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Abstract. This paper is concerned with the large-time behavior of solutions

to the Cauchy problem for the one-dimensional unipolar Euler-Poisson equa-
tions with critical time-dependent over-damping. We prove that the Cauchy

problem admits a unique global smooth solution which time-asymptotically

converges to the stationary solution in the logarithmic form O(ln−
k
2 (1 + t))

for the integer k ∈ [1,+∞). In particular, the integer k can be large enough as

the initial perturbation is small enough. This convergence rate is much better

than the previous studies with critical over-damping. The proof is based on
the technical time-weighted energy estimates and the mathematical induction.

1. Introduction. In this paper, we study the one-dimensional unipolar hydrody-
namic model for semiconductors, which can be represented by the following Euler-
Poisson equations 

nt + Jx = 0,

Jt +

(
J2

n
+ p(n)

)
x

= nE − µ

(1 + t)λ
J,

Ex = n−D(x).

(1)

Here the unknown functions n(x, t) > 0, J(x, t), and E(x, t) denote the electron
density, the current density, and the electric field, respectively. The given function
p(n) is the pressure-density function and D(x) is the doping profile which denotes
the prescribed density of positive charged background ions. The term− µ

(1+t)λ
J with

physical parameter µ > 0 and λ ∈ R is the time-dependent damping effect, which
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will have a great influence on the large-time behavior of solutions. When λ < 0, the
damping effect is time-asymptotically enhancing and it is called the over-damping
case. When λ > 0, the damping effect is time-asymptotically degenerate and it is
called the under-damping case.

The hydrodynamic model for semiconductors is usually used in describing the
motion of the charged particles, such as electrons and holes in semiconductor devices
[19]. Since its firstly introduced by Bløtekjær [1], it has been one of the hot spots
in mathematical physics because of its application to model hot electron effects
that are not accounted for in the classical drift-diffusion model [22]. For its steady-
state system, Degond and Markowich obtained the existence and uniqueness of
the smooth subsonic solution in one-dimensional case [3] and in three-dimensional
irrotational case [4]. The existence of subsonic solutions in two-dimensional case was
considered by Markowich in [18]. Peng and Violet [21] investigated the existence and
uniqueness of the supersonic solution for the one-dimensional steady-state Euler-
Poisson system. For the study on the steady transonic solutions, we refer the reader
to the interesting work [2] and the references therein.

When µ > 0 and λ = 0, the damping in the system (1) becomes the regular
damping. There are many results about the large-time behavior of the solutions to
(1) with regular damping [6, 9, 14, 17, 20, 23]. Among them, Li-Markowich-Mei
[14] proved that the system (1) in bounded domain (0, 1) with Dirichlet bound-
ary conditions possesses a unique global smooth solution and the solution time-
exponentially converges to the corresponding steady-state. In [23], Sun-Mei-Zhang
considered the system (1) on the half line with inflow/outflow/impermeable bound-
ary conditions or the insulating boundary conditions. They found that the solu-
tions of the inflow/outflow/impermeable problem (insulating problem) tend expo-
nentially (exponentially/algebraically) to corresponding steady-states as t → +∞.
For the Cauchy problem, Luo-Natalini-Xin [17] investigated the global existence
of the solutions and obtained the solutions time-exponentially converging to the
stationary solutions of the drift-diffusion equations. They required the condi-
tion J(+∞, 0) = J(−∞, 0) = E(−∞, 0) = 0, which physically stands for the
switch-off case. This stiff condition ensured that they can establish the energy
estimates in L2 framework. In [9], Huang-Mei-Wang-Yu studied the case that
J(+∞, 0) 6= J(−∞, 0), which physically stands for the switch-on case. They techni-
cally constructed some correction functions to delete the gaps between the original
solutions and the stationary solutions in L2 space. Furthermore, they proved that
the solutions to the system (1) with regular damping time-exponentially converge to
the stationary solutions. Regarding the multi-dimensional case, we refer to [7, 10]
and the references therein. For the other interesting studies on the bipolar hydro-
dynamic model for semiconductors, see [5, 8] and the references therein.

When µ > 0 and λ 6= 0, the effect of damping is time-asymptotically enhancing
or degenerate, which makes the fantastic variety of the Euler-Poisson system, and
the research results are very limit. In [24], Sun-Mei-Zhang investigated the Cauchy
problem for the unipolar Euler-Poisson system (1) with λ ∈ (−1, 0) ∪ (0, 1). They
proved that, when λ ∈ (−1, 0), the Cauchy problem admits a unique global solution
converging to the steady-state in the sub-exponential form as t → +∞, and when
λ ∈ (0, 1), the system with the completely flat doping profile possesses a unique
global solution time-asymptotically converging to the constant steady-state in the
sub-exponential form. The authors observed that the time-dependent damping es-
sentially affects the large-time behavior of solutions to the unipolar Euler-Poisson
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system (1), and causes the decay rate to be sub-exponential, which is slower than
the exponential rate in the case of λ = 0. Besides, Li-Mei-Xu [15] studied the initial
boundary-value problem for the system (1) with λ ∈ (0, 1). They proved that the
initial boundary-value problem admits a unique global solution time-asymptotically
converging to the constant steady-state in the sub-exponential form when the doping
profile is completely flat. For the bipolar hydrodynamic model of semiconductors,
Li-Li-Mei-Zhang [12] obtained that the one-dimensional bipolar Euler-Poisson sys-
tem with time-dependent damping for λ ∈ (−1, 1) possesses a unique global solution
time-algebraically converging to the corresponding diffusion wave. In [16], Luan-
Mei-Rubino-Zhu considered the critical case λ = 1 and µ > 2, they proved that the
global solution of the bipolar Euler-Poisson system time-algebraically converges to
the constant steady-state. Wu [25] investigated the one-dimensional bipolar quan-
tum Euler-Poisson system in the critical case λ = −1. The author showed that
the solution of the system exists globally and time-asymptotically converges to the
nonlinear diffusion wave in the logarithmic form.

Our target in this paper is to study the large-time behavior of solutions for the
unipolar Euler-Poisson system (1) in the more interesting and challenging critical
over-damping case, namely, λ = −1. Without loss of generality, we set µ = 1, then
the system (1) becomes

nt + Jx = 0,

Jt +

(
J2

n
+ p(n)

)
x

= nE − (1 + t)J, (x, t) ∈ R× (t0,+∞),

Ex = n−D(x),

(2)

where t0 > 0 is a given constant. The initial data of (2) are given by

(n, J)(x, t0) = (n0, J0)(x), x ∈ R. (3)

Throughout this paper, we assume that the pressure function p satisfies

p ∈ C4((0,+∞)), p′(s) > 0 for s > 0, (4)

a physical example is p(n) = Anγ with A > 0 and γ > 1. And the assumptions on
the doping profile D(x) are

D(x) > 0, lim
x→±∞

D(x) = D±, D′(x) ∈ C0(R) ∩H2(R). (5)

The studies on the critical over-damping case with λ = −1 are very limited.
The first studies related to this critical case were [13] for the 1-D time-dependently
damped Euler equations, and [11] for the n-D Euler equations with n ≥ 7. The
similar result was then extended to the bipolar quantum Euler-Poisson system in
[25]. However, for the unipolar Euler-Poisson system, we observe that there is some
advantage arising from the Poisson equation. With this help, the perturbed equation
around its steady-states is reduced to the well-known Klein-Gordon equation with
nonlinear perturbation (see (21)). Even though the critical over-damping makes the
decay very weak like O(ln(1 + t)) as showed in [11, 13, 25], the strong dissipative
term n̄w in (21) will help us to expect to have a much faster decay.

As shown in [17, 24], since the doping profile D(x) in (2) is nonzero, the expected
asymptotic profiles of the solutions to (2)–(3) are stationary solutions. Therefore,
the main task for us is to investigate the solutions of the Cauchy problem (2)–(3)
converge to the stationary solutions. There are some technical issues in the proof
we want to point out. In [24], the a priori estimates were established by choosing
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appropriate polynomial time-weights, however, this method is no longer applicable
in the critical case λ = −1. Inspired by [13] for the 1-D damped Euler equations
and [11] for the n-D damped compressible Euler equations, we technically construct
logarithmic time-weights to establish the a priori estimates. But different from the
Euler system in [13] and the bipolar quantum Euler-Poisson system in [25], we
observe that the decay rates of the solutions to the unipolar Euler-Poisson system

(2) can be enhanced to ln−
k
2 (1 + t), where k ∈ [1,+∞) is an integer and could

be large enough as the initial perturbation is small enough. This decay rate is
much better than the existing studies [11, 13, 25] in the critical over-damping case.
In order to avoid repeated calculation, we adopt the mathematical induction to
prove the important lemmas. Even though we use the induction in the proof, the
calculation is still complicated than that in [13]. In summary, we state our main
result as follows:

For the unipolar Euler-Poisson system (2) with critical over-damping, we expect
that the asymptotic profile of the solution is the stationary solution (n̄, Ē)(x) to
the well-known drift-diffusion equations where the current density J̄(x) = 0, and
prove that the unique solution (n, J,E)(x, t) of the Cauchy problem (2)–(3) globally
exists and satisfies

‖n(t)− n̄‖L∞(R) ≤ C ln−
k
2 (1 + t),

‖J(t)‖L∞(R) ≤ C(1 + t)−1 ln−
k
2 (1 + t),

‖E(t)− Ē‖L∞(R) ≤ C ln−
k
2 (1 + t),

if the initial perturbation is sufficiently small. Here k ∈ [1,+∞) is an integer, as
mentioned in the above, it can be large enough as the initial perturbation is small
enough.

