Solutions to The First Midterm Examination
EMAT 213: Differential Equations

Instructor: Dr. Ming Mei
Solution to Q1: 1). the first order nonlinear ODE; 2). the first order linear ODE; 3). the
second order nonlinear ODE;

Solution to Q2: Let u = y/x. Substituting y = ux and % = x% ~+u into the original equation,
we have

n u—1 du 1+ u?
T—+u=——, ie, T— =—
dx u+1’ T T dx 1+u’
which can be written to the equation of separable variable
14w 1
du = ——dz.
1+ o

Integrating it gives

1+u 1
/1—|—u2du__/acdw'

Since [ llj;g du= [ 1Jrﬁdu + [ oz du = arctanu + $In(1+w?) and [ 1dz = Inz, we solve the

above ODE as

1
arctanu + 3 In(1 +w?) = Inlz| 4+ C.

Substituting © = y/x back into the above solution for u, we finally obtain the solution to the

original ODE as
2

1
arctan 2 + = In (1 + y—) =Injz|+ C.
2 x?

x
Solution to Q3: Set u = y'~2 = 1/y. Then substituting y = % and % = —ﬁj—g into the
original equation, we have
ldue 1 e | du n .
- ——=—, de, —+u=—e,
uwder u  u? dx

which is a first-order linear nonhomogeneous equation. The general solution the homogeneous
equation u' + u = 0 is u. = C'e™* and one particular solution to the nonhomogeneous equation

u' +u=—e®is up, = 3. So, the general solution for u is
—T 1 T
u=1u.+u,=Ce — 3¢



Thus, after substituting u = 1/y back to the above, we get the solution to the original equation

as
2

y= 2Ce~% — g%’

Solution to Q4: Let M(z,y) =e” +y and N(z,y) =2+ x +y. Since

oM oN
oy Oz’

the equation is exact. Let f(x,y) be the function such that

gidaﬁ + ggjjdy = (e"+y)dz+ (2+z +y)dy,
we then have 5
gfiz@zﬂ/ (0.1)
8%; =2+z+y

Firstly, we integrate the first equation of (0.1) with respect to x

fay) = / (€% +y)dz = & + zy + g(y) (0.2)

where g(y) is the integral “constant” and will be determined below, then differentiate (0.2) with
respect to y
of

oy z+4'(y), (0.3)

finally, compare (0.3) and the second equation of (0.1) to get
v+g(y)=2+z+y, e, g =2+y.

So, g(y) =2y + %yg. Substituting g(y) into (0.2), we obtain the general solution
T 1 2
e +xy+2y+§y =C.

Noting the initial value y(0) = 1, we have
. 1, 7
C = e’ +0y(0) +2y(0) + 5y(0)" = 3.

Thus, the IV solution is

1 7
@ 20+ —y? = —.
e’ + 1y + y+2y 5



