> ### Assignment #5, Mast 334/ Math 354 Sol utions
>
>#Probl em 3c page 119
x0: =0. 1: f0:=-0.62049958: ## Thi s val ue was i ncosi stent
## with Problem 7c | have
changed it
x1:=0. 2: f1l:=-0.28398668:
x2:=0. 3: f2:=0.00660095:
x3: =0. 4. f3:=0.24842440:
# we are | ooking for interpolations of value f(0.25):
>#Li near using x1 and x2:
#Bui | di ng bl ocks:
L1x1: =x->(x-x2)/(x1-x2);
L1x2: =x->(x-x1)/(x2-x1);
# Linear interpolating polynom al:
L1: =x->f1*L1x1(x)+f 2*L1x2(x);
# value at 0.25
L1(0. 25);
X- X2

LIX1:=x® -

X- X1
X2- X1

L1:=x® f1LIxAx) +f2LIx2(x)
-0.138692865000000000(

LIx2:=x®

>#Quadratic using x0,x1 and x2:

#Bui | di ng bl ocks:

L2x0: =x->((x-x1)*(x-x2))/((x0-x1)*(x0-x2));
L2x1: =x->((x-x0)*(x-x2))/((x1-x0)*(x1-x2));
L2x2: =x->((x-x0) *(x-x1))/((x2-x0)*(x2-x1));
# Quadratic interpol ating polynom al:

L2: =x->f 0* L2x0( x) +f 1*L2x1(x) +f 2*L2x2( X) ;

# value at 0.25

L2(0. 25);

(x- x1) (x- x2)
(x0- x1) (x0- x2)

(x- x0) (x- x2)
(x1- x0) (x1- x2)

(x- x0) (x- x1)
(x2- x0) (x2- x1)

L2 := x® fOL2x0(x) + f1 L2x1(x)+ f2 L2x2(x)
-0.13295220625000000000

L2x0:=x ®

L2x1:=x®

L2x2:=X®




>#Quadratic using x1 , x2 and x3:

#Bui | di ng bl ocks:

L2x3: =x->((x-x1)*(x-x2))/((x3-x1)*(x3-%x2));

L2x1a: =x->((x-x3)*(x-x2))/ ((x1-x3)*(x1-x2));# These bl ocks
are different then above

L2x2a: =x->((x-Xx3) *(x-x1))/ ((x2-Xx3)*(x2-Xx1));# ------------

# Quadratic interpolating polynom al:
L2a: =x->f 3*L2x3( x) +f 1*L2x1( x) +f 2*L2x2( X) ;
# value at 0.25

L2a( 0. 25);

(x- x1) (x- x2)
(x3- x1) (x3- x2)

(x- x3) (x- x2)
(x1- x3) (x1- x2)

(x- x3) (x- x1)
(x2- x3) (x2- x1)

L2a = x® f3L2X3(x) + f1L2X1(X)+ f2 L2x2(x)
-0.24156770375000000000

L2x3 = x®

L2xla:=x®

L2x2a: =X ®

>#Cubic wusing x0, x1 , x2 and x3:

#Bui | di ng bl ocks:

L3x0: =x->((x-x1)*(x-x2)*(x-x3))/((x0-x1)*(x0-x2)*(x0-x3));
L3x1: =x->((x-x0)*(x-x3)*(x-x2))/((x1-x0)*(x1-x3)*(x1-x2));
L3x2: =x->((x-x0)*(x-x3)*(x-x1))/((x2-x0)*(x2-x3)*(x2-x1));
L3x3: =x->((x-x0)*(x-x2)*(x-x1))/((x3-x0)*(x3-x2)*(x3-x1));
# Quadratic interpolating polynom al:

L3: =x->f 3*L3x3(x) +f 1*L3x1( x) +f 2* L3x2( x) +f 0* L3x0( X) ;

# value at 0.25

L3(0. 25);

(x- x1) (x- x2) (x- x3)
(x0- x1)(x0- x2) (x0- x3)

(x- x0) (x- x3) (x- x2)
(x1- x0)(x1- x3) (x1- x2)

(x- x0) (x- x3) (x- x1)
(x2- x0) (x2- x3) (x2- x1)

(x- x0) (x- x2) (x- x1)
(x3- x0) (x3- x2) (x3- x1)