Regarding the fluid dynamics, including hydrodynamic models of semiconduc-
tors, from the mathematical point of view, the smallness of initial perturbation is
usually requested for the global existence of solutions, because the Euler-Poisson
system lacks the maximum principle. On the other hand, from physical point of
view, the small perturbation around the subsonic initial data is also necessary for
the dynamical system. Otherwise, a big initial perturbation may allow the initial
data to be supersonic, which could cause the system does not hold any physical
solutions, namely, the semiconductor device may not efficiently work out.

Regarding the compressible Euler equations with time-dependent damping, we
refer to the relevant studies [11, 13] and the references therein.

The rest of this paper is arranged as follows. In Section 2, we introduce the well-
known results of the stationary solutions and state the main results of this paper.
Section 3 devotes to establish the a priori estimates, which is the crucial part of
this paper.

Notations. Throughout this paper, the symbol C denotes a generic positive
constant which maybe different in different lines. Ci (i = 1, 2, 3, . . .) denotes some
specific positive constant. L2(R) is the square integrable real-valued function space
on R whose norm is defined by ‖ · ‖L2(R) = (

∫
R | · |

2dx)1/2. L∞(R) is essentially
bounded measurable function space on R whose norm is defined by ‖ · ‖L∞(R) =
ess sup
x∈R

| · |. For a nonnegative integer m, Hm(R) is the Hilbert space whose norm

is defined by ‖f‖2Hm(R) =
∑m
j=0 ‖∂jxf‖2L2(R). For the sake of convenience, we denote

‖ · ‖ := ‖ · ‖L2(R), ‖ · ‖∞ := ‖ · ‖L∞(R) and ‖ · ‖m := ‖ · ‖Hm(R).
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2. Preliminaries and main results. In this section, we show some well-known
results of the stationary solutions, and state the main results of this paper.

As shown in [17, 24], the asymptotic profiles of the solutions to (2)–(3) are
stationary solutions which satisfy the following stationary equations corresponding
to the well-known drift-diffusion equations{

(n̄Ē − p(n̄)x)x = 0,

Ēx = n̄−D(x),
(6)

with the boundary value conditions

lim
x→±∞

n̄(x) = D±, lim
x→−∞

Ē(x) = 0. (7)

It then follows from (6)1 and (7) that

J̄ := n̄Ē − p(n̄)x = constant = n̄(−∞)Ē(−∞) = 0. (8)

Let us denote

D∗ = inf
x∈R

D(x), D∗ = sup
x∈R

D(x).

We introduce the existence and uniqueness result of the solutions to stationary
equations (6) with (7) in the following Lemma. The proof of Lemma 2.1 is omitted
here and one can see [17] for details.

Lemma 2.1. Assume that the pressure function p satisfies (4) and the doping
profile D(x) satisfies (5). Then there exists a unique smooth solution (n̄, Ē)(x) of
(6)–(7) satisfying

D∗ ≤ n̄(x) ≤ D∗, for any x ∈ R, (9)

‖n̄−D‖22 + ‖n̄x‖22 ≤ C1η0, (10)

3∑
j=1

‖∂jxn̄‖∞ +

2∑
j=0

‖∂jxĒ‖∞ ≤ C2δ0, (11)

where C1 and C2 are positive constants depending only on D∗ and D∗, and

γ1 = ‖D′‖6 + ‖D′′‖2,

γ2 = ‖D′′′‖2 + ‖D′‖γ3/21 + ‖D′‖4γ1,
η0 = ‖D′‖2 + γ1 + γ2,

δ0 = ‖D′‖1/2γ1/41 + ‖D′‖γ1/21 + ‖D′‖3/2γ3/41

+ ‖D′‖1/2γ1/21 γ
1/4
2 + γ

1/4
1 γ

1/4
2 + ‖D′‖C0(R).

Based on Lemma 2.1, we are able to state the main result of this paper as follows.

Theorem 2.2. Let (n̄, Ē)(x) be the solution of the stationary equations (6) with
(7) and define

ω0(x) :=

∫ x

−∞
(n0(y)− n̄(y))dy. (12)

Suppose that (4)–(5) hold, ω0(x) ∈ H3(R), J0(x) ∈ H2(R) and ‖ω0‖3 + ‖J0‖2
is sufficiently small. For any given k, if δ0 is chosen sufficiently small, then the
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Cauchy problem (2)–(3) possesses a unique global smooth solution (n, J,E)(x, t),
which satisfies

lnk(1 + t)
(
‖n(t)− n̄‖22 + ‖E(t)− Ē‖23

)
+ (1 + t)2 lnk(1 + t)‖J(t)‖22

≤ Ĉk
(
‖ω0‖23 + ‖J0‖22

)
,

(13)

where k ∈ [1,+∞) is an integer, Ĉk is a positive constant depending on k and

satisfies Ĉk
(
‖ω0‖23 + ‖J0‖22

)
<∞.

Remark 2.3. Actually, the integer k is closely related to the initial perturbation.
In order to obtain the global existence of the solution by the continuation argu-

ment, as showed later in Proposition 2.5, we need to guarantee (k!
∑k
j=0 lnj(1 +

t0))1/2
(
‖ω0‖3 + ‖J0‖2

)
� 1. Therefore, once the initial perturbation ‖ω0‖3 + ‖J0‖2

is small enough, the integer k can be large enough.

From the Sobolev inequality

‖f‖∞ ≤
√

2‖f‖1/2‖fx‖1/2, (14)

we have the following Corollary.

Corollary 2.4. Under the assumptions of Theorem 2.2, it holds that

‖n(t)− n̄‖∞ ≤ C ln−
k
2 (1 + t), (15)

‖J(t)‖∞ ≤ C(1 + t)−1 ln−
k
2 (1 + t), (16)

‖E(t)− Ē‖∞ ≤ C ln−
k
2 (1 + t), (17)

where k ∈ [1,+∞) is an integer.

Now we reformulate the original problem (2)–(3). Set

ϕ(x, t) = n(x, t)− n̄(x), ω(x, t) = E(x, t)− Ē(x). (18)

It then follows from (2) that (ϕ, J, ω)(x, t) satisfies
ϕt + Jx = 0,

Jt +

(
J2

n̄+ ϕ

)
x

+ (p(n̄+ ϕ)− p(n̄))x = n̄ω + (Ē + ω)ϕ− (1 + t)J,

ωx = ϕ.

(19)

By (19)1 and (19)3, we obtain

ωx(x, t) = ϕ(x, t), ωt(x, t) = −J(x, t). (20)

Combining (19)2 and (20), one has

ωtt + (1 + t)ωt − (p′(n̄)ωx)x + n̄ω

= −(Ē + ω)ωx + (p(n̄+ ωx)− p(n̄)− p′(n̄)ωx)x +

(
ω2
t

n̄+ ωx

)
x

.
(21)

From (3), (12), (18), and (20), we can get the initial value for the perturbation
system (21),

ω(x, t0) = w0(x), ωt(x, t0) = −J0(x). (22)

Besides, we choose

E(x, t0) =

∫ x

−∞
(n0 −D)(y)dy
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=

∫ x

−∞
(n0 − n̄)(y)dy +

∫ x

−∞
(n̄−D)(y)dy

= ω0(x) + Ē(x).

Let T ∈ (t0,+∞], we define the solution space for the Cauchy problem (21)–(22)
as

X(T ) :=
{
ω(x, t) | ∂jtω ∈ C([t0, T ];H3−j(R)), j = 0, 1, 2

}
,

where its norm is defined by

N(T )2 : = sup
t0≤t≤T

lnk(1 + t)

3∑
j=0

‖∂jxω(t)‖2

+(1 + t)2 lnk(1 + t)

( 2∑
j=0

‖∂jxωt(t)‖2 +
1∑
j=0

‖∂jxωtt(t)‖2
) ,

(23)

where k ∈ [1,+∞) is an integer.
For the Cauchy problem (21)–(22), we have the following result.

Proposition 2.5. Under the assumptions of Theorem 2.2, if both N(T ) and δ0
are sufficiently small, then, the Cauchy problem (21)–(22) admits a unique global
smooth solution ω(x, t) ∈ X(T ) satisfying

lnk(1 + t)

3∑
j=0

‖∂jxω(t)‖2 + (1 + t)2 lnk(1 + t)

 2∑
j=0

‖∂jxωt(t)‖2 +

1∑
j=0

‖∂jxωtt(t)‖2


+

∫ t

t0

lnk(1 + τ)

(1 + τ)−1
3∑
j=0

‖∂jxω(τ)‖2 + (1 + τ)

2∑
j=0

‖∂jxωt(τ)‖2

+(1 + τ)3
1∑
j=0

‖∂jxωtt(τ)‖2
 dτ ≤ Ck!

k∑
j=0

lnj(1 + t0)
(
‖ω0‖23 + ‖J0‖22

)
,

(24)

where k ∈ [1,+∞) is an integer.

Proof of Theorem 2.2. Once Proposition 2.5 is proved, from (18) and (20), we can
immediately obtain Theorem 2.2.

In what follows, we mainly focus on the proof of Proposition 2.5.

3. Proof of Proposition 2.5. In this section, we devote to prove Proposition 2.5.
In fact, the local existence of the solution to the Cauchy problem (21)–(22) can be
obtained by the standard iteration method, then, from the a priori estimate (24)
and the standard continuation arguments, we can extend the local solution to the
global solution. Thus, the main effort in this section is to establish the a priori
estimate (24).

