Math 141C: Quiz 2

1. (4 pts) Evaluate integrals:
a). / 22e” dz;
b). / cot® @ sin* 0d0;

c). /et\/9 — e2tdt;

27 1
d). ——duz;
) /1 1421380

2. (2 pts) Determine whether each integral is convergent or divergent. Evaluate those

that are convergent.

00 2
a). / 2e™" du; b). / 2*1n zdz.
—00 0

3. (4 pts) a). Find the length of the arc of y = e* from (0,1) to (1,e);

b). This arc is rotated about the z-axis. Find the area of the resulting surface.



Solutions to Qiuz 2

1. Solution. a). Using integration by parts and Substitution Rule, we get

1 1 1
/$3612dx _ /xQ . (xe;ﬂ)dx — 2. §6$2 . /xewzdx _ §x26$2 _ 56

b).

5
/ cot® Osin’ fdf = / COS5Zsin4 0do

sin

4  win2 )2
:/COS ecosﬁdez/mcosede

sin @ sin 0

1 — 2)\2
= / %du (substituting u = sin )

1 3 o ul
= (——2u+u)du:ln|u|—u +Z+C
u

sin* @

= In sin f| — sin®§ + +C

/etv9—62’5dt
=/\/9—u2du (u =€, du = e'dt)
:/\/9—9sin20 3cosfdf (u=3sinf, 0 <0< 7)
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d).

27
—d
/0 1+23%

3
1
= / 3u’du  (u=z'? dx = 3udu)
0 14+u

=3/03 (u—1+uil)duzs(“;—uﬁn(wu))}zzg+6ln2.

2. Solution. a). Since

*° 3 t 3
/ z?e™% dx = lim z?e % dx

00 t—o00 —
3
= lim —e "du (u=23 du=3x%dx)
t—00 —¢3
s 1 —utd 1 1 43 3
B tlgc?o 3¢ [P = tlgono §(€ ¢)
1

= 3(0—00) = —00,

the improper integral [ z%e~*"dx is divergent.
b). Since

2 2
/ 221n zdz = lim 221n zdz
0 €

e—0

) Z3 2 2 ZZ . .
= ll_I;% {? In z] — /6 Edz} (integration by parts)

€

3 3
=1im{§1n2—%lne—(§—6 )}

e—0 5
el el

=—_—In2—-lim—Ine— - 4+ lim —

3 e—0 3 9 e—0 9

1 In€)’

= §ln2——lim(n6) _8 ('Hospital Law)

3 3es0 (e73) 9

8 1. 5 8 8 8
—glﬂ?‘i‘gll_{%G —§—§ln2—§,

the integral is convergent.

3. Solution. a). Since y = €” and y' = e®, we obtain
1 1
L= / V1+(y)2de = / V1+e¥dz.
0 0

3



Substituting u = V1 + €2, ie., 1 + €* = u? we get 2udu = (1 + €*)'dt = 2e*dt =
2(u? — 1)dt, i.e., dt = —*~du, and

u?—1

1
L :/ V1 4+ e?zdx
0

V14e2 u2 14-€2 1
= / 5 du = / (1 + )du
V2 u? —1 V2 U,2 -1

Vite®
=/, (g

1 1 ite?
= (u+§ln\u—1|—§ln\u+1\)}ﬁ

1. Vi+tez—1 1 2 -1
:\/1+62—\/§+—ln+7e——ln\/_ .
27 V1+e2+1 2 V241

b). Using substitution ¢ = e*, we have

1 e
S = / 2me*V1 + e2rdx = / 2mV'1 + t2dt.
0 1

™

Using another substitution ¢ = tané for 7 < 6 < tan 'e, and noting dt = sec?6df,
V1 +12 =+/1+tan?6, we then have

L:/ 27r\/1+t2dt:27r/
1

us

4

tan—1

sec® Odf. (0.1)

Here we integrate by parts with u = sec 6, dv = sec? df, which implies du = sec 0 tan 0df

and v = tanf. Then

[ sec®0df = secftanf — / sec  tan? 0d6
= secf tan f — /sec f(sec’ 6 — 1)do
=secftanf — /sec3 0do + / sec 6df

= secHtanO—/sec30d9+ln\se60+tan0\ +C,

which gives
1
/sec3 6df = §(sec9tan 6+ 1In|sect + tand|) + C.
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Applying the above formula to (0.1), and noting that tanf; = e gives sec; = ﬁ,

we obtain

1 u—
L :27r§(se(:0tan0—|—ln|sect9+tan0|)tan te

7
2me® 2¢2
= T (g ) VI - T ),



