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1. Prove that, if u € H*(Q)NHJ (), where Q is an open and bounded set in R™ and 92 is smooth,

then 1/2 1/2
2
[Dulr20) < Cllull 2 gy | D7ull 20 -

MARKS (25)
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2. Let u be the smooth solution to the initial periodic boundary value problem

Up — Uy = 0, reR, teRy,
u(z,t) =ulz+p,t), zeR, teR,,
fop u(z,t)dx =0, teR,,
u|t:0 = uﬂ(x)v r € R,

where p > 0 is the period, and wuy(x) satisfies the compatibility condition
p
up(z) = up(z + p) for z € R, and / uo(z)dz = 0.
0

Prove v
lu®)llz,, @) < e " lluollrz,, @)

per
where A\; > 0 is the principal eigenvalue given by
—Ugy = >\u7
u(x) = u(z + p),
S u(z)de =0,

and the periodic L*-norm is defined as || f||z2, &) = (fo |f]*dx)"/2. MARKS (25)
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3. Let u be the solution of the IBVP to the nonlinear diffusion equation

uy — Au = u?, (x,t) € A xRy
%bg =0, (:E,t) € 0 x R,
Uli—o = up(z) >0, z €

where p > 1 is an integer, and 2 is an open and bounded set in R"”. Prove that u will blow up:

o) [
lim ||u(t LI(Q) = o0 with TO < Sp—1 -
Ty (2]?— 1)||UOHLZ;(Q)

t—

MARKS (25)
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4. Assume u is a smooth solution of the IBVP to the damped wave equation

Utt+ut—AU:O, inQXR+

uloq =0, on 002 x Ry
u‘t:O = Uo(l’), in {2
ut‘tz[) = u1<l'), in €,

where {2 is an open and bounded set in R™. Use Galerkin’s method to prove the exponential
estimate

_ 1
[u(t)]| 2@y < e (luollr2(@) + lluallz2()  for 0 < p < 7

MARKS (25)
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