Thanks to (23) and the Sobolev inequality (14), we have

sup
t0≤t≤T


2∑
j=0

‖∂jxω(t)‖∞ + (1 + t)

 1∑
j=0

‖∂jxωt(t)‖∞ + ‖ωtt(t)‖∞


≤ C ln−

k
2 (1 + t0)N(T ) =: ε,

(25)
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where k ∈ [1,+∞) is an integer. Since N(T ) is sufficiently small, we can deduce
ε� 1 and further derive ε+δ0 is sufficiently small. Thus, from (9), (25) and ε� 1,
we obtain, for any (x, t) ∈ R× [t0, T ],

0 < D∗/2 ≤ n̄(x) + ωx ≤ 2D∗. (26)

The proof of Proposition 2.5 is based on several steps of energy estimates which
will be stated as a sequence of Lemmas.

Lemma 3.1. Under the assumptions of Proposition 2.5, it holds that

lnk(1 + t)
(
‖ω(t)‖2 + ‖ωx(t)‖2 + ‖ωt(t)‖2

)
+

∫ t

t0

lnk(1 + τ)
[
(1 + τ)‖ωt(τ)‖2

+(1 + τ)−1
(
‖ω(τ)‖2 + ‖ωx(τ)‖2

)]
dτ ≤ Ck!

k∑
j=0

lnj(1 + t0)
(
‖ω0‖21 + ‖J0‖2

)
,

(27)

where k ∈ [1,+∞) is an integer.

Proof. We use the induction to prove this Lemma and divide the proof into two
steps.

Step 1. In this step, we are going to obtain the estimate (27) with k = 1. Firstly,
multiplying (21) by 2ωt + (1 + t)−1ω and integrating the resulting equation with
respect to x over R, after integration by parts, we have

d

dt

∫
R

(
ω2
t + p′(n̄)ω2

x + n̄ω2 + (1 + t)−1ωωt +
1

2
ω2 +

1

2
(1 + t)−2ω2

)
dx

+

∫
R

[2(1 + t)− (1 + t)−1]ω2
t dx+

∫
R

(1 + t)−1p′(n̄)ω2
xdx

+

∫
R

[n̄+ (1 + t)−2](1 + t)−1ω2dx

= −
∫
R

(Ē + ω)ωx(2ωt + (1 + t)−1ω)dx+

∫
R

(
ω2
t

n̄+ ωx

)
x

(2ωt + (1 + t)−1ω)dx

+

∫
R

(p(n̄+ ωx)− p(n̄)− p′(n̄)ωx)x(2ωt + (1 + t)−1ω)dx =: I1 + I2 + I3.

(28)

We estimate I1, I2 and I3 as follows. From (11), (25)–(26) and Hölder inequality,
I1 and I2 can be estimated as

|I1| ≤ C(δ0 + ε)

∫
R
|ωxωt|dx+ C(δ0 + ε)

∫
R

(1 + t)−1|ωωx|dx

≤ C(δ0 + ε)

∫
R
[(1 + t)ω2

t + (1 + t)−1(ω2
x + ω2)]dx,

(29)

|I2| =
∣∣∣∣−∫

R

ω2
t

n̄+ ωx
(2ωxt + (1 + t)−1ωx)dx

∣∣∣∣
≤ C

∫
R
|ωxt|ω2

t dx+ C

∫
R

(1 + t)−1|ωx|ω2
t dx

≤ Cε
∫
R

(1 + t)ω2
t dx.

(30)
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We can estimate I3 by using (9), (25)–(26), Taylor’s formula and Hölder inequality,

|I3| =
∣∣∣∣−∫

R
(p(n̄+ ωx)− p(n̄)− p′(n̄)ωx)(2ωxt + (1 + t)−1ωx)dx

∣∣∣∣
=

1

2

∣∣∣∣∫
R
p′′(n̄+ θωx)ω2

x(2ωxt + (1 + t)−1ωx)dx

∣∣∣∣
≤ Cε

∫
R

(1 + t)−1ω2
xdx,

(31)

where θ ∈ (0, 1). Substituting (29)–(31) into (28) and employing the smallness of
ε+ δ0, one has

d

dt

∫
R

(
ω2
t + p′(n̄)ω2

x + n̄ω2 + (1 + t)−1ωωt +
1

2
ω2 +

1

2
(1 + t)−2ω2

)
dx

+ C3

∫
R

[(1 + t)−1(ω2 + ω2
x) + (1 + t)ω2

t ]dx ≤ 0,

(32)

for some positive constant C3. Noting that

|(1 + t)−1ωωt| ≤
1

2
ω2
t +

1

2
(1 + t)−2ω2. (33)

We integrate (32) over (t0, t) and by (4), (9) and (33) to give∫
R

(ω2 + ω2
x + ω2

t )dx+

∫ t

t0

∫
R

[
(1 + τ)−1(ω2 + ω2

x) + (1 + τ)ω2
t

]
dxdτ

≤ C
(
‖ω0‖21 + ‖J0‖2

)
.

(34)

Secondly, multiplying (21) by ln(1 + t)(2ωt + (1 + t)−1ω) and integrating it over R,
and then after a similar calculation to (29)–(31), we can get

d

dt

∫
R

(
ln(1 + t)(ω2

t + p′(n̄)ω2
x + n̄ω2) + (1 + t)−1 ln(1 + t)ωωt +

1

2
ln(1 + t)ω2

+
1

2
(1 + t)−2 ln(1 + t)ω2 − 1

2
(1 + t)−2ω2

)
dx+

∫
R

ln(1 + t)[2(1 + t)

− (1 + t)−1]ω2
t dx+

∫
R

(1 + t)−1 ln(1 + t)[p′(n̄)ω2
x + (n̄+ (1 + t)−2)ω2]dx

≤
∫
R
(1 + t)−1

[
ω2
t + p′(n̄)ω2

x +

(
n̄+

1

2
+

3

2
(1 + t)−2

)
ω2

]
dx

+ C(ε+ δ0)

∫
R

ln(1 + t)[(1 + t)ω2
t + (1 + t)−1(ω2

x + ω2)]dx.

(35)

Applying the smallness of ε + δ0 to (35), and integrating the resultant inequality
over (t0, t), we have∫

R

[
ln(1 + t)(ω2

t + p′(n̄)ω2
x + n̄ω2) + (1 + t)−1 ln(1 + t)ωωt +

1

2
ln(1 + t)ω2

+
1

2
(1 + t)−2 ln(1 + t)ω2

]
dx

+ C4

∫ t

t0

∫
R

ln(1 + τ)[(1 + τ)ω2
t + (1 + τ)−1(ω2

x + ω2)]dxdτ

(36)
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≤
∫
R

1

2
(1 + t)−2ω2dx+ C

∫ t

t0

∫
R

(1 + τ)−1(ω2
t + ω2

x + ω2)dxdτ

+ C ln(1 + t0)
(
‖ω0‖21 + ‖J0‖2

)
≤ C1!

1∑
j=0

lnj(1 + t0)
(
‖ω0‖21 + ‖J0‖2

)
,

for some positive constant C4 and we used (34) in the last inequality. Then, from
(4), (9) and (33), we can obtain the estimate (27) with k = 1,

ln(1 + t)
(
‖ω(t)‖2 + ‖ωx(t)‖2 + ‖ωt(t)‖2

)
+

∫ t

t0

ln(1 + τ)
[
(1 + τ)‖ωt(τ)‖2

+(1 + τ)−1
(
‖ω(τ)‖2 + ‖ωx(τ)‖2

)]
dτ

≤ C1!

1∑
j=0

lnj(1 + t0)
(
‖ω0‖21 + ‖J0‖2

)
.

(37)

Step 2. We make the induction hypothesis that (27) holds for the integer k = l−1
with l ≥ 2, i.e.,

lnl−1(1 + t)
(
‖ω(t)‖2 + ‖ωx(t)‖2 + ‖ωt(t)‖2

)
+

∫ t

t0

lnl−1(1 + τ)
[
(1 + τ)‖ωt(τ)‖2

+(1 + τ)−1
(
‖ω(τ)‖2 + ‖ωx(τ)‖2

)]
dτ

≤ C(l − 1)!

l−1∑
j=0

lnj(1 + t0)
(
‖ω0‖21 + ‖J0‖2

)
.

(38)

It suffices to prove that (27) holds for k = l under the induction hypothesis (38).

Multiplying (21) by lnl(1 + t)(2ωt + (1 + t)−1ω) and integrating it over R, then
analogous to (29)–(31), one can verify that

d

dt

∫
R

(
lnl(1 + t)(ω2

t + p′(n̄)ω2
x + n̄ω2) + (1 + t)−1 lnl(1 + t)ωωt

+
1

2
lnl(1 + t)ω2 +

1

2
(1 + t)−2 lnl(1 + t)ω2 − l

2
(1 + t)−2 lnl−1(1 + t)ω2

)
dx

+

∫
R
(1 + t)−1 lnl(1 + t)[p′(n̄)ω2

x + (n̄+ (1 + t)−2)ω2]dx

+

∫
R

lnl(1 + t)[2(1 + t)− (1 + t)−1]ω2
t dx

+
l

2
(l − 1)

∫
R
(1 + t)−3 lnl−2(1 + t)ω2dx

≤ l
∫
R

(1 + t)−1 lnl−1(1 + t)

[
ω2
t + p′(n̄)ω2

x +

(
n̄+

1

2
+

3

2
(1 + t)−2

)
ω2

]
dx

+ C(ε+ δ0)

∫
R

lnl(1 + t)[(1 + t)ω2
t + (1 + t)−1(ω2

x + ω2)]dx.

