Math 198-141C: Final Examination (2001/2002)

Notice:
1. No calculators allowed.
2. No textbooks, classnotes or integral formulas allowed.
3. Show all your work.

1. (16 pts, 4 pts for each) Evaluate integrals:

/2
a). / cos® 7z dz; b). /wlnx dz;
0

z+1 z2
] dz; d). — dz.
2 /302—3C o ) /\/1—352 ’

2. (8 pts, 4 pts for each) For each of the following integrals, determine whether it is convergent

or divergent. If it is convergent, find its value.

0o ) 3 1
a)./o sinz dz; b). /0 mdx.

3. (8 pts, 4 pts for each) For each of the following sequences, determine whether it is convergent

or divergent. If it is convergent, find its value.
. T —_
a). {nsm—}; b). {2"e™"}.
n

4. (8 pts, 4 pts for each) For each of the following series, determine whether it is convergent or

divergent, conditionally convergent and/or absolutely convergent.

[e'9) ng [e's)
a). Z(—l)"2—n; b). Y (-1)"(Vn+2-vn)
n=1 n=1

5. (10 pts) Find the area that is inside the circle 7 = 3 cos @ and outside the curve r = 2 — cos 6.

6. (10 pts) For the curve given parametrically by = = 2t3 + ¢? and y = 2 — 2, determine
a). the equation of the tangent line at the point (z,y) = (3,1);
b). the value of g%‘é at the point (z,y) = (3,1).

7. (40 pts, 10 pts for each sub-question) For the arc of the parabola y = 22 from A(0,0) to
B(1,1), use the methods of the calculus to find
a). the length of the arc; (Hint: [va2 + 22dz = Jzva2 + 22 + “2—2 In(z + Va2 +22) + C)
b). the area of the region bounded by the arc, the z-axis and the line z = 1;
c). the volume of the solid obtained by rotating the region specified in (b) about the z-axis;
d). the surface area of the solid obtained in (c).

(Hint: [z?Va? + 22dz = §(a® + 22°%)Va® + 22 — “,74 In(z + Va? + z2) + C)



Solutions to Final Examination of Math 141C (2001-2002)

1. Solution. ,
a). Let v = sinmz, then du = wcosmrdr and u = 0 for z = 0, u = sin & for z = §. By the
substitution rule, we have

/2 w/2 w/2
/ cos® mxdr = / cos® 7z cos mrdr = / (1 — sin? 7z) cos mxdz
0 0 0

. 7r2 2
1 sin & 1 3 sin T~
:—/ 2(1—'(12)clu:—(u—u—)] ’
T Jo T 3 /10
1( o2 1 a7 )
= —( sin — — = sin® — ).
- si 5 331 5
b). We integrat it by parts to have
1 1 1 1 1 1 1
/xlnmdm = 5:1;2 Inz —/§$2 . de = §x21n1; — §/$d.’1) = §$2 Inz — ZxQ + C.

2 _ 2z = z(z — 1), then the integrand can be expressed in the form

+1 A B
ad +

¢). Since z

22—z =z z-1

for some constants A and B. Multiplying both sides of the above equation by z(z — 1) yields
z+1=(A+ B)z — A.

Comparing the coefficients gives
A+B=0, —A=1,

which solves A = —1 and B = 2. Thus

1 12
/idm:/(——I——)dac:—ln\m|+2]n|x—1|+C’.

e z z—1

d). Let x =sin@ for —% < 6§ < 7, which gives § = arcsinz and dz = cos 0df. Then we have

/ g sin* ¢ 646 / in2 646
—ax = —F——— COS = Sin
V1—1z? V1 —sin?0

= %/(1 — cos26)df = %0— isinZQ—i—C

1 1
= 3 arcsinx — 51;\/ 1-z2+C.

