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1. Assume 0 < β < γ ≤ 1. Prove the interpolation inequality

‖u‖C0,γ(U) ≤ ‖u‖
1−γ
1−β

C0,β(U)
‖u‖

γ−β
1−β

C0,1(U).

2. Denote by U the open square {x ∈ R2||x1| < 1, |x2| < 1}. Define

u(x) =





1− x1, if x1 > 0, |x2| < x1

1 + x1, if x1 < 0, |x2| < −x1

1− x2, if x2 > 0, |x1| < x2

1 + x2, if x2 < 0, |x1| < −x2.

For which 1 ≤ p ≤ ∞, does u belongs to W 1,p(U)?

3. Integrate by parts to prove
∫

U

|Du|2dx ≤ C
( ∫

U

u2dx
)1/2( ∫

U

|D2u|2dx
)1/2

for all u ∈ C∞
0 (U).

Furthermore, if ∂U is smooth, then prove the above inequality for u ∈ H2(U) ∩H1
0 (U).

(Hint: Take {vk}∞k=1 ∈ C∞
0 (U) converging to u in H1

0 (U), and {wk}∞k=1 ∈ C∞(U) converging to u
in H2(U).)

4. Assume 1 ≤ p ≤ ∞, and U is bounded, and

u+ = max{u, 0}, u− = min{u, 0}.
(a) Prove u ∈ W 1,p(U) implies u+, u− ∈ W 1,p(U), and

Du+ =

{
Du, a.e. on {u > 0}
0, a.e. on {u ≤ 0},

Du− =

{
0, a.e. on {u ≥ 0}
Du, a.e. on {u < 0},

D|u| =




Du, a.e. on {u > 0}
0, a.e. on {u = 0}
−Du, a.e. on {u < 0}.

(b) Prove that if u ∈ W 1,p(U), then |u| ∈ W 1,p(U).

(c) Prove that if u ∈ W 1,p(U), then

Du = 0 a.e. on the set {u = 0}.

(Hint: u+ = limε→0 Fε(u), for

Fε(z) =

{
(z2 + ε2)1/2 − ε, if z ≥ 0
0, if z < 0.)
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