(39)

Employing the smallness of ε + δ0 and l ≥ 2 to (39), and then integrating the
resultant inequality over (t0, t) gives
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R

(
lnl(1 + t)(ω2

t + p′(n̄)ω2
x + n̄ω2) + (1 + t)−1 lnl(1 + t)ωωt

+
1

2
lnl(1 + t)ω2 +

1

2
(1 + t)−2 lnl(1 + t)ω2

)
dx

+ C5

∫ t

t0

∫
R

lnl(1 + τ)[(1 + τ)ω2
t + (1 + τ)−1(ω2

x + ω2)]dxdτ

≤ l

2

∫
R
(1 + t)−2 lnl−1(1 + t)ω2dx+ C lnl(1 + t0)

(
‖ω0‖21 + ‖J0‖2

)
+ Cl

∫ t

t0

∫
R
(1 + τ)−1 lnl−1(1 + τ)(ω2

t + ω2
x + ω2)dxdτ

≤ Cl!
l∑

j=0

lnj(1 + t0)
(
‖ω0‖21 + ‖J0‖2

)
,

(40)

where we used (38) in the last inequality. Thus, by (4), (9) and (33), we have the
estimate (27) with k = l. The proof of Lemma 3.1 is completed.

Lemma 3.2. Under the assumptions of Proposition 2.5, it holds that

lnk(1 + t)
(
‖ωx(t)‖2 + ‖ωxx(t)‖2 + ‖ωxt(t)‖2

)
+

∫ t

t0

lnk(1 + τ)
[
(1 + τ)‖ωxt(τ)‖2

+(1 + τ)−1
(
‖ωx(τ)‖2 + ‖ωxx(τ)‖2

)]
dτ ≤ Ck!

k∑
j=0

lnj(1 + t0)
(
‖ω0‖22 + ‖J0‖21

)
,

(41)

where k ∈ [1,+∞) is an integer.

Proof. Differentiating (21) with respect to x yields

ωxtt + (1 + t)ωxt − (p′(n̄)ωxx)x + n̄ωx

= −n̄xω − (Ēx + ωx)ωx − (Ē + ω)ωxx

+ [(p′(n̄+ ωx)− p′(n̄))(n̄x + ωxx)]x +

(
ω2
t

n̄+ ωx

)
xx

.

(42)

We use induction to prove the estimate (41). The proof is divided into two steps.

Step 1. The goal of this step is to prove that the estimate (41) holds when k = 1,
i.e.,

ln(1 + t)
(
‖ωx(t)‖2 + ‖ωxx(t)‖2 + ‖ωxt(t)‖2

)
+

∫ t

t0

ln(1 + τ)
[
(1 + τ)‖ωxt(τ)‖2

+(1 + τ)−1
(
‖ωx(τ)‖2 + ‖ωxx(τ)‖2

)]
dτ

≤ C1!

1∑
j=0

lnj(1 + t0)
(
‖ω0‖22 + ‖J0‖21

)
.

(43)

We first multiply (42) by 2ωxt+ (1 + t)−1ωx and integrate the resultant equation
with respect to x over R by parts to get
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d

dt

∫
R

[
ω2
xt + p′(n̄)ω2

xx + n̄ω2
x + (1 + t)−1ωxωxt +

1

2
ω2
x +

1

2
(1 + t)−2ω2

x

]
dx

+

∫
R

[2(1 + t)− (1 + t)−1]ω2
xtdx

+

∫
R

(1 + t)−1[p′(n̄)ω2
xx + (n̄+ (1 + t)−2)ω2

x]dx

= −
∫
R

[n̄xω + (Ēx + ωx)ωx + (Ē + ω)ωxx](2ωxt + (1 + t)−1ωx)dx

+

∫
R

[(p′(n̄+ ωx)− p′(n̄))(n̄x + ωxx)]x(2ωxt + (1 + t)−1ωx)dx

+

∫
R

(
ω2
t

n̄+ ωx

)
xx

(2ωxt + (1 + t)−1ωx)dx =: I4 + I5 + I6.

(44)

The right hand side of (44) can be estimated as below. It is easy to see that

I4 ≤ C(ε+ δ0)

∫
R

(|ωωxt|+ |ωxωxt|+ |ωxxωxt|)dx

+ C(ε+ δ0)(1 + t)−1
∫
R
(|ωωx|+ ω2

x + |ωxωxx|)dx

≤ C(ε+ δ0)

∫
R
[(1 + t)−1(ω2 + ω2

x + ω2
xx) + (1 + t)ω2

xt]dx.

(45)

It follows from Taylor’s formula, Hölder inequality, (9) and (25) that

I5 = −
∫
R

(p′(n̄+ ωx)− p′(n̄))(n̄x + ωxx)(2ωxxt + (1 + t)−1ωxx)dx

= − d

dt

∫
R

(p′(n̄+ ωx)− p′(n̄))ω2
xxdx+ 2

∫
R
(p′(n̄+ ωx)− p′(n̄))n̄xxωxtdx

+

∫
R
p′′(n̄+ ωx)ωxtω

2
xxdx

+ 2

∫
R

[p′′(n̄+ ωx)(n̄x + ωxx)− p′′(n̄)n̄x]n̄xωxtdx

−
∫
R
(1 + t)−1(p′(n̄+ ωx)− p′(n̄))(n̄x + ωxx)ωxxdx

≤ − d

dt

∫
R

(p′(n̄+ ωx)− p′(n̄))ω2
xxdx

+ C(ε+ δ0)

∫
R

[(1 + t)−1(ω2
x + ω2

xx) + (1 + t)ω2
xt]dx.

(46)

We apply (25)–(26) and Hölder inequality to estimate I6 as

I6 = −
∫
R

[
2ωtωxt
n̄+ ωx

− ω2
t

(n̄+ ωx)2
(n̄x + ωxx)

]
(2ωxxt + (1 + t)−1ωxx)dx

=
d

dt

∫
R

ω2
tω

2
xx

(n̄+ ωx)2
dx− 2

∫
R

ωtωttω
2
xx

(n̄+ ωx)2
dx+ 2

∫
R

ω2
tωxtω

2
xx

(n̄+ ωx)3
dx

− 2

∫
R

ωtω
2
xt

(n̄+ ωx)2
(n̄x + ωxx)dx+ 2

∫
R

ω3
xt

n̄+ ωx
dx− 2

∫
R

n̄xxω
2
tωxt

(n̄+ ωx)2
dx

− 4

∫
R

n̄xωtω
2
xt

(n̄+ ωx)2
dx+ 4

∫
R

n̄xω
2
tωxt

(n̄+ ωx)3
(n̄x + ωxx)dx

(47)
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− 2

∫
R
(1 + t)−1

ωtωxtωxx
n̄+ ωx

dx+

∫
R

(1 + t)−1
ω2
tω

2
xx

(n̄+ ωx)2
dx

+

∫
R

(1 + t)−1
n̄xω

2
tωxx

(n̄+ ωx)2
dx

≤ d

dt

∫
R

ω2
tω

2
xx

(n̄+ ωx)2
dx+ C(ε+ δ0)

∫
R

[(1 + t)−1ω2
xx + (1 + t)(ω2

t + ω2
xt)]dx.

Putting (45)–(47) into (44) and using the smallness of ε + δ0, we know that there
exists a positive constant C6 such that

d

dt

∫
R

[
ω2
xt + p′(n̄)ω2

xx + n̄ω2
x + (1 + t)−1ωxωxt + (p′(n̄+ ωx)

−p′(n̄))ω2
xx −

ω2
tω

2
xx

(n̄+ ωx)2
+

1

2
ω2
x +

1

2
(1 + t)−2ω2

x

]
dx

+ C6

∫
R

[(1 + t)ω2
xt + (1 + t)−1(ω2

xx + ω2
x)]dx

≤ C
∫
R

[(1 + t)ω2
t + (1 + t)−1ω2]dx.

(48)

Integrating (48) over (t0, t), by (34), one has∫
R

[
ω2
xt + p′(n̄)ω2

xx + n̄ω2
x + (1 + t)−1ωxωxt + (p′(n̄+ ωx)

−p′(n̄))ω2
xx −

ω2
tω

2
xx

(n̄+ ωx)2
+

1

2
ω2
x +

1

2
(1 + t)−2ω2

x

]
dx

+ C6

∫ t

t0

∫
R

[(1 + τ)ω2
xt + (1 + τ)−1(ω2

xx + ω2
x)]dxdτ

≤ C
(
‖ω0‖22 + ‖J0‖21

)
,

(49)

then, from (4), (9), (25)–(26), Cauchy-Schwartz’s inequality and the smallness of ε,
we obtain∫

R
(ω2
x + ω2

xx + ω2
xt)dx+

∫ t

t0

∫
R

[(1 + τ)−1(ω2
x + ω2

xx) + (1 + τ)ω2
xt]dxdτ

≤ C
(
‖ω0‖22 + ‖J0‖21

)
.

