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Math 581: Partial Differential Equation II Midterm Test

1. Prove that, if u ∈ W 1,p(Ω), then u is absolutely continuous a.e. in Ω, where 1 < p < ∞ and Ω
is a bounded set in R1. MARKS (20)
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2. Prove that, if u ∈ W 1,∞(Ω), then u is Lipschitz continuous, where Ω is an open and bounded
set in Rn. MARKS (20)
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3. Consider the Dirichlet boundary problem

{
Lu = f,
u|∂Ω = 0,

where L is the elliptic operator Lu = −uxx−uyy+e−(x2+y2)(ux+uy)+γu, γ > 1
4
, and f ∈ L2(Ω),

Ω ⊂ R2, and denote the bilinear form as B[u, v] = (Lu, v), (·, ·) is the inner product of L2(Ω).

(a) Prove that, there exist constants α = α(γ) > 0 and β = β(γ) > 0 such that, for all
u, v ∈ H1

0 (Ω),

|B[u, v]| ≤ α‖u‖H1
0 (Ω)‖v‖H1

0 (Ω),

B[u, u] ≥ β‖u‖2
H1

0 (Ω).

(b) Use Lax-Milgram theorem to prove that, there exists a unique weak solution u ∈ H1
0 (Ω)

to the Dirichlet boundary problem.

MARKS (30)
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4. Let L2
per(Rn) be the space with periodic functions in form of

L2
per(Rn) = {u| u(x) = u(x + p), u ∈ L2(0, p)}

with x = (x1, x2, · · · , xn) ∈ Rn, and p = (p1, p2, · · · , pn) (pi > 0, i = 1, 2, · · · , n) is the period,
and let its norm be

‖u‖L2
per

=
( ∫ p

0

|u(x)|2dx
)1/2

=
( ∫ p1

0

· · ·
∫ pn

0

|u(x1, · · · , xn)|2dx1 · · · dxn

)1/2

.

Periodic Sobolev space Hk
per(Rn) can be similarly defined. Consider the eigenvalue problem to

Laplace’s equation with periodic boundary




−∆u = λu,
u(x) = u(x + p),∫ p

0
u(x)dx = 0,

x ∈ Rn.

Prove that

(a) The eigenvalues are real and satisfy

0 < λ1 ≤ λ2 ≤ · · · ≤ λk ≤ · · · .

(b) Let wk ∈ H1
per(Rn) be the corresponding normalized eigenfunctions with the period p.

Then {wk}∞k=1 is the orthonormal basis of L2
per(Rn).

MARKS (30)
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