2. Solution.
a). Since cost is oscillative and lim;_, o cost doesn’t exist, we see that

e8] t
sinzdr = lim [ sinzdz = lim (1 — cost)
0 t—o0 J t—00



doesn’t exist, too. Hence the improper integral is divergent.

b). Since 1 is the singular point of m, we then have
51 51 |
————dz = i —d li —d
/0 w0 T ) oI ) G

3 1 t 1
= 1 —dz + i —_d
H“f#/t w0 BT ) G
—  lim 5(z — 1)Y513 — lim 5(1 — z)'/51
Jim 5z — 1)7/7F — lim 5(1 — )"
= 5 lim [2Y° — (t — 1)}/ =5 lim [(1 —#)¥/5 -1
Jim [ (t=1)77] =5 lim [(1 — 1) ]

= 5(2/°+1).
So, this improper integral is convergent to 5(21/5 +1).
3. Solution.

a). Since
sinZ
n

. . .
lim nsin— = lim

T=mw-1=m,

{nsin T} is convergent to .
b). Since 2 < 1, we have

2\ N
lim 2"%¢™™ = lim (—) =0.
n—00 n—oo \ e

So, the sequence {2"e™"} is convergent to 0.

4. Solution. [The solutions to a) and b) are not unique. We present here only one solution to
each sub-question.|

a). Since
1 n-I—l(”;i’l)2 1)2 1 1\2 1

lim |2 = 1im ‘()—2;1 — lim (tD* 1 lim <1+_) =,

n—oo | ay, n—o00 (~1)n2 n—oo 22 2 n—o0 n
by the Ratio Test, we prove that it is absolutely convergent.
b). Since

vV - vV 2 2
0, =13 —\/ﬁ:( n + Vn)(Vn+2+4/n) >0,

Vn+2++/n S Vnt2+vn
the series Y o0, (—1)"(v/n + 2 — y/n) is the alternating seires. Furthermore, noticing that

2 2
a = < =a
T n+3+va+l Vnt2+vm "




and
lim a, = lim S S 0
n—oo " n—)oo,/n+2+\/ﬁ ’
we apply the Alternating Series Test to obtain the convergence of Y, (—1)"(v/n +2 — /n).

On the other hand, let b, = ﬁ, since

2
lim 2 = lim — = —1

n . 2 1
n _ —/_ —
n—oo by, nggo,/n+2+\/ﬁ \/ﬁ n—00 1_|_2+1
n

and Y 00 b, =) 0 ﬁ is divergent (p-series with p = 3), by the Comparison Limit Test, we

prove that Y 00 | [(=1)"(v/n + 2—y/n)| = > 77, \/n—+++\/ﬁ is divergent. Hence, Y ., (—1)"(v/n + 2—

v/n) is conditionally convergent.

5. Solution. Notice that
3cosf =2 —cosb

gives § = £Z. So, the inserction points are (3, Z) and (3,—%). The area of the region inside of

r = 3cosf and outside r = 2 — cos 8 is

/3 1
A = / ~[(3cos )% — (2 — cos 0)?]db
s 2

w/3
= 2/ [2cos? @ — 1 + cos 0]d
—7/3
w/3
= 2/ [cos 20 + cos 6]d0
—7/3

- 2(5111220+sin0)”/3 — 3V3.

—7/3

6. Solution.

a). Since
d
@:if: (2 —#2) _ 1
dr 4z (213 +¢2) 3t+1’
so, the tangent at the point (3,1), i.e., t =1, is
dy 1 1

drley ~ Bt+lle=1 4

The tangent line is

y—1 1 17
m_g——z,ze, y:——m—l—z.

b). Since
Py 4 ) 3

dae? & (263 +¢2)! (3t + 1)2(612 + 2t)°

4



we have

Pyl 3 I
dr?13,1) (3t +1)2(6t2 +2t) =1 128"
7. Solution.

a). Since y =

, Le., d— = 2z, we adopt the given integral formula to have

L = /\/l-i- d:v—/ V14 4z2dx

= 5/ V14 u?du (substitute u = 2z)
0
1
= Z(ux/1+u2+ln|u—|—\/1+u2|)]3
5 1
= £+—ln(2+\/5)
2 4
b).
1 9 1
A= de = —.
/O:B =3
c).
. s
V= / 2d:v—7r/ rldr = —
0 5
d).
1 dy 2 1
S = /27ry\/1+(—) dx:27r/ 22/ 1 + 422dz
0 dz 0
2
= %/ w1+ u2du (substitute u = 2z)
0
1 2
= %[%(1+2u2)\/1+u2—§ln(u+ 1+u2)]0
_ 18\/5—1n(2+\/5)7r
= 3 .