(50)

Next, we multiply (42) by ln(1 + t)(2ωxt + (1 + t)−1ωx) and integrate it over R,
after a similar process to (45)–(47), we get

d

dt

∫
R

[
ln(1 + t)(ω2

xt + p′(n̄)ω2
xx + n̄ω2

x) + (1 + t)−1 ln(1 + t)ωxωxt

+
1

2
(1 + t)−2 ln(1 + t)ω2

x +
1

2
ln(1 + t)ω2

x −
1

2
(1 + t)−2ω2

x ]dx

+

∫
R
[2(1 + t)− (1 + t)−1] ln(1 + t)ω2

xtdx

+

∫
R
(1 + t)−1 ln(1 + t)[p′(n̄)ω2

xx + (n̄+ (1 + t)−2)ω2
x]dx

(51)
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≤
∫
R

(1 + t)−1
[
ω2
xt + p′(n̄)ω2

xx +

(
n̄+

1

2
+

3

2
(1 + t)−2

)
ω2
x

]
dx

+ Cε

∫
R

(1 + t)−1ω2
xxdx

− d

dt

∫
R

ln(1 + t)(p′(n̄+ ωx)− p′(n̄))ω2
xxdx+

d

dt

∫
R

ln(1 + t)
ω2
tω

2
xx

(n̄+ ωx)2
dx

+ C(ε+ δ0)

∫
R

ln(1 + t)[(1 + t)−1(ω2 + ω2
x + ω2

xx) + (1 + t)(ω2
t + ω2

xt)]dx.

Applying the smallness of ε+ δ0 to (51), and integrating the inequality over (t0, t)
yields

∫
R

[
ln(1 + t)(ω2

xt + p′(n̄)ω2
xx + n̄ω2

x) + (1 + t)−1 ln(1 + t)ωxωxt

+
1

2
(1 + t)−2 ln(1 + t)ω2

x +
1

2
ln(1 + t)ω2

x + ln(1 + t)(p′(n̄+ ωx)

−p′(n̄))ω2
xx − ln(1 + t)

ω2
tω

2
xx

(n̄+ ωx)2

]
dx

+ C7

∫ t

t0

∫
R

ln(1 + τ)[(1 + τ)ω2
xt + (1 + τ)−1(ω2

xx + ω2
x)]dxdτ

≤ 1

2

∫
R
(1 + t)−2ω2

xdx+ C

∫ t

t0

∫
R
(1 + τ)−1(ω2

xt + ω2
xx + ω2

x)dxdτ

+ C

∫ t

t0

∫
R

ln(1 + τ)[(1 + τ)−1ω2 + (1 + τ)ω2
t ]dxdτ

+ C ln(1 + t0)
(
‖ω0‖22 + ‖J0‖21

)
≤ C1!

1∑
j=0

lnj(1 + t0)
(
‖ω0‖22 + ‖J0‖21

)
,

(52)

where we used (37) and (50) in the last inequality. Therefore, the desired estimate
(43) can be deduced by using (4), (9), (25)–(26), ε� 1 and the Cauchy-Schwartz’s
inequality.

Step 2. We make the induction hypothesis that (41) holds when the integer k = l−1
with l ≥ 2, i.e.,

lnl−1(1 + t)
(
‖ωx(t)‖2 + ‖ωxx(t)‖2 + ‖ωxt(t)‖2

)
+

∫ t

t0

lnl−1(1 + τ)
[
(1 + τ)‖ωxt(τ)‖2 + (1 + τ)−1

(
‖ωx(τ)‖2 + ‖ωxx(τ)‖2

)
]dτ

≤ C(l − 1)!

l−1∑
j=0

lnj(1 + t0)
(
‖ω0‖22 + ‖J0‖21

)
.

(53)

In what follows, we only need to prove that the estimate (41) holds when k = l by

using the induction hypothesis (53). Multiplying (42) by lnl(1+t)(2ωxt+(1+t)−1ωx)
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and integrating it over R, analogous to (45)–(47), one has

d

dt

∫
R

[
lnl(1 + t)(ω2

xt + p′(n̄)ω2
xx + n̄ω2

x) + (1 + t)−1 lnl(1 + t)ωxωxt

+
1

2
(1 + t)−2 lnl(1 + t)ω2

x +
1

2
lnl(1 + t)ω2

x −
l

2
(1 + t)−2 lnl−1(1 + t)ω2

x

]
dx

+

∫
R

(1 + t)−1 lnl(1 + t)[p′(n̄)ω2
xx + (n̄+ (1 + t)−2)ω2

x]dx

+

∫
R

[2(1 + t)− (1 + t)−1] lnl(1 + t)ω2
xtdx

+
l

2
(l − 1)

∫
R

(1 + t)−3 lnl−2(1 + t)ω2
xdx

≤ l
∫
R

(1 + t)−1 lnl−1(1 + t)

[
ω2
xt + p′(n̄)ω2

xx +

(
n̄+

1

2
+

3

2
(1 + t)−2

)
ω2
x

]
dx

− d

dt

∫
R

lnl(1 + t)(p′(n̄+ ωx)− p′(n̄))ω2
xxdx+

d

dt

∫
R

lnl(1 + t)
ω2
tω

2
xx

(n̄+ ωx)2
dx

+ C(ε+ δ0)

∫
R

lnl(1 + t)[(1 + t)−1(ω2 + ω2
x + ω2

xx) + (1 + t)(ω2
t + ω2

xt)]dx

+ Cεl

∫
R

(1 + t)−1 lnl−1(1 + t)ω2
xxdx.

(54)

We apply the smallness of ε+ δ0 to (54), and integrate the resultant inequality over
(t0, t) to get∫

R

[
lnl(1 + t)(ω2

xt + p′(n̄)ω2
xx + n̄ω2

x) + (1 + t)−1 lnl(1 + t)ωxωxt

+
1

2
(1 + t)−2 lnl(1 + t)ω2

x +
1

2
lnl(1 + t)ω2

x

+ lnl(1 + t)(p′(n̄+ ωx)− p′(n̄))ω2
xx − lnl(1 + t)

ω2
tω

2
xx

(n̄+ ωx)2

]
dx

+ C8

∫ t

t0

∫
R

lnl(1 + τ)[(1 + τ)ω2
xt + (1 + τ)−1(ω2

xx + ω2
x)]dxdτ

≤ C lnl(1 + t0)
(
‖ω0‖22 + ‖J0‖21

)
+
l

2

∫
R
(1 + t)−2 lnl−1(1 + t)ω2

xdx

+ Cl

∫ t

t0

∫
R

(1 + τ)−1 lnl−1(1 + τ)(ω2
xt + ω2

xx + ω2
x)dxdτ

+ C

∫ t

t0

∫
R

lnl(1 + τ)[(1 + τ)−1ω2 + (1 + τ)ω2
t ]dxdτ

≤ Cl!
l∑

j=0

lnj(1 + t0)
(
‖ω0‖22 + ‖J0‖21

)
,

(55)

here we used (27) and (53) in the last inequality. Thus, by (4), (9), (25)–(26),
Cauchy-Schwartz’s inequality and the smallness of ε, we derive the estimate (41)
with k = l. This finishes the proof of Lemma 3.2.
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Lemma 3.3. Under the assumptions of Proposition 2.5, it holds that

(1 + t)2 lnk(1 + t)
(
‖ωt(t)‖2 + ‖ωxt(t)‖2 + ‖ωtt(t)‖2

)
+

∫ t

t0

(1 + τ)3 lnk(1 + τ)‖ωtt(τ)‖2dτ ≤ Ck!

k∑
j=0

lnj(1 + t0)
(
‖ω0‖22 + ‖J0‖21

)
,

(56)

where k ∈ [1,+∞) is an integer.

Proof. Differentiating (21) in t gives

ωttt + (1 + t)ωtt − (p′(n̄)ωxt)x + (n̄+ 1)ωt

= −ωxωt − (Ē + ω)ωxt + [(p′(n̄+ ωx)− p′(n̄))ωxt]x +

(
ω2
t

n̄+ ωx

)
xt

.
(57)

We also use induction to prove this Lemma and divide the proof into two steps.

Step 1. This step devotes to obtain the estimate (56) with k = 1, i.e.,

(1 + t)2 ln(1 + t)
(
‖ωt(t)‖2 + ‖ωxt(t)‖2 + ‖ωtt(t)‖2

)
+

∫ t

t0

(1 + τ)3 ln(1 + τ)‖ωtt(τ)‖2dτ ≤ C1!

1∑
j=0

lnj(1 + t0)
(
‖ω0‖22 + ‖J0‖21

)
.

(58)

Firstly, multiplying (57) by 2(β+t)2ωtt, where β > 1 is a constant to be determined
later, and integrating the resultant equality over R, we have

d

dt

∫
R

(β + t)2[ω2
tt + p′(n̄)ω2

xt + (n̄+ 1)ω2
t ]dx

+

∫
R

2(β + t)[(β + t)(1 + t)− 1]ω2
ttdx

= 2

∫
R

(β + t)[p′(n̄)ω2
xt + (n̄+ 1)ω2

t ]dx

− 2

∫
R
(β + t)2ωtt[ωxωt + (Ē + ω)ωxt]dx

+ 2

∫
R
(β + t)2ωtt[(p

′(n̄+ ωx)− p′(n̄))ωxt]xdx

+ 2

∫
R
(β + t)2ωtt

(
ω2
t

n̄+ ωx

)
xt

dx =: I7 + I8 + I9.

(59)

We choose β = 2 to ensure that

(β + t)(1 + t)− 1 ≥ (1 + t)2. (60)

It is easy to verify that

I7 ≤ C(ε+ δ0)(β + t)2
∫
R

(|ωtωtt|+ |ωxtωtt|)dx

≤ C(ε+ δ0)

∫
R

[(1 + t)3ω2
tt + (1 + t)(ω2

xt + ω2
t )]dx.

