). Under the stronger hypothesis that M has nonempty boundary, the same
conclusion was obtained in [PW13]. However, the resulting cube complex was
in general not compact.

The main goal of this paper is to answer Question 9.4 of Aschenbrenner,
Friedl and Wilton [AFW12] by characterizing graph manifolds M with 71 M
virtually cocompactly cubulated, i.e., having a finite-index subgroup that acts
freely and cocompactly on a CAT(0) cube complex. We show, moreover, that
whenever this is the case, m1 M is virtually 3-dimensional compact special.

We note that if M has no JSJ tori, i.e., M is Seifert-fibred, then by [BH99,
Thm. 6.12] the group m M is virtually cocompactly cubulated only if the Euler
number of the Seifert fibration vanishes. In this situation M is virtually a
product of a circle with a surface that is a special square complex. Hence m M
is virtually 3-dimensional compact special. If M is a Sol manifold, then m M is
not cocompactly cubulated.

Throughout the article, we therefore assume that M is not a Sol manifold and
has at least one JSJ torus, so that its underlying graph T' = (V, E) has at least
one edge. We also assume that M does not contain m;-injective Klein bottles, so
that the base orbifolds of all Seifert-fibred blocks are oriented and hyperbolic.
For each © € V, we denote by By C M the corresponding Seifert-fibred block,
and for each edge € € E, we denote by T the corresponding JSJ torus. For an
edge € incident to v, let ZE C T be an embedded circle that is a fiber in Bj.

Definition 1.1: A graph manifold M is chargeless if for every block Bj disjoint
from OM we can assign integers n; to all edges € = (9,7’), so that in integral
homology Hi(By) we have >_nes[Z5] = 0.

In other words, a graph manifold is chargeless if in each block disjoint from
OM there is a horizontal surface whose boundary circles are vertical in adjacent
blocks. For a block intersecting dM there is such a surface as well, since we
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can choose its boundary slope on OM, which is the required degree of freedom
in Hy(Bg); see, e.g., [WY97, Lem 1.1]. Note that if M’ is a finite cover of a
graph manifold M, then M’ is chargeless if and only if M is chargeless. Our
first result is the following.

THEOREM A: Let M be a chargeless graph manifold. Then w M is virtually
3-dimensional compact special.

Our main theorem is the following converse.

THEOREM B: Let M be a graph manifold. If mi M is virtually cocompactly
cubulated, then M is chargeless.

Theorem B is one of few results giving an obstruction to being cocompactly
cubulated for a specific class of groups. Another notable result of this type
is Wise’s characterization of tubular groups that are cocompactly cubulated
[Wis12, Thm. 5.8].

ORGANIZATION. In Section 2 we introduce notation used to study graph man-
ifolds. We construct an efficient family of surfaces in a graph manifold. The
CAT(0) cube complex dual to the resulting system of walls in the universal
cover is cocompact, as required in Theorem A. In Section 3 we study how im-
ages of isometric embeddings of E? in a CAT(0) cube complex may intersect
hyperplanes. We describe intersection patterns that allow one to recognize a
combinatorial flat or a half-flat of dimension > 2 in the complex. In Section 4
we show that such objects are not allowed in cocompact cubulations of graph
manifolds. This enables us to find cocompact cubical convex cores for w1 Bj.
We then use Caprace-Sageev’s rank-rigidity result to limit the possible cubu-
lations of the blocks. The cubulations of adjacent blocks interact along what

we call straight subgroups, and analyzing them is the last step in the proof of
Theorem B.

PREREQUISITIES. We assume basic knowledge of CAT(0) cube complexes and
hyperplanes. We consider two metrics: the combinatorial metric on the 1-
skeleton with combinatorial geodesics and isometric embeddings on 1-skeleta;
and the CAT(0) metric on the entire complex, with CAT(0) geodesics and
isometrically embedded copies £ of E2. For an introduction to CAT(0) cube
complexes, we recommend Sageev’s survey article [Sagl2].

ACKNOWLEDGEMENTS. We thank Henry Wilton and Daniel T. Wise for encour-
agement, Jordan Sahattchieve for discussions, and the referee for corrections.
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2. Chargeless graph manifolds

In this section we prove Theorem A.

2.1. PRELIMINARIES. Let M be a compact oriented irreducible 3-manifold that
is not a Sol manifold and does not contain 7-injective Klein bottles. The
manifold M contains a minimal collection of incompressible tori, called JSJ
tori, all of whose complementary components, called blocks, are Seifert-fibred
or atoroidal [Bon02, Thm. 3.4]. This decomposition is unique up to isotopy.
We say that M is a graph manifold if all of the blocks are Seifert-fibred, and
there is at least one JSJ torus.

The underlying graph ' = (V,E) of M is the graph dual to the JSJ
decomposition. For each v € V', we denote by By the corresponding block, and
for each edge & € E, we denote by T; the corresponding JSJ torus. Let Fj; be
the base orbifold of Bj, which is oriented and hyperbolic.