L3 = x® f3L3x3(x) +f1 L3x1(x) + f2L3x2(x) + fO L3x0(X)
-0.132774774375000000(

L3x0:=x®

L3x1 =x®

L3x2:=x®

L3x3:=x®



>## Problem 7c page 119
>f:=x->x*cos(x)-2*x"2+3*x- 1;
df : =D(f); # derivative
d2f : =D( df ) ; # 2-nd derivative
d3f:=D(d2f); # 3-rd derivative
f=x® xoos(x)- 2x2+3x- 1
df = x® cos(x)- x9n(x)- 4x+3
d2f = x® -29n(x)- xcos(x)- 4
d3f :=x® -3 cos(x) + xan(x)

> ### Theoretical and actual errors:

# Linear case: |error|<= sup{|d2f(x)]|: x1 < x < x2}
*(1/2)*] x-x1| *| x-x2

# We can find sup{|d2f(x)|: x1 < x < x2} but we just use
an estimte:

# sup{|d2f(x)]|: x1 < x < x2}<

| 2si n(x) | +] xcos(x) | +4<2+x2+4=6+x2=6. 3
# Then the theoretical error is <
6.3*(1/2)*abs(0. 25-x1)*abs(0. 25-x2);

0.0078750000000000000000
># Actual |inear error
abs(L1(0.25)-f(0.25));

0.00592097042766119604
># Quadratic case:we will do only the case using xO0, x1, x2:
# lerror| <= sup{|d3f(x)]|: x0 < x < x2} *(1/6)*|x-x0] *| x-
x1| *| x- x2|
# We can find sup{|d3f(x)|]: x0 < x < x2} but we just use
an estimate:
# sup{|d3f(x)|: x0 < x < x2}< |3cos(x)]| +|xsin(x)]|<3+x2=3.3

# Then the theoretical error is <
3.3*(1/6)*abs(0. 25-x0) *abs(0. 25-x1) *abs(0. 25-x2);

0.000206250000000000000(
># Actual quadratic error:
Di gits: =20:
abs(L2(0.25)-f(0.25));

0.00018031167766119604
>plot([f,L1,L2],0.1..0.4,color=[red, green, bl ue]);
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>f(0.1);## This value is given with an error in Problem 3c
in the book.
-0.620499583472197423:

> ### Problem 8 page 119
f:=x->sqrt(x-x"2);
fi=X® /x- X
>x0: =0; f0: =f (x0);
x2:=1; f2:=f(x2);
x0:=0
f0:=0
x2:=1
f2:=0

>## Quadratic Lagrange interpolation with a variable x1=z:
# Buil di ng bl ocks:

L2x0: =x->((x-z)*(x-x2))/((x0-2z)*(x0-x2));
L2z: =x->((x-x0)*(x-x2))/((z-x0)*(z-x2));
L2x2: =x->((x-x0)*(x-2z))/ ((x2-x0)*(x2-2));
# Quadratic interpolating polynom al:

L2: =x->f 0*L2x0(x) +f (z) *L2z(x) +f 2*L2x2( X) ;



(x- 2) (x- x2)
(x0- 2z) (x0- x2)

(x- x0) (x- x2)
(z- x0) (z- x2)

(x- x0) (x- 2)
(x2- x0) (x2- z)

L2 = x® fOL2x0(x) +f(z) L2z(x)+ f2 L2x2(x)

L2x0 = x®

L2Z:=x®

L2x2 = x®

>sinplify(expand(L2(x))):
J-2(z- 1) x(x- 1)
z(z- 1)

># Maple did not see it sonehow but we can see that:
L2: =x->(x*(1-x))/sqrt(z*(1-z));

X (1- x)
L2 =Xx® —————=
X Jz(1- 2)
>## Now we have to find the largest z in (0,1) for which
f(0.5)-L2(0.5)=-0.25:
g: =z->f (0.5)-L2(0.5)+0. 25;
g:=2z® f(0.5)- L2(0.5) +0.25

>expand(g(z));
0.25
z- 7

># We are |l ooking for the largest zero (in (0,1)) of g(z):
>plot(g(z),z=0..1);

0.75000000000000000000 -
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>## we have an equival ent equation: (3/4)sqrt(z-z"2)=1/4
## or 3sqrt(z-z"2)=1 or 9z-9z"2-1=0 or 9z"2-9z+1=0
## del ta= 81- 36=45
## solutions are zl1= (9-sqrt(45))/18 and z2=
(9+sqrt(45))/18
## we choose the |arger one : z2
z2:=eval f ((9+sqgrt(45))/18);

22 :=0.8726779962499649494