(61)
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It follows from (9), (25)–(26), Taylor’s formula and Hölder inequality that

I8 = −2

∫
R

(β + t)2ωxtt(p
′(n̄+ ωx)− p′(n̄))ωxtdx

= − d

dt

∫
R

(β + t)2(p′(n̄+ ωx)− p′(n̄))ω2
xtdx+

∫
R
(β + t)2p′′(n̄+ ωx)ω3

xtdx

+ 2

∫
R

(β + t)(p′(n̄+ ωx)− p′(n̄))ω2
xtdx

≤ − d

dt

∫
R

(β + t)2(p′(n̄+ ωx)− p′(n̄))ω2
xtdx+ Cε

∫
R

(1 + t)ω2
xtdx.

(62)

By (11), (25)–(26), and Hölder inequality, we can estimate I9 as

I9 = −2

∫
R

(β + t)2ωxtt

(
2ωtωtt
n̄+ ωx

− ω2
tωxt

(n̄+ ωx)2

)
dx

=
d

dt

∫
R

(β + t)2
ω2
tω

2
xt

(n̄+ ωx)2
dx− 2

∫
R

(β + t)
ω2
tω

2
xt

(n̄+ ωx)2
dx

− 2

∫
R

(β + t)2
ωtωttω

2
xt

(n̄+ ωx)2
dx+ 2

∫
R

(β + t)2
ω2
tω

3
xt

(n̄+ ωx)3
dx

+ 2

∫
R

(β + t)2
ωxtω

2
tt

n̄+ ωx
dx− 2

∫
R

(β + t)2
ωtω

2
tt

(n̄+ ωx)2
(n̄x + ωxx)dx

≤ d

dt

∫
R

(β + t)2
ω2
tω

2
xt

(n̄+ ωx)2
dx+ C(ε+ δ0)

∫
R

[(1 + t)ω2
xt + (1 + t)3ω2

tt]dx.

(63)

Substituting (61)–(63) into (59), by using (60) and the smallness of ε+ δ0, we get

d

dt

∫
R

(β + t)2
[
ω2
tt + p′(n̄)ω2

xt + (n̄+ 1)ω2
t + (p′(n̄+ ωx)− p′(n̄))ω2

xt

− ω2
tω

2
xt

(n̄+ ωx)2

]
dx+

∫
R

(1 + t)3ω2
ttdx ≤ C

∫
R

(1 + t)(ω2
t + ω2

xt)dx.

(64)

We multiply the equation (21) by ωtt to give

ω2
tt =

[
− (1 + t)ωt − n̄ω − (Ē + ω)ωx + (p(n̄+ ωx)− p(n̄))x +

(
ω2
t

n̄+ ωx

)
x

]
ωtt.

(65)

Integrating (65) over R and using (25)–(26), Hölder inequality, one has∫
R
ω2
ttdx ≤ C

∫
R
[(1 + t)2ω2

t + ω2 + ω2
x + ω2

xx + ω2
xt]dx. (66)

Now, integrating (64) over (t0, t), by (34), (50) and (66), we obtain∫
R

(β + t)2
[
ω2
tt + p′(n̄)ω2

xt + (n̄+ 1)ω2
t + (p′(n̄+ ωx)

−p′(n̄))ω2
xt −

ω2
tω

2
xt

(n̄+ ωx)2

]
dx+

∫ t

t0

∫
R

(1 + τ)3ω2
ttdxdτ

≤ C
∫ t

t0

∫
R

(1 + τ)(ω2
t + ω2

xt)dxdτ + C
(
‖ω0‖22 + ‖J0‖21

)
≤ C

(
‖ω0‖22 + ‖J0‖21

)
.

(67)
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Therefore, it follows from (4), (9), (25)–(26) and ε� 1 that∫
R

(1 + t)2(ω2
t + ω2

xt + ω2
tt)dx+

∫ t

t0

∫
R

(1 + τ)3ω2
ttdxdτ ≤ C

(
‖ω0‖22 + ‖J0‖21

)
. (68)

Secondly, we multiply (57) by 2(β + t)2 ln(1 + t)ωtt and integrate it over R, and
then after a similar calculation to (61)–(63) to have

d

dt

∫
R

(β + t)2 ln(1 + t)[ω2
tt + p′(n̄)ω2

xt + (n̄+ 1)ω2
t ]dx

+

∫
R

2(β + t) ln(1 + t)[(β + t)(1 + t)− 1]ω2
ttdx

≤ 2

∫
R
(β + t) ln(1 + t)[p′(n̄)ω2

xt + (n̄+ 1)ω2
t ]dx

+

∫
R
(1 + t)−1(β + t)2[ω2

tt + p′(n̄)ω2
xt + (n̄+ 1)ω2

t ]dx

− d

dt

∫
R

(β + t)2 ln(1 + t)(p′(n̄+ ωx)− p′(n̄))ω2
xtdx

+
d

dt

∫
R

(β + t)2 ln(1 + t)
ω2
tω

2
xt

(n̄+ ωx)2
dx+ Cε

∫
R

(1 + t)ω2
xtdx

+ C(ε+ δ0)

∫
R

ln(1 + t)[(1 + t)3ω2
tt + (1 + t)(ω2

xt + ω2
t )]dx.

(69)

Applying the smallness of ε+ δ0 to (69), and integrating the inequality over (t0, t),
by (34), (37), (43), (50), (66) and (68), we get∫

R
(β + t)2 ln(1 + t)

[
ω2
tt + p′(n̄)ω2

xt + (n̄+ 1)ω2
t + (p′(n̄+ ωx)− p′(n̄))ω2

xt

− ω2
tω

2
xt

(n̄+ ωx)2

]
dx+

∫ t

t0

∫
R
(1 + τ)3 ln(1 + τ)ω2

ttdxdτ

≤ C ln(1 + t0)
(
‖ω0‖22 + ‖J0‖21

)
+ C

∫ t

t0

∫
R
(1 + τ)(ω2

tt + ω2
xt + ω2

t )dxdτ

+ C

∫ t

t0

∫
R

(1 + τ) ln(1 + τ)(ω2
xt + ω2

t )dxdτ

≤ C1!

1∑
j=0

lnj(1 + t0)
(
‖ω0‖22 + ‖J0‖21

)
.

(70)

Thus, the desired estimate (58) can be derived by using (4), (9), (25)–(26), and
ε� 1.

Step 2. We make the induction hypothesis that (56) holds when the integer k = l−1
with l ≥ 2, i.e.,

(1 + t)2 lnl−1(1 + t)
(
‖ωt(t)‖2 + ‖ωxt(t)‖2 + ‖ωtt(t)‖2

)
+

∫ t

t0

(1 + τ)3 lnl−1(1 + τ)‖ωtt(τ)‖2dτ

≤ C(l − 1)!

l−1∑
j=0

lnj(1 + t0)
(
‖ω0‖22 + ‖J0‖21

)
.

(71)
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Next, we only need to prove that (56) holds when k = l. Multiplying (57) by

2(β + t)2 lnl(1 + t)ωtt and integrating it over R, analogous to (61)–(63), we get

d

dt

∫
R

(β + t)2 lnl(1 + t)[ω2
tt + p′(n̄)ω2

xt + (n̄+ 1)ω2
t ]dx

+

∫
R

2(β + t) lnl(1 + t)[(β + t)(1 + t)− 1]ω2
ttdx

≤ 2

∫
R
(β + t) lnl(1 + t)[p′(n̄)ω2

xt + (n̄+ 1)ω2
t ]dx

+ l

∫
R

(β + t)2(1 + t)−1 lnl−1(1 + t)[ω2
tt + p′(n̄)ω2

xt + (n̄+ 1)ω2
t ]dx

− d

dt

∫
R

(β + t)2 lnl(1 + t)(p′(n̄+ ωx)− p′(n̄))ω2
xtdx

+
d

dt

∫
R

(β + t)2 lnl(1 + t)
ω2
tω

2
xt

(n̄+ ωx)2
dx+ Cεl

∫
R

(1 + t) lnl−1(1 + t)ω2
xtdx

+ C(ε+ δ0)

∫
R

lnl(1 + t)[(1 + t)3ω2
tt + (1 + t)(ω2

xt + ω2
t )]dx.

(72)

We employ the smallness of ε + δ0 to (72) and integrate the resultant inequality
over (t0, t), by (27), (41), (66) and (71), it holds that∫

R
(β + t)2 lnl(1 + t)

[
ω2
tt + p′(n̄)ω2

xt + (n̄+ 1)ω2
t + (p′(n̄+ ωx)− p′(n̄))ω2

xt

− ω2
tω

2
xt

(n̄+ ωx)2

]
dx+

∫ t

t0

∫
R
(1 + τ)3 lnl(1 + τ)ω2

ttdxdτ

≤ C lnl(1 + t0)
(
‖ω0‖22 + ‖J0‖21

)
+ C

∫ t

t0

∫
R

(1 + τ) lnl(1 + τ)(ω2
xt + ω2

t )dxdτ

+ Cl

∫ t

t0

∫
R
(1 + τ) lnl−1(1 + τ)(ω2

tt + ω2
xt + ω2

t )dxdτ

≤ Cl!
l∑

j=0

lnj(1 + t0)
(
‖ω0‖22 + ‖J0‖21

)
.

(73)

Therefore, we derive the estimate (56) with k = l by using (4), (9), (25)–(26) and
ε� 1. This completes the proof of Lemma 3.3.