Let G = m1 M, which we identify with the group of covering transformations
of the universal cover M of M. Let I = (V, E) be the underlying Bass—Serre
tree of M arising from the JSJ decompos1t10n of M. The vertices v € V of
I" correspond to the components B C M of the preimages of blocks in M,
which we also call blocks. The edges e € E of I correspond to the components
T. C M of the preimages of JSJ tori in M, which we call JSJ planes. We
denote by G, < G the stabilizer of the block EU C M and by G. < G the
stabilizer of the JSJ plane T..

An immersed surface in a block is horizontal if it is transverse to the fibers
and vertical if it is a union of fibers.

2.2. EFFICIENT COLLECTION. We will cubulate a chargeless graph manifold
using a family of surfaces of the following type.

Definition 2.1 (Turbine collection): Let M be a chargeless graph manifold. A
turbine collection S*" is a collection of surfaces that are immersed in M and
have the following form. For each block Bj consider an embedded surface
S5 C By such that S5 N T¢ is a union of ng parallel copies of Z¢, from Defi-
nition 1.1. Let Az be a non-0-parallel vertical annulus in B/, both of whose
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boundary components are homotopic to Z& in T;. Gluing 2n; parallel copies
of the annuli A; with 2 parallel copies of Sy yields a surface S properly im-
mersed in M. We let S™ denote the collection of S for all o, together with
some non-J-parallel vertical annuli A with A C T for all boundary tori 7' of
M.

Remark 2.2: Let T/ — T be a cover of the underlying graph T’ of M. Let
M' — M be the induced cover of M, i.e., the graph of spaces whose underlying
graph is IV and whose vertex spaces are isomorphic to the various blocks of M.
If I is simple, i.e., has no loops or double edges, then every surface in S*"* lifts
to an embedding in M’.

Definition 2.3 (Torus collection, efficient collection): Each block By of a graph
manifold M has a finite cover By that is a product of a circle with a surface
F!. A torus collection S is a family of vertical tori in B} whose base curves
fill F}. With respect to some hyperbolic metric on F} this means that the
complementary components of the union of the geodesic representatives of the
base curves are discs or annular neighborhoods of the boundary. Each torus
T € St is equipped with a map to M factoring through B. Let S'** be the
union of the tori in all S together with all the JSJ tori of M.

The union S = ST US* of a turbine collection and a torus collection for a
chargeless graph manifold is called an efficient collection. We also assume that
S° is in general position. Let S be the collection of all connected surfaces in
the universal cover M of M covering the surfaces of S°f.

Each surface in S cuts M into two halfspaces and the collection of such
pairs endows M with a Haglund—Paulin wallspace structure (see, e.g., [HW12,
Sec 2.1]).

Construction 2.4: Sageev’s construction yields the CAT(0) cube complex X
dual to S°. A vertex z of X is a choice of a closed halfspace z(S) for each
S € 8 with 2(S) Nx(S") # 0 for all S,5" € 8. Cubes of dimension k are
spanned by the sets of 2F vertices differing on k surfaces S. If that complex is
disconnected, we restrict to the connected component containing the vertices x
for which there is a point m € M with m € z(5) for all S.

The group m M acts naturally on X. Hyperplanes of X' correspond to sur-
faces in S° and their stabilizers coincide. Maximal cubes of X correspond to
maximal collections of pairwise intersecting surfaces in Seft
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PROPOSITION 2.5: Let M be a chargeless graph manifold with an efficient
collection 8°. Let X be the CAT(0) cube complex dual to S°®. Then the
action of myM on X is free and cocompact. Moreover, mi M\X is virtually
special.

Before the proof, note that Proposition 2.5 implies Theorem A, except for
3-dimensionality. This last property will be obtained in Remark 2.7.

LEMMA 2.6: Let S, S’ be distinct surfaces in Seff intersecting a block B, C M.
IfSnsS #0, then SNS' N B, # (. Moreover, at most one of SN B, S’ N B,
is horizontal.

Proof. If one of SN EU, S’ N B, is horizontal and the other vertical, then they
intersect.

If they are both horizontal, then they cover the same unique surface in S°ff
that has horizontal intersection with the block of M covered by EU. By Re-
mark 2.2 applied to the universal cover IV — T', through which the map I' — T’
factors, the surfaces S, S’ are disjoint.

If SN B,,S N B, are both vertical and disjoint, but S and S’ intersect,
then there is an adjacent block B, with both SN EU/,S’ N By nonempty
and horizontal. As before, we obtain that S and S’ are disjoint, which is a
contradiction. |

Proof of Proposition 2.5. The action is free by [PW13, Sec 3] since S is suf-
ficient in the sense of [PW13, Def 1.4].

