>## Assignnment #7 Mast 334/ Math 354 Sol utions:
## Problem 12 page 153
f:=x->exp(-x);
x0: =0; f0: =f (x0);
x1:=0.25;f1:=f(x1);
x2:=0.75;f2:=f(x2);
x3:=1.0; f3:=f(x3);
f=x® e
x0=20
fo=1
x1:=025
f1:= 0.7783007831
x2:=0.75
f2 := 0.4723665527
x3:=1.0
f3 := 03678794412

># The equations: There are 3 intervals and 3 pieces of
spline: SO, S1, S2

S0: =x- >a0+b0* ( x- x0) +c0* ( x- x0) *2+d0* ( x- x0) *3;

S1: =x->al+b1*(x-x1)+cl*(x-x1)"2+d1*(x-x1)"3;

S2: =x->a2+b2* ( x- x2) +c2* (x- x2) "2+d2* ( x- x2)*3; ## We have 12
unknowns

## Val ues at x_i:

EQL: =S0( x0) =f 0;

EQ2: =S0(x1) =f 1;

EQ3: =S1(x1) =f1;

EQ4: =S1(x2) =f 2;

EQG: =S2(x2) =f 2;

EQ6: =S2( x3) =f 3;

## Derivatives nust agree:

dS0: =D( S0) ; dS1: =D( S1) ; dS2: =D( S2) ;
EQ7: =dSO( x1) =dS1(x1);
EQB: =dS1(x2) =dS2(x2);

## Second derivatives nmust agree:

d2S0: =D(dS0) ; d2S1: =D(dS1); d2S2: =D( dS2) ;
EQ9: =d2S0( x1) =d2S1(x1);

EQLO: =d2S1(x2) =d2S2(x2);

## Conditiond for "free" spline:



EQL1: =d2S0( x0) =0;
EQL2: =d2S2(x3) =0; ## We have 12 equati ons

S0:=x® a0+b0 (x- x0) + cO(x - x0)?+d0(x- x0)*
Sl:=x® al+bl(x- x1)+cl(x-x1)*+dl(x- x1)*
S2:=x® a2+b2 (x- x2) +c2(x- x2)> +d2 (x- x2)°
EQl.=al=1
EQ2:= a0 +0.25b0+ 0.0625¢c0 + 0.015625d0 = 0.7788007831
EQ3:=al =0.7783007831
EQ4 :=al +0.50bl+ 0.2500cl +0.125000d1 = 0.4723665527
EQ5 := a2 = 0.4723665527
EQ6 := a2 + 0.25 b2+ 0.0625 c2 + 0.015625 d2 = 0.3678794412
dS0:= x® b0O+2c0(x- x0)+3d0(x- x0)?
dS1:=x® bl+2cl(x-x1)+3d1(x- x1)?
dS2:=x® b2+2c2(x- x2)+3d2(x- x2)2
EQ7:= b0+ 050 cO+0.1875 dO=Dbl
EQ8:=bl+1.00c1 +0.7500d1 = b2
d20:=x® 2c0+6d0(x- x0)
d2S1:=x® 2cl+6dl(x- x1)
d22:=x® 2c2+6d2(x- x2)
EQ9:=2c0+150d0=2cl
EQ10:=2¢c1+300d1=2c2
EQ11:= 2 c0=0
EQ12:=2c2+150d2=0

>## Now we solve for aO, b0, c0, dO, al, b1, c1, d1, a2, b2, c2, d2:

sol ution: =sol ve({ EQL, EQ2, EQ8, EQ4, EQ5, EQ6, EQ7, EQ8, EQ9, EQLO, E
Qll1, EQL2},

{a0, b0, c0, dO, a1, b1, cl1,d1, a2, b2,c2,d2});
solution ;= { b1 =-0.8071887169 ,al =0.7788007831 , a2 = 04723665527 ,a0=1.,
c0=0., b0=-0.9236009430 , b2 = -0.4570524007 , d1 =-0.1540167840 ,

€2 =0.2346237282 , c1 = 04656489042 , d2 = -0.3128316376 , dO = 0.6208652056 }



>assign(solution);## This command assigns the val ues found
to the coefficients a0,...,d2.
> S: =X- >pi ecewi se(x<0. 25, SO(x), x<0. 75, S1(x), S2(x)); ## W
gl ue the pieces together
S=x® piecewis=(x <0.25, SO(x), X < 0.75, SI(x), S2(x))

>plot([f,S],0..1);## Visual conparison of f and the
appr oxi mati ng spline
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>int0l:=int(S(x),x=0..1); ##i ntegral of the spline
err:=eval f (abs(int01l-1+1/exp(1l)));## the error
int01 := 0.6319663611

err :=0.0001541977

>## Since 0.5 is between 0.25 and 0.75 we have to use S1:
df : =D(f); d2f:=D(df); ## derivatives of the function f
dS1(0.5);err1: =eval f (abs(dS1(0.5)-df (0.5)));
d2S1(0.5);err2: =eval f (abs(d2S1(0.5)-d2f(0.5)));

df=x® -
d2f=x® e
-0.6032424119
errl := 0.0032882478
0.7002726324
err2 :=0.0937419727