Lemma 3.4. Under the assumptions of Proposition 2.5, it holds that

lnk(1 + t)
(
‖ωxx(t)‖2 + ‖ωxxx(t)‖2 + ‖ωxxt(t)‖2

)
+

∫ t

t0

lnk(1 + τ)
[
(1 + τ)‖ωxxt(τ)‖2 + (1 + τ)−1

(
‖ωxx(τ)‖2 + ‖ωxxx(τ)‖2

)]
dτ

≤ Ck!

k∑
j=0

lnj(1 + t0)
(
‖ω0‖23 + ‖J0‖22

)
,

(74)

where k ∈ [1,+∞) is an integer.



4422 JIANING XU, MING MEI AND HAILIANG LI

Proof. Differentiating (42) with respect to x gives

ωxxtt + (1 + t)ωxxt − (p′(n̄)ωxxx)x + n̄ωxx

= −n̄xxω − (2n̄x + Ēxx)ωx − (2Ēx + 3ωx)ωxx − (Ē + ω)ωxxx +

(
ω2
t

n̄+ ωx

)
xxx

+ [(p′(n̄+ ωx)− p′(n̄))(n̄xx + ωxxx) + p′′(n̄+ ωx)(n̄x + ωxx)2 − p′′(n̄)n̄2x]x.

(75)

We use induction to prove this Lemma and the proof is divided into two steps.

Step 1. In this step, we prove that the estimate (74) holds when k = 1. We first
multiply (75) by 2ωxxt + (1 + t)−1ωxx and integrate it over R to get

d

dt

∫
R

[
ω2
xxt + p′(n̄)ω2

xxx + n̄ω2
xx + (1 + t)−1ωxxωxxt +

1

2
ω2
xx

+
1

2
(1 + t)−2ω2

xx

]
dx+

∫
R

[2(1 + t)− (1 + t)−1]ω2
xxtdx

+

∫
R

(1 + t)−1[p′(n̄)ω2
xxx + (n̄+ (1 + t)−2)ω2

xx]dx

= −
∫
R

[n̄xxω + (2n̄x + Ēxx)ωx + (2Ēx + 3ωx)ωxx + (Ē + ω)ωxxx]

· (2ωxxt + (1 + t)−1ωxx)dx+

∫
R
[(p′(n̄+ ωx)− p′(n̄))(n̄xx + ωxxx)

+ p′′(n̄+ ωx)(n̄x + ωxx)2 − p′′(n̄)n̄2x]x(2ωxxt + (1 + t)−1ωxx)dx

+

∫
R

(
ω2
t

n̄+ ωx

)
xxx

(2ωxxt + (1 + t)−1ωxx)dx

=: I10 + I11 + I12.

(76)

It is easy to see that

I10 ≤ C(ε+ δ0)

∫
R

[(1 + t)−1(ω2 + ω2
x + ω2

xx + ω2
xxx) + (1 + t)ω2

xxt]dx. (77)

It follows from (9), (11), (25)–(26), Taylor’s formula and Hölder inequality that

I11 = −
∫
R

[(p′(n̄+ ωx)− p′(n̄))(n̄xx + ωxxx) + p′′(n̄+ ωx)(n̄x + ωxx)2

− p′′(n̄)n̄2x](2ωxxxt + (1 + t)−1ωxxx)dx

= − d

dt

∫
R

(p′(n̄+ ωx)− p′(n̄))ω2
xxxdx+

∫
R
p′′(n̄+ ωx)ωxtω

2
xxxdx

+ 6

∫
R
p′′(n̄+ ωx)n̄xxωxxωxxtdx+ 2

∫
R

(p′(n̄+ ωx)− p′(n̄))n̄xxxωxxtdx

+ 6

∫
R

(p′′(n̄+ ωx)− p′′(n̄))n̄xn̄xxωxxtdx+ 6

∫
R
p′′′(n̄+ ωx)n̄2xωxxωxxtdx

+ 6

∫
R
p′′′(n̄+ ωx)n̄xω

2
xxωxxtdx+ 4

∫
R
p′′(n̄+ ωx)(n̄x + ωxx)ωxxxωxxtdx

+ 2

∫
R
p′′′(n̄+ ωx)ω3

xxωxxtdx+ 2

∫
R

(p′′′(n̄+ ωx)− p′′′(n̄))n̄3xωxxtdx

(78)
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−
∫
R

[(p′(n̄+ ωx)− p′(n̄))(n̄xx + ωxxx)

+ p′′(n̄+ ωx)(n̄x + ωxx)2 − p′′(n̄)n̄2x](1 + t)−1ωxxxdx

≤ − d

dt

∫
R

(p′(n̄+ ωx)− p′(n̄))ω2
xxxdx

+ C(ε+ δ0)

∫
R

[(1 + t)−1(ω2
x + ω2

xx + ω2
xxx) + (1 + t)ω2

xxt]dx.

We can estimate I12 by (11), (25)–(26) and Hölder inequality as

I12 = −
∫
R

(
ω2
t

n̄+ ωx

)
xx

(2ωxxxt + (1 + t)−1ωxxx)dx

=
d

dt

∫
R

ω2
tω

2
xxx

(n̄+ ωx)2
dx− 2

∫
R

ωtωttω
2
xxx

(n̄+ ωx)2
dx+ 2

∫
R

ω2
tωxtω

2
xxx

(n̄+ ωx)3
dx

+ 10

∫
R

ωxtω
2
xxt

n̄+ ωx
dx− 12

∫
R

ω2
xtωxxt

(n̄+ ωx)2
(n̄x + ωxx)dx

− 10

∫
R

ωtω
2
xxt

(n̄+ ωx)2
(n̄x + ωxx)dx

+ 24

∫
R

ωtωxtωxxt
(n̄+ ωx)3

(n̄x + ωxx)2dx−
∫
R

ωtωxtωxxt
(n̄+ ωx)2

(12n̄xx + 8ωxxx)dx

− 12

∫
R

ω2
tωxxt

(n̄+ ωx)4
(n̄x + ωxx)3dx

+

∫
R

ω2
tωxxt

(n̄+ ωx)3
(n̄x + ωxx)(12n̄xx + 8ωxxx)dx

− 2

∫
R

n̄xxxω
2
tωxxt

(n̄+ ωx)2
dx−

∫
R

(1 + t)−1ωxxx

[
2ω2

xt

n̄+ ωx
+

2ωtωxxt
n̄+ ωx

− 4ωtωxt
(n̄+ ωx)2

(n̄x + ωxx) +
2ω2

t

(n̄+ ωx)3
(n̄x + ωxx)2

− ω2
t

(n̄+ ωx)2
(n̄xx + ωxxx)

]
dx

≤ d

dt

∫
R

ω2
tω

2
xxx

(n̄+ ωx)2
dx

+ C(ε+ δ0)

∫
R

[(1 + t)−1ω2
xxx + (1 + t)(ω2

t + ω2
xt + ω2

xxt)]dx.

(79)

Putting (77)–(79) into (76) and using the smallness of ε+δ0, there exists a constant
C9 > 0 such that

d

dt

∫
R

[
ω2
xxt + p′(n̄)ω2

xxx + n̄ω2
xx + (1 + t)−1ωxxωxxt +

1

2
ω2
xx

+
1

2
(1 + t)−2ω2

xx −
ω2
tω

2
xxx

(n̄+ ωx)2
+ (p′(n̄+ ωx)− p′(n̄))ω2

xxx

]
dx

+ C9

∫
R

[(1 + t)ω2
xxt + (1 + t)−1(ω2

xxx + ω2
xx)]dx

≤ C
∫
R

[(1 + t)−1(ω2 + ω2
x) + (1 + t)(ω2

t + ω2
xt)]dx.

(80)
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Integrating (80) over (t0, t), by (34) and (50), we obtain

∫
R

[
ω2
xxt + p′(n̄)ω2

xxx + n̄ω2
xx + (1 + t)−1ωxxωxxt +

1

2
ω2
xx +

1

2
(1 + t)−2ω2

xx

− ω2
tω

2
xxx

(n̄+ ωx)2
+ (p′(n̄+ ωx)− p′(n̄))ω2

xxx

]
dx

+ C9

∫ t

t0

∫
R

[(1 + τ)ω2
xxt + (1 + τ)−1(ω2

xxx + ω2
xx)]dxdτ

≤ C
∫ t

t0

∫
R

[(1 + τ)−1(ω2 + ω2
x) + (1 + τ)(ω2

t + ω2
xt)]dxdτ + C

(
‖ω0‖23 + ‖J0‖22

)
≤ C

(
‖ω0‖23 + ‖J0‖22

)
.

(81)

Then, from (4), (9), (25)–(26), ε� 1 and the Cauchy-Schwartz’s inequality

|(1 + t)−1ωxxωxxt| ≤
1

2
ω2
xxt +

1

2
(1 + t)−2ω2

xx, (82)

we have

∫
R
(ω2
xx + ω2

xxx + ω2
xxt)dx+

∫ t

t0

∫
R

[(1 + τ)−1(ω2
xx + ω2

xxx)

+ (1 + τ)ω2
xxt]dxdτ ≤ C

(
‖ω0‖23 + ‖J0‖22

)
.