For cocompactness it suffices to show that, for any collection of pairwise
intersecting surfaces S C gﬂ, there is a point of M uniformly close to each
S € S. First note that by the Helly property for trees, there is a block B, C M
intersecting all the surfaces in S. By Lemma 2.6 the surfaces SN B, for S8
pairwise intersect. Moreover, the collection S contains at most one surface Sh°r
with $h°rM B, horizontal and we can assume without loss of generality that there
is such a surface in S. Then the family of lines SN S"* with § € S — {Sh°r} is a
family of uniform quasi-geodesics in the quasi-tree S N Ev, pairwise at finite
distance. Then, for example by [Sag97, Lem 3.4], there is a point in S"°* N B,
uniformly close to all these lines. Hence G = w1 M acts cocompactly on X.

We verify specialness using [HWO08, Thm. 9.19], saying that for a free and
cocompact action of a group G on a CAT(0) cube complex X the following are
equivalent:
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(1) G has a finite-index subgroup G’ such that G’ \ X is special.

(2) For each hyperplane h of X', the subgroup Stabh < G is separable, and
for intersecting hyperplanes b, §’, the double coset Stablh Stabh’ C G
is separable.

Each hyperplane in X has stabilizer Stab S for some S € S°. Since S°ff is
in general position, each Stab S coincides with a conjugate of the fundamental
group of a surface in S, Since the surfaces in S are virtually embedded, the
groups Stab S are separable [PW13, Thm. 1.1], and double cosets Stab S Stab S’
are separable for intersecting surfaces S, 5’ € Seff, by [PW13, Thm. 1.2]. Hence,
by the above criterion, the complex m M\X is virtually special. |

We now complete the proof of Theorem A.

Remark 2.7: While m; M \ X in Proposition 2.5 might not be 3-dimensional,
we can arrange it to be by enhancing the construction in the following way.
First, by [LW97, Prop 4.4] by passing to a finite cover of M we can assume that
every block is a product of a circle with a surface of genus > 1. Such a surface
admits a filling family £ of essential curves and arcs whose dual cube complex
is 2-dimensional, such that the boundary of each arc lies in a boundary circle
and for each boundary circle there is exactly one such arc.

One way to construct £ is to start with a family of disjoint arcs as above,
which is possible by the assumption on the genus, and complete it with a max-
imal family of disjoint pairwise non-homotopic curves to £1. Then embed the
graph dual to £ in the surface and define L5 to be the curves in the boundary
of a regular neighborhood of that graph. The union £ = £ U L5 is as required.

We use the curves and arcs in £ as bases for the vertical tori in the torus col-
lection and the vertical annuli used in the construction of the turbine collection.
Then any collection of pairwise intersecting surfaces in Sef all intersecting a
block B, C M consists of at most 3 surfaces, one of which might have horizontal
intersection with B, and at most two might have vertical intersection.

3. Constructing flats from parallel families

We now begin to establish statements needed in the proof of Theorem B. In this
section we give methods of recognizing flats in a CAT(0) cube complex using
parallel families, defined below.
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Definition 3.1 (Parallel family of lines): Let S be a locally finite multiset of
geodesic lines in the Euclidean plane E2, i.e., a family of lines that are allowed
to occur multiple times. We say that S is a parallel family if the lines are
pairwise parallel and for each S € S each of the two components of E2 — §
contains another line from §. We say that S consists of n parallel families
if S can be partitioned into n parallel families that are maximal, or equivalently,

pairwise transverse.

Definition 3.2 (Combinatorial flat): A combinatorial flat E,, is a CAT(0) cube
complex that is the standard tiling of E™ by unit n-cubes.

Remark 3.3: Let X be the CAT(0) cube complex from Construction 2.4, dual to
a collection S consisting of n parallel families. If none of the lines in S coincide,
then X is a combinatorial n-flat. Otherwise X is the product of n complexes,
each of which is built from a sequence (Qg)rez of cubes by gluing them along
vertices so that the vertex Qr—1 N Qk is opposite to Qr N Qr+1 in Qk. Each
cube @y corresponds to a collection of coinciding lines, and dim @, is equal to
the number of such lines.

We would now like to recognize a combinatorial flat inside an ambient CAT(0)

cube complex.

Remark 3.4: Any hyperplane b in a CAT(0) cube complex X has a metric
neighborhood of the form § x I. Hence for any CAT(0) geodesic € in X that is
neither disjoint from nor contained in b, the intersection e N is a point separat-
ing the intersections of € with the two open halfspaces of h. Consequently, for
any isometrically embedded copy £ C X of E? that is neither disjoint from nor
contained in b, the intersection £Nb is a line separating the convex intersections
of £ with these halfspaces.

