># Assignnment #2 , Math 354/ Mast 334 Sol utions:
># Problem 12 page 54 #####H#HHHHBHBHHBHBHBHHBHBHHBHBHY
># By Theorem 2.1 we have |p_n - p|<=(b-a)/2"n.
># We want the error to be < 107(-3) working on the
# interval [1,4]. Thus, we need
# 3/ 2"n <= 107(-3)
# or 2"n >= 3000.
# The smallest such n is n=12. Below is the printout
# of the program bisectional for our problem
>a: =1; b: =4,
f:=x->eval f (x"3+x-4);
maxst eps: =15: er: =100: requi red_preci si on: = 001:
for i from1l to naxsteps while er >required_precision do
p: =(a+b)/ 2:
I f evalf(f(a)*f(p))<0 then b:=p else a:=p end if:
ans: =eval f ((a+b)/ 2);
er: =abs(a-b)/2;
print("(",a,b,")","answer= ",ans, " error= ",evalf(er));
end do:
a=1

b=4
f=x® evdf(x®+x- 4)

5
"(", 1, > "), "answer=", 1.750000000" error=", 0.750000000(
7
"(", 1, 7 "), "answer=", 1.375000000" error=", 0.375000000(
11 7
", 57 "), "answer=", 1.562500000" error=", 0.187500000(
11 25
", 516 "), "answer=", 1.468750000" error=", 0.0937500000(
n/m 11 47 myn n n n n
( '8 , "answer=", 1.421875000, " eror=", 0.04687500000
mn/m 11 91 myn 11} n n n
( g ) answer=", 1.398437500" error=", 0.0234375000(
(", 1_81 % )", "answer=", 1.386718750, " error=", 0.01171875000
, 11 355

( '8 556 )", "answer=", 1.380859375" error=", 0.00585937500(



11 707
"', 8 510 "), "answer=", 1.377929688" error=", 0.00292968750(

1411707 .
O Tooas )™
1411 2825 |
' 024" 2048"

swer=", 1.379394531" error=", 0.00146484375(

(" )", "answer=", 1.378662109, " error=", 0.0007324218750

>eval f (5647/ 4096) ;

1.378662109

># The answer is 1.378 with the precision of 0.001.

# One can see that we have reached the required precision
in 11 steps,

# so Theorem 2.1 gives less than optiml estinmte of the
error.

># Problem 18 page 55
HUBHBHHBH Y BHBHHBH Y BH R BH A RH R B H SRR RS RH R

g: =32. 17,
XX:=(t,w)->(-g/(2*w*2)) *((exp(wt)-exp(-wt))/2-sin(wt));
g.=3217
d (wt)_} Cwt o
1g§2e 5€ sn(wt)a

XX = (t,W)® 'E WZ

># we have xx(1,w)-xx(0,w)=1.7 . Thus let us define f(w)
>fo=w>xx(1,w)-xx(0,w)-1.7 ; # and find the O of function h
f=w® xx(1,w)- xx(C,w)- 1.7
>expand(f(w));
8.042500000e" N 8.042500000+ 16.085000004n(w)
W2 2

1.7
w? eV w
># We need to find an interval in which f(w) changes sign:
eval f (f(-1));eval f(f(-0.3));

3.6680504C

-0.091484469

># We can to start the bisectional algorithmwth a=-1, b=
-0.3

# The error after n steps will be 0.7/2"(n+1)
a:=-1;b:=0.1;

maxst eps: =25: er: =100: requi red_preci sion: =. 00001: # 10"(-5)



for i from1l to nmaxsteps while er >required_precision do

p: =(a+b)/ 2:

if evalf(f(a)*f(p))<0 then b:=p else a:=p end if:
ans: =eval f ((a+b)/2);

er: =abs(a-b)/ 2;

print("(",a,b,")","answer= ",ans, " error= ",evalf(er));
end do:

a=-1

b:=-0.1
"(", -0.5500000000, -0.1, )", "answer="", -0.3250000000, " error="", 0.2250000000
"(", -0.3250000000-0.1 )", "answer=", -0.2125000000" error=", 0.112500000(
"(", -0.3250000000 , -0.2125000000, ")", "answer=", -0.2687500000 , " error="",

0.05625000000

"(", -0.3250000000 , -0.2687500000 , )", "answer=", -0.2968750000 , " error="",
0.02812500000

"(", -0.3250000000 , -0.2968750000, ")", "answer=", -0.3109375000 , " error=",
0.01406250000

"(", -0.3250000000 , -0.3109375000, ")", "answer=", -0.3179687500 , " error=",
0.007031250000

"(", -0.3179687500 , -0.3109375000, )", "answer=", -0.3144531250 , " error="",
0.003515625000

"(", -0.3179687500 , -0.3144531250, ")", "answer=", -0.3162109375 , " error=",
0.001757812500

"(", -0.3179687500 , -0.3162109375, )", "answer=", -0.3170898438 , " error="",
0.0008789062500

"(", -0.3170898438 , -0.3162109375, )", "answer=", -0.3166503907 , " error=",
0.0004394531500