(83)

Next, multiplying (75) by ln(1 + t)(2ωxxt + (1 + t)−1ωxx) and integrating it over R,
by a similar calculation to (77)–(79), one has

d

dt

∫
R

[
ln(1 + t)(ω2

xxt + p′(n̄)ω2
xxx + n̄ω2

xx) + (1 + t)−1 ln(1 + t)ωxxωxxt

+
1

2
ln(1 + t)ω2

xx +
1

2
ln(1 + t)(1 + t)−2ω2

xx −
1

2
(1 + t)−2ω2

xx

]
dx

+

∫
R

ln(1 + t)[2(1 + t)− (1 + t)−1]ω2
xxtdx

+

∫
R

(1 + t)−1 ln(1 + t)[p′(n̄)ω2
xxx + (n̄+ (1 + t)−2)ω2

xx]dx

≤
∫
R

(1 + t)−1
[
ω2
xxt + p′(n̄)ω2

xxx +

(
n̄+

1

2
+

3

2
(1 + t)−2

)
ω2
xx

]
dx

+ Cε

∫
R

(1 + t)−1ω2
xxxdx−

d

dt

∫
R

ln(1 + t)(p′(n̄+ ωx)− p′(n̄))ω2
xxxdx

+
d

dt

∫
R

ln(1 + t)
ω2
tω

2
xxx

(n̄+ ωx)2
dx+ C(ε+ δ0)

∫
R

ln(1 + t)[(1 + t)−1(ω2 + ω2
x

+ ω2
xx + ω2

xxx) + (1 + t)(ω2
t + ω2

xt + ω2
xxt)]dx.

(84)



UNIPOLAR EULER-POISSON EQUATIONS WITH CRITICAL OVER-DAMPING 4425

Applying the smallness of ε + δ0 to (84), and integrating the resultant inequality
over (t0, t), by (37), (43) and (83), we have∫

R

[
ln(1 + t)(ω2

xxt + p′(n̄)ω2
xxx + n̄ω2

xx) + (1 + t)−1 ln(1 + t)ωxxωxxt

+
1

2
ln(1 + t)ω2

xx +
1

2
ln(1 + t)(1 + t)−2ω2

xx + ln(1 + t)(p′(n̄+ ωx)

−p′(n̄))ω2
xxx − ln(1 + t)

ω2
tω

2
xxx

(n̄+ ωx)2

]
dx

+ C10

∫ t

t0

∫
R

ln(1 + τ)[(1 + τ)ω2
xxt + (1 + τ)−1(ω2

xxx + ω2
xx)]dxdτ

≤ 1

2

∫
R

(1 + t)−2ω2
xxdx+ C

∫ t

t0

∫
R
(1 + τ)−1(ω2

xx + ω2
xxx + ω2

xxt)dxdτ

+ C

∫ t

t0

∫
R

ln(1 + τ)[(1 + τ)−1(ω2 + ω2
x) + (1 + τ)(ω2

t + ω2
xt)]dxdτ

+ C ln(1 + t0)
(
‖ω0‖23 + ‖J0‖22

)
≤ C1!

1∑
j=0

lnj(1 + t0)
(
‖ω0‖23 + ‖J0‖22

)
,

(85)

for some positive constant C10. Therefore, from (4), (9), (25)–(26), (82) and the
smallness of ε, we obtain the desired estimate (74) with k = 1, i.e.,

ln(1 + t)
(
‖ωxx(t)‖2 + ‖ωxxx(t)‖2 + ‖ωxxt(t)‖2

)
+

∫ t

t0

ln(1 + τ)
[
(1 + τ)‖ωxxt(τ)‖2

+(1 + τ)−1
(
‖ωxx(τ)‖2 + ‖ωxxx(τ)‖2

)]
dτ

≤ C1!

1∑
j=0

lnj(1 + t0)
(
‖ω0‖23 + ‖J0‖22

)
.

(86)

Step 2. We make the induction hypothesis that the estimate (74) holds when the
integer k = l − 1 with l ≥ 2, i.e.,

lnl−1(1 + t)
(
‖ωxx(t)‖2 + ‖ωxxx(t)‖2 + ‖ωxxt(t)‖2

)
+

∫ t

t0

lnl−1(1 + τ)
[
(1 + τ)‖ωxxt(τ)‖2

+(1 + τ)−1
(
‖ωxx(τ)‖2 + ‖ωxxx(τ)‖2

)]
dτ

≤ C(l − 1)!

l−1∑
j=0

lnj(1 + t0)
(
‖ω0‖23 + ‖J0‖22

)
.

(87)

Now we are going to prove that the estimate (74) holds when k = l by using (87).

Multiplying (75) by lnl(1 + t)(2ωxxt + (1 + t)−1ωxx) and integrating it over R,
analogous to (77)–(79), we obtain
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d

dt

∫
R

[
lnl(1 + t)(ω2

xxt + p′(n̄)ω2
xxx + n̄ω2

xx) + (1 + t)−1 lnl(1 + t)ωxxωxxt

+
1

2
lnl(1 + t)ω2

xx +
1

2
(1 + t)−2 lnl(1 + t)ω2

xx −
l

2
(1 + t)−2 lnl−1(1 + t)ω2

xx

]
dx

+

∫
R

(1 + t)−1 lnl(1 + t)[p′(n̄)ω2
xxx + (n̄+ (1 + t)−2)ω2

xx]dx

+

∫
R

lnl(1 + t)[2(1 + t)− (1 + t)−1]ω2
xxtdx

+
l

2
(l − 1)

∫
R

(1 + t)−3 lnl−2(1 + t)ω2
xxdx

≤ l
∫
R
(1 + t)−1 lnl−1(1 + t)

[
ω2
xxt + p′(n̄)ω2

xxx +

(
n̄+

1

2
+

3

2
(1 + t)−2

)
ω2
xx

]
dx

− d

dt

∫
R

lnl(1 + t)(p′(n̄+ ωx)− p′(n̄))ω2
xxxdx+

d

dt

∫
R

lnl(1 + t)
ω2
tω

2
xxx

(n̄+ ωx)2
dx

+ C(ε+ δ0)

∫
R

lnl(1 + t)[(1 + t)−1(ω2 + ω2
x + ω2

xx + ω2
xxx)

+ (1 + t)(ω2
t + ω2

xt + ω2
xxt)]dx+ Cεl

∫
R

(1 + t)−1 lnl−1(1 + t)ω2
xxxdx.

(88)

Applying the smallness of ε+δ0 to (88), and then integrating the resultant inequality
over (t0, t) yields∫

R

[
lnl(1 + t)(ω2

xxt + p′(n̄)ω2
xxx + n̄ω2

xx) + (1 + t)−1 lnl(1 + t)ωxxωxxt

+
1

2
lnl(1 + t)ω2

xx +
1

2
(1 + t)−2 lnl(1 + t)ω2

xx

+ lnl(1 + t)(p′(n̄+ ωx)− p′(n̄))ω2
xxx − lnl(1 + t)

ω2
tω

2
xxx

(n̄+ ωx)2

]
dx

+ C11

∫ t

t0

∫
R

lnl(1 + τ)[(1 + τ)ω2
xxt + (1 + τ)−1(ω2

xxx + ω2
xx)]dxdτ

≤ C lnl(1 + t0)
(
‖ω0‖23 + ‖J0‖22

)
+
l

2

∫
R

(1 + t)−2 lnl−1(1 + t)ω2
xxdx

+ Cl

∫ t

t0

∫
R
(1 + τ)−1 lnl−1(1 + τ)(ω2

xxt + ω2
xxx + ω2

xx)dxdτ

+ C

∫ t

t0

∫
R

lnl(1 + τ)[(1 + τ)−1(ω2 + ω2
x) + (1 + τ)(ω2

t + ω2
xt)]dxdτ

≤ Cl!
l∑

j=0

lnj(1 + t0)
(
‖ω0‖23 + ‖J0‖22

)
,

(89)

where we used (27), (41) and (87) in the last inequality. It then follows from (4),
(9), (25)–(26), (82) and ε� 1 that the estimate (74) holds when k = l. The proof
is finished.
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Lemma 3.5. Under the assumptions of Proposition 2.5, it holds that

(1 + t)2 lnk(1 + t)
(
‖ωxt(t)‖2 + ‖ωxxt(t)‖2 + ‖ωxtt(t)‖2

)
+

∫ t

t0

(1 + τ)3 lnk(1 + τ)‖ωxtt(τ)‖2dτ ≤ Ck!

k∑
j=0

lnj(1 + t0)
(
‖ω0‖23 + ‖J0‖22

)
,

(90)

where k ∈ [1,+∞) is an integer.

Proof. We differentiate (57) in x to obtain

ωxttt + (1 + t)ωxtt − (p′(n̄)ωxxt)x + (n̄+ 1)ωxt

= −(n̄x + ωxx)ωt − (Ēx + 2ωx)ωxt − (Ē + ω)ωxxt +

(
ω2
t

n̄+ ωx

)
xxt

+ [(p′(n̄+ ωx)− p′(n̄))ωxxt + p′′(n̄+ ωx)(n̄x + ωxx)ωxt]x.

(91)

We also use induction to prove this Lemma. Analogously to Lemma 3.3, mul-
tiplying (91) by 2(2 + t)2ωxtt, 2(2 + t)2 ln(1 + t)ωxtt, and 2(2 + t)2 lnl(1 + t)ωxtt,
respectively, where the integer l ≥ 2, and then integrating resultant equations over
R, by using (27), (34), (41), (50), (74), (83), and the equation (42), we can derive
the desired estimate (90). The proof is omitted here.

Proof of Proposition 2.5. Lemmas 3.1–3.5 imply Proposition 2.5.
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