Definition 3.5 (Parallel family of hyperplanes): Let X be a CAT(0) cube com-
plex containing an isometrically embedded copy £ of E2. We do not require that
£ is a combinatorial flat, only that it is isometrically embedded with respect to
the CAT(0) metric of X. Let Ess(E) denote the collection of hyperplanes that
are neither disjoint from nor contain £. We say that £ has n parallel families
if the collection of lines h N &, with h € Ess(E), consists of n parallel families.
The family of hyperplanes intersecting £ along one of these families is called
parallel as well.
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Note that parallelism of hNE, §H’ NE does not imply that the hyperplanes b, b’
are disjoint; these hyperplanes may intersect outside of £.

Let & be finite-dimensional. If a group J of automorphisms of X acts cocom-
pactly on &, then for each hyperplane h € Ess(E), the family of lines b’ NE, with
b’ € Ess(€), parallel to h N E is a parallel family. Consequently, there exists n
such that £ has n parallel families.

LEMMA 3.6: Let X' be a finite-dimensional CAT(0) cube complex with a free
action of a group J = Z?. Let £ C X be a .J-cocompact isometrically embedded
copy of E2. Then one of the following holds:

(1) For some n > 3, and some finite-index subgroup J' < J, the complex
X contains a J'-invariant combinatorial n-flat ) such that y<1> cx®
is isometrically embedded.

(2) The plane £ has two parallel families.

Proof. Denote by n the number of parallel families of £&. We first prove
n > 2. Each complementary component in £ of the union of all the hyper-
planes in Ess(£) is contained in the cubical star of a vertex. Since each cube is
bounded, each such component must be bounded. Hence there are hyperplanes
a,b € Ess(€) with lines anN & and b N € intersecting transversely.

We shall now construct a combinatorial n-flat ) C X. For a vertex z € X and
a hyperplane b, let 2(h) be the closed halfspace of h containing x. If b ¢ Ess(£),
so that £ is contained in one or two of the closed halfspaces of ), we define £(bh)
to be one such fixed halfspace. Consider the set Y(©) of vertices z € X satisfying
the following conditions:

(a) For b ¢ Ess(E), we have x(h) = £(b).
(b) For b,b" € Ess(€), we have z(h) Nz(h')NE # 0.

Let ) be the subcomplex spanned by Y(? | i.e., the union of the closed cubes all
of whose vertices are contained in Y(°). By condition (a), each vertex 2 € Y(© is
uniquely determined by the choice of halfspaces x(h) with h € Ess(&) satisfying
condition (b). By condition (b), for all h from the same parallel family we have
x(h) > e for some e € £. Thus Y is isomorphic to the CAT(0) cube complex
dual to the intersection lines in &£ of Ess(€). Hence ) is a combinatorial n-flat
or possibly a complex described in Remark 3.3. A pair of points e, e’ € £ is
separated by hNE in & if and only if it is separated by b in X'. Hence Y1) ¢ XM
is isometrically embedded.



386 M. F. HAGEN AND P. PRZYTYCKI Isr. J. Math.

Let J’ be the finite-index subgroup of J that acts trivially on the finite set
of hyperplanes containing £. The complex ) is J'-invariant since J preserves
parallel families and J' preserves the collection of £(h). In the case where Y is
not a combinatorial n-flat, we replace J’' with a further finite-index subgroup
whose elements do not map a hyperplane in Ess(€) to a distinct hyperplane with
the same intersection line with £&. We can then replace ) with a J'-invariant
subcomplex that is a combinatorial n-flat isometrically embedded on 1-skeleton.
If n > 3, case (1) of the lemma is verified. Otherwise, we have n = 2 and hence
case (2). |

The following complements Lemma 3.6.
Definition 3.7 (Combinatorial half-plane): Let Es be a combinatorial 2-flat with
a bi-infinite combinatorial geodesic v C Egl). The CAT(0) cube complex that is
the closure of a component of E5 —+ is a combinatorial half-plane bounded
by 7.

LEMMA 3.8: Let X be a finite-dimensional CAT(0) cube complex with a free
action of a group J = Z?. Let £ C X be a .J-cocompact isometrically embedded
copy of E? that has two parallel families. Then one of the following holds:

(1) For some finite-index subgroup J' < J, the complex X contains a J'-
invariant subcomplex F x E; where F is a combinatorial half-plane,
such that (F x E;)M) ¢ X1 is isometrically embedded.

(2) There exists a J-cocompact convex subcomplex Yycax.

We first reduce the proof of Lemma 3.8 to the following.
LEMMA 3.9: Let X be a finite-dimensional CAT(0) cube complex and let
g € Aut(X) act by a translation on a bi-infinite combinatorial geodesicy ¢ X1,
Then one of the following holds:

(1) There exists m > 1 and a g¢™-invariant combinatorial half-plane
F C &, bounded by v and contained in its cubical convex hull, such
that FO ¢ XM is isometrically embedded.

(2) There exists R such that if intersecting hyperplanes b, b’ intersect -,
then they intersect it in points at distance < R.