(", -0.3170898438 , -0.3166503907, ")", "answer=", -0.3168701173 , " error="",
0.0002197265500

(", -0.3170898438 , -0.3168701173, ")", "answer=", -0.3169799805 , " error="",
0.0001098632500

"(", -0.3170898438 , -0.3169799805, ")", "answer=", -0.3170349121 , " error=",
0.00005493165000

"(", -0.3170898438 , -0.3170349121 , ")", "answer=", -0.3170623779 , " error=",
0.00002746585000



"(", -0.3170623779 , -0.3170349121, )", "answer=", -0.3170486450 , " error="",
0.00001373290000

"(", -0.3170623779 , -0.317048645C , ")", "answer=", -0.3170555115 , " error=",
0.6866450000 10

># The answer is w=-0.3170555

# Problem 7 page 64
HHBHBHHBHBHHBH Y BHBHHBHBHHBH B BHBHABH B R BH BB BHEH
g: =x->Pi +0. 5*si n(x/ 2);
g=x® p+0.59’n§—x2
2
># g' (x)=cos(x/2)/4 and on interval [0,2Pi] , we have
| g' (x)] <= 1/4.
# Thus by theorem 2.2, g has a unique fixed point in
[0, 2Pi].
# let k=1/4. The error after n steps is
# |p_n - p|l <= k*n/(1-k)|p_1 - p_O|
# If p_0=Pi then p_1=Pi+0.5 and |p_1 - p_0]=0.5
# W want |p_n - p|< 107(-2) so we need
# (1/4)~n /(3/4) *0.5 < 1/100 or
# 100*(4/3)*0.5 < 4"n
100*(4/3)*0.5;
66.66666666

># The small est such n is n=4. ###H#HH#H#HHHBHBHBHBHBHBHBHBHBH
# Bel ow we have the printout of Fixed_Point routine:

g: =x->eval f (Pi +0. 5*si n(x/ 2));
a:=eval f(Pi);# initial point

exact _val ue: =3. 6269; # obtained fromthe same program
#wi t h hi gher precision
MaxSt eps: =20: Er: =100: MaxError: =. 01: # 107(-2)
for i froml to MaxSteps while (Er >MaxError) and
(abs(a)<10000) do
anew. =g(a):
Er: =abs(exact val ue- anew):

a: =anew.
print(a, " error= ",evalf(Er));
end do:

g:=x® evdfg) +0.5 s'n§— x®
2 ¢

a = 3.141592654



exact_value = 3.6269
3641592654, " error=", 0.01469264
3.626048865, " error=", 0.000851135

>#Answer x=3.6260 after 2 steps instead of theoretically
predicted 4.
>
># problem 13 page 65
HHBHBHBHHBH AR BH B UG BHBH A BHBH AR BHBH A BHBHEH
f1l:=x->-x"2;
f2:=x->10*cos(Xx);
plot ([f1(x),f2(x)],x=-4..4);
fl=x® -x

f2:=x® 10 cos(x)

># It is enough to find the positive roots ( by symretry)
# We try to represent equation x"2+10*cos(x)=0 in the form
# x=g(x): for example x=sqgrt(-10*cos(x))

g: =x->sqrt(-10*cos(x));

a:=3.0;# initial point

MaxSt eps: =20: Er: =100: MaxError: =. 00001: # 10"(-4)



for i from1l to MaxSteps while (Er >MaxError) and
(abs(a) <10000) do
anew. =g(a):

Er: =abs(a-anew):# This is not really an error, just an
i ndi cation

a: =anew.

print(a, " error= ",evalf(Er));
end do:

g :=X® 4/-10cos(x)
a=30
3.146414621" eror=", 0.14641462]
3.162259278" error=", 0.01584465
3161939995, " error=", 0.000319283
3161950347, " error=", 0.000010352

3161950014, " error="", 0.333 10°®

># We have repeating 5 digits so the error is < 10 ~(-4)
# answer x=3.16195 and x=-3. 16195

Now we try with different initial point:
say 2.0 but the result is always the sanme (I am not
giving the printouts here.
We have to try another form say
X=X- (x"2+10*cos(x) )/ (2*x-10*si n(x))
( Newt on- Raphson f orm)
D =X->X- (x"2+10*cos(x) )/ (2*x-10*si n(x));
:=2.0;# initial point
thSteps =20: Er: =100: MaxError: =.00001: # 10"(-4)
for i from1l to MaxSteps while (Er >MaxError) and
(abs(a)<10000) do
anew. =g(a):

DO FHFEHHEH

Er: =abs(a-anew):# This is not really an error, just an
i ndi cation
a: =anew.
print(a, " error= ",eval f(Er));
end do:
. X% +10cos(x)
9 =X® X- S T T0sn(x)
a=2C

1.968295861 , " error="", 0.03170413S
1968872753, " error=", 0.000576892



1.968872938, " error="", 0.185 10°

># We have repeating 5 digits so the answer is precise with
preci sion 10"(-4)

# answer x=1.968872938 and x=-1.968872938.

# 1t is worth noting that the second nethod with initial
poi nt a=3.0

# gives the previous solution x=3.161950014.