Here the cubical convex hull 5)\ of a subcomplex Y of a CAT(0) cube com-
plex X is the subcomplex of X spanned by the vertices that are not separated
from Y by any hyperplane.
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Proof of Lemma 3.8. Let ) be the combinatorial 2-flat o x 8 from the proof of
Lemma 3.6, where the factors come from the two parallel families. We choose
embeddings of the combinatorial geodesics «, 8 into ) with arbitrary fixed coor-
dinates. As before, let J’ be a finite-index subgroup of .J preserving ). Consider
the J'-invariant cubical convex hull JA) of ), which is the product of the cubical
convex hulls @ and B of a, 8. Let Staby o = (a), Staby 8 = (b) and note that
(a,by < J’ has finite index.

By Lemma 3.9, there are two possibilities. The first is that one of the sub-
complexes @ or B contains a combinatorial half-plane F, bounded by « or §3,
whose 1-skeleton is isometrically embedded in that of & or B Moreover, F is
a™- or b™-invariant for some m > 0. Then after possibly replacing J' with a
further finite-index subgroup, we have that )A/ contains a J'-invariant subcom-
plex F x E; isometrically embedded on 1-skeleton. This verifies case (1) of the
lemma. The second possibility is that there exists R such that any pair of in-
tersecting hyperplanes from Ess(€) intersects ) in lines at distance < R. Then
JA/ contains finitely many .J/-orbits of vertices, and hence J' acts cocompactly
on Y.

In order to find a subcomplex that is J-invariant, we relax condition (a) from
the proof of Lemma 3.6, so that z(h) can be arbitrary for h containing €. The
cubical convex hull of such a set of vertices has the form Y x I k where k is the
number of such b, hence satisfies case (2) of the lemma. |

The following completes the proof of Lemma 3.8.

Proof of Lemma 3.9. All the hyperplanes discussed in this proof are assumed to
intersect . Finite-dimensionality implies that there exists m > 1 such that any
hyperplane b is disjoint from and separates g*™h. We order the hyperplanes
so that h < b’ if the direction of the subpath of v from h N~ to b’ N~ agrees
with the direction of the translation g. Note that if h < b” intersect, then each
h < b’ < b intersects b or h”. In particular, if b = g™Jh’, then b’ intersects b.

If case (2) of the lemma does not hold, then there exist intersecting hyper-
planes h < b’ with h N, h’ N~ at arbitrary distance. Since there are finitely
many (g™)-orbits of hyperplanes, there exist hyperplanes a < b such that g~"a
intersects g™/ b for infinitely many 4, j > 0. By the previous paragraph, g~™a
intersects g™/ b for all 7,5 > 0.

We shall now partition the set of hyperplanes into two families 2 D {g™a},

B D {g™Ib}, with 7,5 € Z, such that any h € 2 and b’ € B satisfying h < b’
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intersect. For every hyperplane b, for sufficiently large i, j > 0 we have g~"a <
f < ¢g™b. Observe that if b intersects ¢™7b and ¢™i" b for some j < j”, then
b intersects all ¢™'b with j < j' < j”. Hence h intersects all g~™a for i
sufficiently large or all ¢"Jb for j sufficiently large. If the former property
holds, or if both properties hold simultaneously, then let h € B; otherwise let
h € A and note that then b is disjoint from all g~™%a for i sufficiently large.
Now for any h € 2 and b’ € B satisfying h < b, there is i > 0 with g~™a < b.
After possibly increasing i, the hyperplane b’ intersects g~™a, but b does not
intersect g~™%a, whence b intersects h’, as required.

Let p = (z,z’) be a pair of vertices of v such that either z = z’ or the direction
of the subpath xa’ C v agrees with the direction of the translation g. For every
hyperplane b we choose the halfspace p(h) to be x(h) if h € 2 or 2/(h) if bh € B.
By the previous paragraph, any such halfspaces have non-empty intersection,
and hence define a vertex in the cubical convex hull of 7. The set F(© of such
vertices is ¢g"-invariant. Let F be the subcomplex spanned by F(©. The 1-
skeleton of F is obtained by adding edges between vertices determined by p that
differ by moving z through a hyperplane in 2( or 2’ through a hyperplane in 5.
The squares of F are obtained by performing two such moves simultaneously.
It is easy to see that F is a combinatorial half-plane bounded by v and that
FO ¢ XM is isometrically embedded. B

4. Cocompactly cubulated graph manifolds

In this section, we prove Theorem B. As in Section 2, we denote by M a graph
manifold with universal cover M and Bass-Serre tree . We pull back a fixed
Riemannian metric on M to M. Finally, we assume that G = m M acts freely
and cocompactly on a CAT(0) cube complex X.

4.1. STRAIGHT SUBGROUPS.

LEMMA 4.1: The inclusion T, C M does not extend to a G'-equivariant quasi-
isometric embedding ¢: T, x[0,00) — M for any finite-index subgroup G, < G..

Proof. Let e = (v,v’). If such ¢ exists, then let L be its additive constant,
so that the L-neighborhood of the image under ¢ of any path-connected set is
path-connected. We first show that for any such ¢ and for any s € [0, 00) there
is t € T. with o(t,s) € NL(EU U Ev/). Otherwise, fix any t € T.. Without
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loss of generality ¢(t,s) lies in a component of M — N, 7(B,) that does not
contain B,. Let g € G be non-central in G,,. Then g does not stabilize any
of the edges of T" incident to v except for e. Thus ¢(t,s) and ¢(gt,s) lie in
different components of M—Ny (EU) Consider any path 7 in T. joining ¢ with
gt. Then N7 (¢(7,s)) joins two different components of M — EU but is disjoint
from B,. Thus N7 (é(r,s)) is disconnected, which is a contradiction. Since G,
acts cocompactly on Tve, it follows that the entire image of ¢ is contained in a
uniform neighborhood of EU U Evz.

The quasi-isometric embedding ¢ induces a bi-Lipschitz embedding of as-
ymptotic cones Cone(T, x [0,00)) — Cone(B, U B,). Here we choose an ar-
bitrary ultrafilter, scaling constants, and observation points in T. x {0}. Then
Cone(T,. x [0,00)) = E2 x [0,00) which has topological dimension 3. On the
other hand, Cone(B, U B,) is obtained by gluing two copies of the product of
an R-tree with E! along E?; the result has dimension 2, a contradiction. |

Definition 4.2 (Essential hyperplane, essential core): Let Y be a subspace of a
metric space X. We say that Z C X is Y-essential if Z is not contained in
any k-neighborhood N (Y) of Y.

Let V be a subspace of a CAT(0) cube complex X. Let Essx (V) be the set
of hyperplanes h of X such that the intersections of V with both halfspaces of
h are h-essential. We usually omit the subscript X, and this agrees with the
notation Ess(&), which we have used so far.

Similarly, if H acts on X, a hyperplane b is called H-essential if the inter-
sections of an (hence any) H-orbit with both halfspaces of ) are h-essential. If
V C X is H-cocompact, then Ess()) is the set of H-essential hyperplanes.

If V is a convex subcomplex, then each h € Essy (V) intersects V, these
intersections form Essy(V), and thus we can identify Essxy()) with Essy (V)
and omit the subscript. The essential core V**° is the CAT(0) cube complex
dual to Ess(V), which is a quotient of V. For example, if V = E; x I, then
Ess(V) consists of all the hyperplanes except Ey x {3}, hence V*** = E;.

If a group H acts on V freely and cocompactly, then it acts on V*° freely
and cocompactly as well. If J < H and a hyperplane § of X is J-essential, then
we have h) € Ess(V) and the corresponding hyperplane in V¢*% is J-essential as
well.
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Definition 4.3 (Straight subgroup): Let e be an edge of I'. A maximal cyclic
subgroup of G, is straight if it contains a nontrivial element stabilizing a G-
essential hyperplane of A

PROPOSITION 4.4: For each edge e of ', the group G, has exactly two straight
subgroups.

Proof. By [Hag07, Thm. 1.4], G acts semisimply on X. By the Flat Torus
Theorem [BH99, Thm. I1.7.1], X’ contains an isometrically embedded copy & of
[E? on which G, acts cocompactly. We apply Lemma 3.6 with J = G.. Note that
the set of Ge-essential hyperplanes coincides with the union of parallel families
Ess(€). In case (1) of Lemma 3.6, a G-equivariant quasi-isometry X — M

n=2 contradicting Lemma 4.1. Hence we have case

maps Y to T, X (—00,00)
(2), which says that £ has two parallel families. Consider the two maximal
cyclic subgroups Z,,Z, < G, stabilizing lines in these families. Then Z,, Z
are straight, since they have finite-index subgroups stabilizing all hyperplanes
in one of the corresponding families of Ess(£). On the other hand, each G-
essential hyperplane intersects £ along one of these lines, so these are the only

straight subgroups. |
4.2. COCOMPACT CORES.

LEMMA 4.5: For each edge e of T', there exists a convex G-cocompact subcom-
plex Y. C X.

Proof. As in the proof of Proposition 4.4, the Flat Torus Theorem yields a G-
cocompact copy £ of E? isometrically embedded in X'. We apply Lemma 3.6 as
before and conclude that we have case (2), hence we can apply Lemma 3.8. Case
(1) of that lemma leads to a contradiction with Lemma 4.1. Hence we have case
(2) saying that there exists a G-cocompact convex subcomplex 5)\6 CcX. |

PROPOSITION 4.6: For each vertex v of ', there exists a convex G,,-cocompact
subcomplex V), C X.

Given a subcomplex Y C X, let Y79 =) and let the cubical k-neighbohood
V** be the union of all closed cubes intersecting Y+t*F=1_ If ) ¢ X is convex,
then YTF is convex as well.

Proof. Fix a base vertex x € X. By Lemma 4.5, there is a G-equivariant
family of G¢-cocompact convex subcomplexes ), C X', where e varies over the
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set of edges incident to v. Let ¢: M — X be a G- equivariant quasi-isometry.
Each M — Ni(T,) has two T,-essential components Let M ¥ be the T,-essential
component disjoint from B, and let M Mk =M - ﬁ k_In other words, the space
M has two poles with respect to each T, (see [CP11, Appendix A]). Poles are
quasi-isometry invariants [CPll Lem A.2], so by [CP11, Lem A.4], there is k
such that X — y+’€ has two ye essential components, one of which, denoted by
X k is dlSJOlnt from the orbit G,z C X. Moreover there exists K such that
d(ME) c X’g, see [CP11, Sublem A.3]. Let X’“ =X - X’g. Let V, C X be
the convex G-invariant subcomplex N. X , which contains z. Let K/ > K be
such that N (B,) contains all complementary components of N (T,) that are
not T,-essential. Then we have ¢~*(V,) € ), ]\—4>K C Nk (By). Since N/ (By)

is G,-cocompact, the complex V), is GG,-cocompact as well. |

The final preparatory lemma requires using two results from [CS11].

LEMMA 4.7: Consider the product of the free cyclic and a finitely generated
free non-abelian group H = Z x F. Suppose that H acts freely and cocompactly
on a CAT(0) cube complex V. Then the following hold:

(1) The essential core V** of V is a product V, x Vy, where V,,V, are
unbounded.

(2) The group H has a finite-index subgroup H' = H, x H, that preserves
the above decomposition, where H, acts trivially on V, and Hj acts
trivially on V.

(3) We have H, = Z N H' and the group H, embeds as a finite-index
subgroup of the free group H/Z = F under the natural quotient.

Proof. Since H is a direct product with infinite factors, none of its elements is
rank 1 in the action on V*¢. Hence [CS11, Cor 6.4(iii)] implies assertion (1).
By [CS11, Prop 2.6] the group Aut(V°**) contains Aut(V,) x Aut(V}) as a
finite-index subgroup, from which assertion (2) follows. Since each of the sub-
complexes V,, V, is unbounded, H,, Hp are non-trivial.

Any finite-index subgroup H’ < H has the form Z’' x F', where Z' = ZN H'.
We will identify one of H,, H, as Z’. First note that either H, or Hj has trivial
center. Otherwise we would have Z2 in the center of Z/' x F’. Secondly, consider
2 €Z =7ZnNH'. Then z € H, or 2 € Hy, since otherwise the projections
of z to H,, H, would both be central. Without loss of generality we assume
7' < H,. Conversely, an element h € H, commutes with both Z' and Hy.



392 M. F. HAGEN AND P. PRZYTYCKI Isr. J. Math.

Since the only elements with non-cyclic centralizer in Z’' x F/ are in Z’, we have
h € Z', establishing H, = Z'. Hence H}, embeds in the quotient H/Z. Finally,
Hy has finite index in H/Z since H' has finite index in H. This establishes
assertion (3). |

4.3. VANISHING OF CHARGES.

Proof of Theorem B. Suppose G = m M acts freely and cocompactly on a
CAT(0) cube complex X. By [LW97, Prop 4.4], after passing to a finite cover
we can assume that the blocks By of M have no singular fibers. In other words,
their base orbifolds Fy are surfaces and consequently their fundamental groups
are free. Hence G, = Z, x F,,, where Z, is the cyclic fiber group and F, is a
free group.

By Proposition 4.6, there is a convex G,-cocompact subcomplex V,, C X.
We consider the essential core VS*° of V,, which decomposes as V, x V, by
Lemma 4.7(1) applied to H = G,. Let H' = H, x Hp, be the subgroups
provided by Lemma 4.7(2).

Let © be the image of v in ' and let F, — F; be the finite cover of the base
surface Fy corresponding to the embedding Hy, < G,,/Z, = m F5 coming from
Lemma 4.7.(3). Let C be the collection of boundary curves of F}. For each
¢ € C, choose an edge e of T" incident to v so that G. N H, < H, ¥ mF} is a
conjugate of mic. The inclusion G, N H, < G, can be considered as inclusion
on homology Hi(G. N Hy) < Hi(G.) = Hi(T:). Choose an embedded curve
¢ C Tg, non-vertical in By, and an integer n. such that n.[c] is the image of
[c] € Hi(Ge N Hp) under this inclusion. Let ¢: Hi(Hp) — H1(G,) = H1(Bys)
be induced by H, < G,. Hence ¢(3 cclc) = > .ceneld]. Since C is the
collection of boundary curves of a surface, we have ) _[c] = 0 in H;(H;), whence
Y>oone[d) = 0in Hy(Bg). To show that M is chargeless, that is to verify the
analogous formula from Definition 1.1, it remains to show that ¢ is homotopic
to Zg,.

CrAaM: Let Zy,Zy < G, be the straight subgroups coming from Proposition 4.4.
Then the groups H,, G.N Hy are finite-index subgroups of Z,, Zy or vice-versa.

Before we justify the claim, we explain how to use it to complete the proof.
The claim yields H, < Z, and since H, < Z, by Lemma 4.7(3), we obtain
Zo = Z,. Moreover, the claim gives that the image of [c] € Hi(G. N Hp) in
Hi(Ge) = G lies in Zy,, whence ([¢]) = Zy. If e = (v,v") and we apply the claim
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to e and v/, we similarly obtain that either Z, or Z; coincides with Z, . Since
ZyNZy, = {1}, we have Zj, = Z,s. For Definition 1.1 the circle ZE, was defined to
satisfy ([ZS)]) = Zy in Hi(T:) = Ge. Thus we have ([¢]) = Zy = Zy = ([Z5)]),
which ends the proof of the theorem.

It remains to justify the claim. By Lemma 4.7(3) we have H, = Z, N H' and
hence G, N H' = H, x (G, N Hy), which is a product of cyclic groups. Thus
it suffices to find nontrivial elements in Z, N H,, Z, N (G N Hyp). Since Z, is
straight, it contains a nontrivial element h stabilizing a G.-essential hyperplane
of X. Since H' < H has finite index, after passing to a power we can assume
h € H, X (Ge N Hy). Since G, < G,, the corresponding hyperplane in the
G-essential core V5*° of V, is G.-essential as well. Without loss of generality
assume that h stabilizes a hyperplane V, x h where § is a hyperplane in V.
Then h = a x b, where b stabilizes . Since 1 x b and H, x 1 stabilize the
G-essential hyperplane V, x 0, they cannot generate a finite-index subgroup of
G, whence b = 1. Thus h € H,, as desired, and using the same argument we
find a nontrivial element in Z, N (G, N Hp). |

References

[AFW12] M. Aschenbrenner, S. Friedl and H. Wilton, 3-manifold groups, 2012, ArXiv e-print
1205.0202.

[BH99] M. R. Bridson and A. Haefliger, Metric Spaces of Non-positive Curvature,
Grundlehren der Mathematischen Wissenschaften, Vol. 319, Springer-Verlag,
Berlin, 1999.

[Bon02] F. Bonahon, Geometric structures on 3-manifolds, in Handbook of Geometric
Topology, North-Holland, Amsterdam, 2002, pp. 93-164.

[CP11]  P.-E. Caprace and P. Przytycki, Bipolar Coxeter groups, Journal of Algebra 338
(2011), 35-55.

[CS11] P.-E. Caprace and M. Sageev, Rank rigidity for CAT(0) cube complexes, Geometric
and Functional Analysis 21 (2011), 851-891.

[Hag07] F. Haglund, Isometries of CAT(0) cube complexes are semi-simple, 2007, ArXiv
e-print 0705.3386.

[HWO08] F. Haglund and D. T. Wise, Special cube complexes, Geometric and Functional
Analysis 17 (2008), 1551-1620.

[HW12] G. C. Hruska and D. T. Wise, Finiteness properties of cubulated groups, Comositio
Mathematica 150 (2014), 453-506.

[Liul3] Y. Liu, Virtual cubulation of nonpositively curved graph manifolds, Journal of
Topology 6 (2013), 793-822.



394

[LW97]

[PW13]
[Sag97]
[Sag12]
[Wis12]

[WY97]

M. F. HAGEN AND P. PRZYTYCKI Isr. J. Math.

J. Luecke and Y.-Q. Wu, Relative Euler number and finite covers of graph man-
ifolds, in Geometric Topology (Athens, GA, 1993), AMS/IP Studies in Advanced
Mathematics, Vol. 2, American Mathematical Society, Providence, RI, 1997, pp. 80—
103.

P. Przytycki and D. T. Wise, Graph manifolds with boundary are virtually special,
Journal of Topology 7 (2013), 419-435.

M. Sageev, Codimension-1 subgroups and splittings of groups, Journal of Algebra
189 (1997), 377-389.

M. Sageev, CAT(0) complexes and groups, IAS/Park City Mathematics Series
(2012), to appear.

D. T. Wise, Cubular tubular groups, Transactions of the American Mathematical
Society, Publised electronically, June 18, 2014.

S. Wang and F. Yu, Graph manifolds with non-empty boundary are covered by
surface bundles, Mathematical Proceedings of the Cambridge Philosophical Society
122 (1997), 447-455.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /ENU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200039002000280039002e0033002e00310029002e000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


